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Abstract: Preference-approval structure combines the preference information of both 

ranking and approval, which extends the ordinal preference model by incorporating two 

categories of choice alternatives, i.e., acceptable (good) and unacceptable (bad), in the 

preference modeling process. In this study, we present some axioms which imply the 
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existence of a unique distance function of preference-approval structures. Based on 

theoretical analysis and simulation experiments, we further study a preferences 

aggregation model in the group decision making context based on the proposed 

axiomatic distance function. In this model, the group preference is defined as a 

preference-approval structure which minimizes the sum of its distances to all 

preference-approval structures of individuals in the group under consideration. 

Particularly, we show that the group preference defined by the axiomatic distance-based 

aggregation model has close relationships with the simple majority rule and Cook and 

Seiford’s ranking. 

Keywords: Preference-approval structure, group decision making, axiomatic 

distance, aggregation 

 

1. Introduction  

Group decision making (GDM) is a situation in which a set of individuals are involved 

in a decision problem to select the best alternative(s) based on their preferences over a 

set of given alternatives. One of the most important problems in GDM is how to 

aggregate preferences of individuals to form the group’s preference to guide the group’s 

choice. Such a problem has been studied extensively in the extant literature (Fishburn 

1973, Marden 1995, Pennock and Wellman 2005, Hochbaum and Levin 2006, 

Wallenius et al. 2008, Bordley 2009, Pérez et al. 2010, Dias and Sarabando 2012, 

Keeney 2013, Cabrerizo et al. 2013, Karakaya and Köksalan 2020). Cook (2006) 

divided the aggregation procedures into two categories, i.e., (1) the ad hoc methods, 
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e.g., Borda Count (Borda 1784) and simple majority rule (Condorcet 1785); and (2) the 

axiomatic distance-based methods. Cook (2006) argued that the axiomatic distance-

based methods are more formal than the ad hoc methods due to their intuitive appeal 

and axiomatic properties. The axioms used to lay the foundation of a method can be 

used to judge whether the method can be applied to a context by checking whether 

conditions required by the axioms can be satisfied. 

The axiomatic distance-based methods focus on proposing a set of axioms to 

characterize an appropriate distance function defined over all preference relations, 

which can be used to derive a group preference. One of the earliest axiomatic distance-

based methods was proposed in Kemeny and Snell (1962), where the preferences were 

weak orderings indicating that every pair of alternatives was compared and ties were 

allowed. Bogart (1973) studied an aggregation problem where individual preferences 

were assumed to be strict partial orderings, which implied that ties were not allowed, 

i.e., no alternatives with the same rank, and only a subset of alternatives were compared. 

Bogart (1975) studied the problem of aggregating asymmetric preference relations, 

which were asymmetric and irreflexive but not necessarily transitive. Cook and Seiford 

(1978) and Armstrong et al. (1982) examined the problem of combining priority 

rankings. Cook and Kress (1985) proposed an axiomatic distance-based aggregation 

method with respect to the ordinal ranking with intensity of preference, which was 

defined as cardinal preference in extant literatures (e.g., Keeney 1976). Moreno-

Centeno and Escobedo (2016) developed an axiomatic distance-based aggregation 

model for incomplete rankings where individuals only ranked a subset of the predefined 
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alternatives. Our work in this paper contributes to this line of literature by studying 

axiomatic distance-based aggregation method. 

To model individuals’ preferences, we adopt a framework proposed in Brams and 

Sanver (2009) called preference-approval structure, which is a hybrid system that 

combines the preference information of both ranking and approval. The preference-

approval structure is an extension of the ordinal preference model by incorporating two 

categories, i.e., acceptable (good) and unacceptable (bad), which can be commonly 

observed in real-world decision problems. For example, in a project funding review 

process, reviewers need to not only provide their ranking information of the alternative 

projects, but also provide the category information on whether to fund the alternative 

projects or not. Such information on acceptance can be easily provided by individuals 

in real-world problems, but it has been ignored in most existing preference models that 

mainly focus on ranking information. Some recent progresses on preference-approval 

structure can be found in (Erdélyi et al. 2009, Erdamar et al. 2014, and Kamwa 2019), 

but none of them studied the axiomatic distance of preference-approval structures.  

In this paper, we build on the literature on axiomatic distance between preferences 

to extend this concept from ordinal preference to preference-approval structure. 

Measuring distance between preference-approval structures is important if one would 

like to study GDM problem based on preference-approval structure. One important 

application of this extension of axiomatic distance is to study preference aggregation in 

the GDM based on preference-approval structure. Group preference has been calculated 

in different ways in GDM (Kemeny and Snell 1962, Cook and Seiford 1978, Cook et 
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al. 1986, Pérez et al. 2013, Cabrerizo et al. 2018, Zhang et al. 2019). In the extant 

axiomatic distance-based studies, group preference is usually calculated as a preference 

that attains the minimum total distances to all individuals’ preferences in the group. We 

follow this convention in this paper to define group preference among preference-

approval structures and further study the properties of this group preference.  

Our contributions can be summarized as the following two points.  

(1) We propose an axiomatic distance function for preference-approval structures. 

The axioms describe some desired properties that a distance function for preference-

approval structures should satisfy. It can be shown that there exists a unique distance 

function which satisfies all the axioms. In particular, the unique distance function is a 

generalization of the distance function in Cook and Seiford (1978), where the category 

information is not available.  

(2) By applying the proposed axiomatic distance function, we study the preference 

aggregation problem in GDM, which is the first work on studying the aggregation 

involving preference-approval structure in the framework of axiomatic distance-based 

methods. Through theoretical analysis and simulation experiments, we present some 

properties of this group preference, and show that this group preference has close 

relationships with the simple majority rule and Cook and Seiford’s ranking (Cook and 

Seiford, 1978). 

The rest of this paper is arranged as follows. In Section 2 we introduce some basic 

concepts regarding preference-approval structures. In Section 3 we propose a unique 

axiomatic distance function for preference-approval structures. Section 4 discusses the 
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group preference in the axiomatic distance-based methods and explores the properties 

of this group preference through theoretical analysis and simulation experiments. 

Finally, conclusion remarks are included in Section 5. All the acronyms and notations 

used in this paper are presented in Appendix A. 

2. Preliminaries 

In this section, we introduce some basic concepts regarding preference-approval 

structures.  

Let 𝐸𝐸 = {𝑒𝑒1, 𝑒𝑒2, . . . , 𝑒𝑒𝑚𝑚} be the set of 𝑚𝑚  individuals, and 𝑋𝑋 = {𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑛𝑛} 

be the set of 𝑛𝑛 alternatives. A weak order on 𝑋𝑋 is a binary relation that is complete 

and transitive. Let 𝑊𝑊(𝑋𝑋) be the set of all weak orders on 𝑋𝑋. Given any 𝑅𝑅 ∈ 𝑊𝑊(𝑋𝑋), 

let ≻ and ∼ represent the asymmetric and symmetric part of 𝑅𝑅 respectively. Then 

𝑥𝑥𝑖𝑖 ≻ 𝑥𝑥𝑗𝑗 ⇔ 𝑛𝑛𝑛𝑛𝑛𝑛 �𝑥𝑥𝑗𝑗𝑅𝑅𝑥𝑥𝑖𝑖�, and 𝑥𝑥𝑖𝑖~𝑥𝑥𝑗𝑗 ⇔ �𝑥𝑥𝑖𝑖𝑅𝑅𝑥𝑥𝑗𝑗  𝑎𝑎𝑛𝑛𝑎𝑎 𝑥𝑥𝑗𝑗𝑅𝑅𝑥𝑥𝑖𝑖�. 

Let 𝑃𝑃(𝑋𝑋) be the power set of 𝑋𝑋, namely the collection of all the subsets of 𝑋𝑋, i.e., 

𝐴𝐴 ∈ 𝑃𝑃(𝑋𝑋) ⟺𝐴𝐴 ⊆ 𝑋𝑋. 

Brams and Sanver (2009) proposed a novel preference representation model 

named preference-approval structure, which is a hybrid system that combines the 

preference information of both ranking and approval presented in Definition 1.  

Definition 1 (Brams and Sanver 2009): Let 𝑅𝑅 ∈ 𝑊𝑊(𝑋𝑋)  be a ranking of 

alternatives on 𝑋𝑋, let 𝐴𝐴 ∈ 𝑃𝑃(𝑋𝑋) be the set of approved (acceptable) alternatives, and 

𝑈𝑈 = 𝑋𝑋 ∖ 𝐴𝐴  be the set of disapproved (unacceptable) alternatives. Then, (𝑅𝑅,𝐴𝐴) ∈

𝑊𝑊(𝑋𝑋) × 𝑃𝑃(𝑋𝑋) is called a preference-approval structure if the ranking and the approval 

have the following consistency: 



7 
 

∀𝑥𝑥𝑖𝑖 , 𝑥𝑥𝑗𝑗 , if 𝑥𝑥𝑖𝑖 ∈ 𝐴𝐴 and 𝑥𝑥𝑗𝑗 ∈ 𝑈𝑈, then 𝑥𝑥𝑖𝑖 ≻ 𝑥𝑥𝑗𝑗 . 

Notably, in a preference-approval structure (𝑅𝑅,𝐴𝐴), both 𝐴𝐴 and 𝑈𝑈 can be empty 

sets. The set of all preference-approval structures is denoted by ℛ(𝑋𝑋).  

Example 1: We use Example 1 to illustrate the preference-approval structure. Let  

(𝑅𝑅,𝐴𝐴) =

𝑥𝑥1𝑥𝑥2𝑥𝑥5
𝑥𝑥3
𝑥𝑥4
𝑥𝑥6

. 

In the given preference-approval structure (𝑅𝑅,𝐴𝐴), the alternatives in the upper 

rows are preferred to those in the lower rows, and alternatives in the same row are 

indifferent. Moreover, the alternatives located above the line are considered as 

approved (acceptable), and the alternatives below the line are considered as 

disapproved (unacceptable). 

To represent the preference-approval structure mathematically, Erdamar et al. 

(2014) introduced a system for codifying each preference-approval structure (𝑅𝑅,𝐴𝐴) by 

two sequences: sequence 𝒑𝒑𝑹𝑹  represents the ranking information and sequence 𝒊𝒊𝑨𝑨 

represents the approval information (see Definition 2). 

Definition 2 (Erdamar et al. 2014): For a given preference-approval structure 

(𝑅𝑅,𝐴𝐴) ∈ ℛ(𝑋𝑋), let 𝑝𝑝𝑅𝑅 = �𝑃𝑃𝑅𝑅(𝑥𝑥1),𝑃𝑃𝑅𝑅(𝑥𝑥2), . . . ,𝑃𝑃𝑅𝑅(𝑥𝑥𝑛𝑛)� be the position sequence of 𝑅𝑅, 

where 𝑃𝑃𝑅𝑅:  𝑋𝑋 → ℝ, which is defined as 

𝑃𝑃𝑅𝑅(𝑥𝑥𝑖𝑖) = 𝑛𝑛 − #�𝑥𝑥𝑗𝑗� 𝑥𝑥𝑗𝑗 ≺ 𝑥𝑥𝑖𝑖} −
1
2

#�𝑥𝑥𝑗𝑗 ∈ 𝑋𝑋 ∖ 𝑥𝑥𝑖𝑖� 𝑥𝑥𝑗𝑗 ∼ 𝑥𝑥𝑖𝑖},        (1) 

where the symbol #  denotes the number of elements in the set. Let 𝑖𝑖𝐴𝐴 =

�𝐼𝐼𝐴𝐴(𝑥𝑥1), 𝐼𝐼𝐴𝐴(𝑥𝑥2), … , 𝐼𝐼𝐴𝐴(𝑥𝑥𝑛𝑛)�  represent the indicator sequence of 𝐴𝐴 ⊆ 𝑋𝑋 , where 

𝐼𝐼𝐴𝐴:  𝑋𝑋 → {0,1}, which is the indicator function of 𝐴𝐴, 
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𝐼𝐼𝐴𝐴(𝑥𝑥𝑖𝑖) = �1,       𝑖𝑖𝑖𝑖   𝑥𝑥𝑖𝑖 ∈ 𝐴𝐴 
0,      𝑖𝑖𝑖𝑖   𝑥𝑥𝑖𝑖 ∈ 𝑈𝑈 .                      (2) 

In this way, the information of the preference-approval structure (𝑅𝑅,𝐴𝐴) can be 

completely captured by a tuple (𝑝𝑝𝑅𝑅 , 𝑖𝑖𝐴𝐴). For example, the preference-approval structure 

given in Example 1 can be characterized by sequences 𝑝𝑝𝑅𝑅 = (2, 2, 4, 5, 2, 6) and 𝑖𝑖𝐴𝐴 =

(1, 1, 1, 0, 1, 0). 

Definition 3: The reverse of a preference-approval structure (𝑅𝑅,𝐴𝐴)  is a 

preference-approval structure denoted by (𝑅𝑅,𝐴𝐴)−1 = (𝑅𝑅−1,𝐴𝐴−1), where 𝑃𝑃𝑅𝑅−1(𝑥𝑥𝑖𝑖) =

𝑛𝑛 + 1 − 𝑃𝑃𝑅𝑅(𝑥𝑥𝑖𝑖) and 𝐼𝐼𝐴𝐴−1(𝑥𝑥𝑖𝑖) = 1 − 𝐼𝐼𝐴𝐴(𝑥𝑥𝑖𝑖) (𝑖𝑖 = 1, 2, … ,𝑛𝑛). 

For example, the reverse of the preference-approval structure given in Example 1 

can be characterized by the sequences 𝑝𝑝𝑅𝑅−1 = (5, 5, 3, 2, 5, 1)  and 𝑖𝑖𝐴𝐴−1 =

(0, 0, 0, 1, 0, 1).  

Cook and Seiford (1978) presented some concepts about priority rankings. 

Following the research line of Cook and Seiford (1978), we present some similar 

concepts in preference-approval structures in Definitions 4-11. 

Definition 4: A preference-approval structure (𝑅𝑅,𝐴𝐴) is a canonical form if it 

satisfies 

𝑃𝑃𝑅𝑅(𝑥𝑥𝑖𝑖) ≤ 𝑃𝑃𝑅𝑅(𝑥𝑥𝑖𝑖+1) for all 𝑖𝑖 = 1,2, … ,𝑛𝑛 − 1. 

Definition 5: A preference-approval structure (𝑅𝑅,𝐴𝐴) is said to be with ties when 

there exist alternatives possessing the same rank in the preference-approval structure 

(𝑅𝑅,𝐴𝐴).  

Example 2: Given a preference-approval structure (𝑅𝑅,𝐴𝐴) =

𝑥𝑥1𝑥𝑥2𝑥𝑥5
𝑥𝑥3
𝑥𝑥4
𝑥𝑥6

, where the 
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alternatives 𝑥𝑥1, 𝑥𝑥2 and 𝑥𝑥5 are ranked in the same position, then alternatives 𝑥𝑥1, 𝑥𝑥2 

and 𝑥𝑥5 are said to be tied; and the preference-approval structure (𝑅𝑅,𝐴𝐴) is said to be 

with ties.  

Definition 6: A preference-approval structure (𝑅𝑅,𝐴𝐴) is called zero preference-

approval structure when all alternatives are tied, which is denoted by 

𝟎𝟎 = �
𝑝𝑝𝑅𝑅0 = �𝑛𝑛+1

2
, 𝑛𝑛+1
2

, . . . , 𝑛𝑛+1
2
�                           

𝑖𝑖𝐴𝐴0 = (0, 0, . . . , 0)   𝑛𝑛𝑜𝑜  𝑖𝑖𝐴𝐴0 = (1, 1, . . . , 1)
. 

For example, a zero preference-approval structure over 𝑋𝑋 = {𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3} can be 

𝑥𝑥1𝑥𝑥2𝑥𝑥3��������� or 𝑥𝑥1𝑥𝑥2𝑥𝑥3, in both of which all alternatives are tied. 

Definition 7: A complete preference-approval structure (𝑅𝑅,𝐴𝐴) is a preference-

approval structure without ties. 

Definition 8: Preference-approval structures (𝑅𝑅1,𝐴𝐴1) and (𝑅𝑅2,𝐴𝐴2) are equal if 

and only if 𝑃𝑃𝑅𝑅1(𝑥𝑥𝑖𝑖) = 𝑃𝑃𝑅𝑅2(𝑥𝑥𝑖𝑖) and 𝐼𝐼𝐴𝐴1(𝑥𝑥𝑖𝑖) = 𝐼𝐼𝐴𝐴2(𝑥𝑥𝑖𝑖) for all 𝑥𝑥𝑖𝑖 ∈ 𝑋𝑋. 

Definition 9: A preference-approval structure (𝑅𝑅2,𝐴𝐴2) is between preference-

approval structures (𝑅𝑅1,𝐴𝐴1) and (𝑅𝑅3,𝐴𝐴3) if for any 𝑥𝑥𝑖𝑖 ∈ 𝑋𝑋 

𝑃𝑃𝑅𝑅2(𝑥𝑥𝑖𝑖) ∈ �𝑚𝑚𝑖𝑖𝑛𝑛�𝑃𝑃𝑅𝑅1(𝑥𝑥𝑖𝑖),𝑃𝑃𝑅𝑅3(𝑥𝑥𝑖𝑖)� ,𝑚𝑚𝑎𝑎𝑥𝑥�𝑃𝑃𝑅𝑅1(𝑥𝑥𝑖𝑖),𝑃𝑃𝑅𝑅3(𝑥𝑥𝑖𝑖)�� 

and 

𝐼𝐼𝐴𝐴2(𝑥𝑥𝑖𝑖) ∈ �𝑚𝑚𝑖𝑖𝑛𝑛�𝐼𝐼𝐴𝐴1(𝑥𝑥𝑖𝑖), 𝐼𝐼𝐴𝐴3(𝑥𝑥𝑖𝑖)� ,𝑚𝑚𝑎𝑎𝑥𝑥�𝐼𝐼𝐴𝐴1(𝑥𝑥𝑖𝑖), 𝐼𝐼𝐴𝐴3(𝑥𝑥𝑖𝑖)��. 

The relationship of betweenness is written as [(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2), (𝑅𝑅3,𝐴𝐴3)] in this 

study. 

Definition 10: A nonempty set of alternatives 𝑆𝑆  is a segment of a given 

preference-approval structure (𝑅𝑅,𝐴𝐴) , if 𝑆𝑆  (the complementary set of 𝑆𝑆 ) is a 

nonempty set, and for any 𝑥𝑥𝑖𝑖 ∈ 𝑆𝑆 
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 𝑃𝑃𝑅𝑅(𝑥𝑥𝑖𝑖) ≥ 𝑃𝑃𝑅𝑅(𝑥𝑥𝑗𝑗) for all 𝑥𝑥𝑗𝑗 ∈ 𝑆𝑆, or 𝑃𝑃𝑅𝑅(𝑥𝑥𝑖𝑖) ≤ 𝑃𝑃𝑅𝑅(𝑥𝑥𝑗𝑗) for all 𝑥𝑥𝑗𝑗 ∈ 𝑆𝑆. 

Example 3: Consider a preference-approval structure (𝑅𝑅,𝐴𝐴) as follows:      

𝑥𝑥1
𝑥𝑥2𝑥𝑥5
𝑥𝑥3
𝑥𝑥4
𝑥𝑥6

. 

Then 𝑆𝑆 = {𝑥𝑥3, 𝑥𝑥4} is one of the segments of the preference-approval structure 

(𝑅𝑅,𝐴𝐴)  because 𝑆𝑆 = {𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥5, 𝑥𝑥6}  is nonempty; and the ranks of alternatives 

𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥5 ∈ 𝑆𝑆  in (𝑅𝑅,𝐴𝐴)  are higher than all the alternatives in 𝑆𝑆 , and the rank of 

alternative 𝑥𝑥6 ∈ 𝑆𝑆 is lower than all the alternatives in 𝑆𝑆.  

Usually, the segment of a given preference-approval structure is not unique. In 

Example 3, 𝑆𝑆′ = {𝑥𝑥2, 𝑥𝑥3, 𝑥𝑥4, 𝑥𝑥5}  is another segment of the preference-approval 

structure (𝑅𝑅,𝐴𝐴). 

Definition 11: Given a preference-approval structure (𝑅𝑅,𝐴𝐴)  over 𝑋𝑋  and a 

subset of alternatives 𝑆𝑆 ⊆ 𝑋𝑋, the projection of (𝑅𝑅,𝐴𝐴) on 𝑆𝑆, denoted as (𝑅𝑅,𝐴𝐴)|𝑆𝑆, is a 

preference-approval structure over 𝑆𝑆, which preserves the relative order and approval 

information of the alternatives specified by (𝑅𝑅,𝐴𝐴) on the alternatives in 𝑆𝑆. 

For example, given a preference-approval structure (𝑅𝑅,𝐴𝐴) =
𝑥𝑥1
𝑥𝑥2
𝑥𝑥3

 and 𝑆𝑆 =

{𝑥𝑥2, 𝑥𝑥3}. Then, (𝑅𝑅,𝐴𝐴)|𝑆𝑆 =
𝑥𝑥2
𝑥𝑥3

. 

3. Axiomatic distance for preference-approval structures 

In this section, we propose an axiomatic distance function for preference-approval 

structures. Section 3.1 presents several axioms that the distance function for preference-

approval structures should satisfy. Section 3.2 shows that the proposed axioms uniquely 
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determine the distance function for preference-approval structures.  

3.1. Axioms for the distance function between preference-approval structures  

Let 𝑒𝑒1, 𝑒𝑒2 be two individuals, and 𝑋𝑋 = {𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑛𝑛} be the set of alternatives as 

before. Let (𝑅𝑅1,𝐴𝐴1)  and (𝑅𝑅2,𝐴𝐴2)  be two preference-approval structures over 𝑋𝑋 

associated with 𝑒𝑒1 and 𝑒𝑒2 respectively. Generally, a distance function should satisfy 

the following three basic axioms, which are standard requirements as a metric function 

on a generic set 𝑋𝑋 in mathematics: 

Axiom 1: 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)� ≥ 0  with equality if and only if (𝑅𝑅1,𝐴𝐴1) =

(𝑅𝑅2,𝐴𝐴2). 

Axiom 2: 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)� = 𝑎𝑎�(𝑅𝑅2,𝐴𝐴2), (𝑅𝑅1,𝐴𝐴1)�. 

Axiom 3: 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)� + 𝑎𝑎�(𝑅𝑅2,𝐴𝐴2), (𝑅𝑅3,𝐴𝐴3)� ≥ 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅3,𝐴𝐴3)� 

with equality if and only if the preference-approval structure (𝑅𝑅2,𝐴𝐴2) is between 

preference-approval structures (𝑅𝑅1,𝐴𝐴1) and (𝑅𝑅3,𝐴𝐴3). 

Besides the three standard axioms above, we propose another four additional 

axioms that the distance function for preference-approval structures should satisfy, 

which, together with Axioms 1-3, deliver the distance function axiomatized in Theorem 

1. 

