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The article gives a comprehensive survey of the computational complexity of the sat-
isfiability problem for various modal dependence logics (MDLs); cf. MR MR2985117
as well as MR2565920. MDL studies the dependence of the truth value of some propo-
sition pn upon the truth values of certain other ones p1, . . . ,, pn−1. That pn depends
upon p1, . . . , pn−1 is expressed by =(p1, . . . , pn−1, pn). A formula of this type is called
a “dependency atom (of arity n − 1)”. Besides a set AP of atomic propositions, the
language of MDL comprises the following constructors: the modal operators �, ^; the
connectives ∧, ∨ (dependency disjunction), U (classical disjunction), and ¬ (atomic
negation); and, finally, the Boolean constants > and ⊥. MDL is the set of all formulas
of MDL, and MDLk is the set of all formulas which do not contain dependency atoms
of an arity greater than k.

MDL is interpreted with respect to Kripkean frames W = (S ,R, π) consisting of a set
S of worlds, an accessibility relation R ⊆ S ×S and a labeling function π : S → P(AP)
which specifies for each world s ∈ S the set π(s) ⊆ AP of atomic propositions which
are, so to speak, “locally true” at s. Formulas are, however, not locally evaluated
with respect to single worlds but rather with respect to entire sets of worlds, so-called
“evaluation sets” or “teams”. A propositional letter p is true in frame W with respect to
the evaluation set T , i.e., W,T |= p, iff p ∈ π(s) for every s ∈ T . Similarly, W,T |= ¬p
iff p < π(s) for every s ∈ T . A proposition pn depends in T upon the propositions
p1, . . . , pn1 iff the truth value of pn is the same in every pair of worlds s1, s2 ∈ T
which coincide with respect to the truth values of p1, . . . , pn−1. More formally, this is
expressed by (1) below.

W,T |= =(p1, . . . , pn)⇐⇒ ∀s1, s2 ∈ T.[π(s1) ∩ {p1, . . . , pn−1} =

π(s2) ∩ {p1, . . . , pn−1} =⇒ (pn ∈ π(s1)⇐⇒ pn ∈ π(s2))]
(1)

Negated dependency atoms are true in the empty evaluation set and only in it; i.e.,
W,T |= ¬=(p1, . . . , pn) iff T = ∅. The semantic clause for classical disjunction requires
that ϕ U ψ is true at T if this is the case for at least one of the disjuncts. Dependency
disjunction, however, is treated as in (2).

W,T |= ϕ ∨ ψ⇐⇒ ∃T1,T2 ⊆ S .[T = T1 ∪ T2 & W,T1 |= ϕ & W,T2 |= ψ] (2)

The semantic clauses for the modalities in DML are given below in (3) and (4).

W,T |= �ϕ ⇐⇒ W, {s′ ∈ T | ∃s ∈ T.(s, s′) ∈ R} |= ϕ (3)
W,T |= ^ϕ ⇐⇒ ∃T ′ ⊆ S .[W,T ′ |= ϕ & ∀s ∈ T.∃s′ ∈ T ′.(s, s′) ∈ R] (4)

Now, let M be some subset of the set of MDL-constructors, then MDL(M) is the
set of formulas which can be built up by using the connectives from M only. Simi-
larly, MDLk(M) is the set of formulas which do not contain dependency atoms of arity
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greater than k. The authors investigate the following two types of decision problems
MDL-SAT(M) and MDLk-SAT(M) (for k ≥ 3): Given a formula ϕ from MDL(M) (or
MDLk(M), respectively), is there a frame W and an evaluation set T with W,T |= ϕ? It
is shown that MDL-SAT(M) is PSPACE-complete for M = {�,^,∧,∨,¬} as well as
for all extensions of this set by one or more of >, ⊥, and U. However, as soon as the
dependency connective =( ) is added, the complexity rises to NEXPTIME. One of the
main technical results of the article is that this is still the complexity for the fragment
which results by dropping the disjunctive connectives. For the case of the the “pure”
modal logic K, this fragment has been called “Poor Man’s Logic” in MR1864605,
where it has been proved to be co-NP. Lohmann and Vollmer show that Poor Man’s
Modal Dependence Logic is NEXPTIME-complete. If, furthermore, atomic negation
is eliminated, too, (but classical disjunction retained), the complexity drops to Σ

p
2. If,

instead of dropping modal disjunction and atomic negation, the arity of dependency
atoms is restricted to an arity less or equal k for some k ≥ 3, then the complexity be-
comes Σ

p
3. The authors prove a plethora of further complexity results of a similar kind,

which in their entirety provide an exhaustive picture of the complexities of the various
subsystems of MDL. Summing up the many results achieved, one might say that the
addition of the =( )-connective to a subsystem of MDL either rises its complexity to
NEXPTIME-completeness or does neither increase its complexity nor its expressive
power.

Reviewed by Klaus Robering
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