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1 Preface

This dissertation is the result of the past four years of PhD study at the University of Southern Den-
mark.

The work during the PhD have mainly been split into three different types of work, derivation of new
equations, implementation of equations into the Dalton program, and testing the equations on molec-
ular systems. All of these aspects came with different challenges, some of the challenges even being
interlinked between the aspects. This thesis will mainly be a reflection of the derivation of equations,
and the testing of the equations on molecular systems.

Throughout this PhD study I have benefited greatly from the help from all of the people in Jacob Kong-
steds group, here most notably Peter Reinholdt and Frederik Kamper Jørgensen. My supervisor Hans
Jørgen Aa. Jensen have been very patient and understanding, when I have struggled to understand
the theory or how the theory is implemented in the Dalton program. I am also thankful towards Julien
Toulouse that let me come to Paris and research in his group. It was a shame that the stay was cut short
due to the global pandemic.

Finally, a thanks to my friends and family for being supportive around my PhD study, even tho they
might never really understand what it is about.

5



2 List of Abbreviations
AVAS AtomicValence ActiveSpace
CAS Complete Active Space
CI Configuration Interaction
CID Configuration Interaction Doubles
CSF Configuration State Function
DFT Density Functional Theory
DSO Diamagnetic Spin Orbit
FC Fermi-Contact
FCI Full Configuration Interaction
GGA Generalized Gradient Approximation
GIAO Gauge Including Atomic Orbital
gTDA generalized Tamm–Dancoff Approximation
gws Goll-Werner-Stoll
HF Hartree-Fock
HK Hohenberg-Kohn
IP Ionization Potential
KS Kohn-Sham
LDA Local Density Approximation
LRC Long-Range Corrected
MAD Mean Absolute Deviation
MCSCF Multi-Configurational Self-Consistent Field
MGGA Meta Generalized Gradient Approximation
MO Molecular Orbital
MP2 Møller Plesset perturbation theory to second order
MSD Mean Signed Deviation
NOO Natural Orbital Occupation
PSO Paramagnetic Spin–Orbit
SD Spin-Dipole
srDFT short-range Density Functional Theory
SSCC Spin-Spin Coupling Constant
TDA Tamm–Dancoff Approximation
WFT WaveFunction Theory
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3 Abstract

The MC–srDFT model is a promising model in regards of giving a good description of complex molec-
ular systems, that requires both a multi-configurational wavefunction, aswell as an accurate descrip-
tion of short-range interactions. Before this PhD thesis, the MC–srDFT model was able to describe
molecular properties within the singlet linear-response framework, as well as performing open-shell
calculations. All within the srGGA framework.
The capabilities of the MC–srDFT model have been extended to molecular properties that requires
triplet linear-response. This extension is restricted to singlet reference wavefunction. Furthermore, the
MC–srDFT model have been extended to the framework of MGGA, which have been derived an imple-
mented for singlet linear-response, triplet linear-response and open-shell wavefunction optimizations.
These newly developed MC–srDFT methods have been benchmarked for system consisting of small
molecules, as well for a series of transition-metal complexes.
Through these benchmark calculations, it have been shown that the MC–srDFT model is capable of giv-
ing accurate calculated molecular properties. Surprisingly, for most of the benchmark calculations it
was found that the srLDA functional was as good or better than both the srPBE and srTPSS functionals.
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4 Resumé

MC-srDFT modellen er en lovende model med hensyn til at give en god beskrivelse af komplekse
molekylære systemer, der kræver både en multi-konfigurationel bølgefunktion samt en nøjagtig beskriv-
else af kortrækkende interaktioner. Inden denne PhD afhandling kunne MC-srDFT modellen beskrive
molekylære egenskaber inden for singlets lineære-respons teorien, samt udføre åben-skal beregninger.
Alt sammen inden for srGGA tilnærmelsen.
Mulighederne for MC-srDFT-modellen er blevet udvidet til molekylære egenskaber, der kræver triplet
lineær-respons. Denne nye mulighed er begrænset til singlet-reference bølgefunktioner. Desuden, er
MC-srDFT modellen blevet udvidet til at gøre brug af MGGA tilnærmelsen. Indenfor denne tilnærmelse
er der afledt og implementereret singlet lineær-respons, triplet lineær-respons og åben-skal bølgefunktions
optimeringer.
Disse nyudviklede MC-srDFT metoder er blevet testet for systemer bestående af små molekyler samt
for en række overgangsmetalkomplekser.
Gennem disse test-beregninger er det blevet vist, at MC-srDFT modellen er i stand til at give nøjagtige
beregnede molekylære egenskaber. Overraskende nok blev det for de fleste testberegninger fundet at
srLDA -funktionalet var lige så godt eller bedre end både srPBE- og srTPSS-funktionalerne.
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5 Introduction

Computational quantum chemistry is centered around solving the Schrödinger equation for molecu-
lar systems. The solution of the Schrödinger equation for molecular systems provides great insight
into the molecules behaviour as well as the molecular properties. However, due to the nature of
the Schrödinger equation finding the exact solution for any many-electron is an impossible task. The
field of computational quantum chemistry therefore revolves around finding approximate solutions to
Schrödinger equation that at the same time are feasible to compute. In principle, given infinite compu-
tational power, a solution that arbitrarily close to the exact solution could be found for any molecular
system. For practical use, even with the great advancements in computational power that have oc-
curred over the past decades, the computational power is still a very relevant consideration.

One of the most widely used computational quantum chemistry methods is Kohn-Sham density func-
tional theory (KS-DFT). This is reflected in the Becke functional1 and Lyp functional2 being cited more
than 65000 times each. In essence the KS-DFT approach relies on local or semi-local functional evalu-
ations, and can is, therefore, prone problems for larger molecular systems.3–7. Another failure of the
conventional KS-DFT approach is its failure to handle multi-configurational systems8,9.

These more complex systems that requires more than one configuration to describe, are often han-
dled by multi-configurational self-constistent field methods (MCSCF)10,11. MCSCF methods are good
a describing static-correlation, which is needed for the proper deception of bond-breaking. But fails
at describing the dynamic correlation, such as the Coulomb hole. To solve this problem perturbative
methods have been made, such as CASPT212,13 and NEVPT214. But these methods are computational
expensive, and technically difficult to use. Methods that try to unify the DFT approach with a multi-
configurational wavefunction have also been constructed to combat the problem of describing both
static- and dynamic-correlation. Such methods includes DFT/MRCI15,16 and CAS-DFT17–19. These
methods, however, suffers from double counting of the electron-electron interaction and needs to re-
sort to model Hamiltonians to try to overcome this problem. Other notable methods are MC-PDFT20–24

that uses the pair-density functional theory, instead of conventional KS-DFT, and the MCDS1H model25

that makes a perturbative expansion in a coupling parameter between DFT and a multi-configurationel
wavefunction.

The method of solving the problem of describing static- and dynamic-correlation at the same time, that
is the focus of this thesis, is the MC–srDFT model. In this model the electron-electron interaction is split
into two regions, a short-range region and a long-range region. Here the short-range region is treated
by DFT, and the long-range region is treated by wavefunction theory. The hope is that this will give a
description that uses the best features of DFT and wavefunction theory.
The srDFT model have already been used a lot of different wavefunctions in combination with the
srDFT, CI–srDFT26–29, MP2–srDFT30–32, RPA–srDFT33,34, CCSD–srDFT35,36, CCSD(T)–srDFT35,36, NEVPT2–
srDFT37, DMRG–srDFT38, CAS–srDFT39–45 SOPPA–srDFT46, PE-CAS–srDFT47 and pCCD–srDFT48.

In this thesis the srDFT model will be extended to also allow for the calculations of triplet properties
by use of linear-response theory. Further, the MC–srDFT model will extended to the framework of
meta-GGAs, for which the equations for singlet linear-response, triplet linear-response, and open-shell
wavefunction optimization, have been derived and implemented.
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6 General theory

In the quantum chemical description of molecules the main focus is to find a solution to the Schrödinger
equation:

ĤΨ = EΨ (1)

With the electronic Hamiltonian under the Born-Oppenheimer approximation being:

Ĥlr = ∑
pq

hpqÊpq +
1
2 ∑

pqrs
gpq,rs êpq,rs + V̂NN (2)

Here, the Hamiltonian is expressed in second quantization49. The excitation operators are defined as:

Êpq = â†
pα âqα + â†

pβ âqβ (3)

êpq,rs = ÊpqÊrs − δqr Êps (4)

And the integrals being defined as:

gpqrs =

〈
φpφr

∣∣∣∣ 1
|r1 − r2|

∣∣∣∣ φqφs

〉
(5)

hpq =

〈
φp

∣∣∣∣∣−∇2 + ∑
I

ZI
r1I

∣∣∣∣∣ φq

〉
(6)

V̂NN =
1
2 ∑

I 6=J

ZI ZJ

rI J
(7)

The Schrödinger equation however, can only be solved analytically for a handful of one-electron sys-
tems, and very special two-electron systems if the Hamiltonian is modified accordingly, such as Spherium50

and Hooke’s atom51. In the following sections selected approximate methods to solve the Schrödinger
equation for general multi-electron systems will be introduced.

6.1 Hartree-Fock

One of the most simple and successful approximations to solve the Schrödinger equation is the Hartree-
Fock (HF) approximation. In this section a very short summery of the Hartree-Fock model will be
given, for further details the see Ref. 49. Within the HF approximation the total energy is given as:

E =
〈
ΨHF

∣∣Ĥ∣∣ΨHF
〉

(8)

For a closed-shell HF, which is the most used, the first building block of the HF wavefunction can be
constructed as a string of creation operators:

|CSF〉 =
(

∏
i

a†
iαa†

iβ

)
|vac〉 (9)

The orthonormal MOs (molecular orbitals) corresponding to the CSF (configuration state functions) are
then parameterized by an exponential operator:

|ΨHF (κ)〉 = exp (−κ̂) |CSF〉 , (10)

with:
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κ̂ = ∑
p>q

κpq
(
Epq − Eqp

)
(11)

This is known as orbital-rotation, because the exponential nature of the parameterization can be inter-
preted as rotations between MOs that conserve the othonormality of the MOs. The HF wavefunction
can alternatively be parameterized linearly. In a linear paramterization a change in an orbital param-
eter would break the orthonormality of the MOs, and will therefore require additional parameters to
constrain the optimization. In the exponential parameterization it can be guarenteed that a change in
an orbital-parameter will not break the orthonormality of the MOs, and the optimization is therefore
unconstrained, which is why this parameterization is to be preferred.
When solving the HF equations, instead of considering the full problem of the many-body Hamilto-
nian, an effective one-electron operator is constructed instead, known as the Fock-operator:

f̂ = ∑
pq

fpqEpq, (12)

with the Fock matrix being:

fpq = hpq + ∑
i

(
2gpqii − gpiiq

)
(13)

The orbitals of that satisfy the Fock equation is then found by solving:

f̂ a†
pσ |vac〉 = εpa†

pσ |vac〉 (14)

Here the eigenvalues have the interpretation of being orbital energies. The resulting orbitals are also
known as canonical orbitals. The product of these orbitals is used to construct the N-electron wave-
function, for which the total energy is the expectation value. In the construction of the Fock-operator,
the electron-electron operator is contracted over all occupied orbitals. This can be interpreted as the
orbital associated with the specific Fock-operator is feeling the mean effect of all of the occupied or-
bitals. The Hartree-Fock solution is therefore a mean-field solution. The Hartree-Fock solution does
per definition not recover any of the electron-electron correlation energy. This energy is defined as:

Ecorrelation = Etrue − EHF (15)

6.2 Configuration Interaction

In the HF method we were lacking electron-electron correlation. The most straight forward way to
include electron-electron correlation is to include functions that depends on multiple electronic coor-
dinates. This can be done by constructing the multi-coordinate function as a linear combination of
one-coordinate functions. In the case of two electrons this will look like:

|Φ(r1, r2)〉 = 21/2 ∑
i>j

cij
∣∣χi(r1)χj(r2)

〉
(16)

This form of wavefunction is often constructed in a framework called configuration interaction (CI).
Using the language used in the HF section, the CI wavefunction is constructed as a linear-combination
of determinants, i.e.:

|C〉 = Ci |i〉 (17)

Now again a linear parameterization does not lead to an unconstrained optimization given that the
expansion most fulfill:

11



∑
i

C2
i = 1 (18)

A more convenient parameratization is therefore the following:

|Ψ(c)〉 = |0〉+ P̂ |c〉√
1 +

〈
c
∣∣P̂∣∣ c

〉 (19)

Here, |0〉 is a normalized reference state:

|0〉 = ∑
i

c0
i |i〉 (20)

The variation of the configuration parameters is therefore relative to the reference state, and the new
state of configurations is, with ci being the free parameter:

|c〉 = ∑
i

ci |i〉 (21)

The last component P̂ is the projection operator.

