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Towards Contact Point and Surface Normal Estimation for Control of
Flexible Tool

Christoffer Sloth1, Aljaz Kramberger1, Emil Lykke Diget1, and Iñigo Iturrate1

Abstract— In this paper, we present contact point and surface
normal estimators for robotic applications with flexible tools.
The estimators rely on state information of a flexible tool model;
this information is obtained from an unknown input observer.
The observer uses force and torque measurements at the root of
the flexible tool to estimate the deflection of the tool although the
force applied to the tip of the tool is unknown. The flexible tool
is modeled with a finite element approximation of an Euler-
Bernoulli beam model including contact forces between the
flexible tool tip and the environment.

The unknown input observer provides estimates of the con-
tact point between the flexible tool and the rigid environment in
addition to the contact force. This information is subsequently
used to estimate a surface normal of the environment. The
estimators can be deployed together with an adaptive parallel
position/force controller to ensure tracking of position and force
references for the tip of a flexible tool.

The proposed estimation algorithm is verified in simulation
and validated in real robot experiments. The method enables
accurate force and position tracking in addition to adaptation
to the surface geometry.

I. INTRODUCTION

Manipulation of rigid objects with rigid manipulators
is well established and used extensively in the industry;
however, many manufacturing tasks, e.g. gluing and wire
manipulation, involve flexible objects. This presents a chal-
lenging robot control problem, as accurate control of the
tool tip is not possible without the knowledge of its pose or
contact state. An example of a use-case, which serves as a
context to our work, involving such uncertainties is the use
of a robot for gluing electrical components with a flexible
nozzle, as shown in Fig. 1; the pose of the tip of the nozzle
cannot be measured directly and thus has to be estimated.

Fig. 1. Plastic gluing tip with a diameter of 1.2mm and length of 1.5 cm.
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For an uncalibrated rigid tool, when force and torque
measurements are available, it is possible to determine the
contact point [1], as well as to infer the geometry of the
constraint surface [2]. This work, however, does not apply
to flexible tools. To determine the pose of a flexible object,
one approach is to apply computer vision; however, this is
not always possible due to occlusions and the imprecision
of the vision measuring system. It is therefore desirable to
extend robotic systems to be capable of handling flexible
and deformable objects. In general, the presence of flexible
objects increases the system complexity and thus setup time
and cost, decreasing the applicability of robotic tasks that
involve flexible objects.

The control of a robot with a flexible tool is similar to
the control of a robot with one flexible link [3]. Flexible-
link robots have been studied extensively from the modeling
perspective [4], [5], position control [6], [7], force control
[8], and impedance control [9]. Many model-based control
algorithms have been developed, but also some model-free
algorithms exist [10]. A challenge in controlling flexible link
manipulators is that the system is underactuated.

Flexible-link robots have fundamental performance limita-
tions when applying force control. The limits are influenced
by the applied friction model, e.g. stick–slip friction as
explained in [11]. The non-minimum phase dynamics of
flexible link manipulators has been addressed in [12], which
uses a predictive controller to improve the performance of
a force controlled robot. Finally, adaptive and sliding mode
controllers have been developed to minimize the sensitivity
to parameter uncertainties [13], [14].

This paper presents a method for estimating the contact
point between a flexible tool and a rigid environment in
addition to the estimation of the surface normal. The pro-
posed solution relies on two estimators. First, an unknown
input observer is used for estimating the contact point and
contact force; subsequently, a linear parameter estimator is
used for estimating the surface normal. The work generalizes
the estimators presented in [1], [15] from the assumption of
rigid tool to flexible tool.

The paper is organized as follows. Section II presents the
problem addressed in the paper, and Section III presents the
considered model of the flexible tool, including the assump-
tions imposed on the parameter estimators. The parameter
estimation is presented in Section IV, with the simulation
results presented in Section V and results from the validation
of the algorithms outlined in Section VI. Finally, conclusions
are provided in Section VII.
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II. PROBLEM FORMULATION

The scenario considered in this paper is shown in Fig. 2,
which illustrates a flexible tool interacting with an environ-
ment.

Fig. 2. Considered interaction between flexible tool and rigid environment.
The contact point pc and the surface normal nc are estimated online. The
world {W} and end-effector {e} frames are also denoted.