Let 𝜎𝜎 be a permutation of alternatives and (𝑅𝑅1𝜎𝜎,𝐴𝐴1𝜎𝜎) be the preference-approval 

structure obtained from (𝑅𝑅1,𝐴𝐴1)  by the permutation 𝜎𝜎 . For example, if 𝜎𝜎  is a 

permutation of alternatives {𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3} such that the label of 𝑥𝑥1 turns into 𝑥𝑥2; 𝑥𝑥2 

turns into 𝑥𝑥1; and the label of 𝑥𝑥3 remains unchanged, then (𝑅𝑅1,𝐴𝐴1) =
𝑥𝑥1
𝑥𝑥2
𝑥𝑥3

 implies 
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(𝑅𝑅1𝜎𝜎,𝐴𝐴1𝜎𝜎) =
𝑥𝑥2
𝑥𝑥1
𝑥𝑥3

.  

Axiom 4: (i) Let (𝑅𝑅1𝜎𝜎,𝐴𝐴1𝜎𝜎) and (𝑅𝑅2𝜎𝜎,𝐴𝐴2𝜎𝜎) be the preference-approval structures 

obtained from (𝑅𝑅1,𝐴𝐴1)  and (𝑅𝑅2,𝐴𝐴2)  by the same permutation of alternatives 𝜎𝜎 

respectively. Then,  

𝑎𝑎�(𝑅𝑅1𝜎𝜎,𝐴𝐴1𝜎𝜎), (𝑅𝑅2𝜎𝜎 ,𝐴𝐴2𝜎𝜎)� = 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)�. 

(ii) Let preference-approval structures (𝑅𝑅1 −1,𝐴𝐴1 −1)  and (𝑅𝑅2 −1,𝐴𝐴2 −1)  be the 

reverses of (𝑅𝑅1,𝐴𝐴1) and (𝑅𝑅2,𝐴𝐴2) respectively. Then,  

𝑎𝑎�(𝑅𝑅1 −1,𝐴𝐴1 −1), (𝑅𝑅2 −1,𝐴𝐴2 −1)� = 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)�. 

Axiom 4 assumes that the distance function pays equal attention to all alternatives, 

which degenerates to the Axiom 4 in Cook and Seiford (1978). However, in some 

decision problems, decision makers might prefer a distance measure that places more 

emphasis on a subset of alternatives (e.g., some top alternative(s) in the ranking of 

alternatives). In this situation, a new axiom system needs to be developed in the future. 

Example 4 below illustrates and explains the meaning of Axiom 4.  

Example 4: Consider a set of alternatives 𝑋𝑋 = {𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3, 𝑥𝑥4} , and two 

preference-approval structures over 𝑋𝑋, i.e., (𝑅𝑅1,𝐴𝐴1) and (𝑅𝑅2,𝐴𝐴2), where 

(𝑅𝑅1,𝐴𝐴1) =

𝑥𝑥1
𝑥𝑥2
𝑥𝑥3
𝑥𝑥4

 and (𝑅𝑅2,𝐴𝐴2) =
𝑥𝑥4
𝑥𝑥2𝑥𝑥3
𝑥𝑥1

. 

Let 𝜎𝜎 be a permutation of alternatives {𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3, 𝑥𝑥4} such that the label of 𝑥𝑥3 

turns into 𝑥𝑥4 , 𝑥𝑥4  turns into 𝑥𝑥3 , and the labels of 𝑥𝑥1  and 𝑥𝑥2  remain unchanged. 

Then, the preference-approval structures (𝑅𝑅1𝜎𝜎,𝐴𝐴1𝜎𝜎) and (𝑅𝑅2𝜎𝜎,𝐴𝐴2𝜎𝜎) are 
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(𝑅𝑅1𝜎𝜎,𝐴𝐴1𝜎𝜎) =

𝑥𝑥1
𝑥𝑥2
𝑥𝑥4
𝑥𝑥3

 and (𝑅𝑅2𝜎𝜎,𝐴𝐴2𝜎𝜎) =
𝑥𝑥3
𝑥𝑥2𝑥𝑥4
𝑥𝑥1

. 

Axiom 4 (i) requires that 

𝑎𝑎(

𝑥𝑥1
𝑥𝑥2
𝑥𝑥3
𝑥𝑥4

,
𝑥𝑥4
𝑥𝑥2𝑥𝑥3
𝑥𝑥1

) = 𝑎𝑎(

𝑥𝑥1
𝑥𝑥2
𝑥𝑥4
𝑥𝑥3

,
𝑥𝑥3
𝑥𝑥2𝑥𝑥4
𝑥𝑥1

), 

which says that the distance function should be independent of how these alternatives 

are labeled. 

Applying part (ii) to this example, we have 

(𝑅𝑅1 −1,𝐴𝐴1 −1) =

𝑥𝑥4
𝑥𝑥3
𝑥𝑥2
𝑥𝑥1

 and (𝑅𝑅2 −1,𝐴𝐴2 −1) =
𝑥𝑥1
𝑥𝑥2𝑥𝑥3
𝑥𝑥4

, 

where we can find that in (𝑅𝑅1 −1,𝐴𝐴1 −1) and (𝑅𝑅2 −1,𝐴𝐴2 −1) the rankings are reversed and 

acceptable sets turn into unacceptable sets from (𝑅𝑅1,𝐴𝐴1) and (𝑅𝑅2,𝐴𝐴2) respectively. 

Axiom 4 (ii) requires that  

𝑎𝑎�(𝑅𝑅1 −1,𝐴𝐴1 −1), (𝑅𝑅2 −1,𝐴𝐴2 −1)� = 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)�.  

This condition says that if two preference-approval structures are totally reversed in the 

way defined in Definition 3, the distance between them is unchanged by reversing the 

ranking and approval information. Such a condition seems to be intuitive in the sense 

that distance function between preference-approval structures should measure “how 

similar are two preference structures” independent of the direction of preference. 

Therefore, when preferences are both reversed and approval sets are flipped into 

disapproval sets, one should expect that the distance between these two preference-

approval structures are unchanged.  
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Axiom 5 guarantees that if two preference-approval structures (𝑅𝑅1,𝐴𝐴1)  and 

(𝑅𝑅2,𝐴𝐴2) only differ on the alternatives in their segment, then 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)� 

can be computed based on the alternatives in the segment. 

Axiom 5: Let (𝑅𝑅1,𝐴𝐴1) and (𝑅𝑅2,𝐴𝐴2) be two preference-approval structures over 

𝑋𝑋 , and 𝑆𝑆  be a segment of both (𝑅𝑅1,𝐴𝐴1) and (𝑅𝑅2,𝐴𝐴2). If (𝑅𝑅1,𝐴𝐴1) and (𝑅𝑅2,𝐴𝐴2) 

only differ on the alternatives in 𝑆𝑆, and (𝑅𝑅1,𝐴𝐴1)|𝑆𝑆 and (𝑅𝑅2,𝐴𝐴2)|𝑆𝑆 are the projections 

of (𝑅𝑅1,𝐴𝐴1) and (𝑅𝑅2,𝐴𝐴2) on 𝑆𝑆 respectively. Then, 

𝑎𝑎�(𝑅𝑅1,𝐴𝐴1)|𝑆𝑆, (𝑅𝑅2,𝐴𝐴2)|𝑆𝑆� = 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)�. 

We illustrate Axiom 5 by Example 5. 

Example 5: Giving two preference-approval structures (𝑅𝑅1,𝐴𝐴1) and (𝑅𝑅2,𝐴𝐴2), 

where  

(𝑅𝑅1,𝐴𝐴1) =

𝑥𝑥3
𝑥𝑥4
𝑥𝑥5
𝑥𝑥6
𝑥𝑥1
𝑥𝑥2

, (𝑅𝑅2,𝐴𝐴2) =

𝑥𝑥3
𝑥𝑥4
𝑥𝑥5
𝑥𝑥6
𝑥𝑥2
𝑥𝑥1

. 

We can observe that (𝑅𝑅1,𝐴𝐴1) and (𝑅𝑅2,𝐴𝐴2) only differ on the set of alternatives 

𝑆𝑆 = {𝑥𝑥1, 𝑥𝑥2} , which is the segment of both (𝑅𝑅1,𝐴𝐴1)  and (𝑅𝑅2,𝐴𝐴2) . Then, the 

preference-approval structures (𝑅𝑅1,𝐴𝐴1)|𝑆𝑆 and (𝑅𝑅2,𝐴𝐴2)|𝑆𝑆 are presented as  

(𝑅𝑅1,𝐴𝐴1)|𝑆𝑆 =
𝑥𝑥1
𝑥𝑥2, (𝑅𝑅2,𝐴𝐴2)|𝑆𝑆 =

𝑥𝑥2
𝑥𝑥1. 

The condition in Axiom 5 requires that 

𝑎𝑎(

𝑥𝑥3
𝑥𝑥4
𝑥𝑥5
𝑥𝑥6
𝑥𝑥1
𝑥𝑥2

,

𝑥𝑥3
𝑥𝑥4
𝑥𝑥5
𝑥𝑥6
𝑥𝑥2
𝑥𝑥1

) = 𝑎𝑎(
𝑥𝑥1
𝑥𝑥2,

𝑥𝑥2
𝑥𝑥1). 
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Axiom 5 essentially requires that the distance function should be independent of 

“how big or small” the two preference-approval structures are as long as their 

“similarity” revealed by the ranking and approval set are kept after resizing them. When 

applying a projection operation to a preference-approval structure on its segment, the 

size of the preference-approval structure is reduced without changing the relative order 

as well as the approval information of these alternatives in the segment. Axiom 5 is 

motivated by a spirit similar to that in the well-known independence of irrelevant 

alternatives axiom in Arrow (1951). In other word, the distance between two 

preference-approval structures remains unchanged by removing irrelevant alternatives 

that doesn’t change the relative order and approval information of the rest alternatives.  

The axiom systems of ours and Cook and Seiford’s discuss the distance function 

in the sense of an absolute measurement. In the sense of a relative measurement, 

decision makers might argue that the distance between (𝑅𝑅1,𝐴𝐴1)  and (𝑅𝑅2,𝐴𝐴2)  is 

smaller than that of (𝑅𝑅1,𝐴𝐴1)|𝑆𝑆 and (𝑅𝑅2,𝐴𝐴2)|𝑆𝑆 in Example 5 based on the observation 

that only 2 of 6 alternatives differ in (𝑅𝑅1,𝐴𝐴1) and (𝑅𝑅2,𝐴𝐴2) while all alternatives 

differ in (𝑅𝑅1,𝐴𝐴1)|𝑆𝑆  and (𝑅𝑅2,𝐴𝐴2)|𝑆𝑆 . Such a “relative measurement” sense distance 

measurement may deserve efforts in a future study. In this paper, we follow the absolute 

sense of measurement in Cook and Seiford (1978), which also applies to many 

situations in real world problems. In a specific problem, if individuals feel such an 

absolute sense of distance is desirable and would like to subscribe to, then our Axiom 

5 applies to their situation. 

Axiom 6: Let (𝑅𝑅1,𝐴𝐴1), (𝑅𝑅1,𝐴𝐴2), (𝑅𝑅2,𝐴𝐴1) and (𝑅𝑅2,𝐴𝐴2) be four preference-
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approval structures over 𝑋𝑋. Then,  

𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅1,𝐴𝐴2)� = 𝑎𝑎�(𝑅𝑅2,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)�. 

Axiom 6 implies that the distance between two preference-approval structures 

with same ranking information only depend on the approval information. The condition 

is quite intuitive in the sense that the distance between two preference-approval 

structures should be determined by how they differ from each other rather than the 

common parts they share. We illustrate Axiom 6 by Example 6. 

Example 6: Consider the following pair of preference-approval structures, 

(𝑅𝑅1,𝐴𝐴1) and (𝑅𝑅1,𝐴𝐴2) listed below, 

(𝑅𝑅1,𝐴𝐴1) =

𝑥𝑥1
𝑥𝑥2
𝑥𝑥3
𝑥𝑥4

, (𝑅𝑅1,𝐴𝐴2) =

𝑥𝑥1
𝑥𝑥2
𝑥𝑥3
𝑥𝑥4

, 

and another pair of preference-approval structures (𝑅𝑅2,𝐴𝐴1) and (𝑅𝑅2,𝐴𝐴2) obtained 

from the previous pair by replacing 𝑅𝑅1 by 𝑅𝑅2, 

(𝑅𝑅2,𝐴𝐴1) =

𝑥𝑥2
𝑥𝑥1
𝑥𝑥4
𝑥𝑥3

, (𝑅𝑅2,𝐴𝐴2) =

𝑥𝑥2
𝑥𝑥1
𝑥𝑥4
𝑥𝑥3

. 

Axiom 6 requires that the distance between (𝑅𝑅1,𝐴𝐴1) and (𝑅𝑅1,𝐴𝐴2) (or (𝑅𝑅2,𝐴𝐴1) 

and (𝑅𝑅2,𝐴𝐴2)) only depends on the approval information 𝐴𝐴1 and 𝐴𝐴2, such that,  

𝑎𝑎(

𝑥𝑥1
𝑥𝑥2
𝑥𝑥3
𝑥𝑥4

,

𝑥𝑥1
𝑥𝑥2
𝑥𝑥3
𝑥𝑥4

)= 𝑎𝑎(

𝑥𝑥2
𝑥𝑥1
𝑥𝑥4
𝑥𝑥3

,

𝑥𝑥2
𝑥𝑥1
𝑥𝑥4
𝑥𝑥3

). 

Axiom 7. The minimum positive distance of 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴1)�  (∀𝑅𝑅1,𝑅𝑅2 ∈

𝑊𝑊(𝑋𝑋),𝑅𝑅1 ≠ 𝑅𝑅2)  is 𝛼𝛼 (𝛼𝛼 > 0) , and the minimum positive distance of 

𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅1,𝐴𝐴2)� (∀𝐴𝐴1,𝐴𝐴2 ∈ 𝑃𝑃(𝑋𝑋), 𝐴𝐴1 ≠ 𝐴𝐴2) is 𝛽𝛽 (𝛽𝛽 > 0).  
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Axiom 7 is just a scaling convention. 

3.2. Uniqueness of the distance function 

In the following, we show that there exists a distance function over the set of preference-

approval structures which is uniquely determined by Axioms 1-7.  

Lemma 1. When 𝑛𝑛 = 2 , all possible distances between preference-approval 

structures are uniquely determined by Axioms 1-7.  

Lemma 2. Let (𝑅𝑅1,𝐴𝐴1)  and (𝑅𝑅2,𝐴𝐴2)  be two complete preference-approval 

structures over 𝑋𝑋, and 𝟎𝟎 be the zero preference-approval structure over 𝑋𝑋. Then, 

𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)� and 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1),𝟎𝟎� are uniquely determined by Axioms 1-7. 

Based on Lemmas 1 and 2, we obtain Theorem 1 below. 

Theorem 1. Let (𝑅𝑅1,𝐴𝐴1)  and (𝑅𝑅2,𝐴𝐴2)  be any two preference-approval 

structures over 𝑋𝑋. Then 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)� is uniquely determined by Axioms 1-7 

as follows 

𝑎𝑎𝑃𝑃𝐴𝐴𝑆𝑆�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)� = ∑ �𝛼𝛼�𝑃𝑃𝑅𝑅1(𝑥𝑥𝑖𝑖) − 𝑃𝑃𝑅𝑅2(𝑥𝑥𝑖𝑖)� + 𝛽𝛽�𝐼𝐼𝐴𝐴1(𝑥𝑥𝑖𝑖) − 𝐼𝐼𝐴𝐴2(𝑥𝑥𝑖𝑖)��𝑛𝑛
𝑖𝑖=1 . (3) 

Remark 1. The parameter 𝛼𝛼 measures the distance between the two preference-

approval structures satisfying the following features: (1) the approval information are 

identical in the two preference-approval structures; (2) the ranking information of the 

two preference-approval structures only differ on two alternatives denoted by 𝑥𝑥1 and 

 𝑥𝑥2, where 𝑥𝑥1~𝑥𝑥2 in one preference-approval structure and 𝑥𝑥1 ≻ 𝑥𝑥2 (or 𝑥𝑥1 ≺ 𝑥𝑥2) in 

the other preference-approval structure.   

Remark 2. The parameter 𝛽𝛽 measures the distance between the two preference-

approval structures satisfying the following features: (1) the ranking information are 
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identical in the two preference-approval structures; (2) the approval information of the 

two preference-approval structures only differ on an alternative, where the alternative 

is approved in one preference-approval structure and disapproved in the other 

preference-approval structure. 

Proofs of Lemmas 1 and 2, and Theorem 1 are presented in Appendix B. 

In a GDM problem, if we consider the distance in the case of Remark 1 is larger 

than that in Remark 2, then 𝛼𝛼 > 𝛽𝛽; Otherwise, 𝛼𝛼 ≤ 𝛽𝛽. In the rest of this study, it is 

assumed that 𝛼𝛼 + 𝛽𝛽 = 1. When we consider that the distances are identical in the cases 

of Remarks 1 and 2, we set 𝛼𝛼 = 𝛽𝛽 = 0.5. 

4. Axiomatic distance-based aggregation of preference-approval 

structures   

In this section, we propose a preference-approval structures’ axiomatic distance-based 

aggregation model (PAS-ADAM) to achieve a group preference-approval structure in 

GDM. It can be shown that there are some appealing properties of the group preference-

approval structure achieved by the PAS-ADAM. 

4.1. Several desired properties of the PAS-ADAM  

Consider a GDM problem where 𝑚𝑚  individuals provide their preference-approval 

structures over 𝑋𝑋 as (𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2), … , (𝑅𝑅𝑚𝑚,𝐴𝐴𝑚𝑚). The PAS-ADAM follows the 

research line initiated in Kemeny and Snell (1962). In the PAS-ADAM, the group 

preference-approval structure is defined as a preference-approval structure (𝑅𝑅𝑐𝑐 ,𝐴𝐴𝑐𝑐) ∈

ℛ(𝑋𝑋), which attains the minimum total distances to all individuals’ preference-approval 

structures (𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2), … , (𝑅𝑅𝑚𝑚,𝐴𝐴𝑚𝑚) in the group 𝐸𝐸; i.e., 
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(𝑅𝑅𝑐𝑐,𝐴𝐴𝑐𝑐) = 𝑎𝑎𝑜𝑜𝑎𝑎𝑚𝑚𝑖𝑖𝑛𝑛 (𝑅𝑅,𝐴𝐴)∈ℛ(𝑋𝑋) ∑ ∑ �𝛼𝛼�𝑃𝑃𝑅𝑅𝑙𝑙(𝑥𝑥𝑖𝑖) − 𝑃𝑃𝑅𝑅(𝑥𝑥𝑖𝑖)� + (1 − 𝛼𝛼)�𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥𝑖𝑖) −
𝑛𝑛
𝑖𝑖=1

𝑚𝑚
𝑙𝑙=1

𝐼𝐼𝐴𝐴(𝑥𝑥𝑖𝑖)��                                                            (4)   

In the PAS-ADAM the group preference satisfies all conditions of a preference-

approval structure because (𝑅𝑅𝑐𝑐,𝐴𝐴𝑐𝑐) ∈ ℛ(𝑋𝑋). As our alternatives set 𝑋𝑋 is finite, hence 

ℛ(X) is also finite, which implies the minimum exists. The PAS-ADAM follows the 

convention of the axiomatic distance-based aggregation model in which the uniqueness 

can’t be guaranteed. Thus, the group preference obtained via the PAS-ADAM may not 

be unique; and in this situation any optimal solution to the PAS-ADAM can be regarded 

as a group preference suggested (recommended) by our model. In particular, the PAS-

ADAM can be transformed as a mixed 0-1 linear programming. In this paper the 

optimal solution to the PAS-ADAM is obtained by solving a 0-1 linear programming 

(see Appendix C). 

The following two concepts are needed to explore the properties of the PAS-

ADAM. 

Simple majority rule. The simple majority rule refers to a rule that selects all 

alternatives 𝑥𝑥𝑖𝑖 which obtain more than half of the votes (approvals) from individuals 

in a group. Denote by ⌊∙⌋ a floor function, e.g., ⌊5.5⌋ = 5. The alternatives selected 

by this rule can be represented by 𝐴𝐴𝑚𝑚𝑚𝑚𝑗𝑗𝑚𝑚𝑚𝑚𝑖𝑖𝑚𝑚𝑚𝑚 = �𝑥𝑥𝑖𝑖|#�𝑙𝑙|𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥𝑖𝑖) = 1� > ⌊𝑚𝑚/2⌋�. In the 

case that 𝐴𝐴𝑚𝑚𝑚𝑚𝑗𝑗𝑚𝑚𝑚𝑚𝑖𝑖𝑚𝑚𝑚𝑚 = ∅, none of the alternatives are approved by more than half 

individuals. We note that the properties proposed below still hold when 𝐴𝐴𝑚𝑚𝑚𝑚𝑗𝑗𝑚𝑚𝑚𝑚𝑖𝑖𝑚𝑚𝑚𝑚 = ∅.  

Cook and Seiford’s ranking. Cook and Seiford (1978)’s ranking is the optimal 

solution to the following problem, 
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𝑅𝑅𝐶𝐶𝑆𝑆 = 𝑎𝑎𝑜𝑜𝑎𝑎𝑚𝑚𝑖𝑖𝑛𝑛 𝑅𝑅∈𝑊𝑊(𝑋𝑋) ∑ ∑ �𝑃𝑃𝑅𝑅𝑙𝑙(𝑥𝑥𝑖𝑖) − 𝑃𝑃𝑅𝑅(𝑥𝑥𝑖𝑖)�𝑛𝑛
𝑖𝑖=1

𝑚𝑚
𝑙𝑙=1 ,           (5) 

where the approval information is not available.  

It can be shown that the group preference-approval structure obtained by the PAS-

ADAM, which is referred to as the GPAS-ADAM hereafter, has the following 

properties associated with the simple majority rule and Cook and Seiford’s ranking. 

Property 1.  

(i) When the parameter 𝛼𝛼 → 0, the approval set in the GPAS-ADAM satisfies 

𝐴𝐴𝑚𝑚𝑚𝑚𝑗𝑗𝑚𝑚𝑚𝑚𝑖𝑖𝑚𝑚𝑚𝑚 ⊆ 𝐴𝐴𝑐𝑐; and for any 𝑥𝑥𝑖𝑖 ∈ 𝐴𝐴𝑐𝑐 − 𝐴𝐴𝑚𝑚𝑚𝑚𝑗𝑗𝑚𝑚𝑚𝑚𝑖𝑖𝑚𝑚𝑚𝑚, 𝑥𝑥𝑖𝑖 obtains half of the 

votes (approvals) from individuals in a group, i.e., #�𝑙𝑙|𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥𝑖𝑖) = 1� =

#�𝑙𝑙|𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥𝑖𝑖) = 0�.  

(ii) When the parameter 𝛼𝛼 → 1, the ranking in the GPAS-ADAM reduces to Cook 

and Seiford’s ranking, i.e., 𝑅𝑅𝑐𝑐 = 𝑅𝑅𝐶𝐶𝑆𝑆.   