P̂ = 1− |0〉 〈0| (22)

In this parameterization the Eq. (18) is always fulfilled, due to the denominator keeping it normalized
for any change in the configuration parameters.
If all possible configuration are to be considered in a CI expansion, i.e. what is known as Full-CI (FCI),
then the number of required determinants grows rapidly:

Ndet =

(
n
k

)2
(23)

for n orbitals, and k α-spin and k β-spin electrons. This should make it clear that FCI is only feasible
on very small molecules with a very limited number of orbitals and electrons. Another problem with
the CI expansion, is for a truncated expansion (not FCI), the method is not size-extensive. This is best
illustrated by considering the CI doubles expansion. If we consider two systems A and B:

ΨA,CID = ΦA,HF + ΦA,D (24)

ΨB,CID = ΦB,HF + ΦB,D (25)

Here ΦA,D denotes all double excitations in system A. The product wavefunction now becomes:

ΨA,CIDΨB,CID = ΦA,HFΦB,HF + ΦA,HFΦB,D + ΦA,DΦB,HF + ΦA,DΦB,D (26)

= ΦAB,HF + ΦAB,D + ΦA,DΦB,D (27)

Where doing the CID expansion of the supersystem gives:

ΨAB,CID = ΦAB,HF + ΦAB,D (28)

The difference here is clearly the term ΦA,DΦB,D, which is a set of specific quadruple excitations. But
this leads to:

EAB,CID < EA,CID + EB,CID (29)

Which is an unwanted property, since it will lead to an error in the energy that depends on the size of
the system.
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6.3 MCSCF

Having introduced both Hartree-Fock and Configuration Interaction, with the orbital-rotation param-
eters and the configuration parameters respectively, the next step is to combine these and optimize all
parameters at the same time. Having the orbital-rotation and the configuration parameters free at the
same time is known as multi-configurational self-consistent field (MCSCF).
The parameterization of the full MCSCF wavefunction can therefore be constructed as:

|Ψ(λ)〉 = exp (−κ̂)
|0〉+ P̂ |c〉√
1 +

〈
c
∣∣P̂∣∣ c

〉 (30)

Here, λT =
(

dT , κT
)

, i.e. a vector of parameters from HF and CI. Depending on how the CI space is
chosen, the MCSCF method does not suffer the size-extensivity problems of the CI method. Doing the
optimization of the parameters in the MCSCF wavefunction is however not an easy task, and either
first order or second order methods need to be applied. This is done by making an expansion of the
energy:

Q(λ) = E[0] + E[1],Tλ +
1
2

λTE[2]λ (31)

Here Q is the second order approximated MCSCF energy, E[0] is just the energy of the reference state,
and the next two terms are the gradient and Hessian energy contribution with respect to the wave-
function parameters. Due to the parameterization of the wavefunction the gradient and the Hessian is
often blocked as:

E[1] =

(
cE[1]

oE[1]

)
(32)

and,

E[2] =

(
ccE[2] coE[2]

ocE[2] ooE[2]

)
(33)

Here the notation signifies that o means differentiated with respect to an orbital rotation and c is differ-
entiated with respect to a configuration coefficient. For first order methods only the gradient need to
be stored in memory, which is not a challenge because it is simply the size of wavefunction parameters.
However, for second order methods storing of the Hessian in memory can quickly become the limiting
factor given the often huge amount of configuration parameters.
Given the used parameterization of the CI variable the partial second derivatives, can also contain
gradient-like contributions. A gradient-like free Hessian contribution can thus be defined from:

E[2] = K[2] − Ē[1]
ξT − ξĒ[1],T (34)

With Ē[1] and ξ giving the gradient-like terms:

Ē[1],T =
(

oE[1],c E[1]
)

(35)

ξT = (C0, 0) (36)

Now this allows for the construction of a σ-vector given a trial vector v:

σ = K[2]v (37)

13



Or written out to see the structure of the construction:(
σc

σo

)
=

(
K[2],cc K[2],co

K[2],oc K[2],oo

)(
c
o

)
(38)

Using the approach storing of the entire Hessian in memory is avoided, given it can be contracted with
the trial vector on-the-fly.

6.4 DFT

6.4.1 Hohenberg-Kohn DFT

Unlike the wavefunction based method, density functional theory (DFT) is based on only the electronic
density. The rigor of DFT is based on the work of Hohenberg and Kohn52 who showed that there is
a unique mapping between an the electronic density and the potential from electronic density up to a
constant, c. This was showed via two theorems.

In the first HK theorem we consider two Hamiltonians that differ only by the external potential,
Ĥ1 = V̂ee + T̂ + V̂ext,1, and Ĥ2 = V̂ee + T̂ + V̂ext,2. We now consider the two corresponding wavefunc-
tions, Ψ1 and Ψ2 and assume that both wavefunctions gives the same density, ρ. Thus:

Egs,1 <
〈
Ψ2
∣∣Ĥ1

∣∣Ψ2
〉

(39)

Here, gs denotes the ground state. Now given that
〈
Ψ2
∣∣Ĥ1

∣∣Ψ2
〉
=
〈
Ψ2
∣∣Ĥ2

∣∣Ψ2
〉
+
〈
Ψ2
∣∣Ĥ1 − Ĥ2

∣∣Ψ2
〉
,

it can be seen that:

Egs,1 < Egs,2 +
〈
Ψ2
∣∣V̂ext,1 − V̂ext,2

∣∣Ψ2
〉
= Egs,2 +

∫
Ω

ρ(r) (vext,1(r)− vext,2(r))dr (40)

Starting from Egs,2 <
〈
Ψ1
∣∣Ĥ2

∣∣Ψ1
〉

it can in a similar way be found that:

Egs,2 < Egs,1 +
∫

Ω
ρ(r) (vext,2(r)− vext,1(r))dr = Egs,1 −

∫
Ω

ρ(r) (vext,1(r)− vext,2(r))dr (41)

Taking the sum of these two equations give:

Egs,1 + Egs,2 < Egs,2 + Egs,1 (42)

This is a contradiction. The assumption that two wavefunctions arising from different external poten-
tials that gives the same ground state density must therefore be wrong. By reductio ad absurdum the
ground state density must therefore be unique given an external potential.

In the second HK theorem we consider two wavefunctions, where Ψ1 is the ground state wavefunc-
tion, and Ψ2 is different from the ground state wavefunction. By the variational principle it follows
that: 〈

Ψ1
∣∣F̂∣∣Ψ1

〉
+
〈
Ψ1
∣∣V̂ext

∣∣Ψ1
〉
<
〈
Ψ2
∣∣F̂∣∣Ψ2

〉
+
〈
Ψ2
∣∣V̂ext

∣∣Ψ2
〉

(43)

Here, Ĥ = F̂ + V̂ext. Now by the use of the first HK theorem showing that there is a unique correspon-
dence between the wavefunction and the density it holds that:

F [ρ1] +
∫

Ω
ρ1(r)vext(r)dr < F [ρ2] +

∫
Ω

ρ2(r)vext(r)dr (44)

The above equations are equal to the energies, therefore, the variational principle is also true for HK-
DFT.
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6.4.2 Constrained search

The variational principle for DFT was showed by the second HK theorem, but this formalism is re-
stricted to having a non-degenerate wave function. A more general way to show the variational prop-
erty of DFT is the constrained search of Levy53,54 and Lieb55. We can consider the ground state energy
being the minimization of the energy with respect to the wave function:

E0 = min
Ψ

〈
Ψ
∣∣T̂ + V̂ee + V̂eN

∣∣Ψ
〉

(45)

Equivalent to this would be a minimization over the density, with the density being constructed from
the wave function:

E0 = min
ρ

min
Ψ→ρ

〈
Ψ
∣∣T̂ + V̂ee + V̂eN

∣∣Ψ
〉

(46)

This can be rewritten using that the nuclear-electron interaction is just the integral over the potential
from the nucleus multiplied with the electron density:

E0 = min
ρ

(
min
Ψ→ρ

〈
Ψ
∣∣T̂ + V̂ee

∣∣Ψ
〉
+
∫

Ω
veN (r) ρ (r)dr

)
(47)

And finally by introducing the universal functional:

E0 = min
ρ

(
F [ρ] +

∫
Ω

veN (r) ρ (r)dr
)

(48)

What is worth noting here is that finding the ground state energy and ground state density correspond-
ing to the external potential veN, only now depends on the dimensionality of the density itself, instead
of the dimensionality of the wavefunction. It should be clear from the above equation that the universal
functional is just defined as:

F [ρ] = min
Ψ→ρ

〈
Ψ
∣∣T̂ + V̂ee

∣∣Ψ
〉

(49)

Here it can be noted that the universal functional contains both the kinetic energy contribution and the
electron-electron interaction contribution. In practise it turns out that constructing an approximation
to the universal functional that includes the kinetic energy is very hard, and leads to large errors in
calculated values, and is one of the biggest challenges in orbital-free DFT.

6.4.3 Kohn-Sham formalism

A formalism that avoids the need for constructing a density functional for the kinetic energy is the
Kohn-Sham formalism56. In the Kohn-Sham formalism the kinetic energy is calculated the same way
as in wavefunction theory. I.e. the kinetic energy ”functional” is defined as:

T [ρ] = min
ΦKS→ρ

〈
ΦKS

∣∣T̂∣∣ΦKS
〉

(50)

Or alternatively it can be formulated as:

T [ρ] = min
ρ

〈
ΦKS [ρ]

∣∣T̂∣∣ΦKS [ρ]
〉

(51)

Highlighting that the KS-orbitals are functionals of the density. The second part of the universal func-
tional is deconstructed into three contributions, the Hartree contribution, the exchange contribution
and the correlation contribution:
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EH [ρ] + Ex [ρ] + Ec [ρ] = min
Ψ→ρ

〈
Ψ
∣∣V̂ee

∣∣Ψ
〉

(52)

Now putting all of this together the ground state energy in the KS formalism will have the following
expression:

E0 = min
ΦKS

(〈
ΦKS ∣∣T̂ + V̂eN

∣∣ΦKS
〉
+ EH [ρΦKS ] + Ex [ρΦKS ] + Ec [ρΦKS ]

)
(53)

Often the last two terms, the exchange term and the correlation term, are put together and considered
as the exchange-correlation term, Exc [ρΦKS ] = Ex [ρΦKS ] + Ec [ρΦKS ]. The Hartree term is the interaction
of the electron density with the electron density:

EH [ρ] =
1
2

∫
Ω

∫
Ω

ρ (r1) ρ (r2) V̂eedr1dr2 (54)

It can easily be seen that this term is not free of self-interaction. This can be seen by considering an
one-electron system:

EH [ρ]|1e system =
1
2

∫
Ω

∫
Ω

ρ (r1) ρ (r1) V̂eedr1dr1 6= 0 (55)

Further for an one-electron the electron-electron correlation should be zero, thus:

Ec [ρ]|1e system = 0 (56)

This gives the constraint that the exchange term have to cancel out the self-interaction in the Hartree
term:

Ex [ρ]|1e system = − EH [ρ]|1e system (57)

This also follows the interpretation from Hartree-Fock theory, that the self-interaction in the Hartree
interaction is removed by the exchange interaction. Now the exchange contribution is defined as:

Ex [ρ] =
〈
ΦKS

∣∣V̂ee
∣∣ΦKS

〉
− EH [ρ] (58)

This definition of the exchange contribution is very similar to the Hartree-Fock exchange after remov-
ing the part that cancels with the self-interaction of the Hartree term. And finally to fulfill Eq. (52), Eq.
(51), and Eq. (49) the correlation functional is defined as:

Ec [ρ] =
〈
Ψ
∣∣T̂ + V̂ee

∣∣Ψ
〉
−
〈
ΦKS

∣∣T̂ + V̂ee
∣∣ΦKS

〉
(59)

The correlation contribution is just the difference between the single determinant KS wavefunction,
and the true wavefunction. Here, it should be noted that even with the kinetic energy contribution
being defined from the KS orbitals in Eq. (51), the correlation contribution still contains correlation
effect corrections to the kinetic energy.

6.4.4 Approximate KS-DFT

Now having introduced the KS formalism it is time to note that the universal functional within this
frameowrk is not known. Approximate functionals therefore needs to be constructed and used. The
exact form of these functionals will not be discussed, but due to how these functionals are constructed
they come in different classes. The simplest class being the Local Density Approximation (LDA). LDA
only utilizes the electron density, and is constructed to be the exact solution for a uniform electron
gas. The LDA functional is the ground work for most used KS functionals, and the next classes are
mostly corrections to the LDA functional. The next class is Genalizaed Gradient Approximation (GGA).
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In GGA functionals also the gradient of the density is used. The next class is meta-GGA (MGGA)
and uses the kinetic energy density or the second derivative of the electron density. The last class is
current density functionals, that as their name indicate utilizes the current density, this class will not be
discussed any further. To use these different classes of functionals, the quantities that goes into them
needs to be defined. Following the formalism of T. Saue and T. Helgaker57 or P. Salek et al.58, the
density can be constructed, by the construction of a density operator:

ρ̂X (r) = ∑
pq

Ωpq (r) ÔX
pq, X ∈ {C, S} (60)

Here, Ωpq is the overlap is distribution, and is defined as:

Ωpq (r) = φ∗p (r) φq (r) , (61)

The overlap distribution is the product of two orbitals, φ. The second term to construct the density
operator is an one-electron operator given as:

ÔC
pq ≡ Êpq = â†

pα âqα + â†
pβ âqβ (62)

ÔS
pq ≡ T̂pq = â†

pα âqα − â†
pβ âqβ (63)

It should be noted now that Êpq is also known as the singlet excitation operator, and T̂pq is known as the
triplet excitation operator. The density can now be constructed as the expectation value of the density
operator:

ρX (r, λ) = 〈Ψ (λ) |ρ̂X (r)|Ψ (λ)〉 = ∑
pq

Ωpq (r) DX
pq (λ) (64)

Where by comparison with Eq. (60), it can be seen that the one-electron density matrix is defined as:

DX
pq (λ) =

〈
Ψ (λ)

∣∣∣ÔX
pq

∣∣∣Ψ (λ)
〉

(65)