Robots that conduct in-contact tasks are often controlled
with hybrid or parallel force/position control. Such con-
trollers allow force control in the direction normal to a
surface and position control in all other directions. To enable
parallel force/position control of robots with flexible tools,
we propose the control scheme shown in Fig. 3 where
the controller is adapted to the estimated surface normal
and contact point. This makes the controller robust towards
uncertainties in the environment geometry and tool position.
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Fig. 3. Diagram of the proposed parallel force/position controller archi-
tecture indicating the two main contributions of this paper: 1) contact point
estimation, 2) surface normal estimation, both generalized to a flexible tool.

Existing methods for surface normal estimation [1], [2]
cannot be used, since they do not account for flexibility of
the tool. Therefore, in this paper we propose an extension
to the existing approach on contact point and surface normal
estimation to account for flexible tools.

To estimate the contact point, an unknown input observer
is used; it estimates the deflection and foreshortening of

the flexible tool, based on a finite element model of the
tool subject to both axial and transversal forces. Information
about the contact point is subsequently used for estimating
the surface normal based on a simple sliding condition and a
model of the interaction forces between tip and environment.

III. MODELING

In this section we present the modeling approach for the
considered system. We start by deriving the model of a
flexible hollow beam which is attached to the robot tool
flange, i.e., constrained to the tool center point of the rigid
robot. The unconstrained end of the flexible beam is subject
to a point force imposed by the environment that it interacts
with. An illustration of the proposed system is given in
Fig. 4. The force applied to the to the flexible beam can
be calculated as fc = f + p, where f is the transversal
force and p is the axial force. The length of the beam is
L and the x-axis is along the axial direction of the straight
beam, whereas the z-axis is defined tangential to the straight
beam. The spacial description of the bend beam is given
with respect to the straight beam by u and w in the axial
and tangential directions, respectively.

x, u

z, w

L

u(L)

p

fRobot tool flange

Flexible tool

Fig. 4. Illustration of robot tool flange with a rigidly connected flexible
beam subject to axial force p(t) and transversal force f(x, t). The position
of the tip is given by r.

A. Euler–Bernoulli Beam Model
To model the flexible nozzle, we assume that it can

be approximated as an Euler–Bernoulli beam; see [16] for
details. In addition, we assume that the nozzle is inextensible
and cantilevered at x = 0, and that the elastic modulus E,
the second moment of area of the beam’s cross-section I ,
and the mass per unit length m are constant.

The model of the flexible nozzle is set up using Hamilton’s
principle. The external work done by the two forces p and
f is

We(t) =

∫ L

0

f(x, t)w(x, t) dx+p(t)u(L), (1)

where the foreshortening of the beam is defined as

u(L) =
1

2

∫ L

0

(
∂w(x, t)

∂x

)2

dx . (2)

This implies that the external work is

We(t) =

∫ L

0

f(x, t)w(x, t) dx+
p(t)

2

∫ L

0

(
∂w(x, t)

∂x

)2

dx .

(3)



The kinetic energy and the strain energy of the Euler-
Bernoulli beam are

T =
1

2

∫ L

0

m

(
dw(x, t)

dt

)2

dx, (4)

U =
1

2

∫ L

0

EI

(
∂2w(x, t)

∂x2

)2

dx . (5)

The equation of motion for the flexible nozzle is thereby

m
d2w(x, t)

dt2
+ EI

∂4w(x, t)

∂x4
= f(x, t)− p(t)∂

2w(x, t)

∂x2
.

(6)

The force f(x, t) is the sum of the transversal force at the
tip and a motion-based viscous damping given by [17]

fd(x, t) = −αM ẇ(x, t), (7)

where αM ≥ 0 is the damping coefficient.

B. Finite Element Model
To ease estimation and control, the beam dynamics are

approximated by a finite element model with the structure:

Mq̈ + Cq̇ +Kq = Q, (8)

where M is the mass matrix, C is the viscous damping of the
beam, K is the stiffness matrix, q is a vector of generalized
coordinates (position and orientation of each node), and Q
is a vector of nodal forces and torques.

