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ABSTRACT

The random decrement (RD) technique can be used to analyze the response signal from a system that has amplitude dependent
modal parameters. The implementation of RD for this purpose is usually done by simply applying the technique at multiple amplitudes
in the measured response signal. Modal parameters are then estimated based on RD signatures using well known time domain modal
parameter estimation methods. This analysis procedure originates from the invention of the RD technique, and is described by
several studies in the literature. However, the RD technique is developed for linear systems, and caution must be exercised when
applying it to nonlinear systems. In this study, several aspects of applying of the RD technique on signals exhibiting nonlinear
behavior are addressed. The principle of superposition does not apply for a nonlinear system. This means the averaging process in
RD can yield corrupted results. The benefit of a sufficiently high sampling rate is described.
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INTRODUCTION

Modal parameter estimation performed on a structure during operation is called operational modal analysis (OMA). Here, only the
output is measured, the excitation force is unknown. OMA is based on an assumption of linearity, and can be performed in the
time domain or in the frequency domain, as described by Brincker and Ventura [1]. The methodology in OMA is to measure the
vibration of a structure, acceleration, velocity or displacement, then calculate the correlation function matrix of the signals. From
the correlation function matrix, modal parameters are estimated using well established algorithms.

A method of estimating the correlation function is the random decrement (RD) technique. RD was invented in the late 1960’s and
early 1970’s by Henry A. Cole [2] as a method of obtaining a correlation function estimate of a signal, while measuring the signal.
This estimate became known as a RD signature. It was meant to be used to detect sudden changes in the signal that would be
difficult to observe directly from the signal. The mathematical foundation was defined by Vandiver et al. [3], where the auto RD
signature was related to the correlation function. Ibrahim [4] presented a method to perform the RD calculation on multiple signals,
yielding the cross RD signature. A further development came from Brincker et al. [5] who generalized Vandiver et al.s result to the
cross RD signature. A derivation of this result is presented by Asmussen [6].

The essential difference between the RD technique and a conventional correlation function estimate is that a triggering condition is
specified when using the RD technique. This means RD can be applied with the intent to analyze how the system responds to a
specific initial condition, consisting of an amplitude and a slope. For a linear system, the frequency and rate of decay are independent
of the initial conditions. This is not the case for a nonlinear system, because the principle of superposition (PoS) does not apply.

During previous work of the authors investigating how the RD technique can be used to estimate amplitude dependent modal



parameters of nonlinear systems, aspects of the application of RD related to the PoS emerged. The present study investigates these
aspects in order to formulate good practices when applying RD to nonlinear systems.

THEORY

The relationship between the RD signature and the correlation function and derivative of the correlation function is defined as [6]
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The estimate of the RD signature is a conditional mean defined as [6]
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1
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x(ti + τ)|Ty(ti), Ty(ti) = {a1 < y(t) < a2, b1 < ẏ(t) < b2} (2)

where x and y are vibration response signals, Ty(ti) is the triggering condition (TC) where a1 and a2 determine the initial amplitude,
b1 and b2 define the initial slope, and N is the number of time samples in the response signal the satisfy the TC. The time samples
that satisfy the TC is called triggering points (TP). When implementing the RD technique, ã and b̃ are the average value of the
TPs in the signal and derivate signal respectively
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When implementing a TC, it is important that these parameters are unbiased.

ANALYSIS

When applying the RD technique to investigate nonlinear systems, a TC should be chosen that accommodates the fact that PoS
does not apply. This means, a triggering condition should not include a large range of amplitudes or slopes. An example of such a
TC, is the original and commonly used TC known as level crossing (LC) which is defined as

TLC
y(ti) = {a < y(t) < a+Δa,−∞ < ẏ(t) < −∞} (4)

where the amplitude is theoretically well defined, but the slope of TPs can have any value. An example where this causes very large
errors in modal parameter estimates of a nonlinear system can be found in a study by Vesterholm et al. [7]. Instead, a TC with a
specific amplitude and a specific slope should be chosen, such as local extremum (LE) [8]

TLE
y(ti) = {a1 < y(t) < a2, ẏ(t) = 0} (5)

where a1 and a2 should define a narrow band in the response signal to ensure a well defined amplitude.

When using the RD technique to estimate amplitude dependent modal parameters, it is important for the implementation of RD
to be unbiased. The implementation of LC is done according to the definition by Brincker et al. [9]. In the present study it is
uncovered that this implementation of LC has a previously unknown amplitude bias, and a large standard deviation of the signal
value at the TP. This means implementing LC will yield a RD signature with a wrong initial amplitude, and have TPs with a large
range of amplitudes. The bias and large deviation is irrelevant for a linear system. However, they are essential when investigating for
amplitude dependent modal parameters, because a low deviation and accurate amplitude are needed to accommodate the fact that
PoS no longer applies. The amplitude bias and standard deviation of LC can be eliminated by having a sufficiently high sampling rate
as illustrated in Figure 1. Here the random displacement response of a single-degree-of-freedom (SDOF) system is simulated using
a sampling rate 100 times the natural frequency. The signal is then decimated to 3 times the natural frequency, where, according
to the sampling theorem, all information is still present. The signal is then upsampled, and parameters ã and b̃ are estimated, for a
number of oversampling ratios.

Applying LE, is with the purpose of identifying TPs with ẏ = 0. A measure of how well this is realized when implemented can be
investigated by estimating b̃ using Equation (3). Here, the estimate of b̃ is seen to have a significant standard deviation, unless the
signal is highly oversampled. A large standard deviation in this regard means that a large range of slopes are identified as TPs,
which is undesirable. LE is also shown to be very accurate in estimating ã.
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Fig. 1 Estimate of parameters ã and b̃ calculated using Equation (3) for an SDOF system at various sampling
frequencies expressed as the oversampling ratio. In the left pane, the a estimate is illustrated with an error
bar illustrating the standard deviation. The middle pane shows the estimate of b where the standard deviation
of b is illustrated in the right pane

CONCLUSION

The random decrement (RD) technique is a relevant tool for estimating modal parameters of nonlinear systems, because it can be
applied to investigate specific initial conditions of the system from a random response signal. Implementing a triggering condition
(TC) with this purpose, it is important to consider the principal of superposition, as this no longer applies. TCs that defines specific
initial conditions, amplitude and slope, should be used for nonlinear systems. When implementing TCs that uses a well defined
amplitude and slope, like local extremum, upsampling the response signal has the benefit of reducing the standard deviation of the
slopes of the triggering points. Upsampling the response signal also has the benefit of reducing a discovered amplitude bias in level
crossing, and the standard deviation of the signal amplitude at the triggering points.
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