Now inserting Eq. (62) and Eq. (63) into the equation for the density matrix, it can be seen that:

DC
pq (λ) =

〈
Ψ (λ)

∣∣∣â†
pα âqα + â†

pβ âqβ

∣∣∣Ψ (λ)
〉
= Dα

pq + Dβ
pq (66)

DS
pq (λ) =

〈
Ψ (λ)

∣∣∣â†
pα âqα − â†

pβ âqβ

∣∣∣Ψ (λ)
〉
= Dα

pq − Dβ
pq (67)

This gives rise to two different formalisms, the charge-spin formalism, and α-β formalism. It can be
seen from Eq. (67), that for a closed shell system the spin-density is zero. These two formalism are
equivalent, and can freely be transformed between each other. Now, considering the next quantity
needed for GGA, i.e. the electronic gradient of the density. This can be found by considering the
electronic gradient of Eq. (64):

(∇eρX (r, λ)) = ∑
pq

(
∇eΩpq (r)

)
DX

pq (λ) (68)

Here, it can be noted that electronic coordinate dependence is only in the overlap distribution, and
there is no derivative of the one-electron density matrix. In constructed functionals, the vector value
of the above equation needs to be mapped to a scalar. In most implementations the gradient of the
density is used as:
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γXY (r, λ) = (∇eρX (r, λ)) · (∇eρY (r, λ)) (69)

=

(
∑
pq

(
∇eΩpq (r)

)
DX

pq (λ)

)
·
(

∑
rs
(∇eΩrs (r)) DY

rs (λ)

)
(70)

It can be seen that this is just norm squared of the electronic gradient of the density, given rise to three
different quantities, γCC, γSS, and γCS = γSC. The next terms to consider comes from the MGGA
formalism. The first quantity is the kinetic energy density:

τX =
1
2 ∑

pq

(
∇eφ∗p (r)

)
·
(
∇eφq (r)

)
DX

pq (71)

=
1
2 ∑

pq
ΞpqDX

pq (72)

The other quantity belonging to the MGGA framework is Laplacian of the density:

ηX =
(
∇2

e ρX

)
= ∑

pq

(
∇2

e Ωpq

)
DX

pq (73)

In practise MGGA functionals only use the kinetic energy density, and not the Laplacian of the density.

7 Combining WFT and DFT

7.1 Hybrid DFT

Combinations of DFT with Hartree-Fock exchange have been constructed on arguments of an expan-
sion of the exchange energy in both DFT and Hartree-Fock exchange1. In this framework the exchange-
correlation energy is described as:

Exc = cHFEx,HF + (1− cHF) Ex,DFT + Ec,DFT (74)

This gives a linear hybrid model, with one additional parameter. The linear hybrid models have later
empirically also been extended to double hybrid models, where the correlation energy is split between
a perturbative energy and the DFT correlation energy59:

Exc = cHFEx,HF + (1− cHF) Ex,DFT + cMP2Ec,MP2 + (1− cMP2) Ec,DFT (75)

Later the DFT hybrid models were introduced to range separation in the exchange energy60. Giving
an energy expression of:

Exc = Esr
x,DFT + Elr

x,DFT + Ec,DFT (76)

Where, the range-separation was done using the error function:

vlr
erf =

erf(rµ)

r
(77)

More comments regarding the properties of range-separation functions will come Section 8.1. The
range-separation of the exchange energy was motivated by the exchange functionals in DFT having
the wrong asymptotic limit61,62. The asymptotic limit should be:
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lim
r→∞

vx(r) ∼ −
1
r

(78)

Another notable range-separation function, due to its wide use, is the CAM-separation63:

vlr
CAM =

α + βerf (µr)
r

(79)

8 MC-srDFT

In the WFT–srDFT model the energy contribution to the total energy is separated into a long-range
contribution and a short-range contribution. Starting from the universal functional of Eq. (49), this
functional can be split into a short-range, a long-range part. The split is constructed by first defining
the long-range functional:

Flr [ρ] = min
Ψ→ρ

〈
Ψ
∣∣∣T̂ + V̂lr

ee

∣∣∣Ψ
〉

(80)

Thus, the long-range functional contains the kinetic energy interaction and the long-range electron-
electron interaction. The short-range functional can now be defined by requiring that the sum of the
long-range functional and short-range functional is the full-range functional. This definition will lead
to a construct called the complementary short-range functional and is simply defined as64,65:

F̄sr [ρ] = F [ρ]− Flr [ρ] (81)

A point worth noting at this point i that the split could also work by defining a short-range functional
and the constructing a complementary long-range functional. However, this reverse order would lead
to a formalism of short-range wavefunction description and long-range DFT, leading to a loss of the
good DFT description of short-range interactions.
Giving the expressions of Eq. (80) and Eq. (81) the total energy expression:

E = min
ρ

(
min
Ψ→ρ

〈
Ψ
∣∣∣T̂ + V̂lr

ee+
∣∣∣Ψ
〉
+
∫

Ω
veN (r) ρ (r)dr + F̄sr [ρ]

)
(82)

Now doing a similar decomposition of the short-range functional, as is done in KS-DFT of the universal
functional, the following equation is found66:

E = min
Ψ

(〈
Ψ
∣∣∣T̂ + V̂lr

ee + V̂eN

∣∣∣Ψ
〉
+ Esr

H [ρΨ] + Esr
x [ρΨ] + Esr

c [ρΨ]
)

(83)

The Hartree term follows the same form as in KS-DFT but with a modified electron-electron interaction
operator:

Esr
H [ρ] =

1
2

∫
Ω

∫
Ω

ρ (r1) ρ (r2) V̂sr
eedr1dr2 (84)

Here the short-range electron-electron operator is constructed following the same logic as the construc-
tion of the complimentary short-range functional:

V̂sr
ee = V̂ee − V̂lr

ee (85)

The exchange energy is constructed as:

Esr
x [ρ] =

〈
ΦKS ∣∣V̂sr

ee
∣∣ΦKS

〉
− Esr

H [ρ] (86)

At last, the correlation energy is constructed as:
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Esr
c [ρ] = Ec [ρ] +

〈
ΦKS

∣∣∣T̂ + V̂lr
ee

∣∣∣ΦKS
〉
−min

Ψ→ρ

〈
Ψ
∣∣∣T̂ + V̂lr

ee

∣∣∣Ψ
〉

(87)

From this construction of the correlation energy it can be seen that connection between the long-range
and the short-range is being included here. Having the coupling between the long-range and the
short-range incorporated into the short-range correlation energy amplifies the need for accurate srDFT
functionals. This is a challenge for the srDFT model as defined above, since there is no systematically
way to improve the performance of srDFT functionals (or KS-DFT functionals in general). If the cou-
pling between the long-range and short-range instead was present in the wavefunction part, then the
description of the coupling could be improved by simply improving the wavefunction description.
This alternative srDFT formalism has been investigated in-depth66–69. Here the decomposition is as
follows:

Esr
x,md [ρ] = min

Ψ→ρ

〈
Ψ
∣∣V̂sr

ee
∣∣Ψ
〉
− Esr

H [ρ] (88)

Esr
c,md [ρ] = Esr

c [ρ] +
〈

ΦKS ∣∣V̂sr
ee
∣∣ΦKS

〉
−min

Ψ→ρ

〈
Ψ
∣∣V̂sr

ee
∣∣Ψ
〉

(89)

Note the md subscript that indicates it is the alternative formalism. In this formalism the energy is
now:

E =
〈
Ψ
∣∣T̂ + V̂ee + V̂eN

∣∣Ψ
〉
+ Esr

c,md [ρ] (90)

A feature of this formalism is that the Hartree and exchange term is now completely handled by the
wavefunction part. Now it should be noted that the energy cannot be found by doing a minimization
over Ψ. This can easily be seen, considering that the wavefunction that minimizes the first term is the
FCI wave function, and that just the first term would give the FCI energy. But for this wavefunction the
second term would still be non-zero, and the total energy over the minimization of Ψ would give an en-
ergy that is lower than the FCI energy. This formalism is therefore not variational in the wavefunction
parameters.
Now having set the framework for the WFT–srDFT model, let us consider how it generalizes and
relates to prior hybrid DFT models. The generalized form of the WFT-srDFT model can be defined in
two equivalent ways. One of the definitions is to keep all of the information of the separation in the
range-separation function. By this formalism the energy will have the following expression:

Exc = Elr
HF,x + Elr

WFT,c + Esr
HF,x + Esr

WFT,c + Elr
DFT,x + Elr

DFT,c + Esr
DFT,x + Esr

DFT,c (91)

In this formalism all separation is kept in the range-separation function, therefore, even PBE0 would
be considered to be ”range-separated” due to its spatially constant separation of PBE-exchange and
Hartree-Fock-like-exchange.
The other formalism is to only consider non-linear separation to be a range-separation. This will give
the following expression:

Exc =
(
1− Csr

HF,x
)

Esr
DFT,x +

(
1− Clr

HF,x

)
Elr

DFT,x + Csr
HF,xEsr

HF,x + Clr
HF,xElr

HF,x (92)

+
(
1− Csr

WFT,c
)

Esr
DFT,c +

(
1− Clr

WFT,c

)
Elr

DFT,c + Csr
WFT,cEsr

WFT,c + Clr
WFT,cElr

WFT,c

The above looks more complicated at first sight, but all of the additional terms are just the possible
spatially constant separation between WFT and DFT. One advantage of the latter formalism is also that
it is a more intuitive generalization with regards to the language used to describe existing DFT models
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such as, hybrid DFT, double-hybrid DFT, etc. At this point it should be noted that even more general-
ized models have been constructed by employing more than two different range-separated regions70.
In Table 1 the classification with regards to Eq. (92) of the most common DFT and WFT-DFT models
can be seen.

Type Csr
HF,x Clr

HF,x Csr
WFT,c Clr

WFT,c WFT Example
DFT 0.0 0.0 0.0 0.0 - PBE71

H-DFT > 0.0 Csr
HF,x 0.0 0.0 - PBE072,73

DH-DFT > 0.0 Csr
HF,x > 0.0 Csr

WFT,c PT2 PBE0-DH74

ωDFT > 0.0 0.0 0.0 0.0 - ωPBE75

LRC-DFT ≥ 0.0 1.0 0.0 0.0 - LRC-ωPBE76

CAM-DFT ≥ 0.0 ≤ 1.0 0.0 0.0 - CAM-B3LYP63

srDFT ≥ 0.0 1.0 0.0 1.0 any† srPBEgws35,36

DH–srDFT? ≥ 0.0 1.0 > 0.0 1.0 PT2 -

Table 1: Shows the different families of DFT models. All of the shown families are derived from KS-
DFT. †Any WFT that have been formulated together with the srDFT model, ie. CAS, RAS, MP2 and
CCSD(T). ?Recently a double hybrid MP2–srDFT framework have been developed by C. Kalai and J.
Toulouse32. This table is reused from the qualifying exam report.

Table 1 clearly highlights that Eq. (92) is the generalization that keeps the conventional language of
WFT-DFT models intact. It can easily be seen by inspecting Table 1 that the srDFT model differs from
prior hybrid-DFT models in the regard that the srDFT part can be combined with any given wave
function. Further, prior range-separated DFT models are only range-separated in the exchange con-
tribution, where srDFT is range-separated both in the exchange and correlation contribution to the
energy.

8.1 Range-Separation functions

As a feature of the range-separation, a function that describes this separation have to be chosen. Let
us first consider some general requirements the range-separation function should fulfill, then describe
different range-separation functions from the literature, and at last compare their pros and cons. Given
how the electron-electron interaction operators are defined in Eq. (85), it is clear that for all points in
space the following requirement should hold true:

vlr
ee (r) + vsr

ee (r) =
1
r

(93)

This is just the requirement that the short-range interaction together with the long-range interaction is
equal to the full interaction. Now further requirements can be constructed by introducing the range-
separation parameter, µ, just as used in the CAM separation of Eq. (79). The interpretation of this
parameter is how far the extension of the long-range interaction is. I.e. if the parameter is zero, the
entire interaction is ”short-range” and if the parameter is infinite the entire interaction is ”long-range”:

lim
µ→0+

vlr
ee (r) = 0, lim

µ→∞
vlr

ee (r) =
1
r

,

lim
µ→0+

vsr
ee (r) =

1
r

, lim
µ→∞

vsr
ee (r) = 0

(94)

If the above limits are applied, it can be seen that WFT–srDFT energy of Eq. (83) reduces to the WFT
energy or the KS-DFT energy:
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lim
µ→0+

EWFT–srDFT = EKS-DFT, lim
µ→∞

EWFT–srDFT = EWFT (95)

These limits also highlights the flexibility of the model to capture features of both WFT and KS-DFT.
Now for the specific form of used range-separation functions.