In the derivation of the finite element model, it is assumed
that the deformation w(x, t) can be written as

w(x, t) = φT (x)q(t), (9)

where φT (x) = (φ1(x), φ2(x), φ3(x), φ4(x)) contains the
four shape functions and q(t) = (q1(x), q2(x), q3(x), q4(x))
contains nodal coordinates of each element.

From the kinetic energy (4), strain energy (5), motion-
based viscous damping (7), and transverse deformation (9),
the element mass matrix, element damping matrix, and
element bending stiffness are, respectively,

M = ρA

∫ l

0

φ(x)φT (x) dx, (10)

C = αM

∫ l

0

φ(x)φT (x) dx, (11)

Kben = EI

∫ l

0

φxx(x)φTxx(x) dx . (12)

In addition, the foreshortening work included in (3) gives the
geometric stiffness matrix

Kgeo(p) = p

∫ l

0

φx(x)φTx (x) dx . (13)

The element matrices M , C, Kben, Kgeo are given in Ap-
pendix I. Finally, the equation of motion is

Mq̈ + Cq̇ +K(p)q = Q, (14)

where K(p) = Kben +Kgeo(p) and the nodal force is

Q(t) =

∫ l

0

φ(x)f(x, t) dx . (15)

C. State Space Model

In the following, we consider a cantilevered beam subject
to a point force at the unconstrained end (x = L), as the
considered flexible tool is rigidly attached to a robot and
an external force is only applied at the tip (gravity can be
neglected).

A state-space model of the system is given by[
q̇
q̈

]
=

[
0 I

−M−1K(p) −M−1C

] [
q
q̇

]
+

[
0

M−1

]
Q. (16)

It is assumed that the force and torque vector Qm ∈ R2

at the root of the nozzle (x = 0) is measured. Thus, the
following measurement equation can be set up

Qm = (Km(p)−MmM
−1K(p))q

+ (Cm(p)−MmM
−1C)q̇ +MmM

−1Q, (17)

where Mm, Cm,Km(p) are matrices describing the dynam-
ics of the constrained position and orientation of the flexible
nozzle at x = 0. Specifically, the matrices of a one-element
beam are

K(p) =
EI

L3

[
12 −6L
−6L 4L2

]
+

p

30L

[
36 −3L
−3L 4L2

]
,

Km(p) =
EI

L3

[
−12 6L
−6L 2L2

]
+

p

30L

[
−36 3L
−3L −L2

]
,

C = αM
L

420

[
156 −22L
−22L 4L2

]
,

Cm = αM
L

420

[
54 −13L

13L −3L2

]
,

M =
ρAL

420

[
156 −22L
−22L 4L2

]
,

Mm =
ρAL

420

[
54 −13L

13L −3L2

]
.

The parameter values used in this paper are L = 0.015 m,
A = 3.063× 10−4 m2, ρ = 8× 103 kg m−3, E ·I = 0.0021.

IV. ONLINE ESTIMATION

This section presents the two estimators used for deter-
mining the contact point and the surface normal. The block
diagram of the estimators in Fig. 5 shows how the contact
point is determined based on the measured force and torque
Qm.

Unknown
Input

Observer

Qm q, q̇
(25)

Surface
Normal
Estimator

er, eṙ nc

Fig. 5. Block diagram of the two estimators: Unknown input observer for
state estimation and surface normal estimator.

A. Contact Point Estimation

The contact point is estimated based on the model of the
flexible nozzle presented in (16). An unknown input observer
(UIO) is used for estimating the state (q, q̇), since the contact
force Q acts as an unmeasured disturbance (only the second
to last row of vector Q is nonzero).



The UIO is designed according to [18] using a one-element
finite element of the beam. To enable the design of an UIO,
the state is extended to eliminate the disturbance Q from the
output equation. This is accomplished by adding a low-pass
filter with a large bandwidth to the disturbance Q before
applying it to the output (The filtered force is denoted Q̃).
This also makes it possible to estimate the force Q from the
UIO. Thereby, the following proposition from [18] can be
used for designing the observer:

Proposition 1: The full-order observer given by{
ż = Fz + TBu+Ky,

x̂ = z +Hy,
(18)

where x̂ ∈ Rn is the state estimate and z ∈ Rn is the state
of the observer, is an unknown input observer for the system{

ẋ = Ax+Bu+ Ed,

y = Cx,
(19)

where x ∈ Rn is the state, u ∈ Rm is the input, d ∈ Rnd is
the disturbance input, if the following conditions hold

(I −HC)E = 0, (20a)
T = I −HC, (20b)
F = A−HCA−K1C, (20c)
K2 = FH, (20d)
K = K1 +K2, (20e)
F is Hurwitz. (20f)

An unknown input observer can be designed if the follow-
ing conditions are satisfied [18]:

Theorem 1: There exists an unknown input observer for
the system (19) if and only if

1) rank(CE) = rank(E);
2) (C,A1) is a detectable pair, where

A1 = A− E
(
(CE)TCE

)−1
(CE)TCA.