Property 2. If 𝐴𝐴1 = 𝐴𝐴2 = ⋯ = 𝐴𝐴𝑚𝑚, then  

(i) The approval set in the GPAS-ADAM satisfies 𝐴𝐴𝑐𝑐 = 𝐴𝐴𝑙𝑙 = 𝐴𝐴𝑚𝑚𝑚𝑚𝑗𝑗𝑚𝑚𝑚𝑚𝑖𝑖𝑚𝑚𝑚𝑚 (𝑙𝑙 ∈

{1,2, . . . ,𝑚𝑚}). 

(ii) The ranking in the GPAS-ADAM is 𝑅𝑅𝐶𝐶𝑆𝑆. 

Property 3. If the rankings in the individual preference-approval structures are the 

same, i.e., 𝑅𝑅1 = 𝑅𝑅2 = ⋯ = 𝑅𝑅𝑚𝑚, then  

(i) The ranking in the GPAS-ADAM is the same as individuals’, i.e., 𝑅𝑅𝑐𝑐 = 𝑅𝑅𝑙𝑙 =

𝑅𝑅𝐶𝐶𝑆𝑆  (𝑙𝑙 ∈ {1,2, . . . ,𝑚𝑚}). 

(ii)  The approval set in the GPAS-ADAM satisfies 𝐴𝐴𝑚𝑚𝑚𝑚𝑗𝑗𝑚𝑚𝑚𝑚𝑖𝑖𝑚𝑚𝑚𝑚 ⊆ 𝐴𝐴𝑐𝑐 and for any 

𝑥𝑥𝑖𝑖 ∈ 𝐴𝐴𝑐𝑐 − 𝐴𝐴𝑚𝑚𝑚𝑚𝑗𝑗𝑚𝑚𝑚𝑚𝑖𝑖𝑚𝑚𝑚𝑚, #�𝑙𝑙|𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥𝑖𝑖) = 1� = #�𝑙𝑙|𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥𝑖𝑖) = 0�. 
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Property 4. If all the individuals consider 𝑥𝑥𝑖𝑖 ≻ 𝑥𝑥𝑗𝑗 , then the GPAS-ADAM 

considers 𝑥𝑥𝑖𝑖 ≻ 𝑥𝑥𝑗𝑗 . 

The proofs of Properties 1-4 are presented in Appendix B. 

Properties 1-3 show that how the GPAS-ADAM relates to the simple majority rule 

and Cook and Seiford’s ranking. Specifically, Property 1 shows that: (1) when the 

ranking information is not available (i.e., 𝛼𝛼 → 0), the approval set in the GPAS-

ADAM contains the approval set satisfying the simple majority rule, which implies that 

the PAS-ADAM works as a voting rule which is “rougher” than the simple majority 

rule, (2) when the information of approval sets is not available (i.e., 𝛼𝛼 → 1), the 

ranking in the GPAS-ADAM is the same as Cook and Seiford’s ranking, making the 

PAS-ADAM reduces to Cook and Seiford’s model. Property 2 implies that when 

approval sets are identical from all individuals, the group approval set in the GPAS-

ADAM becomes the approval set under simple majority rule, both of which are 

identical to the individual’s approval set. In this case, the ranking in the GPAS-ADAM 

becomes Cook and Seiford’s ranking. Property 3 shows that when rankings from all 

individuals are the same, then ranking in the GPAS-ADAM becomes the same as Cook 

and Seiford’s ranking, both of which are the same as individual’s ranking; and the 

approval set in the GPAS-ADAM contains the approval set selected by the simple 

majority rule. Property 4 shows that the GPAS-ADAM satisfies the Pareto rule in social 

choice theory proposed in Arrow (1951).  

4.2. Simulation analysis 

In this section, we further conduct simulation experiments in a more general context to 
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explore the properties of the GPAS-ADAM. 

Let (𝑅𝑅𝑙𝑙 ,𝐴𝐴𝑙𝑙) (𝑙𝑙 = 1,2, . . . ,𝑚𝑚) be a set of individual preference-approval structures 

over 𝑋𝑋, and (𝑅𝑅𝑐𝑐 ,𝐴𝐴𝑐𝑐) be the GPAS-ADAM as before. To facilitate the discussion, we 

introduce several indicators that will be used in the following simulation experiments. 

(1) Similarity of rankings (𝑆𝑆𝑅𝑅). The indicator 𝑆𝑆𝑅𝑅 describes the similarity of the 

rankings between the individual preference-approval structures (𝑅𝑅𝑙𝑙 ,𝐴𝐴𝑙𝑙) (𝑙𝑙 =

1,2, . . . ,𝑚𝑚) and the GPAS-ADAM (𝑅𝑅𝑐𝑐 ,𝐴𝐴𝑐𝑐). The 𝑆𝑆𝑅𝑅 is defined as  

𝑆𝑆𝑅𝑅 = 1
𝑚𝑚
∑ �1 −

∑ �𝑃𝑃𝑅𝑅𝑙𝑙(𝑥𝑥𝑖𝑖)−𝑃𝑃𝑅𝑅𝑐𝑐(𝑥𝑥𝑖𝑖)�𝑛𝑛
𝑖𝑖=1

𝑑𝑑𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅
�𝑚𝑚

𝑙𝑙=1 ,                (6) 

where  

𝑎𝑎𝑅𝑅𝑚𝑚𝑚𝑚𝑥𝑥 = �
𝑛𝑛2−1
2

,    𝑖𝑖𝑖𝑖 𝑛𝑛 𝑖𝑖𝑖𝑖 𝑛𝑛𝑎𝑎𝑎𝑎
𝑛𝑛2

2
,     𝑖𝑖𝑖𝑖 𝑛𝑛 𝑖𝑖𝑖𝑖 𝑒𝑒𝑒𝑒𝑒𝑒𝑛𝑛  

.                  (7) 

Clearly, 𝑆𝑆𝑅𝑅 ∈ [0, 1] and 𝑆𝑆𝑅𝑅 = 1 implies the rankings in the individual preference-

approval structures are the same. A larger value of 𝑆𝑆𝑅𝑅 indicates a higher similarity 

of the rankings in the individual preference-approval structures.  

(2) Similarity of the approvals (𝑆𝑆𝐴𝐴). The indicator 𝑆𝑆𝐴𝐴 measures the similarity of 

the approval sets between the individual preference-approval structures (𝑅𝑅𝑙𝑙 ,𝐴𝐴𝑙𝑙) (𝑙𝑙 =

1,2, . . . ,𝑚𝑚) and the GPAS-ADAM (𝑅𝑅𝑐𝑐 ,𝐴𝐴𝑐𝑐). The 𝑆𝑆𝐴𝐴 is defined as  

𝑆𝑆𝐴𝐴 = 1
𝑚𝑚
∑ �1 −

∑ �𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥𝑖𝑖)−𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑖𝑖)�𝑛𝑛
𝑖𝑖=1

𝑛𝑛
�𝑚𝑚

𝑙𝑙=1 .                 (8) 

Clearly, 𝑆𝑆𝐴𝐴 ∈ [0, 1] and 𝑆𝑆𝐴𝐴 = 1 implies the approval information in the individual 

preference-approval structures are the same. A larger value of 𝑆𝑆𝐴𝐴 implies a higher 

similarity of the approval information in the individual preference-approval structures. 

(3) Similarity between Cook and Seiford’s ranking 𝑅𝑅𝐶𝐶𝑆𝑆 and the ranking in the 
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GPAS-ADAM (𝑅𝑅𝑐𝑐,𝐴𝐴𝑐𝑐) (𝑆𝑆𝑆𝑆𝑅𝑅). The indicator 𝑆𝑆𝑆𝑆𝑅𝑅 is defined as  

𝑆𝑆𝑆𝑆𝑅𝑅 = 1 −
∑ �𝑃𝑃𝑅𝑅𝐶𝐶𝐶𝐶(𝑥𝑥𝑖𝑖)−𝑃𝑃𝑅𝑅𝑐𝑐(𝑥𝑥𝑖𝑖)�𝑛𝑛
𝑖𝑖=1

𝑑𝑑𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅
.                   (9) 

Clearly, 𝑆𝑆𝑆𝑆𝑅𝑅 ∈ [0, 1] and a larger value of 𝑆𝑆𝑆𝑆𝑅𝑅 implies a higher similarity between 

𝑅𝑅𝐶𝐶𝑆𝑆 and 𝑅𝑅𝑐𝑐. When 𝑆𝑆𝑆𝑆𝑅𝑅 = 1, 𝑅𝑅𝑐𝑐 = 𝑅𝑅𝐶𝐶𝑆𝑆. 

(4) Similarity between 𝐴𝐴𝑚𝑚𝑚𝑚𝑗𝑗𝑚𝑚𝑚𝑚𝑖𝑖𝑚𝑚𝑚𝑚  and approval set in the GPAS-ADAM 

(𝑅𝑅𝑐𝑐,𝐴𝐴𝑐𝑐) (𝑆𝑆𝑆𝑆𝐴𝐴). The indicator 𝑆𝑆𝑆𝑆𝐴𝐴 is defined as 

𝑆𝑆𝑆𝑆𝐴𝐴 = 1 −
∑ �𝐼𝐼𝐴𝐴𝑅𝑅𝑅𝑅𝑚𝑚𝑚𝑚𝑚𝑚𝑖𝑖𝑚𝑚𝑚𝑚

(𝑥𝑥𝑖𝑖)−𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑖𝑖)�𝑛𝑛
𝑖𝑖=1

𝑛𝑛
.                 (10) 

Clearly, 𝑆𝑆𝑆𝑆𝐴𝐴 ∈ [0, 1]  and a larger value of 𝑆𝑆𝑆𝑆𝐴𝐴  indicates a higher similarity 

between 𝐴𝐴𝑚𝑚𝑚𝑚𝑗𝑗𝑚𝑚𝑚𝑚𝑖𝑖𝑚𝑚𝑚𝑚 and 𝐴𝐴𝑐𝑐. When 𝑆𝑆𝑆𝑆𝐴𝐴 = 1, 𝐴𝐴𝑐𝑐 = 𝐴𝐴𝑚𝑚𝑚𝑚𝑗𝑗𝑚𝑚𝑚𝑚𝑖𝑖𝑚𝑚𝑚𝑚. 

(5) 𝑜𝑜𝑎𝑎𝑛𝑛𝑖𝑖𝑛𝑛 . Let 𝑛𝑛  denote the number of approved alternatives in individual 

preference-approval structure when all individuals have the same number of approved 

alternatives, i.e., #𝐴𝐴1 = #𝐴𝐴2 = ⋯ = #𝐴𝐴𝑚𝑚 = 𝑛𝑛. In this case, we define an indicator 

called 𝑜𝑜𝑎𝑎𝑛𝑛𝑖𝑖𝑛𝑛 as the number of alternatives in the approval set 𝐴𝐴𝑐𝑐 to the number of 

alternatives in individual’s approval set 𝐴𝐴𝑙𝑙 as below 

𝑜𝑜𝑎𝑎𝑛𝑛𝑖𝑖𝑛𝑛 = #𝐴𝐴𝑐𝑐
#𝐴𝐴𝑙𝑙

.                          (11) 

In this paper, we conduct a simulation study based on four simulation models (see 

Simulation models Ⅰ-Ⅳ in Appendix D). Simulation model Ⅰ is to explore how the 

parameter 𝛼𝛼  influences the values of 𝑆𝑆𝑆𝑆𝐴𝐴  and 𝑆𝑆𝑆𝑆𝑅𝑅 . Simulation model Ⅱ is to 

explore how the parameter 𝑆𝑆𝐴𝐴 influences the value of 𝑆𝑆𝑆𝑆𝐴𝐴. Simulation model Ⅲ is 

to explore how the parameter 𝑆𝑆𝑅𝑅 influences the value of 𝑆𝑆𝑆𝑆𝑅𝑅. Simulation model Ⅳ 

is to explore how the value of 𝑜𝑜𝑎𝑎𝑛𝑛𝑖𝑖𝑛𝑛 behaves when all individuals approve the same 

number of alternatives.  



24 
 

In Simulation models Ⅰ-Ⅳ, we set different values for parameters, and then we run 

simulation models Ⅰ-Ⅳ 1000 times to obtain average values of these indicators, 

respectively. For example, in Simulation model I, we set different values for 𝑚𝑚, 𝑛𝑛 and 

𝛼𝛼  to run simulation 1000 times to obtain average values of 𝑆𝑆𝑆𝑆𝐴𝐴 and 𝑆𝑆𝑆𝑆𝑅𝑅 . The 

results in Simulation models Ⅰ-Ⅳ are shown in the Figures 1-4 respectively, from which 

the following observations can be obtained:  

(1) From Figure 1, it can be observed that the average value of 𝑆𝑆𝑆𝑆𝑅𝑅 becomes 

larger with the increase of the parameter 𝛼𝛼 under different 𝑛𝑛 and 𝑚𝑚 values, which 

implies the ranking in the GPAS-ADAM becomes more similar to 𝑅𝑅𝑐𝑐𝑐𝑐. In contrast, the 

average value of 𝑆𝑆𝑆𝑆𝐴𝐴 becomes larger with the decrease of the parameter 𝛼𝛼 under 

different 𝑛𝑛 and 𝑚𝑚 values, which implies that the approval set in the GPAS-ADAM 

becomes more similar to 𝐴𝐴𝑚𝑚𝑚𝑚𝑗𝑗𝑚𝑚𝑚𝑚𝑖𝑖𝑚𝑚𝑚𝑚.      

(2) Figure 2 shows that the approval set in the GPAS-ADAM becomes more 

similar to 𝐴𝐴𝑚𝑚𝑚𝑚𝑗𝑗𝑚𝑚𝑚𝑚𝑖𝑖𝑚𝑚𝑚𝑚 under different values of 𝑛𝑛, 𝑚𝑚 and 𝛼𝛼 as the similarity of the 

approval sets in individual preference-approval structures become larger, i.e., 𝑆𝑆𝐴𝐴 

becomes larger.  

(3) Figure 3 implies that the ranking in the GPAS-ADAM becomes more similar 

to 𝑅𝑅𝐶𝐶𝑆𝑆 under different values of 𝑛𝑛, 𝑚𝑚 and 𝛼𝛼 as the similarity of the rankings in the 

individual preference-approval structures becomes larger, i.e., the 𝑆𝑆𝑅𝑅 value becomes 

larger.  

(4) Figure 4 shows that the impact of the parameter 𝑆𝑆𝑅𝑅 on the average value of 

𝑜𝑜𝑎𝑎𝑛𝑛𝑖𝑖𝑛𝑛 under different values of 𝑛𝑛, 𝑚𝑚, 𝛼𝛼 and 𝑛𝑛 when the numbers of the approved 
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alternatives in individual preference-approval structures are the same. First, the number 

of alternatives that approved in the GPAS-ADAM is more similar to that in individual 

preference-approval structures as the similarity of the rankings in individual preference-

approval structures measured by 𝑆𝑆𝑅𝑅  becomes larger. In particular, the number of 

approved alternatives in the GPAS-ADAM behaves differently with different values of 

𝑛𝑛. When 𝑛𝑛 = 5, the number of approved alternatives in the GPAS-ADAM is the same 

to the number of approved alternatives by individuals, which is proved in Property 2. 

When 𝑛𝑛 = 1 or 𝑛𝑛 = 2, the number of approved alternatives in the GPAS-ADAM is 

no more than that in individual preference-approval structures. When 𝑛𝑛 = 3 or 𝑛𝑛 = 4, 

we obtain the opposite observation to the cases of 𝑛𝑛 = 1 and 𝑛𝑛 = 2.  

The results shown in the simulation study above are consistent with those proved 

in Properties 1-3, where we only consider some special cases, namely 𝛼𝛼 → 0, 𝛼𝛼 → 1, 

the approval sets of individuals are the same, and the rankings of individuals are the 

same. In more general context, the results from the simulation study help us understand 

the roles of the 𝐴𝐴𝑚𝑚𝑚𝑚𝑗𝑗𝑚𝑚𝑚𝑚𝑖𝑖𝑚𝑚𝑚𝑚 and 𝑅𝑅𝐶𝐶𝑆𝑆 in forming GPAS-ADAM. 

Figure 1: The impact of the parameter 𝛼𝛼 on the average values of 𝑆𝑆𝑆𝑆𝑅𝑅 and 𝑆𝑆𝑆𝑆𝐴𝐴 

    

Figure 2: The impact of the parameter 𝑆𝑆𝐴𝐴 on the average values of 𝑆𝑆𝑆𝑆𝐴𝐴                             
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Figure 3: The impact of the parameter 𝑆𝑆𝑅𝑅 on the average values of 𝑆𝑆𝑆𝑆𝑅𝑅 

   

Figure 4: The impact of the parameter 𝑆𝑆𝑅𝑅 on the average values of 𝑜𝑜𝑎𝑎𝑛𝑛𝑖𝑖𝑛𝑛 

m = 9, n = 5,𝛼𝛼 = 0.1     m = 9, n = 5,𝛼𝛼 = 0.5    m = 9, n = 5,𝛼𝛼 = 0.9 

  

4.3. Hypothetical applications  

In this subsection, we use hypothetical examples to show the usability of the axiomatic 

distance and aggregation in GDM with preference-approval structures. Based on 

whether the number of alternatives approved by the group is fixed, we consider two 

different scenarios, namely venture investment and project funding review. 

(1) An example of venture investment 

A venture capital firm plans to invest in some projects. At the beginning, through 

preliminary screening, the analyst submits five potential business projects to the 
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investment committee, which consists of five members from different departments. 

Taking the factors of risk and income in venture investment into account, the members 

express their preferences over the five business projects by preference-approval 

structures. Each of the members needs to divide the five business projects into two 

categories, namely projects to invest in and projects not to invest in. Meanwhile, the 

members need to rank the five business projects. Finally, the business project(s) to 

invest in are determined based on the GPAS-ADAM obtained by the PAS-ADAM. 

Suppose five committee members provide their preference-approval structures 

regarding the five business projects in Table 1. In the preference aggregation process, 

we set 𝛼𝛼 = 0.5.  

Table 1: Individual preference-approval structures in the example of venture 

investment 

(𝑹𝑹𝟏𝟏,𝑨𝑨𝟏𝟏) (𝑹𝑹𝟐𝟐,𝑨𝑨𝟐𝟐) (𝑹𝑹𝟑𝟑,𝑨𝑨𝟑𝟑) (𝑹𝑹𝟒𝟒,𝑨𝑨𝟒𝟒) (𝑹𝑹𝟓𝟓,𝑨𝑨𝟓𝟓) 

𝒙𝒙𝟏𝟏
𝒙𝒙𝟐𝟐
𝒙𝒙𝟑𝟑
𝒙𝒙𝟒𝟒
𝒙𝒙𝟓𝟓

 

𝑥𝑥1
𝑥𝑥2
𝑥𝑥5
𝑥𝑥3
𝑥𝑥4

 

𝑥𝑥2
𝑥𝑥5
𝑥𝑥1
𝑥𝑥3
𝑥𝑥4

 

𝑥𝑥4
𝑥𝑥3
𝑥𝑥1
𝑥𝑥2
𝑥𝑥5

 

𝑥𝑥4
𝑥𝑥3
𝑥𝑥2
𝑥𝑥5
𝑥𝑥1

 

These preference-approval structures can be codified as: 

𝑝𝑝𝑅𝑅1 = (1, 2, 3, 4, 5), 𝑖𝑖𝐴𝐴1 = (1, 1, 0, 0, 0), 

𝑝𝑝𝑅𝑅2 = (1, 2, 4, 5, 3), 𝑖𝑖𝐴𝐴2 = (1, 1, 0, 0, 1), 

𝑝𝑝𝑅𝑅3 = (3, 1, 4, 5, 2), 𝑖𝑖𝐴𝐴3 = (1, 1, 1, 1, 1), 

𝑝𝑝𝑅𝑅4 = (3, 4, 2, 1, 5), 𝑖𝑖𝐴𝐴4 = (0, 0, 0, 1, 0), 

𝑝𝑝𝑅𝑅5 = (5, 3, 2, 1, 4), 𝑖𝑖𝐴𝐴5 = (0, 0, 0, 1, 0). 

Based on the PAS-ADAM, the proposed GPAS-ADAM would be the following 
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(𝑅𝑅𝑐𝑐,𝐴𝐴𝑐𝑐) =

𝑥𝑥1
𝑥𝑥2
𝑥𝑥3
𝑥𝑥4
𝑥𝑥5

,  

which implies the business projects 𝑥𝑥1 and 𝑥𝑥2 are selected to invest in. 

As we can see from the approval information in individual preference-approval 

structures in Table 1, three members approve business project 𝑥𝑥1 , three members 

approve business project 𝑥𝑥2 , one member approves business project 𝑥𝑥3 , three 

members approve business project 𝑥𝑥4, and two members approve business project 𝑥𝑥5. 

Then, applying simple majority rule implies that the group approves business projects 

𝑥𝑥1, 𝑥𝑥2, and 𝑥𝑥4. Meanwhile, when only considering the ranking information, the group 

ranking obtained by Cook and Seiford’s method, i.e., model (5), is 𝑥𝑥1 ≻ 𝑥𝑥2 ≻ 𝑥𝑥3 ≻

𝑥𝑥4 ≻ 𝑥𝑥5.  

Next, we show the relationships among the GPAS-ADAM, simple majority rule, 

and Cook and Seiford’s ranking under different 𝛼𝛼 values, as shown in Table 2. We use 

“𝑌𝑌𝐴𝐴” to denote a case when the approval information in the GPAS-ADAM is the same 

as the approval information obtained by the simple majority rule. Otherwise, it is 

denoted by “𝑁𝑁𝐴𝐴”. Similarly, “𝑌𝑌𝑅𝑅” denotes a case when the ranking in the GPAS-ADAM 

is the same as Cook and Seiford’s ranking. Otherwise, it is denoted by “𝑁𝑁𝑅𝑅”. 

Table 2: Compare ranking and approval set in the GPAS-ADAM with Cook and 

Seiford’s ranking and selected alternatives by the simple majority rule under different 

𝛼𝛼 values 

         𝛼𝛼 = 0 𝛼𝛼 = 0.1 𝛼𝛼 = 0.3 𝛼𝛼 = 0.5 𝛼𝛼 = 0.7 𝛼𝛼 = 0.9 𝛼𝛼 = 1 
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Cook and Seiford’s ranking       𝑁𝑁𝑅𝑅      𝑁𝑁𝑅𝑅     𝑁𝑁𝑅𝑅     𝑌𝑌𝑅𝑅     𝑌𝑌𝑅𝑅     𝑌𝑌𝑅𝑅      𝑌𝑌𝑅𝑅 

Simple majority rule             𝑌𝑌𝐴𝐴      𝑌𝑌𝐴𝐴      𝑌𝑌𝐴𝐴     𝑁𝑁𝐴𝐴     𝑁𝑁𝐴𝐴     𝑁𝑁𝐴𝐴     𝑁𝑁𝐴𝐴 

# approved by the GPAS-ADAM   3      3       3      2      2       2      2 

Table 2 shows that combining approval information with ranking information may 

result in a different group outcome compared with the cases where only ranking or 

approval information are considered. As mentioned in Section 4, when 𝛼𝛼 → 0, ranking 

information becomes unavailable and when 𝛼𝛼 → 1, approval information becomes 

unavailable. When either piece of information is unavailable, the result of the GPAS-

ADAM becomes consistent with the method which only uses one type of information 

(ranking or approval). Moreover, with the increase of the 𝛼𝛼 values, the ranking in 

GPAS-ADAM becomes the same ranking as that of Cook and Seiford. With the 

increase of the 𝛼𝛼 value, the approval information in the GPAS-ADAM has changed 

from satisfying the simple majority rule to dissatisfying this rule. These observations 

are consistent with the findings in Figure 1.  