The error function separation is the most commonly used range-separation function, and is the
range-separation function used in most conventional hybrid DFT models such as CAM-DFT, ωDFT
and LRC-DFT. The form of the error function (erf) separation is the following:

vlr
ee,erf (r) =

erf (rµ)

r
(96)

Here it can be noted that the CAM-separation uses this range-separation function. This can be realised
by setting Clr

HF,xc = α + β in Eq. (92), and comparing with Eq. (79). This also highlights the advantage
of the formalism of Eq. (92), because it leads to the simplest forms of the range-separation functions.
One of the reasons the erf range-separation function is widely used, is because of the ease of the two-
electron integral evaluation. The conventional two-electron integrals have the form of:

gpqrs =
∫

Ω

Ωpq(r)Ωrs(r′)
|r− r′| drdr′, (97)

where for the overlap distributions, Ωab, having a Gaussian form the solution is known, and can easily
be solved by numerically evaluate the Boys function. Now the long-range integrals are of the form:

glr
pqrs =

∫
Ω

Ωpq(r)Ωrs(r′)erf (|r− r′|µ)
|r− r′| drdr′, (98)

but by realising that the error function can be written as an integral over a Gaussian and using the
coordinate transformation t = s · |r− r′|:

erf (|r− r′|µ)
|r− r′| =

2
|r− r′|

√
π

∫ |r−r′ |µ

0
exp (−t2)dt =

2√
π

∫ µ

0
exp(−s2|r− r′|2)ds, (99)

it can be seen that this just leads back to numerically evaluating the Boys function, and conventional
integral routines only need a slight modification.

The error function with Gaussian separation is an expansion of the simple form of the erf separation.
This separation was originally explored as an option to increase the speed of two-electron integral
codes in an approximate fashion by P. M.W. Gill and R. D. Adamson77. The general form of this range-
separation function is:

vlr
ee,erf with gau (r) =

erf(rµ)

r
− µA exp

(
−Bµ2r2

)
(100)

Clearly the two-electron integrals are not harder to handle for this form, since the extra Gaussian part
can be merged with the overlap distributions by appliying the Gaussian product rule.
Later the utility of this separation for srDFT was explored by J. Toulouse, F. Colonna and A. Savin78.
In this exploration a range-separation function that made an as sharp as possible separation between
the long-range region and short-range region was sought after. This was achieved by requiring the
following:

lim
r→0+

vlr
ee,erfgau (r) = 0, lim

r→0+

d
dr

vlr
ee,erfgau (r) = 0, lim

r→∞
vlr

ee,erfgau (r) =
1
r

(101)
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In the sharply long-range and short-range separation the value of range-separation must be zero at
zero distance. These requirement gave:

vlr
ee,erfgau (r) =

erf(rµ)

r
− 2µ√

π
exp

(
−1

3
µ2r2

)
(102)

Another form of this separation have been purposed by M. Nørby79. Here the range-separation func-
tion was constructed such that it minimizes the curvature, i.e. following the requirements:

lim
r→0+

d
dr

vlr
ee,erfexp (r) = 0, lim

r→0+

d2

dr2 vlr
ee,erfexp (r) = 0, lim

r→∞
vlr

ee,erfexp (r) =
1
r

(103)

giving the form:

vlr
ee,erfexp (r) =

erf(rµ)

r
− 10µ

9
√

π
exp

(
−3

5
µ2r2

)
(104)

For completeness it can also be noted that range-separation functions of the erf with Gaussians form
have been constructed by fitting to empirical data instead of fulfilling a mathematical limit, these can
be refered to as the LCgau familiy80–86.

The Yukawa separation is the last separation in this list, and is not based on the erf separation. In
the context of srDFT the Yukawa separation was introduced by A. Savin and H.-J. Flad87. This range-
separation function takes the form of the Yukawa interaction88:

vlr
ee,Yukawa (r) =

1
r
− exp (−µr)

r
(105)

One of the main reasons this separation has not been widely used such as the erf separation is because
of the difficulties it brings to the two-electron integral evaluation. The same mathematical tricks that
were used to transform the error function into an Gaussian integral cannot be utilized with the ex-
ponential function. The integrals therefore have to rely on multi-dimensional numerical integration,
which is not compatible with most conventional electron-structure programs. Recent advances in the
integral evaluation have however been made89–91.

Comparing the range-separation functions can most easily be done by considering their graphical
representation over a range of µ values.
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Figure 1: Comparison of different range-separation functions for µ = 0.4 bohr−1. This comparison is
of the long-range part of the range-separation function, therefore, the Coloumb interaction is also to be
considered long-range in this comparison. This figure is reused from the qualifying exam report.

In Fig. 1 the graphical representation of the introduced range-separation functions together with their
first two derivatives can be seen. The top row shows the absolute values of the functions, and the
bottom row shows their relative value to the full interaction (the Coulomb interaction). It can imme-
diately be seen that erfgau stands out since it is the only shown range-separation function that is not
monotonically decreasing. This also leads the erfgau to have a region of positive first derivative. Given
the range-separation interactions can be interpreted as potentials, and with the following relation:

Fee = −dvee

dr
(106)

Then it can be seen that the erfgau leads to regions of electron-electron attraction instead of electron-
electron repulsion. This is in principle not a problem given Eq. (93), which assures that the total
interaction of the long-range and the short-range is the correct Coulomb interaction. But in practise
this unphysical behaviour of electron-electron attraction needs to be counteracted by the used short-
range functional. This in practise is not easy to build into the functional, and problems often arises
when using the erfgau separation92.
Even though the Yukawa interaction does not show any immediate physical problems, due to the prob-
lem of two-electron integral evaluation, this interaction cannot be applied to large scale calculations.
The erfexp interaction is qualitatively very similar to the erf interaction. Highly accurate functionals
might therefore needed to be constructed in order to determine whether or not the properties of this
separation is to prefer over the more simple erf interaction.
When in search of new and better range-separation functions three very simple limits can be con-
structed:

vlr
ee (r) > 0,

d
dr

vlr
ee (r) < 0, lim

r→∞
vlr

ee (r) =
1
r

(107)

24



The first and the third limit should be very obvious, and the second limit arises from the discussion
and problems of the erfgau separation.

8.1.1 Range-Separated DFT functionals

Following Eq. (83) it can be seen that the long-range energy is simply the usual WFT contribution,
but with modified two-electron integrals, and that the short-range contribution follows a functional
evaluation just as in KS-DFT. Since conventional KS-DFT functionals are constructed to capture the
exchange and correlation of the full-range interaction, then these functional cannot be used within
the srDFT framework. Special functionals therefore needs to be tailored for srDFT. It can however be
noted that exchange functionals tailored for LRC-DFT can in principle be used for srDFT. In practice
exchange and correlation functionals are not constructed independent of each other, therefore short-
range exchange functionals and short-range correlation functionals that are constructed together are to
be preferred. A list of the most used (perhaps an exhaustive list) srDFT functionals that include both
an exchange and a correlation functional can be seen in the table below:

sr-functional Base functional Type Separation Spin-polarized Dalton93,94

srLDA67 Any LDA∗ XC LDA Erf Yes Yes
µLDA92 VWN595/LDAx96,97 XC LDA Erf / Erfgau No No
srPBEgws35,36 PBE71 XC GGA Erf Yes Yes
srPBERI78 PBE71 XC GGA Erf / Erfgau No Yes
srPBEAI78 PBE71 XC GGA Erf / Erfgau No No
srBLYP98 BLYP1,2 XC GGA Erf Yes No
µPBE99 PBE71 XC GGA Erf / Erfgau No No
µGEA99 - XC GGA Erf / Erfgau No No
µGEA-Lap99 - XC GGA Erf / Erfgau No No
srTPSSgws100 TPSS101,102 XC MGGA Erf Yes Yes

Table 2: An overview of available short-range DFT functionals. ∗Most popular LDA functionals would
be VWN595 or PW92103 with LDAx96,97. Polarized is to be understood as whether or not the func-
tion can handle spin polarization. This table is reused from the qualifying exam report, with slight
modifications.

In Table 2 a list of known srDFT functionals can be seen. It can immediately be noted that compared
to conventional KS-DFT the number of available functionals is very limited. It should be noted that
functionals with a constant amount of Hartree-Fock-like exchange have not been included in the list.
As an example can srPBE0gws be constructed by using srPBEgws and setting Csr

HF,x = 0.25 in Eq. (92).
This logic applies to all of the listed functionals. The easiest way to compare functionals is to apply
them to very simple systems. Let us consider the subet of functionals that are available through the
Dalton program, i.e. srLDA, srPBEgws, srPBERI and srTPSSgws. The stability of the description of
the correlation energy of a range of range-separation parameters can be considered by looking at the
Helium atom. Now, to isolate the correlation energy, the total energy needs to be decomposed. Here
the following decomposition was chosen:

ElrFCI
c = EFCI–srDFT

(
φFCI–srDFT

)
− EHF–srDFT

(
φHF–srDFT

)
(108)

EsrDFT
c = EHF–srDFT

(
φHF–srDFT

)
− EHF

(
φHF

)
(109)

EFCI–srDFT
c = EFCI–srDFT

(
φFCI–srDFT

)
− EHF

(
φHF

)
(110)
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This decomposition is constructed such that is has the property that EFCI–srDFT
c = ElrFCI

c + EsrDFT
c , and

is computational easy to perform. Further it utilizes the Hartree-Fock reference as much as possible
as the zero correlation energy reference. In should be noted that other energy decompositions can
be constructed. Now using the aug-cc-pV5Z104 basis set with the four listed functionals gives the
following graph:
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Figure 2: Correlation energy being decomposed into short-range and long-range contributions for a
range of µ-values. The green area signifies the range of µ ∈

{
0.25 a.u.−1 : 1.00 a.u.−1}. This figure is

reused from the qualifying exam report.

In Figure 2 the long-range FCI, short-range srDFT and total FCI–srDFT correlation energy can be seen
for a model system (He) for a range of µ-values. For a perfect functional the FCI–srDFT correlation en-
ergy would be constant over the entire range of µ-values. This figure clearly highlights the deficiencies
of the srLDA functional at smaller µ-values, and how it quickly becomes a better approximations as
the long-range region expands (or the short-range region becomes smaller). It can also be seen that the
srPBERI functional has problems in the intermediate region, whereas srPBEgws and srTPSSgws are
the best behaving of the functionals when considering the entire range. Is should be noted that both
srPBEgws and srTPSSgws, both are constructed in such a way, that free parameters have been fitted to
the Helium atom.
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8.2 Linear Response in MC–srDFT

The overview in this section of the linear-response framework within the MC–srDFT model follows
the derivation made by Fromager et al105. We take the starting point from Floquet theory106, starting
from a periodic time-dependent perturbation:

V̂ext(t) = V̂eN + ∑
x

N

∑
k=−N

exp (−iωkt) εx (ωk) V̂x (111)

Here ωk =
2πk

T is the frequency of the perturbing field, hence why it is related to the period, T. εx (ωk)
is the perturbation strength of the field. The perturbation field is defined as other external fields:

V̂x =
∫

Ω
vx(r)ρ̂X(r)dr (112)

This periodic perturbation is applied to the time averaged energy of the time-dependent Schrödinger
equation:

Q =
1
T

∫ T

0
Ẽ(t)dt (113)

Where Ẽ is the pseudo-energy found from the solution of the time-dependent Schrödinger equation:

Ẽ(t) =

〈
Ψ(t)

∣∣∣T̂ + V̂ee + V̂ext(t)− i ∂
∂t

∣∣∣Ψ(t)
〉

〈Ψ(t) |Ψ(t) 〉 (114)

Here the external potential is as defined in Eq. (111). It can be noted that if the external potential,
and the wavefunction are both time-independent then this pseudo-energy is just the energy of the
time-independent Schrödinger equation. For a long-range and short-range seperated wavefunction it
is shown by Fromager et al105 that this pseudo-energy instead can be written as:

Ẽµ(t) =

〈
Ψ(t)

∣∣∣T̂ + V̂µ
ee + V̂ext(t)− i ∂

∂t

∣∣∣Ψ(t)
〉

〈Ψ(t) |Ψ(t) 〉 + Eµ
Hxc

[
ρΨ(t)

]
(115)

Therefore, the range-separated time averaged energy is:

Qµ =
1
T

∫ T

0

〈
Ψ(t)

∣∣∣T̂ + V̂µ
ee + V̂ext(t)− i ∂

∂t

∣∣∣Ψ(t)
〉

〈Ψ(t) |Ψ(t) 〉 dt +
1
T

∫ T

0
Eµ

Hxc

[
ρΨ(t)

]
dt (116)

In the literature this time average energy is often referred to as the quasi-energy58,106, and will therefore
be refereed to this going forward. In the MC–srDFT model, we are interested in an MCSCF wavefunc-
tion. Instead of using the paramterization as described in the MCSCF section, we will now consider a
time-dependent double exponential parameterization107:

|Ψµ(t)〉 = exp (iκ̂(t)) exp
(
iŜ(t)

) ∣∣∣Ψµ
0

〉
(117)

Here, Ψµ
0 is the ground state of the corresponding time-independent wavefunction. The time-dependent

parameterization is as follows:

κ̂(t) = ∑
l,p>q

(
exp (−iωlt) κpq(ωl)ÔX,†

pq + exp (−iωlt) κ∗pq(−ωl)ÔX
)

(118)

Ŝ(t) = ∑
l,i

(
exp (−iωlt) Si(ωl)R̂X,†

i + exp (−iωlt) S∗i (−ωl)R̂X
i

)
(119)
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Where ÔX
pq is as defined in Eq. (62) and Eq. (63), and R̂X

i is a state-transfer operator given as:

R̂X
i = |i〉 〈0| (120)

Where the X specify if the state transfer |i〉 〈0| is of singlet or triplet type. A vector of the wavefunctions
parameters can be constructed:

λ (ωl) =


κX

pq (ωl)

SX
i (ωl)

κX,∗
pq (−ωl)

SX,∗
i (−ωl)

 (121)

Using the form of the perturbation in Eq. (111), the quasi-energy can be written as:

Qµ =
1
T

∫ T

0

(
Eµ

0 + ∑
x

N

∑
k=−N

εx (ωk) Eµ
x (ωk)− Sµ

)
dt (122)