There exists an unknown input observer for the considered
flexible nozzle; thus, the state (q, q̇, Q̃) is estimated with the
UIO. The state of the system is used for determining the
contact point between nozzle and environment as

pc = pe +Re
er, (21)

where pe is the position of the robot end-effector, Re is a
rotation matrix from World frame (marked as W in Fig. 2)
to the end-effector frame (marked as e in Fig. 2), and er is
a position vector of the tip of the nozzle in the end-effector
frame (see Fig. 4) given by

er =

L− u(L, t)
0

w(L, t)

 . (22)

By differentiation of (21), the velocity of the contact point
is

ṗc = ṗe + S(ω)Re
er +Re

eṙ, (23)

where ω is the angular velocity of the end-effector. By the
use of (9), the velocity of the contact point can be written
in terms of generalized coordinates as

ṗc = ṗe + S(ω)Re
er(q) +Re

eṙ(q, q̇), (24)

where

er =

L− 1
2q

T (t)ULq(t)
0

φT (L)q(t)

 , eṙ =

−qT (t)ULq̇(t)
0

φT (L)q̇(t)

 ,
(25)

and

UL =

∫ L

0

∂φT (x)

∂x

∂φ(x)

∂x
dx . (26)

B. Surface Normal Estimation

We extend the work of [1], which estimates the surface
normal of a flat surface, to be applicable to any general
surface. The proposed method is based on a linear parameter
estimation algorithm from [19].

When the nozzle slides along a surface, the following
condition holds

nTc ṗc = 0, (27)

where ṗc is the velocity of the contact point given in (24) and
nc is the surface normal. This condition forms the basis for
the surface normal estimation in [1]; however, any unit vector
in the two-dimensional subspace orthogonal to ṗc satisfies
the condition in (27). To resolve this issue, we propose to also
exploit the contact force fc for the surface normal estimation.
The contact force is a linear combination of reaction force
and friction force; hence, for ṗc 6= 0

fc = α(t)nc + β(t)ṗc, (28)

where α(t) and β(t) are nonzero. This implies that

nTc η = 0, (29)

where η = fc × ṗc.
By using both (27) and (29) to estimate the surface

normal, the space of admissible solutions is no longer two-
dimensional. The parameter estimation algorithm presented
in [19, Theorem 4.3.3] is adapted to include both conditions
for the estimation as follows.

Proposition 2: The integral adaptive law

ṅc = −[γ1P̄ (nc)L1(t) + γ2P̄ (nc)L2(t)]nc, (30)

L̇1 = −βL1 +
1

1 + ||ṗc||2
ṗcṗ

T
c , L1(0) = 0, (31)

L̇2 = −βL2 +
1

1 + ||η||2 ηη
T , L2(0) = 0, (32)

where P̄ (nc) := I − ncnTc and L1, L2 ∈ R3×3 guarantees
that

1) the norm of the estimate nc(t) is invariant, i.e., given
that ||nc(0)|| = 1, ||nc(t)|| = 1 for all t ≥ 0,

2) if ṗc, η are persistently excited nc converges exponen-
tially to n∗c with a rate that can be tuned by γ1 and
γ2.



A proof of Proposition 2 is omitted, as it is a slight
modification of the proof in [1].

V. SIMULATION

In this section the contact point estimator is verified. It
is difficult to experimentally validate the estimation of the
deflection; therefore, simulation results are also provided for
the estimator.