(2) An example of project funding review 

In a project funding review process, the projects funding rate is usually fixed. For 

example, in the project funding review process of the National Natural Science 

Foundation of China (NSFC), generally five reviewers will review about ten general 

projects, and about 20% of the submitted general projects are finally funded by the 

NSFC. 

Consider there are ten submitted projects {𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3, 𝑥𝑥4, 𝑥𝑥5, 𝑥𝑥6, 𝑥𝑥7, 𝑥𝑥8, 𝑥𝑥9, 𝑥𝑥10} 

and five reviewers {𝑒𝑒1, 𝑒𝑒2, 𝑒𝑒3, 𝑒𝑒4, 𝑒𝑒5}. Assume the projects funding rate is 20%, and 
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thus only the top two projects will be funded. Each reviewer provides a ranking of the 

ten projects and is suggested to recommend about two projects to be funded. Finally, 

the projects to be funded are determined based on the GPAS-ADAM.  

The reviewers provide their preference-approval structures regarding the ten 

projects in Table 3. Notably, in this example we assume that all reviewers follow the 

suggestion that two projects are approved. 

Table 3: Individual preference-approval structures in the example of project funding 

review 

(𝑹𝑹𝟏𝟏,𝑨𝑨𝟏𝟏) (𝑹𝑹𝟐𝟐,𝑨𝑨𝟐𝟐) (𝑹𝑹𝟑𝟑,𝑨𝑨𝟑𝟑) (𝑹𝑹𝟒𝟒,𝑨𝑨𝟒𝟒) (𝑹𝑹𝟓𝟓,𝑨𝑨𝟓𝟓) 

𝒙𝒙𝟏𝟏
𝒙𝒙𝟐𝟐
𝒙𝒙𝟔𝟔
𝒙𝒙𝟑𝟑
𝒙𝒙𝟒𝟒
𝒙𝒙𝟓𝟓
𝒙𝒙𝟕𝟕
𝒙𝒙𝟏𝟏𝟎𝟎
𝒙𝒙𝟖𝟖
𝒙𝒙𝟗𝟗

 

𝑥𝑥1
𝑥𝑥2
𝑥𝑥6
𝑥𝑥5
𝑥𝑥3
𝑥𝑥4
𝑥𝑥10
𝑥𝑥7
𝑥𝑥9
𝑥𝑥8

 

𝑥𝑥2
𝑥𝑥5
𝑥𝑥7
𝑥𝑥1
𝑥𝑥3
𝑥𝑥4
𝑥𝑥6
𝑥𝑥10
𝑥𝑥9
𝑥𝑥8

 

𝑥𝑥4
𝑥𝑥3
𝑥𝑥6
𝑥𝑥1
𝑥𝑥2
𝑥𝑥5
𝑥𝑥10
𝑥𝑥8
𝑥𝑥9
𝑥𝑥7

 

𝑥𝑥4
𝑥𝑥3
𝑥𝑥9
𝑥𝑥2
𝑥𝑥5
𝑥𝑥1
𝑥𝑥10
𝑥𝑥7
𝑥𝑥6
𝑥𝑥8

 

These preference-approval structures can be codified as follows. 

𝑝𝑝𝑅𝑅1 = (1, 2, 4, 5, 6, 3, 7, 9, 10, 8), 𝑖𝑖𝐴𝐴1 = (1, 1, 0, 0, 0, 0, 0, 0, 0, 0), 

𝑝𝑝𝑅𝑅2 = (1, 2, 5, 6, 4, 3, 8, 10, 9, 7), 𝑖𝑖𝐴𝐴2 = (1, 1, 0, 0, 0, 0, 0, 0, 0, 0), 

𝑝𝑝𝑅𝑅3 = (4, 1, 5, 6, 2, 7, 3, 10, 9, 8), 𝑖𝑖𝐴𝐴3 = (0, 1, 0, 0, 1, 0, 0, 0, 0, 0), 

𝑝𝑝𝑅𝑅4 = (4, 5, 2, 1, 6, 3, 10, 8, 9, 7), 𝑖𝑖𝐴𝐴4 = (0, 0, 1, 1, 0, 0, 0, 0, 0, 0), 

𝑝𝑝𝑅𝑅5 = (6, 4, 2, 1, 5, 9, 8, 10, 3, 7), 𝑖𝑖𝐴𝐴5 = (0, 0, 1, 1, 0, 0, 0, 0, 0, 0). 

In the preference aggregation process, we set 𝛼𝛼 = 0.5. Based on PAS-ADAM, 

the proposed GPAS-ADAM would be the following 
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(𝑅𝑅𝑐𝑐,𝐴𝐴𝑐𝑐) =

𝑥𝑥1
𝑥𝑥2
𝑥𝑥6
𝑥𝑥3
𝑥𝑥4
𝑥𝑥5
𝑥𝑥10
𝑥𝑥7
𝑥𝑥9
𝑥𝑥8

,  

which implies the projects to be funded are 𝑥𝑥1 and 𝑥𝑥2.  

Table 4 compares both ranking and approval set in the GPAS-ADAM with Cook 

and Seiford’s ranking and selected alternatives by simple majority rule respectively 

under different values of 𝛼𝛼. 

Table 4: Comparison between the GPAS-ADAM with Cook and Seiford’s ranking and 

selected majority rule under different values of 𝛼𝛼 

 𝛼𝛼 = 0 𝛼𝛼 = 0.1 𝛼𝛼 = 0.3 𝛼𝛼 = 0.5 𝛼𝛼 = 0.7 𝛼𝛼 = 0.9 𝛼𝛼 = 1 

Cook and Seiford’s ranking       𝑁𝑁𝑅𝑅     𝑁𝑁𝑅𝑅     𝑁𝑁𝑅𝑅     𝑌𝑌𝑅𝑅     𝑌𝑌𝑅𝑅     𝑌𝑌𝑅𝑅     𝑌𝑌𝑅𝑅 

Simple majority rule             𝑌𝑌𝐴𝐴     𝑌𝑌𝐴𝐴      𝑌𝑌𝐴𝐴      𝑁𝑁𝐴𝐴     𝑁𝑁𝐴𝐴     𝑁𝑁𝐴𝐴     𝑁𝑁𝐴𝐴 

# approved by the GPAS-ADAM   1      1      1      2      2      2      2 

From Table 4, we obtain the same observations as in Table 2. In addition, Table 4 

shows that even if every individual approves the same number of alternatives, the 

number of approved alternatives in the group is not always the same as individuals’, 

which is consistent with the result shown in Figure 4.  

5. Conclusions  

In this paper, we investigate the axiomatic distance and aggregation in GDM with 

preference-approval structures. Compared with the existing axiomatic distance-based 

methods, our study has the following features:  
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(1) The preference-approval structure is an extension of the ordinal preference 

model by incorporating two categories, i.e., acceptable (good) and unacceptable (bad). 

We present several axioms to characterize desirable properties of a distance function 

for preference-approval structures. It can be shown that these axioms uniquely 

determined a distance function. 

(2) We investigate the properties of the group preference-approval structure in the 

axiomatic distance-based aggregation model and reveal that this group preference has 

close relationships with the simple majority rule and Cook and Seiford’ ranking. 

Our study enriches the extant axiomatic distance-based methods by studying the 

preference-approval structures. To our best knowledge, it is the first study to extend the 

ordinal preference model by incorporating category information in the axiomatic 

distance-based methods. In addition, we present some property discussions on the 

group preference achieved by the axiomatic distance-based aggregation. However, this 

study still has the following limitations:  

(1) The proposed axiomatic distance function puts equal emphasis on all 

alternatives. In some decision problems, decision makers may prefer a distance function 

which puts more emphasis on a subset of alternatives, e.g., top alternative(s). Therefore, 

it is worth the effort to extend the axiomatic distance function to a function that allows 

different weights on alternatives.  

(2) In current study, we assume that each individual in GDM can provide a 

complete preference over all alternatives. However, in many real-world problems, 

individuals may only have incomplete preferences over all alternatives. Thus, another 
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direction which may be worth future effort is to study an axiomatic distance-based 

method in GDM with incomplete preference-approval structures. 

(3) The axiomatic distance-based aggregation aims to providing a theoretical basis 

for its application in aggregating preferences in GDM problems. It would be interesting 

to test the axiomatic distance function as well as the aggregation method through 

experiments to sharpen our understanding of these axioms and the aggregation method. 

To our best knowledge, little work has been done in this aspect. 
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Appendices 

Appendix A: Acronyms and Notations 

Acronyms: 

GDM: Group decision making 

PAS-ADAM: Preference-approval structures’ axiomatic distance-based aggregation 

model 

GPAS-ADAM: Group preference-approval structure obtained by the PAS-ADAM 

Notations: 

𝐸𝐸 = {𝑒𝑒1, 𝑒𝑒2, . . . , 𝑒𝑒𝑚𝑚}: Set of individuals 

𝑋𝑋 = {𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑛𝑛}: Set of alternatives 

𝑊𝑊(𝑋𝑋): Set of weak orders over 𝑋𝑋 
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𝑃𝑃(𝑋𝑋): The power set of 𝑋𝑋 

ℛ(𝑋𝑋): Set of preference-approval structures over 𝑋𝑋 

𝟎𝟎: The zero preference-approval structure over 𝑋𝑋 

(𝑅𝑅𝑙𝑙 ,𝐴𝐴𝑙𝑙): Preference-approval structure associated with 𝑎𝑎𝑙𝑙 

(𝑅𝑅𝑐𝑐,𝐴𝐴𝑐𝑐): Group preference-approval structure  

(𝑅𝑅𝜎𝜎,𝐴𝐴𝜎𝜎): Permutation of (𝑅𝑅,𝐴𝐴) 

(𝑅𝑅,𝐴𝐴)−1: The inverse of (𝑅𝑅,𝐴𝐴)  

(𝑅𝑅,𝐴𝐴)|𝑆𝑆: The projection of (𝑅𝑅,𝐴𝐴) on 𝑆𝑆 

𝑝𝑝𝑅𝑅 = �𝑃𝑃𝑅𝑅(𝑥𝑥1),𝑃𝑃𝑅𝑅(𝑥𝑥2), . . . ,𝑃𝑃𝑅𝑅(𝑥𝑥𝑛𝑛)�: Position sequence of 𝑅𝑅  

𝑖𝑖𝐴𝐴 = �𝐼𝐼𝐴𝐴(𝑥𝑥1), 𝐼𝐼𝐴𝐴(𝑥𝑥2), … , 𝐼𝐼𝐴𝐴(𝑥𝑥𝑛𝑛)�: Indicator sequence of 𝐴𝐴 

𝛼𝛼: The parameter in the axiomatic distance function for preference-approval structures 

𝐴𝐴𝑚𝑚𝑚𝑚𝑗𝑗𝑚𝑚𝑚𝑚𝑖𝑖𝑚𝑚𝑚𝑚: The set of alternatives approved by majority individuals 

𝑅𝑅𝐶𝐶𝑆𝑆: The consensus ranking in Cook and Seiford (1978)   

#𝐴𝐴𝑙𝑙: The number of approved alternatives in (𝑅𝑅𝑙𝑙 ,𝐴𝐴𝑙𝑙)  

𝑆𝑆𝑅𝑅: The similarity of rankings {𝑅𝑅1,𝑅𝑅2, … ,𝑅𝑅𝑚𝑚}  

𝑆𝑆𝐴𝐴: The similarity of the approval sets {𝐴𝐴1,𝐴𝐴2, … ,𝐴𝐴𝑚𝑚} 

𝑆𝑆𝑆𝑆𝑅𝑅: The similarity between 𝑅𝑅𝐶𝐶𝑆𝑆 and 𝑅𝑅𝑐𝑐 

𝑆𝑆𝑆𝑆𝐴𝐴: The similarity between 𝐴𝐴𝑚𝑚𝑚𝑚𝑗𝑗𝑚𝑚𝑚𝑚𝑖𝑖𝑚𝑚𝑚𝑚 and 𝐴𝐴𝑐𝑐   

𝑜𝑜𝑎𝑎𝑛𝑛𝑖𝑖𝑛𝑛: The ratio of the number of elements in the sets of 𝐴𝐴𝑐𝑐 to 𝐴𝐴𝑙𝑙  

Appendix B: Proofs 

Proof of Lemma 1:   

When 𝑛𝑛 = 2, there are eight possible preference-approval structures, 𝐴𝐴 =
𝑥𝑥1
𝑥𝑥2

, 



38 
 

𝐵𝐵 = 𝑥𝑥1𝑥𝑥2 , 𝑆𝑆 =
𝑥𝑥1
𝑥𝑥2 , 𝐷𝐷 =

𝑥𝑥1
𝑥𝑥2 , 𝐴𝐴 =

𝑥𝑥2
𝑥𝑥1

, 𝐵𝐵 = 𝑥𝑥1𝑥𝑥2 , 𝑆𝑆 =
𝑥𝑥2
𝑥𝑥1 , 𝐷𝐷 =

𝑥𝑥2
𝑥𝑥1 . Of the 64 

possible pairs distances we can form out of these 8 preference-approval structures. 

From Axiom 1, we have the following results: 

𝑎𝑎(𝐴𝐴,𝐴𝐴) = 𝑎𝑎(𝐵𝐵,𝐵𝐵) = 𝑎𝑎(𝑆𝑆,𝑆𝑆) = 𝑎𝑎(𝐷𝐷,𝐷𝐷) = 𝑎𝑎�𝐴𝐴,𝐴𝐴� = 𝑎𝑎�𝐵𝐵,𝐵𝐵� = 𝑎𝑎�𝑆𝑆,𝑆𝑆� =

𝑎𝑎�𝐷𝐷,𝐷𝐷� = 0. 

And there are 56 (i.e., 64 minus 8) pairs of distances remaining undetermined. 

Axiom 2 asserts that the symmetric pairs of distances are the same (e.g., 𝑎𝑎(𝐴𝐴,𝐵𝐵) =

𝑎𝑎(𝐵𝐵,𝐴𝐴)), therefore, there remaining 28 pairs of distances need to be determined. From 

Axiom 4 (ii) (reverse invariance), we have the following results: 

𝑎𝑎(𝐴𝐴,𝐵𝐵) = 𝑎𝑎�𝐴𝐴,𝐵𝐵�,𝑎𝑎(𝐴𝐴,𝑆𝑆) = 𝑎𝑎�𝐴𝐴,𝑆𝑆�,𝑎𝑎(𝐴𝐴,𝐷𝐷) = 𝑎𝑎�𝐴𝐴,𝐷𝐷�, 

𝑎𝑎�𝐴𝐴,𝐵𝐵� = 𝑎𝑎�𝐴𝐴,𝐵𝐵�,𝑎𝑎�𝐴𝐴,𝑆𝑆� = 𝑎𝑎�𝐴𝐴,𝑆𝑆�,𝑎𝑎�𝐴𝐴,𝐷𝐷� = 𝑎𝑎�𝐴𝐴,𝐷𝐷�, 

𝑎𝑎(𝐵𝐵,𝑆𝑆) = 𝑎𝑎�𝐵𝐵,𝑆𝑆�,𝑎𝑎(𝐵𝐵,𝐷𝐷) = 𝑎𝑎�𝐵𝐵,𝐷𝐷�,𝑎𝑎�𝐵𝐵,𝑆𝑆� = 𝑎𝑎�𝐵𝐵,𝑆𝑆�, 

𝑎𝑎�𝐵𝐵,𝐷𝐷� = 𝑎𝑎�𝐵𝐵,𝐷𝐷�,𝑎𝑎(𝑆𝑆,𝐷𝐷) = 𝑎𝑎�𝑆𝑆,𝐷𝐷�,𝑎𝑎�𝑆𝑆,𝐷𝐷� = 𝑎𝑎�𝑆𝑆,𝐷𝐷�. 

Thus, there are 16 (i.e., 28 minus 12) pairs of distances remaining undetermined, i.e.,  

𝑎𝑎(𝐴𝐴,𝐵𝐵) ,  𝑎𝑎(𝐴𝐴,𝑆𝑆) ,  𝑎𝑎(𝐴𝐴,𝐷𝐷) ,  𝑎𝑎�𝐴𝐴,𝐵𝐵� ,  𝑎𝑎�𝐴𝐴,𝑆𝑆� ,  𝑎𝑎�𝐴𝐴,𝐷𝐷� ,  𝑎𝑎(𝐵𝐵,𝑆𝑆) ,  𝑎𝑎(𝐵𝐵,𝐷𝐷) ,  𝑎𝑎�𝐵𝐵,𝑆𝑆� ,

 𝑎𝑎�𝐵𝐵,𝐷𝐷�, 𝑎𝑎(𝑆𝑆,𝐷𝐷), 𝑎𝑎�𝑆𝑆,𝐷𝐷�, 𝑎𝑎�𝐴𝐴,𝐴𝐴�, 𝑎𝑎�𝐵𝐵,𝐵𝐵�, 𝑎𝑎�𝑆𝑆,𝑆𝑆�, 𝑎𝑎�𝐷𝐷,𝐷𝐷� 

Because 𝐴𝐴, 𝐷𝐷, and 𝑆𝑆 can obtained from 𝐴𝐴, 𝑆𝑆, and 𝐷𝐷 by the permutation of 

alternatives, respectively. And the permutations of 𝐵𝐵 and 𝐵𝐵 are themselves. Then, 

based on Axiom 4 (i), we have: 

𝑎𝑎(𝐴𝐴,𝐵𝐵) = 𝑎𝑎�𝐴𝐴,𝐵𝐵� = 𝑎𝑎�𝐴𝐴,𝐵𝐵�,  

(the first equation is derived by Axiom 4(i), and the second equation is derived by 

Axiom 4(ii)) 

𝑎𝑎(𝐴𝐴,𝑆𝑆) = 𝑎𝑎�𝐴𝐴,𝐷𝐷� = 𝑎𝑎(𝐴𝐴,𝐷𝐷),  
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(the first equation is derived by Axiom 4(i), and the second equation is derived by 

Axiom 4(ii)) 

𝑎𝑎�𝐵𝐵,𝑆𝑆� = 𝑎𝑎(𝐵𝐵,𝐷𝐷), (derived by Axiom 4(i)) 

𝑎𝑎(𝐵𝐵,𝑆𝑆) = 𝑎𝑎�𝐵𝐵,𝐷𝐷�. (derived by Axiom 4(i)) 

Therefore, there only 12 pairs of distances need to be determined, i.e., the 

following 12 pairs of distances: 

𝑎𝑎(𝐴𝐴,𝐵𝐵), 𝑎𝑎(𝐴𝐴,𝑆𝑆), 𝑎𝑎�𝐴𝐴,𝑆𝑆�, 𝑎𝑎�𝐴𝐴,𝐷𝐷�, 𝑎𝑎(𝐵𝐵,𝑆𝑆), 𝑎𝑎�𝐵𝐵,𝑆𝑆�, 

𝑎𝑎(𝑆𝑆,𝐷𝐷), 𝑎𝑎�𝑆𝑆,𝐷𝐷�, 𝑎𝑎�𝐴𝐴,𝐴𝐴�, 𝑎𝑎�𝐵𝐵,𝐵𝐵�, 𝑎𝑎�𝑆𝑆,𝑆𝑆�, 𝑎𝑎�𝐷𝐷,𝐷𝐷�. 

Axiom 3 asserts that: 

𝑎𝑎(𝐴𝐴,𝐵𝐵) = 𝑎𝑎(𝐴𝐴,𝑆𝑆) +  𝑎𝑎(𝑆𝑆,𝐵𝐵) = 𝑎𝑎(𝐴𝐴,𝑆𝑆) +  𝑎𝑎(𝐵𝐵,𝑆𝑆), 

𝑎𝑎�𝐴𝐴,𝐴𝐴� = 𝑎𝑎�𝐴𝐴,𝐷𝐷�+ 𝑎𝑎�𝐷𝐷,𝐴𝐴� = 𝑎𝑎�𝐴𝐴,𝐷𝐷� + 𝑎𝑎(𝐴𝐴,𝐷𝐷) = 𝑎𝑎�𝐴𝐴,𝐷𝐷� + 𝑎𝑎(𝐴𝐴,𝑆𝑆), 

𝑎𝑎�𝐴𝐴,𝑆𝑆� =  𝑎𝑎(𝐴𝐴,𝐷𝐷) + 𝑎𝑎�𝐷𝐷,𝑆𝑆� = 𝑎𝑎(𝐴𝐴,𝐷𝐷) + 𝑎𝑎�𝑆𝑆,𝐷𝐷� = 𝑎𝑎�𝑆𝑆,𝐷𝐷�+ 𝑎𝑎(𝐴𝐴,𝑆𝑆), 

𝑎𝑎�𝑆𝑆,𝐷𝐷� = 𝑎𝑎(𝑆𝑆,𝐵𝐵) + 𝑎𝑎�𝐵𝐵,𝐷𝐷� = 2𝑎𝑎(𝑆𝑆,𝐵𝐵), 

𝑎𝑎�𝐴𝐴,𝐷𝐷� = 𝑎𝑎(𝐴𝐴,𝑆𝑆) + 𝑎𝑎�𝑆𝑆,𝐷𝐷� = 𝑎𝑎(𝐴𝐴,𝑆𝑆) + 2𝑎𝑎(𝑆𝑆,𝐵𝐵), 

𝑎𝑎�𝐵𝐵,𝑆𝑆� = 𝑎𝑎�𝐵𝐵,𝐴𝐴� + 𝑎𝑎�𝐴𝐴,𝑆𝑆� = 𝑎𝑎(𝐴𝐴,𝐵𝐵) + 𝑎𝑎(𝐴𝐴,𝑆𝑆), 

𝑎𝑎(𝑆𝑆,𝐷𝐷) = 𝑎𝑎(𝑆𝑆,𝐴𝐴) + 𝑎𝑎(𝐴𝐴,𝐷𝐷) = 𝑎𝑎(𝐴𝐴,𝑆𝑆) + 𝑎𝑎(𝐴𝐴,𝐷𝐷) = 2𝑎𝑎(𝐴𝐴,𝑆𝑆), 

𝑎𝑎�𝑆𝑆,𝑆𝑆� =  𝑎𝑎(𝑆𝑆,𝐷𝐷) + 𝑎𝑎�𝐷𝐷,𝑆𝑆� = 𝑎𝑎(𝑆𝑆,𝐷𝐷) + 𝑎𝑎�𝑆𝑆,𝐷𝐷� = 2𝑎𝑎(𝐴𝐴,𝑆𝑆) + 2𝑎𝑎(𝑆𝑆,𝐵𝐵), 

𝑎𝑎�𝐷𝐷,𝐷𝐷� = 𝑎𝑎(𝐷𝐷,𝑆𝑆) + 𝑎𝑎�𝑆𝑆,𝐷𝐷� = 2𝑎𝑎(𝐴𝐴,𝑆𝑆) + 2𝑎𝑎(𝑆𝑆,𝐵𝐵). 