With E0 being the unperturbed energy. Lastly, Sµ =
〈Ψ(t)|i ∂

∂t |Ψ(t)〉
〈Ψ(t)|Ψ(t) 〉 , i.e. just the time differential operator

expectation value. Here by now defining:

Qµ
0 =

1
T

∫ T

0

(
Ẽµ

0 − Sµ
)

dt (123)

Qµ
ω =

1
T

∫ T

0

(
∑
x

N

∑
k=−N

εx (ωk) Ẽµ
x (ωk)

)
dt =

1
T

∫ T

0
∑
x

Qµ
x (ωk)dt (124)

The linear-response function is defined as the second derivative of the quasi-energy with respect to
field strengths108,109:

d2Qµ

dεA
(
ωl1
)

dεB
(
ωl2
) ∣∣∣∣∣

ε=0

=

[
∂2Qµ

0
∂λa∂λb

∂λa

∂εA
(
ωl1
) ∂λb

∂εB
(
ωl2
) (125)

+
dQµ

A
(
ωl1
)

∂λb

∂λb

∂εB
(
ωl2
) + dQµ

B
(
ωl2
)

∂λa

∂λa

∂εA
(
ωl1
)

+∑
x

N

∑
k=−N

εx (ωk)
d2Ẽµ

x (ωk)

dεA
(
ωl1
)

dεB
(
ωl2
)]

ε=0

δωl1
,ωl2

where the last term vanishes due to the condition ε = 0. By doing a Baker–Campbell–Hausdorff
expansion of Ẽ and S, the above equation can be rewritten as108:

d2Qµ

dεA
(
ωl1
)

dεB
(
ωl2
) ∣∣∣∣∣

ε=0

=
1
2

N

∑
k=−N

(
∂λa (ωk)

∂εA
(
ωl1
) (Eµ,[2] −ωkSµ,[2]

) ∂λb (−ωk)

∂εB
(
ωl2
) ) (126)

+
1
2

(
Eµ,[1],†

A
∂λa

(
−ωl1

)
∂εB

(
ωl2
) + Eµ,[1],†

B
∂λb

(
−ωl2

)
∂εA

(
ωl1
) )+ c.c.

Given we for a fully variational wavefunction have that105:

∂Qµ

∂λ† (ωk)

∣∣∣∣
ε

= 0 (127)
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which gives that the first order variation of the wavefunction for any field should also be zero, and
thus Eq. (127) becomes:

∂2Qµ

dεY
(
ωy
)

∂λ† (−ωk)

∣∣∣∣∣
ε=0

= 0 =

[
1
2

N

∑
k=−N

((
Eµ,[2] −ωkSµ,[2]

) ∂λ (ωk)

∂εY
(
ωy
))+ Eµ,[1]

Y

]
ε=0

δ (ωk + ωl)

(128)
Which can be written as: (

Eµ,[2] −ωSµ,[2]
) ∂λ (ωk)

∂εY
(
ωy
) = −Eµ,[1]

Y (129)

All of the quantities in the linear-response equation can be decomposed in a long-range and short-range
contribution:

Eµ,[2] = Elr,[2] + Esr,[2] (130)

Sµ,[2] = Slr,[2] + Ssr,[2] (131)

The exact form of the wavefuntion contribution to the above equation will not be described in detail
here, because the focus will be on the srDFT contribtions. The wavefuntion contribtions are almost the
same as described by J. Olsen and P. Jørgensen107, P. Jørgensen, H. J. Aa. Jensen, and J. Olsen110, with
the only difference being the electron-electron interaction operator being the long-range type instead
of the full-range type. The the gradient property vector is given as:

Eµ,[1]
Y =

∫
Ω

vY (r) ρ
[1]
X (r)dr (132)

where, ρ
[1]
X is a density gradient vector:

ρ
[1]
X =



〈
Ψ
∣∣∣[ÔX,†

pq , ρ̂X

]∣∣∣Ψ
〉〈

Ψ
∣∣[R̂X

i , ρ̂X
]∣∣Ψ

〉〈
Ψ
∣∣∣[ÔX

pq, ρ̂X

]∣∣∣Ψ
〉〈

Ψ
∣∣∣[R̂X,†

i , ρ̂X

]∣∣∣Ψ
〉

 (133)

The srDFT contribtution to the metric, Sµ,[2], is just a block diagonal of ones, as for any single determi-
nant wavefunction. Lastly, the srDFT contribtion to the Hessian is:

Esr,[2]
ij =

∂2Esr
Hxc

∂λi∂λj
(134)

This is the second derivative of the Hartree-exchange-correlation energy, and is also known as the
kernel contribution. This contribution will be the focus of the coming Section 8.3. As for the regular
MCSCF Hessian, the Hessian needed in linear-response is too large to store in memory, and we will
therefore utilize the trick of constructing a σ-vector on the basis of a trial vector:

σn = E[2] bn = E[2],lr bn + E[2],sr bn = σlr,n + σsr,n (135)

where the new part is the calculation of:(
σc

n
σo

n

)
=

(
E[2],sr,cc E[2],sr,co

E[2],sr,oc E[2],sr,oo

)(
bc

n
bo

n

)
(136)
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8.2.1 generalized Tamm–Dancoff approximation

The Hessian and the metric can be blocked in the following way:

E[2],µ =

(
Aµ Bµ

Bµ∗ Aµ∗

)
, S[2],µ =

(
Σµ ∆µ

−∆µ,∗ −Σµ,∗

)
(137)

For a multi-configurational wavefunction the quantities Aµ, Bµ, Σµ and ∆µ are defined in Ref 110 for
linear singlet response and in Ref 111 for triplet linear response. If the waveufunction is single determi-
nant, then Σµ = 1 and ∆µ = 0. The Tamm–Dancoff approximation is then setting Bµ = 0. For a multi-
configurational wavefunction, where Σµ and ∆µ are not as simple, the generalized Tamm–Dancoff
approximation is Bµ = 0, and ∆µ = 0.

8.3 Derivatives

The energy of MC–srDFT model is given in Eq. (83), and the first derivative with respect to a general
parameter is:

∂

∂α
EMCsrDFT =

∂

∂α

(〈
Ψ (λ)

∣∣∣Ĥlr,µ
∣∣∣Ψ (λ)

〉)
+

∂

∂α
Esr,µ

H [ρC (r, λ)] +
∂

∂α
Esr,µ

xc [ξ (r, λ)] (138)

Here, ξ is a vector of all the quantities going into the DFT functional. I.e. for a MGGA:

ξT = (ρC, ρS, γCC, γSS, γCS, τC, τS, ηC, ηS) (139)

From the srDFT part of the expression in Eq. (138) it can be seen that the variable dependent derivatives
of the Hartree term is just a subset of variable dependent derivatives of the exchange-correlation term.
This can be seen easily when considering the first derivative and letting ξ = ρC:

∂

∂α
Esr,µ

H [ρC (r, λ)] =
∂ fH

∂ρC

∂ρC

∂α
(140)

and,

∂

∂α
Esr,µ

xc [ρC (r, λ)] =
∂ fxc

∂ρC

∂ρC

∂α
(141)

It can be seen that these two expressions are identical up to the functional form of the Hartree term,
fH and the functional form of the exchange-correlation term, fxc. Therefore, in the following, when not
considering the functional form explicitly, only the exchange-correlation term will be mentioned. The
derivatives of the exchange-correlation energy is of the following form:

∂

∂α
Esr,µ

xc [ξ (r, λ)] =
∂

∂α

(∫
Ω

exc (ξ (r, λ))dr
)

(142)

=
∫

Ω

∂

∂α
exc (ξ (r, λ))dr (143)

Given that the derivative can be moved into the integral, only the derivative of the exchange-correlation
energy functional now needs to be considered.
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8.3.1 srDFT first derivatives

Using the chain rule the first derivative of the exchange-correlation kernel is:

∂

∂α
exc (ξ (r, λ)) = ∑

k

∂exc

∂ξk

∂ξk
∂α

(144)

For the case of a MGGA exchange-correlation kernel the derivatives coming from the part ∂ξk
∂α can be

found. First for the density contribution from Eq. (64):

∂

∂α
ρX = ∑

pq

(
∂

∂α

(
Ωpq

)
DX

pq + Ωpq
∂

∂α

(
DX

pq

))
(145)

The gradient density contribution of Eq. (70), which gets introduced when considering GGAs or higher:

∂

∂α
γXY = ∑

pq

(
∂

∂α

(
∇eΩpq

)
DX

pq +
(
∇eΩpq

) ∂

∂α

(
DX

pq

))
· (∇eρY) (146)

+ (∇eρX) ·∑
rs

(
∂

∂α
(∇eΩrs) DY

rs + (∇Ωrs)
∂

∂α

(
DY

rs

))
Now for the first derivative contribution of the kinetic energy density of Eq. (72):

∂

∂α
τX =

1
2 ∑

pq

(
∂

∂α

(
Ξpq
)

DX
pq + Ξpq

∂

∂α

(
DX

pq

))
(147)

And, finally the contribution from the second derivative of the gradient from Eq. (73):

∂

∂α
ηX = ∑

pq

(
∂

∂α

(
∇2

e
(
Ωpq

))
DX

pq +∇2
e
(
Ωpq

) ∂

∂α

(
DX

pq

))
(148)

8.3.2 srDFT second derivatives

The second derivative of the exchange-correlation kernel can be expanded out as:

∂2

∂β∂α
exc (ξ (r, λ)) = ∑

k
∑

l

[
∂2exc

∂ξl∂ξk

∂ξl
∂α

]
∂ξk
∂β

+ ∑
k

∂exc

∂ξk

∂2ξk
∂β∂α

(149)

It can immediately be seen that the term ∂2exc
∂ξl ∂ξk

is the second derivative of the srDFT kernel, and that

the terms of the form ∂ξk
∂α are just the first derivative of the density related variables derived in Section

8.3.1. Therefore only the second derivative of the density related terms need to be defined here. First
the second derivative of the density:

∂2

∂β∂α
ρX = ∑

pq

(
∂2

∂β∂α

(
Ωpq

)
DX

pq +
∂

∂α

(
Ωpq

) ∂

∂β

(
DX

pq

))
(150)

+∑
pq

(
∂

∂β

(
Ωpq

) ∂

∂α

(
DX

pq

)
+ Ωpq

∂2

∂β∂α

(
DX

pq

))
Now the second derivative of the density gradient term:
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∂2

∂β∂α
γXY = ∑

pq

(
∂2

∂β∂α

(
∇eΩpq

)
DX

pq +
∂

∂α

(
∇eΩpq

) ∂

∂β

(
DX

pq

))
· (∇eρY) (151)

+

(
∑
pq

∂

∂α

(
∇eΩpq

)
DX

pq

)
·∑

rs

(
∂

∂β
(∇eΩrs) DY

rs + (∇eΩrs)
∂

∂β

(
DY

rs

))

+

(
∑
pq

∂

∂β

(
∇eΩpq

) ∂

∂α

(
DX

pq

)
+
(
∇eΩpq

) ∂2

∂β∂α

(
DX

pq

))
· (∇eρY)

+

(
∑
pq

(
∇eΩpq

) ∂

∂α

(
DX

pq

))
·∑

rs

(
∂

∂β
(∇eΩrs) DY

rs + (∇eΩrs)
∂

∂β

(
DY

rs

))

+∑
pq

(
∂

∂β

(
∇eΩpq

)
DX

pq +
(
∇eΩpq

) ∂

∂β

(
DX

pq

))
·
(

∑
rs

∂

∂α
(∇eΩrs) DY

rs

)

+ (∇eρX) ·∑
rs

(
∂2

∂β∂α
(∇eΩrs) DY

rs +
∂

∂α
(∇eΩrs)

∂

∂β

(
DY

rs

))
+∑

pq

(
∂

∂β

(
∇eΩpq

)
DX

pq +
(
∇eΩpq

) ∂

∂β

(
DX

pq

))
·
(

∑
rs
(∇eΩrs)

∂

∂α

(
DY

rs

))

+ (∇eρX) ·∑
rs

(
∂

∂β
(∇eΩrs)

∂

∂α

(
DY

rs

)
+ (∇eΩrs)

∂2

∂β∂α

(
DY

rs

))
The second derivative of the kinetic energy density:

∂2

∂β∂α
τX =

1
2 ∑

pq

(
∂2

∂β∂α

(
Ξpq
)

DX
pq +

∂

∂α

(
Ξpq
) ∂

∂β

(
DX

pq

))
(152)

+
1
2 ∑

pq

(
∂

∂β

(
Ξpq
) ∂

∂α

(
DX

pq

)
+ Ξpq

∂2

∂β∂α

(
DX

pq

))
And, finally the contribution from the second derivative of the gradient:

∂2

∂β∂α
ηX = ∑

pq

(
∂2

∂β∂α

(
∇2

e Ωpq

)
DX

pq +
∂

∂α

(
∇2

e Ωpq

) ∂

∂β

(
DX

pq

))
(153)

+∑
pq

(
∂

∂β

(
∇2

e Ωpq

) ∂

∂α

(
DX

pq

)
+
(
∇2

e Ωpq

) ∂2

∂β∂α

(
DX

pq

))

8.3.3 σ-vector contribution

Given the trial vector bj, then following Eq. (149) and Eq. (136), the σ-vector contribution is then:

∑
β

(
∂2

∂β∂α
exc (ξ (r, λ))