A. Contact Point Estimation

The designed contact point estimator is verified in sim-
ulation by adding a sinusoidal force at the tip of the tool,
and measuring the force and torque at the robot tool flange.
Results of the simulation are shown in Fig. 6; the simulation
shows that the deflection of the tip is estimated very well,
i.e., real and estimated tip positions are almost identical.
In addition, it is seen that the estimated transversal force
applied to the tip is also estimated accurately. From the
simulation, it is concluded that the unknown input observer
allows estimation of the deformation of the nozzle and the
transversal contact force.

-0.5

0

0.5
Simulation of Unknown Input Observer for Beam Model

0 1 2 3 4 5
-1

-0.5

0

0.5

1

Fig. 6. Results from simulation of unknown input observer.

VI. EXPERIMENTAL VALIDATION

The performance of the surface normal estimator itself and
the contact point estimator is evaluated in this section. The
methods are verified on a Universal Robots UR5e 6-DOF
manipulator with an ATI Axia80 NetFT force torque sensor
mounted at the tool flange.

A. Contact Point Estimation

The contact point estimator is tested on an L-shaped
membrane, which can be seen on Fig. 8. An experiment was
conducted by moving the robot end-effector with a parallel
position/force controller in a straight path across the surface.
Force and torque data are recorded during the experiment

-1
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-5

10-3
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0

Fig. 7. Measured force and torque and estimated deflection of tool.

Estimated
Actual

Fig. 8. 3D surface plot of the L-shaped membrane with the experimental
path marked as dots. The estimated and the actual normal vectors are marked
with red and blue arrows, respectively.

and used for estimation of the contact point (deflection of
tool). The results are presented in Fig. 7.

The estimated deflection is about 1 mm throughout the
experiment, which is in the expected order of magnitude.

B. Normal Estimation on a Curved Surface

The surface normal estimator is tested on an L-shaped
membrane, which can be seen on Fig. 8. The L-shaped
membrane was 3D-printed and a physical experiment was
conducted by moving the robot end-effector manually in
free-drive mode with the orientation locked, such that the
tool tip was aligned with the z-axis of the surface. The
contact between the tool and the L-shaped membrane was
kept during the entire experiment. The angular error of the
normal estimation is shown in Fig. 9. It can be observed
that throughout the entire 8 s execution of the experiment
the angular error never exceeds 15◦, with a mean error of
8.02◦ and standard deviation of 3.22◦.
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Fig. 9. Angular error of the normal vector estimation on the path on the
L-shaped membrane.

VII. CONCLUSIONS

In this paper, we considered a use case consisting of a
robot manipulator equipped with a flexible tool. We pre-
sented two estimators that can be used in combination with
a parallel position/force controller to adapt to an unknown
surface geometry while accurately tracking both the positions
and forces of the flexible tool-tip.

Specifically, we model the flexible tip as an Euler-
Bernoulli cantilever beam, and approximate this using a finite
element model. Based on this approximation, we use an
unknown input observer to solve the contact point estimation
problem. To estimate the surface normal, we extend the pre-
vious proposed algorithm from related literature, which relies
on measurements of the contact point velocity. Compared to
this approach, we restrict the solution space so that it is no
longer two-dimensional by incorporating the contact force
into the estimator.

We evaluated the two estimators both in simulation and in
a physical experiment involving a robot manipulator with a
flexible gluing tip. The results validate the applicability of
the proposed approach.

In future work, both estimators will be incorporated into a
full robotic system with a flexible tool-tip for glue dispens-
ing.
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APPENDIX I
EULER–BERNOULLI BEAM PARAMETERS

This appendix provides the element matrices of the utilized
Euler–Bernoulli beam with motion-based viscous damping.
The geometric stiffness matrix is

Kgeo(p) =
p

30l


36 3l −36 3l
3l 4l2 −3l −l2
−36 −3l 36 −3l
3l −l2 −3l 4l2


The bending stiffness is

Kben =
EI

l3


12 6l −12 6l
6l 4l2 −6l 2l2

−12 −6l 12 −6l
6l 2l2 −6l 4l2


The mass matrix is

M =
ρAl

420


156 22l 54 −13l
22l 4l2 13l −3l2

54 13l 156 −22l
−13l −3l2 −22l 4l2


The motion-based viscous damping matrix is

C = αM
l

420


156 22l 54 −13l
22l 4l2 13l −3l2

54 13l 156 −22l
−13l −3l2 −22l 4l2