And from Axiom 6,  

𝑎𝑎�𝐵𝐵,𝐵𝐵� = 𝑎𝑎(𝑆𝑆,𝐷𝐷) = 𝑎𝑎(𝑆𝑆,𝐴𝐴) + 𝑎𝑎(𝐴𝐴,𝐷𝐷) = 2𝑎𝑎(𝐴𝐴,𝑆𝑆). 

We can find that if 𝑎𝑎(𝐴𝐴,𝑆𝑆) and 𝑎𝑎(𝐵𝐵,𝑆𝑆) are determined, all the distances will 

be determined. Thus, it is necessary to determine 𝑎𝑎(𝐵𝐵,𝑆𝑆) and 𝑎𝑎(𝐴𝐴,𝑆𝑆). From the 
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above, it is clear that 𝑎𝑎(𝐵𝐵,𝑆𝑆) is the minimum positive ranking distance due to the 

approval information of the two preference-approval structures are the same, and 

𝑎𝑎(𝐴𝐴,𝑆𝑆) is the minimum positive approval distance due to the rankings of the two 

preference-approval structures are the same. Hence, from Axiom 7, 𝑎𝑎(𝐵𝐵,𝑆𝑆) = 𝛼𝛼 and 

𝑎𝑎(𝐴𝐴,𝑆𝑆) = 𝛽𝛽.  

This completes the proof of Lemma 1. 

Proof of Lemma 2:  

The proof is completed by the induction. We assume that 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)� 

and 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1),𝟎𝟎�  are determined by Axioms 1-7 for all preference-approval 

structures (𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2) ∈ ℛ(𝑋𝑋)ℎ  with ℎ < 𝑛𝑛, where 0 is the zero preference-

approval structure defined in Definition 6. Next, we prove when (𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2) ∈

ℛ(𝑋𝑋)𝑛𝑛, 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)� and 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1),𝟎𝟎� also can be determined by Axioms 

1-7. The proof consists of three steps. 

 Step 1 is to prove that 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1),𝟎𝟎� can be determined by Axioms 1-7, where 

(𝑅𝑅1,𝐴𝐴1)  is a complete preference-approval structure and (𝑅𝑅1,𝐴𝐴1),𝟎𝟎 ∈ ℛ(𝑋𝑋)𝑛𝑛 . 

Without loss of generality, we assume that the ranking information in (𝑅𝑅1,𝐴𝐴1) is 

canonical form (i.e., 𝑃𝑃𝑅𝑅1(𝑥𝑥𝑖𝑖) ≤ 𝑃𝑃𝑅𝑅1(𝑥𝑥𝑖𝑖+1)). Then,  

𝑝𝑝𝑅𝑅1 = (1,2, . . . ,𝑛𝑛), 𝑖𝑖𝐴𝐴1 = �𝐼𝐼𝐴𝐴1(𝑥𝑥1), 𝐼𝐼𝐴𝐴1(𝑥𝑥2), … , 𝐼𝐼𝐴𝐴1(𝑥𝑥𝑛𝑛)�.  (𝑅𝑅1,𝐴𝐴1) 

𝑝𝑝𝑅𝑅0 = (𝑛𝑛+1
2

, 𝑛𝑛+1
2

, . . . , 𝑛𝑛+1
2

), 𝑖𝑖𝐴𝐴0 = (0,0, … ,0) or 𝑖𝑖𝐴𝐴0 = (1,1, . . . ,1). (0 preference-

approval structure) 

We have to note that, in the following, if the number of alternatives belongs to 𝐴𝐴1 

is majority (more than ⌊𝑛𝑛/2⌋), here we choose 𝑖𝑖𝐴𝐴0 = (1,1, . . . ,1); otherwise, 𝑖𝑖𝐴𝐴0 =
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(0,0, . . . ,0). 

Let 𝑘𝑘 = (⌊(𝑛𝑛 + 1)/2⌋ + 1), we construct a new preference-approval structure 

(𝑅𝑅2,𝐴𝐴2), where 

𝑝𝑝𝑅𝑅2 = (𝑘𝑘,𝑘𝑘 + 1, . . . ,𝑛𝑛, 1,2, … ,𝑘𝑘 − 1), 

𝑖𝑖𝐴𝐴2 = �𝐼𝐼𝐴𝐴1(𝑥𝑥𝑘𝑘), 𝐼𝐼𝐴𝐴1(𝑥𝑥𝑘𝑘+1), . . . , 𝐼𝐼𝐴𝐴1(𝑥𝑥𝑛𝑛), 𝐼𝐼𝐴𝐴1(𝑥𝑥1), 𝐼𝐼𝐴𝐴1(𝑥𝑥2), . . . , 𝐼𝐼𝐴𝐴1(𝑥𝑥𝑘𝑘−1)�. 

Then, by the choice of 𝑘𝑘, we can find that [(𝑅𝑅1,𝐴𝐴1),𝟎𝟎, (𝑅𝑅2,𝐴𝐴2)], and thus:  

𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)� = 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1),𝟎𝟎� + 𝑎𝑎�𝟎𝟎, (𝑅𝑅2,𝐴𝐴2)�. (By Axiom 3) 

According to Axiom 2, we have: 

𝑎𝑎�(𝑅𝑅1,𝐴𝐴1),𝟎𝟎� = 𝑎𝑎�𝟎𝟎, (𝑅𝑅1,𝐴𝐴1)�. 

Additionally, due to (𝑅𝑅2,𝐴𝐴2) can be derived from (𝑅𝑅1,𝐴𝐴1) by the permutation of 

alternatives, and zero preference-approval structure remain unchanged under any 

permutation of alternatives. Then, based on Axiom 4 (i), we have:   

𝑎𝑎�𝟎𝟎, (𝑅𝑅1,𝐴𝐴1)� = 𝑎𝑎�𝟎𝟎, (𝑅𝑅2,𝐴𝐴2)�. 

Therefore, 

𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)� = 2𝑎𝑎�(𝑅𝑅1,𝐴𝐴1),𝟎𝟎�. 

Moreover, there exist a preference-approval structure (𝑅𝑅3,𝐴𝐴3) that is between 

(𝑅𝑅1,𝐴𝐴1) and (𝑅𝑅2,𝐴𝐴2), where 

𝑝𝑝𝑅𝑅3 = (𝑘𝑘,𝑘𝑘 + 1, … ,𝑘𝑘 − 1,1, . . . ,𝑛𝑛), 

𝑖𝑖𝐴𝐴3 = �𝐼𝐼𝐴𝐴1(𝑥𝑥𝑘𝑘), 𝐼𝐼𝐴𝐴1(𝑥𝑥𝑘𝑘+1), . . . , 𝐼𝐼𝐴𝐴1(𝑥𝑥𝑘𝑘−1), 𝐼𝐼𝐴𝐴1(𝑥𝑥1), 𝐼𝐼𝐴𝐴1(𝑥𝑥2), . . . , 𝐼𝐼𝐴𝐴1(𝑥𝑥𝑛𝑛)�. 

(clearly, (𝑅𝑅3,𝐴𝐴3) is obtained by changing the (n− k + 1)𝑛𝑛ℎ and n𝑛𝑛ℎ position of 

(𝑅𝑅2,𝐴𝐴2)). 

Then, based on Axiom 3, we have:  
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𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)� = 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅3,𝐴𝐴3)� + 𝑎𝑎�(𝑅𝑅3,𝐴𝐴3), (𝑅𝑅2,𝐴𝐴2)�, 

where (𝑅𝑅1,𝐴𝐴1) and (𝑅𝑅3,𝐴𝐴3) only differ on a segment of both of them, similarly, 

(𝑅𝑅3,𝐴𝐴3), (𝑅𝑅2,𝐴𝐴2) differ on a segment of both of them. Then, based on Axiom 5 and 

the induction hypothesis, 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅3,𝐴𝐴3)�  and 𝑎𝑎�(𝑅𝑅3,𝐴𝐴3), (𝑅𝑅2,𝐴𝐴2)�  are 

determined. Therefore, 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)�  is determined. Moreover, 

𝑎𝑎�(𝑅𝑅1,𝐴𝐴1),𝟎𝟎� = 1
2

 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)� is also determined. Then, Step 1 is proved. 

Step 2 is to prove that 𝑎𝑎 �(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅1�,𝐴𝐴1�)� is determined by Axioms 1-7, where 

𝑅𝑅1� is obtained by switching the i𝑛𝑛ℎ and j𝑛𝑛ℎ entries in 𝑅𝑅1. We assume 𝑖𝑖 < 𝑗𝑗, then 

𝑃𝑃𝑅𝑅1�(𝑥𝑥𝑘𝑘) = �
𝑃𝑃𝑅𝑅1(𝑥𝑥𝑗𝑗),             𝑘𝑘 = 𝑖𝑖
𝑃𝑃𝑅𝑅1(𝑥𝑥𝑖𝑖),              𝑘𝑘 = 𝑗𝑗
𝑃𝑃𝑅𝑅1(𝑥𝑥𝑘𝑘),    𝑛𝑛𝑛𝑛ℎ𝑒𝑒𝑜𝑜𝑒𝑒𝑖𝑖𝑖𝑖𝑒𝑒

. 

Case 1: if 𝑖𝑖 > 1 or 𝑗𝑗 < 𝑛𝑛 

Without loss of generality, we assume that 𝑖𝑖 > 1. 

Case 1a: 𝐼𝐼𝐴𝐴1(𝑥𝑥1) = 𝐼𝐼𝐴𝐴1� (𝑥𝑥1)  

In this case, due to 𝑃𝑃𝑅𝑅1(𝑥𝑥1) = 𝑃𝑃𝑅𝑅1� (𝑥𝑥1) = 1, and 𝐼𝐼𝐴𝐴1(𝑥𝑥1) = 𝐼𝐼𝐴𝐴1� (𝑥𝑥1), so (𝑅𝑅1,𝐴𝐴1) 

and �𝑅𝑅1�,𝐴𝐴1�� only differ on a proper segment of both of them. Then by Axiom 5 and 

the induction hypothesis, 𝑎𝑎 �(𝑅𝑅1,𝐴𝐴1), �𝑅𝑅1�,𝐴𝐴1��� is determined. 

Case 1b: 𝐼𝐼𝐴𝐴1(𝑥𝑥1) ≠ 𝐼𝐼𝐴𝐴1� (𝑥𝑥1) 

In this case, we construct a preference-approval structure (𝑅𝑅1′ ,𝐴𝐴1′ ), where  

𝑃𝑃𝑅𝑅1′ (𝑥𝑥𝑖𝑖) = 𝑃𝑃𝑅𝑅1�(𝑥𝑥𝑖𝑖) for all 𝑥𝑥𝑖𝑖 ∈ 𝑋𝑋, 

and 

𝐼𝐼𝑅𝑅1′ (𝑥𝑥𝑖𝑖) = �
𝐼𝐼𝐴𝐴1(𝑥𝑥𝑖𝑖),              𝑖𝑖 = 1
𝐼𝐼𝐴𝐴1� (𝑥𝑥𝑖𝑖),    𝑛𝑛𝑛𝑛ℎ𝑒𝑒𝑜𝑜𝑒𝑒𝑖𝑖𝑖𝑖𝑒𝑒. 

We can easily find that (𝑅𝑅1′ ,𝐴𝐴1′ ) is between (𝑅𝑅1,𝐴𝐴1) and �𝑅𝑅1�,𝐴𝐴1��. Then based on 
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Axiom 3, the following formula holds: 

𝑎𝑎 �(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅1�,𝐴𝐴1�)� = 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅1′ ,𝐴𝐴1′ )� + 𝑎𝑎 �(𝑅𝑅1′ ,𝐴𝐴1′ ), �𝑅𝑅1�,𝐴𝐴1���. 

In addition, preference-approval structures (𝑅𝑅1,𝐴𝐴1) and (𝑅𝑅1′ ,𝐴𝐴1′ ) differ on a proper 

segment (they agree on the alternative ranked first), (𝑅𝑅1′ ,𝐴𝐴1′ ) and �𝑅𝑅1�,𝐴𝐴1�� differ on 

a proper segment (they agree on the alternative ranked last), then according to Axiom 

5 and the induction hypothesis, 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅1′ ,𝐴𝐴1′ )� and 𝑎𝑎 �(𝑅𝑅1′ ,𝐴𝐴1′ ), �𝑅𝑅1�,𝐴𝐴1��� are 

determined. So, 𝑎𝑎 �(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅1�,𝐴𝐴1�)� is determined. 

Case 2: if 𝑖𝑖 = 1 and 𝑗𝑗 = 𝑛𝑛  

In this case, we construct a preference-approval structure (𝑅𝑅1′′,𝐴𝐴1′′), where 𝑅𝑅1′′ is 

the reverse of 𝑅𝑅1 , and #𝐴𝐴1′′ = #𝐴𝐴1 , then we can find that �𝑅𝑅1�,𝐴𝐴1��  is between 

preference-approval structures (𝑅𝑅1,𝐴𝐴1) and (𝑅𝑅1′′,𝐴𝐴1′′). Therefore, based on Axiom 3, 

𝑎𝑎 �(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅1�,𝐴𝐴1�)� = 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅1′′,𝐴𝐴1′′)� − 𝑎𝑎 �(𝑅𝑅1�,𝐴𝐴1�), (𝑅𝑅1′′,𝐴𝐴1′′)�, 

where  (𝑅𝑅1�,𝐴𝐴1�)  and (𝑅𝑅1′′,𝐴𝐴1′′)  differ on a proper segment of them, and 

𝑎𝑎 �(𝑅𝑅1�,𝐴𝐴1�), (𝑅𝑅1′′,𝐴𝐴1′′)� can be determined by Axiom 5 and the induction hypothesis. 

Additionally, due to [(𝑅𝑅1,𝐴𝐴1),𝟎𝟎, (𝑅𝑅1′′,𝐴𝐴1′′)] , then 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅1′′,𝐴𝐴1′′)�  can be 

determined by  

𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅1′′,𝐴𝐴1′′)� = 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1),𝟎𝟎� + 𝑎𝑎�𝟎𝟎, (𝑅𝑅1′′,𝐴𝐴1′′)� 

            = 2𝑎𝑎�(𝑅𝑅1,𝐴𝐴1),𝟎𝟎� 

in which the first equation is based on Axiom 3, and the second equation is based on 

Axiom 4(i) which guarantees 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1),𝟎𝟎� = 𝑎𝑎�𝟎𝟎, (𝑅𝑅1′′,𝐴𝐴1′′)�. Due to 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1),𝟎𝟎� 

is known by Step 1, therefore, 𝑎𝑎 �(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅1�,𝐴𝐴1�)� is determined and the proof of 

Step 2 is completed. 
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Step 3 is to prove that for any 𝑛𝑛, given any two complete preference-approval 

structures (𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2) , then 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)�  can be determined by 

Axioms 1-7.  

Because both preference-approval structures (𝑅𝑅1,𝐴𝐴1) and (𝑅𝑅2,𝐴𝐴2) have the last 

elements (according to the definition of complete preference-approval structure), 

without loss of generality, we assume that (𝑅𝑅1,𝐴𝐴1)  is in a canonical form and 

𝑃𝑃𝑅𝑅2(𝑥𝑥𝑘𝑘) = 𝑛𝑛, i.e., 

�
𝑝𝑝𝑅𝑅1 = (1,2, … ,𝑘𝑘, … , 𝑛𝑛)                                          

𝑖𝑖𝐴𝐴1 = �𝐼𝐼𝐴𝐴1(𝑥𝑥1), 𝐼𝐼𝐴𝐴1(𝑥𝑥2), . . , 𝐼𝐼𝐴𝐴1(𝑥𝑥𝑘𝑘), . . . , 𝐼𝐼𝐴𝐴1(𝑥𝑥𝑛𝑛)�
, 

�
𝑝𝑝𝑅𝑅2 = �𝑃𝑃𝑅𝑅2(𝑥𝑥1),𝑃𝑃𝑅𝑅2(𝑥𝑥2), … ,𝑛𝑛, … ,𝑃𝑃𝑅𝑅2(𝑥𝑥𝑛𝑛)�        

𝑖𝑖𝐴𝐴2 = �𝐼𝐼𝐴𝐴2(𝑥𝑥1), 𝐼𝐼𝐴𝐴2(𝑥𝑥2), . . . , 𝐼𝐼𝐴𝐴2(𝑥𝑥𝑘𝑘), . . . , 𝐼𝐼𝐴𝐴2(𝑥𝑥𝑛𝑛)�
. 

 Next, we construct a preference-approval structure (𝑅𝑅3,𝐴𝐴3), which is between 

the preference-approval structures (𝑅𝑅1,𝐴𝐴1) and (𝑅𝑅2,𝐴𝐴2), in the following way: 

Case 1: If 𝑘𝑘 ≤ 𝑃𝑃𝑅𝑅2(𝑥𝑥𝑛𝑛) 

Construct �
𝑝𝑝𝑅𝑅3 = �𝑃𝑃𝑅𝑅2(𝑥𝑥1),𝑃𝑃𝑅𝑅2(𝑥𝑥2), … ,𝑃𝑃𝑅𝑅2(𝑥𝑥𝑛𝑛), … ,𝑛𝑛�           

𝑖𝑖𝐴𝐴3 = �𝐼𝐼𝐴𝐴2(𝑥𝑥1), 𝐼𝐼𝐴𝐴2(𝑥𝑥2), . . . , 𝐼𝐼𝐴𝐴2(𝑥𝑥𝑛𝑛), . . . , 𝐼𝐼𝐴𝐴1(𝑥𝑥𝑛𝑛)�  
. 

Then we can observe that [(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅3,𝐴𝐴3), (𝑅𝑅2,𝐴𝐴2)], and 𝑅𝑅3 is obtained by 

switching the k𝑛𝑛ℎ  and n𝑛𝑛ℎ  elements of 𝑅𝑅2 , therefore, 𝑎𝑎�(𝑅𝑅2,𝐴𝐴2), (𝑅𝑅3,𝐴𝐴3)�  is 

determined by the Step 2. Moreover, (𝑅𝑅1,𝐴𝐴1)  and (𝑅𝑅3,𝐴𝐴3)  differ on a segment 

(indifferent on the alternative that ranked last), then 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)�  is 

determined by Axiom 5 and the induction hypothesis. Therefore, 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)� 

is determined by Axiom 3. 

Case 2: If 𝑘𝑘 > 𝑃𝑃𝑅𝑅2(𝑥𝑥𝑛𝑛) 
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Construct �
𝑝𝑝𝑅𝑅3 = �𝑃𝑃𝑅𝑅1(𝑥𝑥1),𝑃𝑃𝑅𝑅1(𝑥𝑥2), … , 𝑛𝑛, … , 𝑘𝑘�                    

𝑖𝑖𝐴𝐴3 = �𝐼𝐼𝐴𝐴1(𝑥𝑥1), 𝐼𝐼𝐴𝐴1(𝑥𝑥2), . . , 𝐼𝐼𝐴𝐴2(𝑥𝑥𝑘𝑘), . . . , 𝐼𝐼𝐴𝐴1(𝑥𝑥𝑘𝑘)�  
. 

Being similar to Case 1, 𝑅𝑅3 is obtained by switching the k𝑛𝑛ℎ and n𝑛𝑛ℎ entries 

of 𝑅𝑅1, thus, 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅3,𝐴𝐴3)� is determined by Step 2. Moreover, (𝑅𝑅2,𝐴𝐴2) and 

(𝑅𝑅3,𝐴𝐴3) only differ on a segment of both of them, then 𝑎𝑎�(𝑅𝑅2,𝐴𝐴2), (𝑅𝑅3,𝐴𝐴3)�  is 

determined by Axiom 5 and the induction hypothesis. So, 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)� is 

determined based on Axiom 3. 

From the above three steps, Lemma 2 is proved. 

Proof of Theorem 1: 

The proof of Theorem 1 consists of two parts. The first part is to prove that for any 

preference-approval structures (𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2) ∈ ℛ(𝑋𝑋)𝑛𝑛 , the distance between 

(𝑅𝑅1,𝐴𝐴1)  and (𝑅𝑅2,𝐴𝐴2) , 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)� , is determined by Axioms 1-7. The 

second part is to prove that the form of the unique distance function is 

𝑎𝑎𝑃𝑃𝐴𝐴𝑆𝑆�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)� = ∑ �𝛼𝛼|𝑃𝑃𝑅𝑅1(𝑥𝑥𝑖𝑖) − 𝑃𝑃𝑅𝑅2(𝑥𝑥𝑖𝑖)| + 𝛽𝛽|𝐼𝐼𝐴𝐴1(𝑥𝑥𝑖𝑖) − 𝐼𝐼𝐴𝐴2(𝑥𝑥𝑖𝑖)|�𝑛𝑛
𝑖𝑖=1 . 

The proof of the first part by induction. We assume that 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)� 

is determined by Axioms 1-7 for any (𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2) ∈ ℛ(𝑋𝑋)ℎ  with ℎ < 𝑛𝑛 . If 

(𝑅𝑅2,𝐴𝐴2) = �𝑅𝑅1�,𝐴𝐴1��  (i.e., 𝑅𝑅2  is obtained by switching two entries of 𝑅𝑅1 ), then 

𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)�  is determined by the Step 2 in Lemma 2. Therefore, in the 

following, we assume that (𝑅𝑅2,𝐴𝐴2) ≠ �𝑅𝑅1�,𝐴𝐴1��, and (𝑅𝑅2,𝐴𝐴2) is in a canonical form. 

Case 1: both (𝑅𝑅1,𝐴𝐴1) and (𝑅𝑅2,𝐴𝐴2) have an alternative ranked last 

In this case, we can construct a preference-approval structure (𝑅𝑅3,𝐴𝐴3), which is 

between (𝑅𝑅1,𝐴𝐴1) and (𝑅𝑅2,𝐴𝐴2), as the method of construction in the Step 3 of Lemma 

1. Therefore, (𝑅𝑅3,𝐴𝐴3) is differ on a segment with (𝑅𝑅1,𝐴𝐴1) or (𝑅𝑅2,𝐴𝐴2), and results 
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from switching two entries of the other preference-approval structure or the same as the 

other preference-approval structure. Therefore, by Axioms 3 and 5 and the induction 

hypothesis, 𝑎𝑎((𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)) is determined. 