)
bβ = ∑

β

(
∑
k

∑
l

[
∂2exc

∂ξl∂ξk

∂ξl
∂α

]
∂ξk
∂β

+ ∑
k

∂exc

∂ξk

∂2ξk
∂β∂α

)
bβ (154)

which can be rewritten as:

∑
β

(
∂2

∂β∂α
exc (ξ (r, λ))

)
bβ = ∑

k
∑

l

[
∂2exc

∂ξl∂ξk

∂ξl
∂α

]
∑
β

(
∂ξk
∂β

)
bβ + ∑

k

∂exc

∂ξk

(
∂2ξk
∂β∂α

)
bβ (155)

I.e. when constructing the σ-vector contractions with both the first and second derivative of the srDFT
quantities need to be considered.
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8.3.4 Derivatives in the wavefunction parameters

Taking the derivative with respect to the wavefunction parameters, λ, gives quantities needed for
wavefuntion optimization and properties such as excitation energies. The overlap distribution, Ωpq,
only holds the information of the basis function product at the spacial-coordinate, r, therefore it holds
that:

∂

∂λi
Ωpq = 0 (156)

The same conditions hold for the pseudo-overlap distribution associated with the kinetic energy den-
sity:

∂

∂λi
Ξpq = 0 (157)

Therefore, simplifying the gradients contributions to:

∂

∂λi
ρX = ∑

pq
Ωpq

∂

∂λi

(
DX

pq

)
(158)

∂

∂λi
γXY = ∑

pq

(
∇eΩpq

) ∂

∂λi

(
DX

pq

)
· (∇eρY) + (∇eρX) ·∑

rs
(∇eΩrs)

∂

∂λi

(
DY

rs

)
(159)

∂

∂λi
τX =

1
2 ∑

pq
Ξpq

∂

∂λi

(
DX

pq

)
(160)

∂

∂λi
ηX = ∑

pq
∇2

e
(
Ωpq

) ∂

∂λi

(
DX

pq

)
(161)

and,

∂2

∂λj∂λi
ρX = ∑

pq
Ωpq

∂2

∂λj∂λi

(
DX

pq

)
(162)

∂2

∂λj∂λi
γXY =

(
∑
pq

(
∇eΩpq

) ∂2

∂λj∂λi

(
DX

pq

))
· (∇eρY) (163)

+ (∇eρX) ·
(

∑
rs
(∇eΩrs)

∂2

∂λj∂λi

(
DY

rs

))

+

(
∑
pq

(
∇eΩpq

) ∂

∂λi

(
DX

pq

))
·
(

∑
rs
(∇eΩrs)

∂

∂λj

(
DY

rs

))

+

(
∑
pq

(
∇eΩpq

) ∂

∂λj

(
DX

pq

))
·
(

∑
rs
(∇eΩrs)

∂

∂λi

(
DY

rs

))
∂2

∂λj∂λi
τX =

1
2 ∑

pq
Ξpq

∂2

∂λj∂λi

(
DX

pq

)
(164)

∂2

∂λj∂λi
ηX = ∑

pq

(
∇2

e Ωpq

) ∂2

∂λj∂λi

(
DX

pq

)
(165)

These are all the derivatives needed for wavefunction optimization, including open-shell wavefunc-
tions, and for the calculation of response properties such as excitations.
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8.3.5 Nuclear derivatives

The nuclear derivatives are with respect to the spacial-coordinates of the nuclei. In srDFT the energy
is evaluated numerically on a specified grid (exactly like in KS-DFT). The derivative of the nuclear
coordinate might also affect the placement of the grid, which in turn will affect the calculated energy.
This will in principle have an effect on the derivative of the exchange correlation term. In DFT the
integral over the energy functionals are evaluated numerically:

Esr
xc [ξ] =

∫
Ω

esr
xcdr ≈∑

i
wiesr

xc (ri, ξ, pi) (166)

Here, pi are points in space picked from the placement of the nuclei, and wi is the quadrature weighting
associated with the i’th point in space.
Let us consider the full gradient, with respect to nucleus A, of the exchange-correlation term:

∇AEsr
xc [ξ] = ∑

i
(∇Awi)esr

xc (ri, ξ, p) + ∑
i

wi(∇pesr
xc (ri, ξ, p))(∇A p) (167)

+ ∑
i

wi(∇
explicit
A esr

xc (ri, ξ, p))

The two first terms are the derivatives with respect to the grid, these should go to zero for a “complete”
grid, and will therefore not be considered any further112,113. The last term is denoted the explicit term
because it does not depend on the grid changes.
The standard handling of non-periodic basis function defines the position of the basis function relative
to the nuclei. Therefore, when working with a variational, taking the derivative this information will
be restricted only to the overlap distribution, Ωpq, and it holds that:

∇ADX
pq = 0 (168)

Further, the derivative with respect to nucleus A only has a contribution from basis functions associated
with nucleus A. I.e. all other basis functions will be in the same spacial location if nucleus A is moved.
This gives the following condition:

∂

∂Z
(
Ωpq

)
=

∂

∂Z
(
φp
)

φqδpZ + φp
∂

∂Z
(
φq
)

δqZ (169)

Here, Z indicating a nuclear coordinate, and δqZ denoting that the basis function p is located on nucleus
A. Completely equivalent condition holds for Ξpq. The first derivative needed to calculate the nuclear
gradient therefore takes the form:

∂

∂Z
ρX = ∑

pq

∂

∂Z
(
Ωpq

)
DX

pq (170)

∂

∂Z
γXY = ∑

pq

(
∂

∂Z
(
∇eΩpq

)
DX

pq

)
· (∇eρY) + (∇eρX) ·∑

rs

(
∂

∂Z
(∇eΩrs) DY

rs

)
(171)

∂

∂Z
τX =

1
2 ∑

pq

∂

∂Z
(
Ξpq
)

DX
pq (172)

∂

∂Z
ηX = ∑

pq

∂

∂Z

(
∇2

e
(
Ωpq

))
DX

pq (173)

For second order geometry optimization algorithms, and for properties such as vibrational spectroscopy
the second derivative is needed. The second derivative with respect to the nuclear coordinates are:
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∂2

∂Q∂Z
ρX = ∑

pq

∂2

∂Q∂Z
(
Ωpq

)
DX

pq (174)

∂2

∂Q∂Z
γXY = ∑

pq

(
∂2

∂Q∂Z
(
∇eΩpq

)
DX

pq

)
· (∇eρY) (175)

+

(
∑
pq

∂

∂Z
(
∇eΩpq

)
DX

pq

)
·∑

rs

(
∂

∂Q
(∇eΩrs) DY

rs

)

+∑
pq

(
∂

∂Q
(
∇eΩpq

)
DX

pq

)
·
(

∑
rs

∂

∂Z
(∇eΩrs) DY

rs

)

+ (∇eρX) ·∑
rs

(
∂2

∂Q∂Z
(∇eΩrs) DY

rs

)
∂2

∂Q∂Z
τX =

1
2 ∑

pq

∂2

∂Q∂Z
(
Ξpq
)

DX
pq (176)

∂2

∂Q∂Z
ηX = ∑

pq

∂2

∂Q∂Z

(
∇2

e Ωpq

)
DX

pq (177)

Just as for the first nuclear derivative of the overlap distribution, Eq. (169), the second nuclear deriva-
tive of the overlap distribution can be expanded to reveal when terms will be zero.

∂2

∂Q∂Z
(
Ωpq

)
=

∂2

∂Q∂Z
(
φp
)

φqδpZδpQ +
∂

∂Z
(
φp
) ∂

∂Q
(
φq
)

δpZδqQ (178)

+
∂

∂Q
(
φp
) ∂

∂Z
(
φq
)

δqZδpQ + φp
∂2

∂Q∂Z
(
φq
)

δqZδqQ (179)

It can be seen from the first and the second derivatives, that there is mixed derivatives of nuclear
coordinates and electronic coordinates, as in for example ∂

∂Z
(
∇eΩpq

)
. If expanding these terms, i.e.

the nuclear derivative of either∇eΩpq,∇2
e Ωpq or Ξpq, it can be seen that we get derivatives of the form:

∂2

∂Z∂z
(
φp
)

δpZ (180)

Here, z denotes it is an electronic coordinate. If a Gaussian basis set is used, i.e.:

φp = N(x− X)nx (y−Y)ny(z− Z)nz exp
(
−α
(
(x− X)2 + (y−Y)2 + (z− Z)2

))
(181)

Then,

∂

∂x
φp = N(y−Y)ny(z− Z)nz exp

(
−α |r− R|2

) (
2α (x− X)nx+1 − nx (x− X)nx−1

)
(182)

∂

∂X
φp = N(y−Y)ny(z− Z)nz exp

(
−α |r− R|2

) (
nx (x− X)nx−1 − 2α (x− X)nx+1

)
(183)

By comparing the two above equation it can be seen that:

∂

∂x
φp = − ∂

∂X
φp (184)

This can be used to transform derivatives such as Eq. (180) into derivatives only in the electronic
coordinate:
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∂2

∂Z∂z
(
φp
)

δpZ = − ∂2

∂z2

(
φp
)

δpZ (185)

This relation can be very important for the practical implementation of both the gradient and Hessian,
given that the derivatives with respect to the electronic coordinate are needed to optimize the wave-
function, and therefore, available in existing codes. It should however be noted that the δpZ survives
this transformation, and will still zero out a lot of the contributions.

8.3.6 Magnetic field derivatives

When doing magnetic properties in an approximate basis, a problem known as the gauge origin prob-
lem have to be considered. This problem arises from that the Hamiltonian used to find magnetic prop-
erties within the Schrödinger equation includes an arbitrary origin of reference. This problem can
be solved by the introduction of London orbitals114, also known as gauge including atomic orbitals
(GIAO). These orbitals have the following form:

ωµ = exp
(
− i

2c
(

B× RµO
)
· r
)

χµ (186)

Here, B is the magnetic field, and RµO = rµ − RO, with O denoting the origin.
The orbitals now include a magnetic field dependence. Only the derivatives of the orbitals with respect
to the magnetic field will survive, because for a variational wavefunction the density matrix is still field
independent:

∇BDX
pq = 0 (187)

Therefore, now giving the following first derivatives:

∇BρX = ∑
pq
∇B

(
Ωpq

)
DX

pq (188)

∇BγXY = ∑
pq

((
(∇B ⊗∇e)Ωpq

)
DX

pq

)
· (∇eρY) + (∇eρX) ·∑

rs

(
((∇B ⊗∇e)Ωrs) DY

rs

)
(189)

∇BτX =
1
2 ∑

pq
∇B

(
Ξpq
)

DX
pq (190)

∇BηX = ∑
pq
∇B

(
∇2

e
(
Ωpq

))
DX

pq (191)

Now the terms that are different from the other kinds of derivatives are the magnetic field derivatives
of the overlap distributions and similar terms. Expanding these terms out it can be seen that:

∂

∂Bx
Ωω

pq =
∂

∂Bx

(
ω∗p

)
ωq + ω∗p

∂

∂Bx

(
ωq
)

(192)

∂2

∂Bx∂x
Ωω

pq =
∂2

∂Bx∂x

(
ω∗p

)
ωq + ω∗p

∂2

∂Bx∂x
(
ωq
)
+

∂

∂Bx

(
ω∗p

) ∂

∂x
(
ωq
)
+

∂

∂x

(
ω∗p

) ∂

∂Bx

(
ωq
)

(193)

∂

∂Bx

(
∇2

e Ωω
pq

)
=

∂3

∂Bx∂x2

(
ω∗p

)
ωq + ω∗p

∂3

∂Bx∂x2

(
ωq
)
+

∂

∂Bx

(
ω∗p

) ∂2

∂x2

(
ωq
)
+

∂2

∂x2

(
ω∗p

) ∂

∂Bx

(
ωq
)
+ ....(194)

∂

∂Bx
Ξω

pq =
∂2

∂Bx∂x

(
ω∗p

) ∂

∂x
(
ωq
)
+

∂

∂x

(
ω∗p

) ∂2

∂Bx∂x
(
ωq
)
+ ... (195)

Remember here that ∇2
e is the Laplacian and not the Hessian. It can now be seen that to evaluate the

derivatives of the magnetic field, the derivatives of the London orbitals are needed. In the end the
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needed derivatives are evaluated at zero mangetic field, because in the linear-response equations, the
perturbation is around zero, now giving the following terms to complete the derivatives:

ωµ

∣∣
B=0 = χµ (196)

∇eωµ

∣∣
B=0 = ∇eχµ (197)

∇2
e ωµ

∣∣∣
B=0

= ∇2
e χµ (198)

∇Bωµ

∣∣
B=0 = − i

2c
(

RµO × r
)

χµ (199)

(∇B ⊗∇e)ωµ

∣∣
B=0 = − i

2c


 0 −Rz Ry

Rz 0 −Rx
−Ry Rx 0


µO

χµ +
(

RµO × r
)
⊗
(
∇eχµ

) (200)

(
∇B ⊗∇2

e

)
ωµ

∣∣∣
B=0

= − i
2c


 0 −Rz Ry

Rz 0 −Rx
−Ry Rx 0


µO

· ∇eχµ +
(

RµO × r
)
∇2

e χµ

 (201)

Details about the derivation of these terms can be found in Appendix (A).