Case 2: not both of (𝑅𝑅1,𝐴𝐴1) and (𝑅𝑅2,𝐴𝐴2) have an alternative ranked last 

Suppose (𝑅𝑅2,𝐴𝐴2) do not have alternative ranked last, let 𝑘𝑘 = 𝑖𝑖𝑛𝑛𝑖𝑖 �𝑖𝑖|𝑃𝑃𝑅𝑅2(𝑥𝑥𝑖𝑖) =

𝑃𝑃𝑅𝑅2(𝑥𝑥𝑛𝑛)�, where  

�
𝑝𝑝𝑅𝑅1 = �𝑃𝑃𝑅𝑅1(𝑥𝑥1),𝑃𝑃𝑅𝑅1(𝑥𝑥2), … ,𝑃𝑃𝑅𝑅1(𝑥𝑥𝑘𝑘),𝑃𝑃𝑅𝑅1(𝑥𝑥𝑘𝑘+1), … ,𝑃𝑃𝑅𝑅1(𝑥𝑥𝑛𝑛−1),𝑃𝑃𝑅𝑅1(𝑥𝑥𝑛𝑛)�

𝑖𝑖𝐴𝐴1 = �𝐼𝐼𝐴𝐴1(𝑥𝑥1), 𝐼𝐼𝐴𝐴1(𝑥𝑥2), … , 𝐼𝐼𝐴𝐴1(𝑥𝑥𝑘𝑘), 𝐼𝐼𝐴𝐴1(𝑥𝑥𝑘𝑘+1), … , 𝐼𝐼𝐴𝐴1(𝑥𝑥𝑛𝑛−1), 𝐼𝐼𝐴𝐴1(𝑥𝑥𝑛𝑛)�       
, 

and 

�
𝑝𝑝𝑅𝑅2 = �𝑃𝑃𝑅𝑅2(𝑥𝑥1),𝑃𝑃𝑅𝑅2(𝑥𝑥2), … ,𝑃𝑃𝑅𝑅2(𝑥𝑥𝑘𝑘),𝑃𝑃𝑅𝑅2(𝑥𝑥𝑘𝑘+1), … ,𝑃𝑃𝑅𝑅2(𝑥𝑥𝑛𝑛−1),𝑃𝑃𝑅𝑅2(𝑥𝑥𝑛𝑛)�

𝑖𝑖𝐴𝐴2 = �𝐼𝐼𝐴𝐴2(𝑥𝑥1), 𝐼𝐼𝐴𝐴2(𝑥𝑥2), … , 𝐼𝐼𝐴𝐴2(𝑥𝑥𝑘𝑘−1), 𝐼𝐼𝐴𝐴2(𝑥𝑥𝑘𝑘), … , 𝐼𝐼𝐴𝐴2(𝑥𝑥𝑛𝑛−1), 𝐼𝐼𝐴𝐴2(𝑥𝑥𝑛𝑛)�       
. 

Without loss of generality, we assume 𝑃𝑃𝑅𝑅1(𝑥𝑥𝑘𝑘) ≤ 𝑃𝑃𝑅𝑅1(𝑥𝑥𝑘𝑘+1) ≤ ⋯ ≤ 𝑃𝑃𝑅𝑅1(𝑥𝑥𝑛𝑛) , 

then we construct a preference-approval structure �𝑅𝑅2�,𝐴𝐴2� by replacing the k𝑛𝑛ℎ and 

n𝑛𝑛ℎ elements in 𝑅𝑅2 with 𝑛𝑛 and 𝑘𝑘, respectively, i.e., 

�
𝑝𝑝𝑅𝑅2� = �𝑃𝑃𝑅𝑅2(𝑥𝑥1),𝑃𝑃𝑅𝑅2(𝑥𝑥2), … , 𝑛𝑛,𝑃𝑃𝑅𝑅2(𝑥𝑥𝑘𝑘+1), … ,𝑃𝑃𝑅𝑅2(𝑥𝑥𝑛𝑛−1),𝑘𝑘�                  

𝑖𝑖𝐴𝐴2 = �𝐼𝐼𝐴𝐴2(𝑥𝑥1), 𝐼𝐼𝐴𝐴2(𝑥𝑥2), … , 𝐼𝐼𝐴𝐴2(𝑥𝑥𝑘𝑘), 𝐼𝐼𝐴𝐴2(𝑥𝑥𝑘𝑘+1), … , 𝐼𝐼𝐴𝐴2(𝑥𝑥𝑛𝑛−1), 𝐼𝐼𝐴𝐴2(𝑥𝑥𝑛𝑛)�
. 

Based on the special construction of �𝑅𝑅2�,𝐴𝐴2� , 𝑎𝑎 �(𝑅𝑅1,𝐴𝐴1), �𝑅𝑅2�,𝐴𝐴2��  can 

eventually be determined by Case 1. If (𝑅𝑅1,𝐴𝐴1) has alternative ranked last, then both 

(𝑅𝑅1,𝐴𝐴1) and �𝑅𝑅2� ,𝐴𝐴2� have alternative ranked last, so 𝑎𝑎 �(𝑅𝑅1,𝐴𝐴1), �𝑅𝑅2�,𝐴𝐴2�� can be 

determined by Case 1; otherwise, we can derive the preference-approval structure 

�𝑅𝑅1�,𝐴𝐴1� from (𝑅𝑅1,𝐴𝐴1) by repeating the construction similar to that of �𝑅𝑅2�,𝐴𝐴2�, then 

𝑎𝑎 �(𝑅𝑅1,𝐴𝐴1), �𝑅𝑅2�,𝐴𝐴2��  is in the form of 𝑎𝑎 ��𝑅𝑅1�,𝐴𝐴1�, �𝑅𝑅2�,𝐴𝐴2�� , which can be 

determined by Case 1 eventually.  

Next, we will show that 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)� can be represented in terms of 
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𝑎𝑎 �(𝑅𝑅1,𝐴𝐴1), �𝑅𝑅2�,𝐴𝐴2��. 

Case 2a: if 𝑃𝑃𝑅𝑅2(𝑥𝑥𝑘𝑘) ≥ 𝑃𝑃𝑅𝑅1(𝑥𝑥𝑘𝑘) and 𝑃𝑃𝑅𝑅2(𝑥𝑥𝑛𝑛) ≤ 𝑃𝑃𝑅𝑅1(𝑥𝑥𝑛𝑛) 

In this case, �(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2), �𝑅𝑅2�,𝐴𝐴2��, and thus,  

𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)� = 𝑎𝑎 �(𝑅𝑅1,𝐴𝐴1), �𝑅𝑅2� ,𝐴𝐴2�� − 𝑎𝑎 �(𝑅𝑅2,𝐴𝐴2), �𝑅𝑅2�,𝐴𝐴2��. 

Considering the following three preference-approval structures 

(𝑅𝑅2,𝐴𝐴2) = �
𝑝𝑝𝑅𝑅2 = �𝑃𝑃𝑅𝑅2(𝑥𝑥1),𝑃𝑃𝑅𝑅2(𝑥𝑥2), … ,𝑃𝑃𝑅𝑅2(𝑥𝑥𝑘𝑘),𝑃𝑃𝑅𝑅2(𝑥𝑥𝑘𝑘+1), … ,𝑃𝑃𝑅𝑅2(𝑥𝑥𝑛𝑛−1),𝑃𝑃𝑅𝑅2(𝑥𝑥𝑛𝑛)�

𝑖𝑖𝐴𝐴2 = �𝐼𝐼𝐴𝐴2(𝑥𝑥1), 𝐼𝐼𝐴𝐴2(𝑥𝑥2), … , 𝐼𝐼𝐴𝐴2(𝑥𝑥𝑘𝑘−1), 𝐼𝐼𝐴𝐴2(𝑥𝑥𝑘𝑘), … , 𝐼𝐼𝐴𝐴2(𝑥𝑥𝑛𝑛−1), 𝐼𝐼𝐴𝐴2(𝑥𝑥𝑛𝑛)�      
,   

�𝑅𝑅2�,𝐴𝐴2� = �
𝑝𝑝𝑅𝑅2� = �𝑃𝑃𝑅𝑅2(𝑥𝑥1),𝑃𝑃𝑅𝑅2(𝑥𝑥2), … ,𝑛𝑛,𝑃𝑃𝑅𝑅2(𝑥𝑥𝑘𝑘+1), … ,𝑃𝑃𝑅𝑅2(𝑥𝑥𝑛𝑛−1), 𝑘𝑘�                  

𝑖𝑖𝐴𝐴2 = �𝐼𝐼𝐴𝐴2(𝑥𝑥1), 𝐼𝐼𝐴𝐴2(𝑥𝑥2), … , 𝐼𝐼𝐴𝐴2(𝑥𝑥𝑘𝑘), 𝐼𝐼𝐴𝐴2(𝑥𝑥𝑘𝑘+1), … , 𝐼𝐼𝐴𝐴2(𝑥𝑥𝑛𝑛−1), 𝐼𝐼𝐴𝐴2(𝑥𝑥𝑛𝑛)�
,  

(𝑅𝑅3,𝐴𝐴3) = �
𝑝𝑝𝑅𝑅3 = �𝑃𝑃𝑅𝑅2(𝑥𝑥1),𝑃𝑃𝑅𝑅2(𝑥𝑥2), … , 𝑛𝑛, 𝑘𝑘 + 1,𝑘𝑘 + 2, . . ,𝑛𝑛 − 1, 𝑘𝑘�                     

𝑖𝑖𝐴𝐴3 = �𝐼𝐼𝐴𝐴3(𝑥𝑥1), 𝐼𝐼𝐴𝐴3(𝑥𝑥2), … , 𝐼𝐼𝐴𝐴3(𝑥𝑥𝑘𝑘), 𝐼𝐼𝐴𝐴3(𝑥𝑥𝑘𝑘+1), … , 𝐼𝐼𝐴𝐴3(𝑥𝑥𝑛𝑛−1), 𝐼𝐼𝐴𝐴3(𝑥𝑥𝑛𝑛)�
. 

Then we have �(𝑅𝑅2,𝐴𝐴2), �𝑅𝑅2�,𝐴𝐴2�, (𝑅𝑅3,𝐴𝐴3)�, and according to Axiom 3: 

𝑎𝑎 �(𝑅𝑅2,𝐴𝐴2), �𝑅𝑅2�,𝐴𝐴2�� = 𝑎𝑎�(𝑅𝑅2,𝐴𝐴2), (𝑅𝑅3,𝐴𝐴3)� − 𝑎𝑎 ��𝑅𝑅2� ,𝐴𝐴2�, (𝑅𝑅3,𝐴𝐴3)�, 

where 𝑎𝑎�(𝑅𝑅2,𝐴𝐴2), (𝑅𝑅3,𝐴𝐴3)�  and 𝑎𝑎 ��𝑅𝑅2�,𝐴𝐴2�, (𝑅𝑅3,𝐴𝐴3)�  can be computed by a 

complete preference-approval structure to zero preference-approval structure in 

ℛ(𝑋𝑋)𝑛𝑛−𝑘𝑘+1 and ℛ(𝑋𝑋)𝑛𝑛−𝑘𝑘−1, respectively. So, 𝑎𝑎 �(𝑅𝑅2,𝐴𝐴2), �𝑅𝑅2� ,𝐴𝐴2�� is determined. 

Therefore, 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)� is determined based on 𝑎𝑎 �(𝑅𝑅1,𝐴𝐴1), �𝑅𝑅2� ,𝐴𝐴2��. 

Case 2b: if 𝑃𝑃𝑅𝑅2(𝑥𝑥𝑘𝑘) ≤ 𝑃𝑃𝑅𝑅1(𝑥𝑥𝑘𝑘)  

In this case, due to (𝑅𝑅1,𝐴𝐴1) is in the canonical form and 𝑘𝑘 = 𝑖𝑖𝑛𝑛𝑖𝑖 �𝑖𝑖|𝑃𝑃𝑅𝑅2(𝑥𝑥𝑖𝑖) =

𝑃𝑃𝑅𝑅2(𝑥𝑥𝑛𝑛)�, we have 𝑃𝑃𝑅𝑅2(𝑥𝑥𝑖𝑖) ≤ 𝑃𝑃𝑅𝑅1(𝑥𝑥𝑖𝑖) (𝑖𝑖 = 𝑘𝑘,𝑘𝑘 + 1, . . . ,𝑛𝑛), this is only possible for 

𝑃𝑃𝑅𝑅2(𝑥𝑥𝑖𝑖) = 𝑃𝑃𝑅𝑅1(𝑥𝑥𝑖𝑖)(𝑖𝑖 = 𝑘𝑘,𝑘𝑘 + 1, … ,𝑛𝑛), therefore, 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)� is computed 

as the distance between two preference-approval structures in ℛ(𝑋𝑋)𝑘𝑘−1 , which is 

determined by the induction hypothesis. Then 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)� is determined.   

Case 2c: if 𝑃𝑃𝑅𝑅2(𝑥𝑥𝑛𝑛) ≥ 𝑃𝑃𝑅𝑅1(𝑥𝑥𝑛𝑛) 
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In this case, we have 𝑃𝑃𝑅𝑅2(𝑥𝑥𝑖𝑖) ≥ 𝑃𝑃𝑅𝑅1(𝑥𝑥𝑖𝑖)(𝑖𝑖 = 𝑘𝑘,𝑘𝑘 + 1, . . ,𝑛𝑛), then we construct 

three preference-approval structures: 

(𝑅𝑅4,𝐴𝐴4) = �
𝑝𝑝𝑅𝑅4 = (𝑃𝑃𝑅𝑅1(𝑥𝑥1),𝑃𝑃𝑅𝑅1(𝑥𝑥2), … ,𝑃𝑃𝑅𝑅1(𝑥𝑥𝑘𝑘), … ,𝑃𝑃𝑅𝑅1(𝑥𝑥𝑛𝑛),𝑛𝑛 + 1)
𝑖𝑖𝐴𝐴4 = �𝐼𝐼𝐴𝐴1(𝑥𝑥1), 𝐼𝐼𝐴𝐴1(𝑥𝑥2), … , 𝐼𝐼𝐴𝐴1(𝑥𝑥𝑘𝑘), … , 𝐼𝐼𝐴𝐴1(𝑥𝑥𝑛𝑛), 0�           

, 

(𝑅𝑅5,𝐴𝐴5) = �
𝑝𝑝𝑅𝑅5 = (𝑃𝑃𝑅𝑅2(𝑥𝑥1),𝑃𝑃𝑅𝑅2(𝑥𝑥2), … ,𝑃𝑃𝑅𝑅2(𝑥𝑥𝑘𝑘), … ,𝑃𝑃𝑅𝑅2(𝑥𝑥𝑛𝑛),𝑛𝑛 + 1)
𝑖𝑖𝐴𝐴5 = �𝐼𝐼𝐴𝐴2(𝑥𝑥1), 𝐼𝐼𝐴𝐴2(𝑥𝑥2), … , 𝐼𝐼𝐴𝐴2(𝑥𝑥𝑘𝑘), … , 𝐼𝐼𝐴𝐴2(𝑥𝑥𝑛𝑛), 0�           

, 

(𝑅𝑅6,𝐴𝐴6) = �
𝑝𝑝𝑅𝑅6 = �𝑃𝑃𝑅𝑅2(𝑥𝑥1),𝑃𝑃𝑅𝑅2(𝑥𝑥2), … ,𝑛𝑛, … , 𝑛𝑛 + 1,𝑘𝑘�         
𝑖𝑖𝐴𝐴6 = (𝐼𝐼𝐴𝐴2(𝑥𝑥1), 𝐼𝐼𝐴𝐴2(𝑥𝑥2), … , 𝐼𝐼𝐴𝐴2(𝑥𝑥𝑛𝑛), … ,0, 𝐼𝐼𝐴𝐴2(𝑥𝑥𝑘𝑘))

. 

Then we have, 

 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)� = 𝑎𝑎�(𝑅𝑅4,𝐴𝐴4), (𝑅𝑅5,𝐴𝐴5)� (by Axiom 5) 

                                 = 𝑎𝑎�(𝑅𝑅4,𝐴𝐴4), (𝑅𝑅6,𝐴𝐴6)� − 𝑎𝑎�(𝑅𝑅5,𝐴𝐴5), (𝑅𝑅6,𝐴𝐴6)� (by Axiom 3) 

Considering 𝑎𝑎�(𝑅𝑅5,𝐴𝐴5), (𝑅𝑅6,𝐴𝐴6)� first, by switching the n𝑛𝑛ℎ  and (n + 1)𝑛𝑛ℎ 

elements in (𝑅𝑅4,𝐴𝐴4) we can obtain �𝑅𝑅5�,𝐴𝐴5�� as below: 

�𝑅𝑅5�,𝐴𝐴5�� = �
𝑝𝑝𝑅𝑅5 = �𝑃𝑃𝑅𝑅2(𝑥𝑥1),𝑃𝑃𝑅𝑅2(𝑥𝑥2), … ,𝑃𝑃𝑅𝑅2(𝑥𝑥𝑘𝑘), … ,𝑛𝑛 + 1,𝑃𝑃𝑅𝑅2(𝑥𝑥𝑛𝑛)�

𝑖𝑖𝐴𝐴5 = �𝐼𝐼𝐴𝐴2(𝑥𝑥1), 𝐼𝐼𝐴𝐴2(𝑥𝑥2), … , 𝐼𝐼𝐴𝐴2(𝑥𝑥𝑘𝑘), … ,0, 𝐼𝐼𝐴𝐴2(𝑥𝑥𝑛𝑛)�             
. 

And 𝑎𝑎�(𝑅𝑅5,𝐴𝐴5), (𝑅𝑅6,𝐴𝐴6)� = 𝑎𝑎 �(𝑅𝑅5,𝐴𝐴5), (𝑅𝑅5�,𝐴𝐴5�)�+ 𝑎𝑎 �(𝑅𝑅5�,𝐴𝐴5�), (𝑅𝑅6,𝐴𝐴6)� , 

where the first distance in the right-hand is determined by Lemma 2, and the second 

distance is determined by the Case 2a. Therefore, 𝑎𝑎�(𝑅𝑅5,𝐴𝐴5), (𝑅𝑅6,𝐴𝐴6)� is determined. 

Next, we consider 𝑎𝑎�(𝑅𝑅4,𝐴𝐴4), (𝑅𝑅6,𝐴𝐴6)� . Because both of (𝑅𝑅4,𝐴𝐴4)  and 

(𝑅𝑅6,𝐴𝐴6) have an alternative ranked last, thus we can construct a preference-approval 

structure that between (𝑅𝑅4,𝐴𝐴4) and (𝑅𝑅6,𝐴𝐴6) by the method proposed in Step 3 of 

Lemma 2. Then, 𝑎𝑎�(𝑅𝑅4,𝐴𝐴4), (𝑅𝑅6,𝐴𝐴6)�  can be determined, and thus 

𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)� is determined. So, the proof of the first part is completed. 

The Proof of the second part: the proof of the first part has proved that the 



49 
 

distance function for preference-approval structures which satisfies Axioms 1-7 is 

unique (the distances between all possible preference-approval structures are 

determined), therefore, we only need to prove the distance function in Theorem 1 

satisfies Axioms 1-7.  

Clearly, 𝑎𝑎𝑃𝑃𝐴𝐴𝑆𝑆�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)� ≥ 0 , and if 𝑎𝑎𝑃𝑃𝐴𝐴𝑆𝑆�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)� = 0 

means �𝑃𝑃𝑅𝑅1(𝑥𝑥𝑖𝑖) − 𝑃𝑃𝑅𝑅2(𝑥𝑥𝑖𝑖)� = 0  and �𝐼𝐼𝐴𝐴1(𝑥𝑥𝑖𝑖) − 𝐼𝐼𝐴𝐴2(𝑥𝑥𝑖𝑖)� = 0 , i.e., (𝑅𝑅1,𝐴𝐴1) =

(𝑅𝑅2,𝐴𝐴2), vice versa, if (𝑅𝑅1,𝐴𝐴1) = (𝑅𝑅2,𝐴𝐴2), 𝑎𝑎𝑃𝑃𝐴𝐴𝑆𝑆�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)� = 0, then the 

distance function in Theorem 1 satisfies Axiom 1.   

Axiom 2 is satisfied by the following equation: 

     ∑ �𝛼𝛼�𝑃𝑃𝑅𝑅1(𝑥𝑥𝑖𝑖) − 𝑃𝑃𝑅𝑅2(𝑥𝑥𝑖𝑖)� + 𝛽𝛽�𝐼𝐼𝐴𝐴1(𝑥𝑥𝑖𝑖) − 𝐼𝐼𝐴𝐴2(𝑥𝑥𝑖𝑖)��𝑛𝑛
𝑖𝑖=1   

= ∑ �𝛼𝛼|𝑃𝑃𝑅𝑅2(𝑥𝑥𝑖𝑖) − 𝑃𝑃𝑅𝑅1(𝑥𝑥𝑖𝑖)| + 𝛽𝛽|𝐼𝐼𝐴𝐴2(𝑥𝑥𝑖𝑖) − 𝐼𝐼𝐴𝐴1(𝑥𝑥𝑖𝑖)|�𝑛𝑛
𝑖𝑖=1   

Due to the property of absolute value function, we have the following results: 

𝑎𝑎𝑃𝑃𝐴𝐴𝑆𝑆�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2)� + 𝑎𝑎𝑃𝑃𝐴𝐴𝑆𝑆�(𝑅𝑅2,𝐴𝐴2), (𝑅𝑅3,𝐴𝐴3)� 

= �𝛼𝛼�𝑃𝑃𝑅𝑅1(𝑥𝑥𝑖𝑖) − 𝑃𝑃𝑅𝑅2(𝑥𝑥𝑖𝑖)� + 𝛽𝛽�𝐼𝐼𝐴𝐴1(𝑥𝑥𝑖𝑖) − 𝐼𝐼𝐴𝐴2(𝑥𝑥𝑖𝑖)�� + �𝛼𝛼�𝑃𝑃𝑅𝑅2(𝑥𝑥𝑖𝑖) − 𝑃𝑃𝑅𝑅3(𝑥𝑥𝑖𝑖)� +

𝛽𝛽�𝐼𝐼𝐴𝐴2(𝑥𝑥𝑖𝑖) − 𝐼𝐼𝐴𝐴3(𝑥𝑥𝑖𝑖)��  

= 𝛼𝛼��𝑃𝑃𝑅𝑅1(𝑥𝑥𝑖𝑖) − 𝑃𝑃𝑅𝑅2(𝑥𝑥𝑖𝑖)� + �𝑃𝑃𝑅𝑅2(𝑥𝑥𝑖𝑖) − 𝑃𝑃𝑅𝑅3(𝑥𝑥𝑖𝑖)�� + 𝛽𝛽��𝐼𝐼𝐴𝐴1(𝑥𝑥𝑖𝑖) − 𝐼𝐼𝐴𝐴2(𝑥𝑥𝑖𝑖)� +

�𝐼𝐼𝐴𝐴2(𝑥𝑥𝑖𝑖) − 𝐼𝐼𝐴𝐴3(𝑥𝑥𝑖𝑖)��  

≥ 𝛼𝛼��𝑃𝑃𝑅𝑅1(𝑥𝑥𝑖𝑖) − 𝑃𝑃𝑅𝑅3(𝑥𝑥𝑖𝑖)�� + 𝛽𝛽��𝐼𝐼𝐴𝐴1(𝑥𝑥𝑖𝑖) − 𝐼𝐼𝐴𝐴3(𝑥𝑥𝑖𝑖)�� = 𝑎𝑎�(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅3,𝐴𝐴3)� 

with the equality if and only if: 

 �𝑃𝑃𝑅𝑅1(𝑥𝑥𝑖𝑖) − 𝑃𝑃𝑅𝑅2(𝑥𝑥𝑖𝑖)� �𝑃𝑃𝑅𝑅2(𝑥𝑥𝑖𝑖) − 𝑃𝑃𝑅𝑅3(𝑥𝑥𝑖𝑖)� ≥ 0  and �𝐼𝐼𝐴𝐴1(𝑥𝑥𝑖𝑖) − 𝐼𝐼𝐴𝐴2(𝑥𝑥𝑖𝑖)� �𝐼𝐼𝐴𝐴2(𝑥𝑥𝑖𝑖) −

𝐼𝐼𝐴𝐴3(𝑥𝑥𝑖𝑖)� ≥ 0, i.e.,  

𝑃𝑃𝑅𝑅2(𝑥𝑥𝑖𝑖) ∈ �𝑚𝑚𝑖𝑖𝑛𝑛�𝑃𝑃𝑅𝑅1(𝑥𝑥𝑖𝑖),𝑃𝑃𝑅𝑅3(𝑥𝑥𝑖𝑖)� ,𝑚𝑚𝑎𝑎𝑥𝑥�𝑃𝑃𝑅𝑅1(𝑥𝑥𝑖𝑖),𝑃𝑃𝑅𝑅3(𝑥𝑥𝑖𝑖)��, 
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and  

𝐼𝐼𝐴𝐴2(𝑥𝑥𝑖𝑖) ∈ �𝑚𝑚𝑖𝑖𝑛𝑛�𝐼𝐼𝐴𝐴1(𝑥𝑥𝑖𝑖), 𝐼𝐼𝐴𝐴3(𝑥𝑥𝑖𝑖)� ,𝑚𝑚𝑎𝑎𝑥𝑥�𝐼𝐼𝐴𝐴1(𝑥𝑥𝑖𝑖), 𝐼𝐼𝐴𝐴3(𝑥𝑥𝑖𝑖)��. 

Therefore, Axiom 3 is satisfied. 

With the permutation of the alternatives, we only change the order in which the 

terms are added, it doesn’t change the final sum result. And the reverse also doesn’t 

change the sum result by the following observation: 

𝛼𝛼�𝑃𝑃𝑅𝑅2(𝑥𝑥𝑖𝑖) − 𝑃𝑃𝑅𝑅1(𝑥𝑥𝑖𝑖)� + 𝛽𝛽�𝐼𝐼𝐴𝐴2(𝑥𝑥𝑖𝑖) − 𝐼𝐼𝐴𝐴1(𝑥𝑥𝑖𝑖)�  

 = 𝛼𝛼 ��𝑛𝑛 + 1 − 𝑃𝑃𝑅𝑅2(𝑥𝑥𝑖𝑖)� − �𝑛𝑛 + 1 − 𝑃𝑃𝑅𝑅1(𝑥𝑥𝑖𝑖)�� + 𝛽𝛽 ��1 − 𝐼𝐼𝐴𝐴2(𝑥𝑥𝑖𝑖)� − �1 − 𝐼𝐼𝐴𝐴1(𝑥𝑥𝑖𝑖)��. 

Axiom 5 is satisfied by the equality below: 

𝛼𝛼�𝑃𝑃𝑅𝑅2(𝑥𝑥𝑖𝑖) − 𝑃𝑃𝑅𝑅1(𝑥𝑥𝑖𝑖)� + 𝛽𝛽�𝐼𝐼𝐴𝐴2(𝑥𝑥𝑖𝑖) − 𝐼𝐼𝐴𝐴1(𝑥𝑥𝑖𝑖)�  

= 𝛼𝛼 ��𝑘𝑘 + 𝑃𝑃𝑅𝑅2(𝑥𝑥𝑖𝑖)� − �𝑘𝑘 + 𝑃𝑃𝑅𝑅1(𝑥𝑥𝑖𝑖)�� + 𝛽𝛽�𝐼𝐼𝐴𝐴2(𝑥𝑥𝑖𝑖) − 𝐼𝐼𝐴𝐴1(𝑥𝑥𝑖𝑖)�.  

Axioms 6-7 are evident from Theorem 1. Then the proof of Theorem 1 is 

completed. 

Proof of Property 1: 

If the parameter 𝛼𝛼 → 0, then ∑ 𝛼𝛼�𝑃𝑃𝑅𝑅1(𝑥𝑥𝑖𝑖) − 𝑃𝑃𝑅𝑅2(𝑥𝑥𝑖𝑖)�𝑛𝑛
𝑖𝑖=1 → 0, which indicates the 

distance of the ranking information can be ignored, i.e., the form of the axiomatic 

distance function can be replaced by the following formula:  

∑ �𝐼𝐼𝐴𝐴1(𝑥𝑥𝑖𝑖) − 𝐼𝐼𝐴𝐴2(𝑥𝑥𝑖𝑖)�𝑛𝑛
𝑖𝑖=1 ,                    (A1) 

and the PAS-ADAM becomes: 

𝑚𝑚𝑖𝑖𝑛𝑛
(𝑅𝑅𝑐𝑐,𝐴𝐴𝑐𝑐)∈ℛ(𝑋𝑋) 

∑ ∑ �𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥𝑖𝑖) − 𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑖𝑖)�𝑛𝑛
𝑖𝑖=1

𝑚𝑚
𝑙𝑙=1 ,                 (A2) 

which indicates that whatever the ranking of the group (i.e., 𝑅𝑅𝑐𝑐 ) be, the ranking 

distance among individuals and the group could be computed as zero, and the value of 
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the objective function is only depend on the differences of the approval information 

among individuals and the group.  

Case 1: when 𝑚𝑚 is odd 

For 𝑥𝑥𝑖𝑖 ∈ 𝑋𝑋 , if #{𝑙𝑙|𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥𝑖𝑖) = 1} > ⌊𝑚𝑚/2⌋ , i.e.,  #{𝑙𝑙|𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥𝑖𝑖) = 1} > (𝑚𝑚− 1)/2 . 

Due to 𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑖𝑖) ∈ {0,1}, when 𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑖𝑖) = 1, the objective function value of model (A2) 

is less than or equal to (𝑚𝑚− 1)/2, if 𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑖𝑖) = 0, the objective function value of 

model (A2) is larger than (𝑚𝑚 − 1)/2, so, 𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑖𝑖) = 1 is the optimal solution of model 

(A2); Otherwise, if #{𝑙𝑙|𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥𝑖𝑖) = 1} ≤ ⌊𝑚𝑚/2⌋, 𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑖𝑖) = 0 is the optimal solution of 

model (A2). In this case, 𝐴𝐴𝑐𝑐 = 𝐴𝐴𝑚𝑚𝑚𝑚𝑗𝑗𝑚𝑚𝑚𝑚𝑖𝑖𝑚𝑚𝑚𝑚. 

Case 2: if 𝑚𝑚 is even 

In this case, for 𝑥𝑥𝑖𝑖 ∈ 𝑋𝑋 , if #{𝑙𝑙|𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥𝑖𝑖) = 1} > ⌊𝑚𝑚/2⌋ = 𝑚𝑚/2 , then, when 

𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑖𝑖) = 1, the objective function value of model (A2) is less than or equal to 𝑚𝑚/2, 

while 𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑖𝑖) = 0, the objective function value of model (A2) is larger than 𝑚𝑚/2, so, 

𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑖𝑖) = 1  is the optimal solution of model (A2); if #{𝑙𝑙|𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥𝑖𝑖) = 1} = 𝑚𝑚/2 , 

𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑖𝑖) = 1(𝑥𝑥𝑖𝑖 ∈ 𝐴𝐴𝑐𝑐) or 𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑖𝑖) = 0 both are the optimal solution of the model (A2), 

in which the objective function values are both 𝑚𝑚/2; and if #{𝑙𝑙|𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥𝑖𝑖) = 1} < ⌊𝑚𝑚/2⌋ 

then 𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑖𝑖) = 0 is the solution of model (A2). These results imply 𝐴𝐴𝑚𝑚𝑚𝑚𝑗𝑗𝑚𝑚𝑚𝑚𝑖𝑖𝑚𝑚𝑚𝑚 ⊆ 𝐴𝐴𝑐𝑐, 

and if 𝑥𝑥𝑖𝑖 ∈ 𝐴𝐴𝑐𝑐 − 𝐴𝐴𝑚𝑚𝑚𝑚𝑗𝑗𝑚𝑚𝑚𝑚𝑖𝑖𝑚𝑚𝑚𝑚, then #{𝑙𝑙|𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥𝑖𝑖) = 1} = #{𝑙𝑙|𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥𝑖𝑖) = 0}. 

On the other hand, if the parameter  𝛼𝛼 → 1 , then ∑ (1 − 𝛼𝛼)�𝐼𝐼𝐴𝐴1(𝑥𝑥𝑖𝑖) −𝑛𝑛
𝑖𝑖=1

𝐼𝐼𝐴𝐴2(𝑥𝑥𝑖𝑖)� → 0, and thus the form of the axiomatic distance function is equivalent to the 

following formula:    

∑ �𝑃𝑃𝑅𝑅1(𝑥𝑥𝑖𝑖) − 𝑃𝑃𝑅𝑅2(𝑥𝑥𝑖𝑖)�𝑛𝑛
𝑖𝑖=1 .                     (A3) 
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And the PAS-ADAM becomes: 

𝑚𝑚𝑖𝑖𝑛𝑛
(𝑅𝑅𝑐𝑐,𝐴𝐴𝑐𝑐)∈ℛ(𝑋𝑋) 

∑ ∑ �𝑃𝑃𝑅𝑅𝑙𝑙(𝑥𝑥𝑖𝑖) − 𝑃𝑃𝑅𝑅𝑐𝑐(𝑥𝑥𝑖𝑖)�𝑛𝑛
𝑖𝑖=1

𝑚𝑚
𝑙𝑙=1 .                 (A4) 

The model (A4) is the same as Cook and Seiford’s model (Cook and Seiford 1978), 

which means the PAS-ADAM is the generation of the Cook and Seiford’s model. Then, 

from model (A4) and the definition of the Cook and Seiford’s ranking, 𝑅𝑅𝑐𝑐 = 𝑅𝑅𝐶𝐶𝑆𝑆.  

This completes the proof of Property 1.  

Proof of Property 2:  

The proof is composed of two steps. Step 1 is to prove that if the rank of alternative 

𝑥𝑥𝑖𝑖 in every individual preference-approval structure has 𝑃𝑃𝑅𝑅𝑙𝑙(𝑥𝑥𝑖𝑖) ∈ [𝑜𝑜𝑚𝑚𝑖𝑖𝑛𝑛, 𝑜𝑜𝑚𝑚𝑚𝑚𝑥𝑥] (𝑙𝑙 =

1,2, … ,𝑚𝑚), then the rank of 𝑥𝑥𝑖𝑖 in the GPAS-ADAM also has 𝑃𝑃𝑅𝑅𝑐𝑐(𝑥𝑥𝑖𝑖) ∈ [𝑜𝑜𝑚𝑚𝑖𝑖𝑛𝑛, 𝑜𝑜𝑚𝑚𝑚𝑚𝑥𝑥]. 

Step 2 is to prove that the approval set in GPAS-ADAM satisfies 𝐴𝐴𝑐𝑐 = 𝐴𝐴𝑙𝑙 = 𝐴𝐴𝑚𝑚𝑚𝑚𝑗𝑗𝑚𝑚𝑚𝑚𝑖𝑖𝑚𝑚𝑚𝑚 

and the ranking in the GPAS-ADAM is 𝑅𝑅𝐶𝐶𝑆𝑆. 

Step 1 is proved by contradiction. We assume that 𝑃𝑃𝑅𝑅𝑐𝑐(𝑥𝑥𝑖𝑖) > 𝑜𝑜𝑚𝑚𝑚𝑚𝑥𝑥 or 𝑃𝑃𝑅𝑅𝑐𝑐(𝑥𝑥𝑖𝑖) <

𝑜𝑜𝑚𝑚𝑖𝑖𝑛𝑛. If 𝑃𝑃𝑅𝑅𝑐𝑐(𝑥𝑥𝑖𝑖) > 𝑜𝑜𝑚𝑚𝑚𝑚𝑥𝑥, then we have 

𝛼𝛼��𝑃𝑃𝑅𝑅𝑙𝑙(𝑥𝑥1) − 𝑃𝑃𝑅𝑅𝑐𝑐(𝑥𝑥1)� + �𝑃𝑃𝑅𝑅𝑙𝑙(𝑥𝑥2) − 𝑃𝑃𝑅𝑅𝑐𝑐(𝑥𝑥2)� + ⋯+ �𝑃𝑃𝑅𝑅𝑙𝑙(𝑥𝑥𝑛𝑛) − 𝑃𝑃𝑅𝑅𝑐𝑐(𝑥𝑥𝑛𝑛)�� + (1 −

𝛼𝛼)(|𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥𝑖𝑖) − 𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑖𝑖))  

> 𝛼𝛼��𝑃𝑃𝑅𝑅𝑙𝑙(𝑥𝑥1) − 𝑜𝑜𝑚𝑚𝑚𝑚𝑥𝑥� + �𝑃𝑃𝑅𝑅𝑙𝑙(𝑥𝑥2) − 𝑜𝑜𝑚𝑚𝑚𝑚𝑥𝑥� + ⋯+ �𝑃𝑃𝑅𝑅𝑙𝑙(𝑥𝑥𝑛𝑛) − 𝑜𝑜𝑚𝑚𝑚𝑚𝑥𝑥�� + (1 −

𝛼𝛼) �|𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥𝑖𝑖) − 𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑖𝑖)�  

And if 𝑃𝑃𝑅𝑅𝑐𝑐(𝑥𝑥𝑖𝑖) < 𝑜𝑜𝑚𝑚𝑖𝑖𝑛𝑛, we have  

𝛼𝛼��𝑃𝑃𝑅𝑅𝑙𝑙(𝑥𝑥1) − 𝑃𝑃𝑅𝑅𝑐𝑐(𝑥𝑥1)� + �𝑃𝑃𝑅𝑅𝑙𝑙(𝑥𝑥2) − 𝑃𝑃𝑅𝑅𝑐𝑐(𝑥𝑥2)� + ⋯+ �𝑃𝑃𝑅𝑅𝑙𝑙(𝑥𝑥𝑛𝑛) − 𝑃𝑃𝑅𝑅𝑐𝑐(𝑥𝑥𝑛𝑛)�� + (1 −

𝛼𝛼)��𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥𝑖𝑖) − 𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑖𝑖)��  

> 𝛼𝛼(�𝑃𝑃𝑅𝑅𝑙𝑙(𝑥𝑥1) − 𝑜𝑜𝑚𝑚𝑖𝑖𝑛𝑛� + �𝑃𝑃𝑅𝑅𝑙𝑙(𝑥𝑥2) − 𝑜𝑜𝑚𝑚𝑖𝑖𝑛𝑛�+ ⋯+ �𝑃𝑃𝑅𝑅𝑙𝑙(𝑥𝑥𝑛𝑛) − 𝑜𝑜𝑚𝑚𝑖𝑖𝑛𝑛�) + (1 −
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𝛼𝛼)�|𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥𝑖𝑖) − 𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑖𝑖)|�  

which are contradict to the definition of group preference-approval structure, namely 

group preference-approval structure is the one that minimizes the total distances among 

individuals, therefore, the assumption is invalid, thus 𝑃𝑃𝑅𝑅𝑐𝑐(𝑥𝑥𝑖𝑖) ∈ [𝑜𝑜𝑚𝑚𝑖𝑖𝑛𝑛, 𝑜𝑜𝑚𝑚𝑚𝑚𝑥𝑥].  

To prove Step 2, we first assume that every individual has 𝑘𝑘 alternatives that 

approved. Due to the set of alternatives that approved by every individual are the same, 

i.e., 𝐴𝐴1 = 𝐴𝐴2 = ⋯ = 𝐴𝐴𝑚𝑚 . Obviously, if alternative 𝑥𝑥𝑖𝑖 ∈ 𝐴𝐴𝑙𝑙 , then 𝑃𝑃𝑅𝑅𝑙𝑙(𝑥𝑥𝑖𝑖) ∈

[1, 𝑘𝑘] (𝑙𝑙 ∈ {1,2, … ,𝑚𝑚}) and 𝑃𝑃𝑅𝑅𝑐𝑐(𝑥𝑥𝑖𝑖) ∈ [1,𝑘𝑘] (proved by Step 1), which indicate the 

𝑘𝑘 alternatives approved by all individuals must rank in the top 𝑘𝑘 in the GPAS-ADAM. 

Therefore, there exist a preference-approval structure (𝑅𝑅∗,𝐴𝐴∗), where 𝑅𝑅∗ = 𝑅𝑅𝐶𝐶𝑆𝑆 and 

the approval set is 𝐴𝐴∗ = 𝐴𝐴𝑙𝑙  (𝑙𝑙 ∈ {1,2, … ,𝑚𝑚}).  

Next, we need to prove that (𝑅𝑅∗,𝐴𝐴∗)  is the GPAS-ADAM. Clearly, 

∑ ∑ |𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥𝑖𝑖) − 𝐼𝐼𝐴𝐴∗(𝑥𝑥𝑖𝑖)|𝑛𝑛
𝑖𝑖=1

𝑚𝑚
𝑙𝑙=1 = 0 , and due to 𝑅𝑅∗ = 𝑅𝑅𝐶𝐶𝑆𝑆 , then 𝑅𝑅∗  is the optimal 

solution of 𝑚𝑚𝑖𝑖𝑛𝑛 ∑ ∑ 𝛼𝛼�𝑃𝑃𝑅𝑅𝑙𝑙(𝑥𝑥𝑖𝑖) − 𝑃𝑃𝑅𝑅𝑐𝑐(𝑥𝑥𝑖𝑖)�𝑛𝑛
𝑖𝑖=1

𝑚𝑚
𝑙𝑙=1 . Therefore (𝑅𝑅∗,𝐴𝐴∗) is evidently the 

optimal solution of the PAS-ADAM, i.e., 

𝑚𝑚𝑖𝑖𝑛𝑛 ∑ ∑ �𝛼𝛼�𝑃𝑃𝑅𝑅𝑙𝑙(𝑥𝑥𝑖𝑖) − 𝑃𝑃𝑅𝑅𝑐𝑐(𝑥𝑥𝑖𝑖)� + (1 − 𝛼𝛼)|𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥𝑖𝑖) − 𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑖𝑖)|�𝑛𝑛
𝑖𝑖=1

𝑚𝑚
𝑙𝑙=1 .  

So, (𝑅𝑅∗,𝐴𝐴∗) = (𝑅𝑅𝑐𝑐,𝐴𝐴𝑐𝑐)  is the GPAS-ADAM, i.e., 𝑅𝑅𝑐𝑐 = 𝑅𝑅𝐶𝐶𝑆𝑆  and 𝐴𝐴𝑐𝑐 = 𝐴𝐴𝑙𝑙 =

𝐴𝐴𝑚𝑚𝑚𝑚𝑗𝑗𝑚𝑚𝑚𝑚𝑖𝑖𝑚𝑚𝑚𝑚. 

This completes the proof of Property 2. 

Proof of Property 3: 

The GPAS-ADAM is the optimal solution of PAS-ADAM, i.e., 

𝑚𝑚𝑖𝑖𝑛𝑛
(𝑅𝑅𝑐𝑐,𝐴𝐴𝑐𝑐)∈ℛ(𝑋𝑋) 

∑ ∑ �𝛼𝛼�𝑃𝑃𝑅𝑅𝑙𝑙(𝑥𝑥𝑖𝑖) − 𝑃𝑃𝑅𝑅𝑐𝑐(𝑥𝑥𝑖𝑖)� + (1 − 𝛼𝛼)�𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥𝑖𝑖) − 𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑖𝑖)��𝑛𝑛
𝑖𝑖=1

𝑚𝑚
𝑙𝑙=1 . 
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Due to 𝑅𝑅1 = 𝑅𝑅2 = ⋯ = 𝑅𝑅𝑚𝑚, obviously 𝑅𝑅𝑐𝑐 = 𝑅𝑅𝑙𝑙 (𝑙𝑙 ∈ {1,2, … ,𝑚𝑚}) (according to the 

Step 1 in the proof of Property 2). Then ∑ ∑ 𝛼𝛼�𝑃𝑃𝑅𝑅𝑙𝑙(𝑥𝑥𝑖𝑖) − 𝑃𝑃𝑅𝑅𝑐𝑐(𝑥𝑥𝑖𝑖)� = 0𝑛𝑛
𝑖𝑖=1

𝑚𝑚
𝑙𝑙=1 , and the 

approval information of the GPAS-ADAM is the optimal solution of  

𝑚𝑚𝑖𝑖𝑛𝑛 ∑ ∑ �0 + (1 − 𝛼𝛼)�𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥𝑖𝑖) − 𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑖𝑖)��𝑛𝑛
𝑖𝑖=1

𝑚𝑚
𝑙𝑙=1 , 

which has the same optimal solution with  

𝑚𝑚𝑖𝑖𝑛𝑛
(𝑅𝑅𝑐𝑐,𝐴𝐴𝑐𝑐)∈ℛ(𝑋𝑋) 

∑ ∑ �𝛼𝛼�𝑃𝑃𝑅𝑅𝑙𝑙(𝑥𝑥𝑖𝑖) − 𝑃𝑃𝑅𝑅𝑐𝑐(𝑥𝑥𝑖𝑖)� + (1 − 𝛼𝛼)�𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥𝑖𝑖) − 𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑖𝑖)��𝑛𝑛
𝑖𝑖=1

𝑚𝑚
𝑙𝑙=1   

when 𝛼𝛼 → 0. Thus 𝐴𝐴𝑚𝑚𝑚𝑚𝑗𝑗𝑚𝑚𝑚𝑚𝑖𝑖𝑚𝑚𝑚𝑚 ⊆ 𝐴𝐴𝑐𝑐, and if 𝑥𝑥𝑖𝑖 ∈ 𝐴𝐴𝑐𝑐 − 𝐴𝐴𝑚𝑚𝑚𝑚𝑗𝑗𝑚𝑚𝑚𝑚𝑖𝑖𝑚𝑚𝑚𝑚 then #{𝑙𝑙|𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥𝑖𝑖) =

1} = #{𝑙𝑙|𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥𝑖𝑖) = 0}, which is proved by Property 1.  

Therefore, the proof of Property 3 is completed. 