8.3.7 Derivatives of the functionals

So far only the derivatives of the quantities used to evaluate the srDFT functionals have been discussed.
Let us now do some considerations of the derivatives terms of the form:

∂exc

∂ξk
,

∂2exc

∂ξk∂ξl
(202)

The relations between the charge-spin and α-β to consider now are the following:

ξC = ξα + ξβ, ξS = ξα − ξβ (203)

ξα =
1
2
(ξC + ξS) , ξβ =

1
2
(ξC − ξS) (204)

and,

ξCC = ξαα + ξββ + 2ξαβ, ξSS = ξαα + ξββ − 2ξαβ, ξCS = ξαα − ξββ (205)

ξαα =
1
4
(ξCC + ξSS + 2ξCS) , ξββ =

1
4
(ξCC + ξSS − 2ξCS) , ξαβ =

1
4
(ξCC − ξSS) (206)

From this it can be seen that in general the charge-spin formalism is to preferred for the case of a closed-
shell molecules, i.e. ρα = ρβ, because only a single term will survive in each of the cases above. I.e.
only ξC and ξCC will be non-zero, whereas α-β, ξα, ξβ, ξαα, ξββ, and ξαβ will all be non-zero. Further-
more, correlation functionals are often constructed without considering γCS, which will in practise also
reduce the number of terms using the charge-spin formalism.
However, when considering the exchange functionals the preferred formalism is different, due to the
spin-scaling relation that holds for the universal functional115:

Ex [ρ] =
1
2

Ex [2ρα] +
1
2

Ex
[
2ρβ

]
(207)

This relation generalizes to:
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Ex [ξ] =
1
2

Ex [2ξα] +
1
2

Ex

[
2ξβ

]
(208)

In the above equation ξαα and ξββ is also contained, but ξαβ will never have a contribution. Further, for
the spin-unpolarized case, i.e. ξα = ξβ, this relation simplifies to:

Ex [ξ] = Ex [2ξα] (209)

This clearly implies, that exchange functionals are most efficiently implemented in the α-β formalism.
As an example the number of terms generated by using the two different formalism with PBE can be
considered:

PBE exchange PBE correlation Total
Spin-Charge 15 6 21
α-β 6 15 21
Mixed 6 6 12

Table 3: Number of derivatives needed for the different formalisms when considering the second
derivatives of the PBE functional, in the spin-polarized case.

Clearly an efficient implementation should utilize the spin-charge formalism for the correlation func-
tional and the α-β formalism for the exchange functionals, and then do a conversion as needed.
The mathematical form of srDFT functionals are in general very complicated and doing the derivatives
by hand is unfeasible. Two different approaches can be used to overcome this problem. The first ap-
proach is to generate the derivative using finite difference. Finite difference however, have the problem
of numerical stability, because of the form:

∂2

∂ρ2
C

f (ρC) ≈
f (ρC + δρC)− 2 f (ρC) + f (ρC − δρC)

(δρC)
2 (210)

Further problems arise for physical quantities such as ρC that often have undefined behaviour, in the
functionals, if below zero. I.e. it can be seen that there will be the restriction that ρC > δρC
The second option is to use software to make analytical derivatives automatically. For regular func-
tionals this approach have been utilized by LibXC116,117 using Maple software118. For the srDFT func-
tionals a similar approach have been used utilizing the Python package SymPy119, to generate For-
tran code for all the required derivatives. The current version of the functional code can be found at
https://gitlab.com/erikkjellgren/srfunctionals.

All of the derivatives described in Section 8.3 have been implemented on development branches in the
Dalton program120. The first nuclear gradient and the magnetic field derivatives was implemented in
cooperation with Frederik Kamper Jørgensen, and the nuclear Hessian was implemented in coopera-
tion with Jonas Elenius Skovly Mikkelsen.

8.4 Performance of MC–srDFT

In this section the performance of the MC–srDFT model will be discussed. The performance will focus
on the linear response properties being excitation energies and spin-spin coupling constants (SSCC).
A brief mention of open-shell calculations will also be made. In the following sections MAD is the
abbreviation of mean absolute deviation, and MSD is the abbreviation of mean signed deviation.
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8.4.1 Triplet excitation energies

Calculation of triplet excitation energies using srDFT models were performed in Ref. 121. In the pre-
vious work only srLDA and srPBE were considered, in this discussion calculated triplet excitation
energies using srTPSS will also be included. The triplet excitation energies are from a benchmark
set122,123, where the reference values are of CC3 quality. The triplet excitation energies are calculated
using aug-cc-pVTZ124,125, with the active space being picked on the basis of MP2–srDFT natural orbital
occupation numbers, the range-separation parameter was µ = 0.4 bohr−1 unless stated otherwise.
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Figure 3: MAD and MSD for triplet excitation calculated with a series of DFT and srDFT models. The
reference model is CC3.

In Fig. 3 the MAD and MSD of the calculated triplet excitation energies can be seen. It can immediately
be noted that for this set of triplet excitation energies, LDA is better than both PBE and TPSS as mea-
sured by MAD and MSD. When comparing DFT to HF–srDFT without using TDA, it can be seen that
srDFT is only a slight improvement in terms of MAD and MSD. When comparing DFT and HF–srDFT
to CAS–srDFT, the accuracy of the calculated triplet excitation energies is increased when not using
TDA. However, it is known that DFT is prone to near-triplet instabilities126–128. When utilizing gTDA,
to counteract, near triplet-instabilities, it can be seen that HF–srDFT is a huge improvement over DFT,
regardless of the used functional. Further, the calculated triplet excitation energies are closer to that
of the CC3 reference for all DFT and srDFT methods when using gTDA. Comparing HF–srDFT and
CAS–srDFT under the gTDA, it can be seen that these two methods gives almost identical MAD and
MSD. At last, it is worth noting that the srDFT functional with the lowest MAD and MSD is srLDA. The
error only increase when the complexity of the srDFT functional is increased, as can be seen by srPBE
having slightly lower errors than srTPSS. This behaviour is surprising as it would be expected that the
accuracy of the calculations would increase when going from srLDA to srPBE and again to srTPSS.
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Figure 4: MAD and MSD at different range-separation parameter values for the benchmark set. CAS–
srPBE was used in all the calculations.

In Fig. 4 the range-separation parameter value dependence on the calculated triplet excitations can
be seen. When looking at the top graph, it can be seen that the minimum of MAD is found around
µ = 0.4 bohr−1, suggesting that this range-separation parameter value is ”optimal”. However, by in-
specting the bottom graph, it can be seen that the lowest absolute value of MSD is above µ = 0.5 bohr−1.
The ”optimal” range-separation parameter value could be above µ = 1.0 bohr−1 as measured by MSD
if gTDA is not used. Picking the ”optimal” range-separation parameter value might not be straight
forward, and could depend on which metric is used to measure its ”goodness”.
For the following calculation Stuttgart ECP129 were used on the transition-metal, def2-TZVPD130 were
used on the oxygen atoms, and def2-SVP131 were used on the hydrogen atoms. All of the CAS–srDFT
calculations uses µ = 1.0 bohr−1. The active spaces were used by utilizing the AVAS procudure132. In
the AVAS procedure the double d-shell on Co and all p-orbitals on O were projected onto. The active
space was then reduced on the basis of RASCISD–srDFT natural orbital occupation numbers.

Excitation [eV] 1 3Tg 2 3Tg Error 1 3Tg Error 2 3Tg
EXP133 0.99 1.55 - -
CAS–srLDA 0.96 1.19 -0.01 -0.36
CAS–srPBE 0.95 1.35 -0.04 -0.20
CAS–srTPSS 0.97 1.37 -0.02 -0.18
DFT/MRCI134 1.44 1.82 0.45 0.27

Table 4: Triplet excitation energies for Co (H2O)3+
6 .

In Table 4 calculated triplet excitation energies of Co (H2O)3+
6 can be seen for a set of CAS–srDFT
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models. It can be seen that using CAS–srPBE and CAS–srTPSS is an improvement over CAS–srLDA.
This is contrary to what was found for the benchmark set of small molecules. It can also be noted that
triplet excitation energies calculated with CAS–srDFT are more accurate than those calculated with
DFT/MRCI for this particular complex.

8.4.2 Singlet excitation energies

Singlet excitation energies have been investigated by M. Hubert et al42 for nucleobases, and by E.
Hedegård135 for a benchmark set of organic molecules. In both of these studies the CAS–srPBE with
µ = 0.4 bohr−1 where utilized to investigate the application of the MC–srDFT model the describe
singlet excitation energies. Both of the studies showed an agreement of the CAS–srDFT with both
CASPT2 and CC2 within 0.26 eV to 0.34 eV as measured by MAD.
The benchmark set utilized by E. Hedegård can also be used to asses the performance of different CAS-
srDFT models, as well as comparing them to their HF–srDFT model. Here a subset of 59 excitation are
considered from the benchmark set136 with reference values being CC3 quality. See Appendix (B) for
the specific set. The excitation energies were calculated using aug-cc-pVTZ124,125, and µ = 0.4 bohr−1

was used for all the WFT–srDFT models. The active spaces were chosen on the basis of MP2–srDFT
natural orbital occupation numbers. The results can be seen in Fig. 5.
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Figure 5: MAD and MSD for singlet excitation calculated with a series of DFT and srDFT models. The
reference model is CC3.

In Fig. 5 the MAD and MSD for singlet excitation energies calculated with DFT or srDFT can be seen.
It can immediately be seen that the DFT series behaves as expected. I.e. that the quality of the cal-
culated excitation energies increases when the model complexity increases. LDA is worse than PBE,
which again is worse than TPSS. Comparing DFT with srDFT, it is quite obvious that the srDFT is an
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improvement over DFT. This improvement is even present when only using HF–srDFT.
When looking at the srDFT models it can be noticed that calculated singlet excitation energies worsens
when going from srLDA to srPBE and again when going to srTPSS. This is rather surprising behaviour,
and suggests that srGGA and srMGGA functionals can be improved upon.
Comparing HF–srDFT to CAS–srDFT the MAD is about the same for both set of models. This is to
be expected given the set of benchmark molecules. The molecules are mostly small organic molecules.
Using a multi-configurational wavefunction is expected to not have an impact on the results. However,
it can be seen that the MSD for the CAS–srDFT models is much closer to zero, than the correspond-
ing HF–srDFT models. This means that the error distribution for the CAS–srDFT models is centered
around zero, whereas, HF–srDFT tend to underestimate the singlet excitation energies.
Now let us turn the attention to a few transition-metal complexes. For the following calculations
Stuttgart ECP129 were used on the transition-metals, def2-TZVPD130 were used on non-hydrogen lig-
and atoms, and def2-SVP131 were used on hydrogen ligand atoms. All of the CAS–srDFT calculations
uses µ = 1.0 bohr−1. The active spaces were used by utilizing the AVAS procudure132. In the AVAS
procedure the double d-shell and appropriate ligand p-orbitals were projected onto. The active space
was then reduced on the basis of RASCISD–srDFT natural orbital occupation numbers.

Excitation 1Tg
2Tg Error 1Tg Error 2Tg

EXP133 2.06 3.09 - -
CAS–srLDA 1.84 2.78 -0.22 -0.31
CAS–srPBE 2.03 3.13 -0.03 0.04
CAS–srTPSS 2.06 3.18 0.00 0.09
DFT/MRCI134 2.04 2.85 -0.02 -0.24

Table 5: Singlet excitation energies for Co (H2O)3+
6 .

In Table 5 calculated singlet excitation energies, and the error relative to experimental values, can be
seen for a set of CAS–srDFT models and DFT/MRCI. For this transition-metal complex it can be seen
that the calculated singlet excitation energies improve in quality for the CAS–srDFT model, when in-
creasing the complexity of the srDFT functional. CAS–srLDA have larger error with respect to the
experimental values than both CAS–srPBE and CAS–srTPSS. This is in stark contrast to the trend of
observed for the calculated singlet excitation of the small molecule benchmark set. When comparing
CAS–srDFT to DFT/MRCI, it can be seen for this particular transition metal complex that the calculated
1Tg singlet excitation energy is equally described by the CAS–srPBE and CAS–srTPSS and DFT/MRCI.
However, for the 2Tg the CAS–srPBE and CAS–srTPSS description is superior.

Excitation [eV] 1 1Tg 2 1Tg Error 1 1Tg Error 2 1Tg
EXP137 2.70 3.40 - -
CAS–srLDA 2.39 3.21 -0.31 -0.19
CAS–srPBE 2.45 3.50 -0.25 0.10
CAS–srTPSS 2.47 3.54 -0.23 0.14
DFT/MRCI134 2.90 3.76 0.20 0.36

Table 6: Singlet excitation energies for Co (NH3)
3+
6 .

In Table 6 the calculated singlet excitation energies and errors with respect to experimental data for
Co (NH3)

3+
6 can be seen for three different CAS–srDFT models as well as DFT/MRCI. Again it can be

seen that CAS–srPBE and CAS–srTPSS is an improvement over CAS–srLDA, however only slightly for
this particular system. Similarly, to the previous transition-metal complex, also here CAS–srPBE and
CAS–srTPSS are on par with, or better than, DFT/MRCI.
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Excitation [eV] a1E1g
1E2g b1E1g Error a1E1g Error 1E2g Error b1E1g

EXP138,139 2.80 2.81 3.82 - - -
CAS–srLDA 2.23 2.36 3.25 -0.57 -0.45 -0.57
CAS–srPBE 2.21 2.45 3.41 -0.59 -0.36 -0.41
CAS–srTPSS 2.22 2.47 3.44 -0.58 -0.34 -0.38
DFT/MRCI134 2.93 2.69 4.02 0.13 -0.12 0.20

Table 7: Singlet excitation energies for Ferrocene.