Proof of Property 4: 

The proof is by contradiction. Every individual considers alternative 𝑥𝑥𝑖𝑖 ≻ 𝑥𝑥𝑗𝑗, thus 

we have  

𝑃𝑃𝑅𝑅𝑙𝑙(𝑥𝑥𝑖𝑖) < 𝑃𝑃𝑅𝑅𝑙𝑙�𝑥𝑥𝑗𝑗� (𝑙𝑙 = 1,2, . . . ,𝑚𝑚) and 𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥𝑖𝑖) ≥ 𝐼𝐼𝐴𝐴𝑙𝑙�𝑥𝑥𝑗𝑗�.            (A5) 

We assume GPAS-ADAM considers 𝑥𝑥𝑗𝑗 ≻ 𝑥𝑥𝑖𝑖, i.e., 

𝑃𝑃𝑅𝑅𝑐𝑐(𝑥𝑥𝑖𝑖) > 𝑃𝑃𝑅𝑅𝑐𝑐�𝑥𝑥𝑗𝑗� and 𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑖𝑖) ≤ 𝐼𝐼𝐴𝐴𝑐𝑐�𝑥𝑥𝑗𝑗�.                   (A6) 

Due to the group preference-approval structure is obtained by the model PAS-ADAM, 

therefore, (𝑅𝑅𝑐𝑐,𝐴𝐴𝑐𝑐) is the optimal solution of the following model: 

𝑚𝑚𝑖𝑖𝑛𝑛
(𝑅𝑅𝑐𝑐,𝐴𝐴𝑐𝑐)∈ℛ(𝑋𝑋) 

∑ 𝑎𝑎𝑃𝑃𝐴𝐴𝑆𝑆�(𝑅𝑅𝑙𝑙 ,𝐴𝐴𝑙𝑙), (𝑅𝑅𝑐𝑐 ,𝐴𝐴𝑐𝑐)�𝑚𝑚
𝑙𝑙=1 , 

in which:  

∑ 𝑎𝑎𝑃𝑃𝐴𝐴𝑆𝑆�(𝑅𝑅𝑙𝑙 ,𝐴𝐴𝑙𝑙), (𝑅𝑅𝑐𝑐,𝐴𝐴𝑐𝑐)�𝑚𝑚
𝑙𝑙=1   

= ∑ 𝛼𝛼��𝑃𝑃𝑅𝑅𝑙𝑙(𝑥𝑥1) − 𝑃𝑃𝑅𝑅𝑐𝑐(𝑥𝑥1)� + �𝑃𝑃𝑅𝑅𝑙𝑙(𝑥𝑥2) − 𝑃𝑃𝑅𝑅𝑐𝑐(𝑥𝑥2)�+. . +�𝑃𝑃𝑅𝑅𝑙𝑙(𝑥𝑥𝑖𝑖) − 𝑃𝑃𝑅𝑅𝑐𝑐(𝑥𝑥𝑖𝑖)� +𝑚𝑚
𝑙𝑙=1

�𝑃𝑃𝑅𝑅𝑙𝑙�𝑥𝑥𝑗𝑗� − 𝑃𝑃𝑅𝑅𝑐𝑐�𝑥𝑥𝑗𝑗�� + �𝑃𝑃𝑅𝑅𝑙𝑙(𝑥𝑥𝑛𝑛) − 𝑃𝑃𝑅𝑅𝑐𝑐(𝑥𝑥𝑛𝑛)�� + (1 − 𝛼𝛼)��𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥1) − 𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥1)� +
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�𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥2) − 𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥2)� + ⋯+ �𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥𝑖𝑖) − 𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑖𝑖)� + �𝐼𝐼𝐴𝐴𝑙𝑙�𝑥𝑥𝑗𝑗� − 𝐼𝐼𝐴𝐴𝑐𝑐�𝑥𝑥𝑗𝑗�� + ⋯+ �𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥𝑛𝑛) −

𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑛𝑛)��                                                          (A7) 

We let �𝑅𝑅𝑐𝑐�,𝐴𝐴𝑐𝑐�� be a preference-approval structure that results from (𝑅𝑅𝑐𝑐,𝐴𝐴𝑐𝑐) by 

switching the 𝑖𝑖th and 𝑗𝑗th entries, then  

∑ 𝑎𝑎𝑃𝑃𝐴𝐴𝑆𝑆 �(𝑅𝑅𝑙𝑙 ,𝐴𝐴𝑙𝑙), �𝑅𝑅𝑐𝑐�,𝐴𝐴𝑐𝑐���𝑚𝑚
𝑙𝑙=1   

= ∑ 𝛼𝛼��𝑃𝑃𝑅𝑅𝑙𝑙(𝑥𝑥1) − 𝑃𝑃𝑅𝑅𝑐𝑐(𝑥𝑥1)� + �𝑃𝑃𝑅𝑅𝑙𝑙(𝑥𝑥2) − 𝑃𝑃𝑅𝑅𝑐𝑐(𝑥𝑥2)�+. . +�𝑃𝑃𝑅𝑅𝑙𝑙(𝑥𝑥𝑖𝑖) − 𝑃𝑃𝑅𝑅𝑐𝑐�𝑥𝑥𝑗𝑗�� +𝑚𝑚
𝑙𝑙=1

�𝑃𝑃𝑅𝑅𝑙𝑙�𝑥𝑥𝑗𝑗� − 𝑃𝑃𝑅𝑅𝑐𝑐(𝑥𝑥𝑖𝑖)� + �𝑃𝑃𝑅𝑅𝑙𝑙(𝑥𝑥𝑛𝑛) − 𝑃𝑃𝑅𝑅𝑐𝑐(𝑥𝑥𝑛𝑛)�� + (1 − 𝛼𝛼)��𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥1) − 𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥1)� +

�𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥2) − 𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥2)� + ⋯+ �𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥𝑖𝑖) − 𝐼𝐼𝐴𝐴𝑐𝑐�𝑥𝑥𝑗𝑗�� + �𝐼𝐼𝐴𝐴𝑙𝑙�𝑥𝑥𝑗𝑗� − 𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑖𝑖)� + ⋯+

�𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥𝑛𝑛) − 𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑛𝑛)��                                                 (A8)  

Based on inequations (A5) and (A6), we obtain the following results through 

classified discussion: 

𝛼𝛼��𝑃𝑃𝑅𝑅𝑙𝑙(𝑥𝑥𝑖𝑖) − 𝑃𝑃𝑅𝑅𝑐𝑐�𝑥𝑥𝑗𝑗�� + �𝑃𝑃𝑅𝑅𝑙𝑙�𝑥𝑥𝑗𝑗� − 𝑃𝑃𝑅𝑅𝑐𝑐(𝑥𝑥𝑖𝑖)�� < 𝛼𝛼��𝑃𝑃𝑅𝑅𝑙𝑙(𝑥𝑥𝑖𝑖) − 𝑃𝑃𝑅𝑅𝑐𝑐(𝑥𝑥𝑖𝑖)� + �𝑃𝑃𝑅𝑅𝑙𝑙�𝑥𝑥𝑗𝑗� −

𝑃𝑃𝑅𝑅𝑐𝑐�𝑥𝑥𝑗𝑗���  and (1 − 𝛼𝛼)��𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥𝑖𝑖) − 𝐼𝐼𝐴𝐴𝑐𝑐�𝑥𝑥𝑗𝑗�� + �𝐼𝐼𝐴𝐴𝑙𝑙�𝑥𝑥𝑗𝑗� − 𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑖𝑖)�� ≤ (1 −

𝛼𝛼)��𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥𝑖𝑖) − 𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑖𝑖)� + �𝐼𝐼𝐴𝐴𝑙𝑙�𝑥𝑥𝑗𝑗� − 𝐼𝐼𝐴𝐴𝑐𝑐�𝑥𝑥𝑗𝑗���. 

Thus ∑ 𝑎𝑎 �(𝑅𝑅𝑙𝑙 ,𝐴𝐴𝑙𝑙), �𝑅𝑅𝑐𝑐�,𝐴𝐴𝑐𝑐���𝑚𝑚
𝑙𝑙=1 < ∑ 𝑎𝑎�(𝑅𝑅𝑙𝑙 ,𝐴𝐴𝑙𝑙), (𝑅𝑅𝑐𝑐 ,𝐴𝐴𝑐𝑐)�𝑚𝑚

𝑙𝑙=1 , which contradicts 

with the hypothesis (i.e., (𝑅𝑅𝑐𝑐,𝐴𝐴𝑐𝑐)  is the GPAS-ADAM, which has the minimum 

distances among individuals). Therefore, GPAS-ADAM also considers 𝑥𝑥𝑖𝑖 ≻ 𝑥𝑥𝑗𝑗.  

This completes Property 4. 

Appendix C: The transformation of the PAS-ADAM  

From the mathematical representation of the preference-approval structure, we can 

find that the possible ranks of an alternative can be 1, 1.5, 2, 2.5, … ,𝑛𝑛 − 1,𝑛𝑛 − 1
2

,𝑛𝑛. 

Then, we define 
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𝑎𝑎𝑖𝑖,𝑘𝑘/2 = ∑ |𝑃𝑃𝑅𝑅𝑙𝑙(𝑥𝑥𝑖𝑖) − 𝑘𝑘/2|𝑚𝑚
𝑙𝑙=1 ,                   (A9) 

which represents the sum of the ranking distances among individuals and the group if 

𝑃𝑃𝑅𝑅𝑐𝑐(𝑥𝑥𝑖𝑖) = 𝑘𝑘/2. Next, we define  

𝑥𝑥𝑖𝑖,𝑘𝑘/2 = �
1,        𝑖𝑖𝑖𝑖  𝑃𝑃𝑅𝑅𝑐𝑐(𝑥𝑥𝑖𝑖) = 𝑘𝑘/2 
0,        𝑖𝑖𝑖𝑖  𝑃𝑃𝑅𝑅𝑐𝑐(𝑥𝑥𝑖𝑖) ≠ 𝑘𝑘/2 .                (A10) 

Then, following the expression in Armstrong et al. (1982), based on the definitions 

of 𝑎𝑎𝑖𝑖𝑘𝑘/2 and 𝑥𝑥𝑖𝑖𝑘𝑘/2, PAS-ADAM is equivalent to the following model: 

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧ 𝑚𝑚𝑖𝑖𝑛𝑛
𝑥𝑥𝑖𝑖,𝑘𝑘/2,𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑖𝑖)

∑ ∑ 𝛼𝛼�𝑎𝑎𝑖𝑖,𝑘𝑘/2𝑥𝑥𝑖𝑖,𝑘𝑘/2�2𝑛𝑛
𝑘𝑘=2

𝑛𝑛
𝑖𝑖=1 + ∑ ∑ (1 − 𝛼𝛼)�𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥𝑖𝑖) − 𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑖𝑖)�𝑛𝑛

𝑖𝑖=1
𝑚𝑚
𝑙𝑙=1

 

                        

𝑖𝑖. 𝑛𝑛.

⎩
⎪⎪
⎨

⎪⎪
⎧ ∑ 𝑥𝑥𝑖𝑖,𝑘𝑘/2 = 1,    𝑖𝑖 = 1,2, . . . ,𝑛𝑛2𝑛𝑛

𝑘𝑘=1                                                                            (A11)
∑ 𝑥𝑥𝑖𝑖,𝑘𝑘/2 = ∆𝑘𝑘/2,    𝑘𝑘 = 2,3, … ,2𝑛𝑛𝑛𝑛
𝑖𝑖=1                                                                      (A12)

∑ 𝑘𝑘/22𝑛𝑛
𝑘𝑘=2 �𝑥𝑥𝑖𝑖,𝑘𝑘/2 − 𝑥𝑥𝑗𝑗,𝑘𝑘/2� > −�𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑖𝑖) − 𝐼𝐼𝐴𝐴𝑐𝑐�𝑥𝑥𝑗𝑗� + 1�𝑆𝑆, 𝑖𝑖, 𝑗𝑗 = 1,2, … ,𝑛𝑛  (A13)

∑ 𝑘𝑘/22𝑛𝑛
𝑘𝑘=2 �𝑥𝑥𝑖𝑖,𝑘𝑘/2 − 𝑥𝑥𝑗𝑗,𝑘𝑘/2� < �1 − 𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑖𝑖) + 𝐼𝐼𝐴𝐴𝑐𝑐�𝑥𝑥𝑗𝑗��𝑆𝑆, 𝑖𝑖, 𝑗𝑗 = 1,2, . . . ,𝑛𝑛   (A14)
𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑖𝑖), 𝑥𝑥𝑖𝑖,𝑘𝑘/2 ∈ {0,1}, 𝑖𝑖 = 1,2, . . . , 𝑛𝑛; 𝑘𝑘 = 2,3, . . . ,2𝑛𝑛                                      (A15)

  

P1 

where Eq. (A11) represents every alternative only has one rank. And in Eq. (A12), the 

vector ∆= (∆1,∆1.5,∆2, . . ,∆𝑘𝑘/2, … ,∆𝑛𝑛) is built to restrict to values that indicate an 

eligible ranking, and ∆𝑘𝑘/2 represents the number of alternatives that ranked as 𝑘𝑘/2. 

We can find that the preference-approval structure is a complete preference-approval 

structure if and only if ∆= (1, 0, 1, 0, . . . , 1, 0, 1) . In addition, 𝑆𝑆  is +∞ , and 

inequation (A13) combines with (A14) indicate the consistency of the ranking and 

approval information in the group preference-approval structure. 

Based on the work done by Armstrong et al. (1982), in order to restrict to the value 

of vector ∆ that indicates an eligible ranking, we introduce the following variables: 
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𝑇𝑇𝑚𝑚,𝑧𝑧 = �
1 ,    if ranks 𝑦𝑦 and 𝑧𝑧 are combined to yield a tie 

at the rank midway between 𝑦𝑦 and 𝑧𝑧
0,                                   otherwise                                 

 

And we let ∆𝑘𝑘/2= ∑ 𝑇𝑇𝑘𝑘−𝑚𝑚,𝑚𝑚
𝑘𝑘−1
𝑚𝑚=1 , then the set of ∆𝑘𝑘/2 values constitute a ranking 

if the following restrictions are satisfied: 

𝑇𝑇𝑘𝑘−𝑚𝑚,𝑚𝑚 − 𝑇𝑇𝑘𝑘−𝑚𝑚−1,𝑚𝑚+1 ≥ 0, for all 𝑦𝑦 ≥ 𝑘𝑘 − 𝑦𝑦              (A16) 

𝑇𝑇𝑚𝑚,𝑧𝑧 − 𝑇𝑇𝑧𝑧,𝑚𝑚 = 0, for all 𝑦𝑦, 𝑧𝑧                           (A17) 

∑ 𝑇𝑇𝑚𝑚,𝑧𝑧 = 1, for all 𝑧𝑧𝑛𝑛
𝑚𝑚=1                               (A18) 

∑ 𝑇𝑇𝑚𝑚,𝑧𝑧 = 1, for all 𝑦𝑦𝑛𝑛
𝑧𝑧=1                               (A19) 

Constraint (A16) means that if ranks (𝑘𝑘 − 𝑦𝑦 − 1) and (𝑦𝑦 + 1) are combined to 

form a tie, then ranks (𝑘𝑘 − 𝑦𝑦) and 𝑦𝑦 are also combined to form a tie (e.g., if ranks 1 

and 4 are tied, then ranks 2 and 3 are tied too). Constraint (A17) indicates if ranks 𝑦𝑦 

and 𝑧𝑧 are tied, then ranks 𝑧𝑧 and 𝑦𝑦 are also tied. Constraints (A18) and (A19) imply 

that a rank can be tied with another rank only once.  

Then the model P1 can be transformed as a mixed 0-1 linear programming model: 

⎩
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎧ 𝑚𝑚𝑖𝑖𝑛𝑛
𝑥𝑥𝑖𝑖,𝑘𝑘/2,𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑖𝑖)

∑ ∑ 𝛼𝛼(𝑎𝑎𝑖𝑖,𝑘𝑘/2𝑥𝑥𝑖𝑖,𝑘𝑘/2)2𝑛𝑛
𝑘𝑘=2

𝑛𝑛
𝑖𝑖=1 + ∑ ∑ (1 − 𝛼𝛼)𝑛𝑛𝑙𝑙𝑖𝑖𝑛𝑛

𝑖𝑖=1
𝑚𝑚
𝑙𝑙=1                                                     

𝑖𝑖. 𝑛𝑛.

⎩
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎧ ∑ 𝑥𝑥𝑖𝑖,𝑘𝑘/2 = 1,      𝑖𝑖 = 1,2, … , 𝑛𝑛2𝑛𝑛

𝑘𝑘=1                                                                            
∑ 𝑥𝑥𝑖𝑖,𝑘𝑘/2 − ∑ 𝑇𝑇𝑘𝑘−𝑚𝑚,𝑚𝑚

𝑘𝑘−1
𝑚𝑚=1 = 0,     𝑘𝑘 = 2,3, … ,2𝑛𝑛𝑛𝑛

𝑖𝑖=1                                                
 (A16), (A17), (A18), (A19)                                                                             
𝐼𝐼𝐴𝐴𝑙𝑙(𝑥𝑥𝑖𝑖) − 𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑖𝑖) = 𝑒𝑒𝑙𝑙𝑖𝑖 , 𝑙𝑙 = 1,2, … ,𝑚𝑚; 𝑖𝑖 = 1,2, . . . , 𝑛𝑛                                      
𝑛𝑛𝑙𝑙𝑖𝑖 ≤ 𝑒𝑒𝑙𝑙𝑖𝑖 ,   𝑙𝑙 = 1,2, … ,𝑚𝑚; 𝑖𝑖 = 1,2, . . . ,𝑛𝑛                                                               
−𝑛𝑛𝑙𝑙𝑖𝑖 ≤ 𝑒𝑒𝑙𝑙𝑖𝑖 ,   𝑙𝑙 = 1,2, … ,𝑚𝑚; 𝑖𝑖 = 1,2, … , 𝑛𝑛                                                               
∑ 𝑘𝑘/22𝑛𝑛
𝑘𝑘=2 �𝑥𝑥𝑖𝑖,𝑘𝑘/2 − 𝑥𝑥𝑗𝑗,𝑘𝑘/2� > −�𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑖𝑖) − 𝐼𝐼𝐴𝐴𝑐𝑐�𝑥𝑥𝑗𝑗� + 1�𝑆𝑆, 𝑖𝑖, 𝑗𝑗 = 1,2, . . . ,𝑛𝑛  

∑ 𝑘𝑘/22𝑛𝑛
𝑘𝑘=2 �𝑥𝑥𝑖𝑖,𝑘𝑘/2 − 𝑥𝑥𝑗𝑗,𝑘𝑘/2� < �1 − 𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑖𝑖) + 𝐼𝐼𝐴𝐴𝑐𝑐�𝑥𝑥𝑗𝑗��𝑆𝑆, 𝑖𝑖, 𝑗𝑗 = 1,2, . . . ,𝑛𝑛    

       
𝐼𝐼𝐴𝐴𝑐𝑐(𝑥𝑥𝑖𝑖), 𝑥𝑥𝑖𝑖,𝑘𝑘/2 ∈ {0,1}, 𝑖𝑖 = 1,2, . . . ,𝑛𝑛; 𝑘𝑘 = 2,3, … ,2𝑛𝑛                                        

.

P2 

Therefore, the PAS-ADAM is transformed as a mixed 0-1 linear programming, which 
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is solved by the soft package LINGO in this study. 

Appendix D: Simulation models Ⅰ-Ⅳ 

Table A1: Simulation model Ⅰ 

Input: The number of individuals, 𝑚𝑚 ∈ ℤ+  ( ℤ+  is the set of positive 

integers); the number of alternatives, 𝑛𝑛 ∈ ℤ+; and the parameter 𝛼𝛼.   

Output: 𝑆𝑆𝑆𝑆𝑅𝑅 and 𝑆𝑆𝑆𝑆𝐴𝐴. 

Step 1: We randomly generate the original preference-approval structures of 

individuals {(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2), . . . , (𝑅𝑅𝑚𝑚,𝐴𝐴𝑚𝑚)}. 

Step 2: Utilizing the PAS-ADAM, we can obtain the GPAS-ADAM (𝑅𝑅𝑐𝑐 ,𝐴𝐴𝑐𝑐). 

Step 3: Calculating the indicators 𝑆𝑆𝑆𝑆𝑅𝑅 and 𝑆𝑆𝑆𝑆𝐴𝐴 by the Eqs. (9) and (10), 

respectively. 

Table A2: Simulation model Ⅱ 

Input: The number of individuals, 𝑚𝑚 ∈ ℤ+, the number of alternatives,  𝑛𝑛 ∈

ℤ+; and the parameter 𝛼𝛼. 

Output: 𝑆𝑆𝐴𝐴 and 𝑆𝑆𝑆𝑆𝐴𝐴. 

Step 1: We randomly generate the original preference-approval structures of 

individuals {(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2), . . . , (𝑅𝑅𝑚𝑚,𝐴𝐴𝑚𝑚)}. 

Step 2: Utilizing the PAS-ADAM, we can obtain the GPAS-ADAM (𝑅𝑅𝑐𝑐 ,𝐴𝐴𝑐𝑐). 

Step 3: Calculating the indicators 𝑆𝑆𝐴𝐴 and 𝑆𝑆𝑆𝑆𝐴𝐴 by the Eqs. (8) and (10), 

respectively. 

Table A3: Simulation model Ⅲ 
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Input: The number of individuals, 𝑚𝑚 ∈ ℤ+; the number of alternatives, 𝑛𝑛 ∈

ℤ+; and the parameter 𝛼𝛼. 

Output: 𝑆𝑆𝑅𝑅 and 𝑆𝑆𝑆𝑆𝑅𝑅. 

Step 1: We randomly generate the original preference-approval structures of 

individuals {(𝑅𝑅1,𝐴𝐴1), (𝑅𝑅2,𝐴𝐴2), . . . , (𝑅𝑅𝑚𝑚,𝐴𝐴𝑚𝑚)}. 

Step 2: Utilizing the PAS-ADAM, we can obtain the GPAS-ADAM (𝑅𝑅𝑐𝑐 ,𝐴𝐴𝑐𝑐). 

Step 3: Calculating the indicators 𝑆𝑆𝑅𝑅  and 𝑆𝑆𝑆𝑆𝑅𝑅  by the Eqs. (6) and (9), 

respectively. 

Table A4: Simulation model Ⅳ 

Input: The number of individuals, 𝑚𝑚 ∈ ℤ+; the number of alternatives, 𝑛𝑛 ∈

ℤ+; the parameter 𝛼𝛼 and 𝑛𝑛.  

Output: 𝑆𝑆𝑅𝑅 and 𝑜𝑜𝑎𝑎𝑛𝑛𝑖𝑖𝑛𝑛. 

Step 1: We randomly generate the original preference-approval structures of 

𝑎𝑎𝑙𝑙, (𝑅𝑅𝑙𝑙 ,𝐴𝐴𝑙𝑙) (𝑙𝑙 = 1,2, . . . ,𝑚𝑚), which has 𝑛𝑛 alternatives approved. 

Step 2: Utilizing the PAS-ADAM, we can obtain the GPAS-ADAM (𝑅𝑅𝑐𝑐 ,𝐴𝐴𝑐𝑐). 

Step 3: Calculating the indicators 𝑆𝑆𝑅𝑅 and 𝑜𝑜𝑎𝑎𝑛𝑛𝑖𝑖𝑛𝑛 by the Eqs. (6) the Eq. (11), 

respectively. 

 