In Table 7 the calculated singlet excitation energies and errors with respect to experimental data for
Ferrocene can be seen for three different CAS–srDFT models as well as DFT/MRCI. As seen for the
two previous systems, CAS–srLDA is the worst model included in this comparison. Unlike, the two
previous transition-metal complexes, here DFT/MRCI gives a much more accurate calculated singlet
excitation energy than any of the CAS–srDFT models. This could be due to an unbalanced active space
chosen for the CAS–srDFT models. In previous work singlet excitation energies has been calculated
for Ferrocence using CAS–srPBE105. In this work the excitation energies were found to be 2.59 eV, 2.88
eV, and 3.50 eV for a1E1g, 1E2g, and b1E1g, respectively. Which is much closer to the experimental value
for the firs two excitation energies. This however, highlights one of the difficulties when using MC
methods, the need of picking and active space, and the sensitivity of properties to this active space.

8.4.3 Spin-spin coupling constants

The description of spin-spin coupling constants (SSCC) using the HF–srDFT and CAS–srDFT models
were done ref. 140. In the previous work only srLDA and srPBE were considered, in the following
section srTPSS will be included in discussion of the calculated SSCC for small molecules. Further, the
most important points from ref. 140 will also be highlighted. In the coming boxplots the reference
values are of CC3 quality141. All the calculates are performed with µ = 0.4 bohr−1 unless stated
otherwise, and uses aug-ccJ-pVTZ124,142,143. For the CAS–srDFT models the active spaces were picked
on the basis of MP2–srDFT natural orbital occupation numbers.
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Figure 6: MAD in Hz for the FC, SD, and PSO contributions to the SSCC with CC3 being reference.
All couplings involving fluorine are excluded. The colored line denotes the median value, the top and
bottom of the box is the 25% and 75% quantile, respectively. The whiskers denote max and min.

In Fig. 6 the MAD of FC, SD and PSO terms, relative to a CC3 reference can be seen for a set of DFT
and srDFT models. None of the couplings in Fig. 6 includes Fluorine. It should immediately be noted
that the scale on the y-axis is not the same for the three different contributions. It can be seen that
the FC term is the dominant term by an order of magnitude, and will therefore be the focus. When
utilizing the full E[2] matrix, then it can be seen that the srDFT in general is an improvement over their
corresponding DFT counterparts. This can be seen by the boxplots becoming more compact. As for
the excitation energies, neither srPBE nor srTPSS seems to be an improvement over the srLDA model.
Using gTDA when calculating the FC contribution greatly reduces the accuracy of all the investigated
methods. This is in stark contrast to the effect of gTDA on triplet excitation energies. However, using
gTDA when calculating the SD contribution and the PSO contribution is a significant improvement.
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Figure 7: MAD in Hz for the FC, SD, and PSO contributions to the SSCC with CC3 being reference.
Only couplings involving fluorine are included. The colored line denotes the median value, the top
and bottom of the box is the 25% and 75% quantile, respectively. The whiskers denote max and min.

In Fig. 7 the MAD of FC, SD and PSO terms, relative to a CC3 reference can be seen for a set of DFT
and srDFT models. All of the couplings in Fig. 6 includes Fluorine. In can immediately be noted that
the error of the calculated FC, SD and PSO contribution relative to the CC3 reference is much larger
for SSCC including Fluorine than for those excluding Flourine. Again most of the SSCC are dominated
by the FC contribution. This increase in error is seen for all the investigated methods. For this set
of FC contributions, the DFT methods are worse than their corresponding srDFT methods, as can be
seen from the size of the boxes in the boxplots of the first two rows. Using gTDA to calculate the
FC contribution can be seen to be favourable for all the DFT methods, and srDFT methods. This is
in contrast to the SSCC excluding Fluorine where gTDA did not have a positive effect. For the set of
SSCC in Fig. 7 there is also no notable improvement, when using srPBE or srTPSS instead of srLDA.
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If anything srLDA is slightly favoured in terms of spread in the boxplots in the two first rows. There
is also no notable difference between HF–srDFT and CAS–srDFT, which is to be expected due to the
low multi-configurational character of the molecules, as measured by MP2 natural orbital occupation
numbers. Now let us turn the attention to the third row. In the third row the couplings of the types
2 JFF and 2 JCF have been excluded also. This exclusion greatly reduces the error in the FC contribution,
putting it on par with the couplings excluding Fluorine.
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Figure 8: MAD in Hz for the FC, SD, and PSO contributions to the SSCC with CC3 being reference.
The colored line denotes the median value, the top and bottom of the box is the 25% and 75% quantile,
respectively. The whiskers denote max and min. CAS–srPBE was used to calculate the FC, SD and PSO
contributions.

In Fig. 8 the MAD with respect to CC3 of a few selected types of SSCC calculated with CAS–srPBE can
be seen. It can be seen that the FC contribution of these two types of SSCC is particular sensitive to
the selected value of the range-separation parameter. This suggests that the DFT part have particular
problems describing the electron structure important for these two specific types of couplings.
SSCC have also been calculated for transition-metal complexes using srDFT methods. Here two out of
the six metals in ref. 140 have been chosen for this discussion. The SSCC were calculated using aug-cc-
pVTZ-J144–148, and the active spaces were picked on the basis of MP2–srDFT natural orbital occupation
numbers. µ = 1.0 bohr−1 was used for all the srDFT calculations.
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Figure 9: Calculated SSCCs for the two transition metal complexes. The black dashed lines represent
the reference coupling ±5 Hz. For each method, four results are reported: “Full E[2],” full gTDA, only
gTDA in singlet response, and only gTDA in triplet response.

In Fig. 9 the calculated SSCC for two transition-metal complexes using a set of DFT and srDFT methods,
can be seen. For the transition-metal V(CO)−1

6 all of the methods are within 30 Hz of each other. Two
things are, however, notable for this transition-metal complex. First the DFT methods and the HF–
srDFT methods gives almost identical results, this is different from what have mostly been the case
so far. Secondly, CAS–srDFT gives an improvement over HF–srDFT, both when using srLDA and
srPBE. Now considering the calculated SSCC for ScF−3

6 . The improvement of the calculated SSCC is
very noticeable when comparing DFT with HF–srDFT. Further, the improvement of using CAS–srDFT
compared to HF–srDFT is also significant.
Now it should be noted that MP2–srDFT natural orbital occupation numbers of the selected active
space for V(CO)−1

6 was in the range of 1.86 and 1.96 for the occupied orbitals, whereas the MP2–srDFT
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natural orbital occupation numbers for ScF−3
6 was around 1.99. This suggest that V(CO)−1

6 would
benefit the most from a multi-configurational description. But in the calculated SSCC the greatest
effects of a multi-configurational description is seen for ScF−3

6 . This highlights the difficult of selecting
appropriate active-spaces, and predicting when a multi-configurational wavefunction is necessary. At
last, it should also be noted for the calculated SSCC of these transition-metals srLDA and srPBE had
no noticeable differences.

8.4.4 Open-shell

To illustrate the open-shell capabilities of the MC–srDFT model, the same system as used by E. Hedegård
et al149, in their derivation of open-shell for the MC–srGGA model, is used. For the calculations the
aug-cc-pVTZ124,125 basis set is used, the active space is picked on the basis of MP2–srDFT natural or-
bital occupation numbers, and a range-separation parameter of µ = 0.4 bohr−1 is used.

6Ag E [Hartree] 4T1g E [Hartree]
(4T1g − 6Ag

)
∆E [eV]

CAS–srLDA -1715.962 -1715.921 1.11
CAS–srPBE -1720.590 -1720.551 1.07
CAS–srTPSS -1721.456 -1721.418 1.02
Exp.150 - - 1.56

Table 8: ∆CAS–srDFT of Fe(H2O)3+
6 .

The calculated ∆SCF energies between two states can be seen in Table 8. What is noticeable again is the
performance of srLDA compared to both srPBE and srTPSS.

8.5 Conclusion of MC–srDFT model

The MC–srDFT model provides a well formulated approch to combine wavefunction theory with den-
sity functional theory, that avoid double counting of electron-electron interactions. Further the formal-
ism is fully variational in all the wavefunction parameters, which simplifies the derivation of response
equations. Different properties have been calculated using the MC–srDFT method. These properties
are triplet excitation energies, singlet excitation energies and spin-spin coupling constants.
When considering small molecules the srDFT method was an improvement over conventional DFT for
all of the explored properties. However, for the small molecules only the HF–srDFT model is required,
as going one step further and using the CAS–srDFT model does not improve the calculated properties
in a notable amount. Surprisingly, for the small molecules it was found that the best performing srDFT
functional was the srLDA functional. The impact of using gTDA when calculating triplet excitation
energies and spin-spin coupling constants was also assessed. In general it was found that gTDA should
be used when calculating triplet excitation energies. This is to remove near-triplet instabilities that
can have a great negative impact on calculated triplet excitation energies. When calculating spin-spin
coupling constants only gTDA should be used on the singlet terms, as gTDA mostly had a negative
effect on the Fermi-contact contribution.
Properties calculated for transition-metal complexes using the MC–srDFT model does not necessarily
follow the same pattern as properties calculated for small molecules. The superior performance of
srLDA when investigation small molecules did not generalize to the calculated properties of transition-
metal complexes. For the singlet excitation energies and triplet excitation energies, it was found that
srPBE and srTPSS was an improvement over srLDA. However, for the calculated spin-spin coupling
constants for the transition-metal complexes, both srLDA and srPBE gave very similar results.
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9 Dalton Project, srDFT from Python

The Dalton program120 is written in Fortran which is a low level programming language that excels
for numerical calculations. Thus, giving the benefit of fast and parallel calculations. One of the main
drawbacks of the structure of the Dalton code is the barrier to entry to implement new methods, and
especially new work flows. The need for easy implementation of new work flows is very much required
for doing bulk MCSCF and MC–srDFT calculations. For these types of calculations a simple work flow
could be:

• Calculate MP2 NOOs.

• Inspect MP2 NOOs to pick appropriate active space.

• Do MCSCF calculation.

Even in this very simple work flow, the MCSCF calculation have to be started from the MP2 NOOs,
thus requiring keeping track of the appropriate orbital files etc. For a few calculations doing this simple
work flow manually is no problem, but it becomes unfeasible to do when doing bulk calculations.
By the motivation of unifying the work flow between multiple programs, and significantly lowering
the barrier of entry for programming new work flows, the Dalton Project151 was created. The Dalton
Project is a platform that interfaces the output and input of different quantum chemistry programs, to
enable work flows that utilizes abilities from all the programs. Dalton Project is written in Python 3152,
which is a high level program that allows for a high level of abstraction in the programming use.
As a part of this PhD I was the main author of the Dalton Project code base that deals with MCSCF and
MC–srDFT calculations through the Dalton program.

Active space by MP2 NOOs is a method for which the active space of a MC calculation is picked
by the inspection of the MP2 natural orbital occupation numbers (NOOs). Dalton Project currently
provide tools, to aid the inspection of the NOOs, and selecting the active space based on a threshold.
The program also keeps track of files, such that an MC calculation cannot be started from the wrong
set of orbitals. The implementation is on the release branch, and does also support Abelian symmetry
groups.

Atomic Valence Active Space132 (AVAS) method is a projection method, where molecular orbitals
are projected unto a set of atomic orbitals. The procedure follows the equations below:

SA
occ = C†

occPCocc, P = S†
21σ−1S21 (211)

Here, Cocc is the molecular orbital coefficients, S21 is the overlap between the molecular orbitals and
the selected atomic orbitals, and σ is the self overlap matrix of the selected set of atomic orbital. After
constructing the projected overlap matrix SA

occ, the new orbital coefficients are found by solving:

SA
occCnew

occ = λCnew
occ (212)

In the above, the eigenvalues λ are then used to identify which of the new orbital should be included
in the active space. A similar set up equation are also constructed for the virtual orbitals. The described
procedure is implemented such that the use need to specify the atomic orbitals to be projected upon,
and afterwards specifying a threshold for the eigenvalues. The procedure is implemented to utilize
Abelian symmetry groups, and is currently on a development branch.
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Range-separating parameter tuning is an ab-initio method of finding the optimal value for the range-
separation parameter for a specific molecular system. This method is based on Janaks theorem153,
which can be used to show that:

εHOMO = −IP (213)

The KS-orbital energy of the HOMO is equal to the ionization potential, for the universal functional.
The ionization potential can also be calculated via. ∆SCF:

IP(Ne) = Eµ
gs (Ne − 1)− Eµ

gs (Ne) = ∆SCF (214)

Here, Ne is the number of electrons. For the true solution these two equations should be equal to each
other. The optimal range-separation parameter can now be found as:

µopt = min
µ
|εHOMO(µ)− ∆SCF(µ)| (215)

If the above where to be done manually three different calculations have to be setup for every single
trial µ value. In Dalton Project the optimal range-separation value, by above definition, can be found
by only providing the molecular coordinates, and the srDFT model. Currently, this is implemented on
a development branch of Dalton Project, and utilizes the SciPy154 library to solve Eq. (215).

9.1 Conclusion of Dalton Project

Dalton Project provides a framework for building complicated workflows without having to decon-
struct the source code of the underlying electronic structure programs. This enables bulk calculations
using methods that otherwise would have been unfeasible, due to the amount of manual file creating
and file tracking that would have been required.

10 Future prospects

It have been shown that the MC–srDFT model is capable of desribing molecular properties such as
triplet excitation, singlet excitations and spin-spin couplings constants. Surprisingly, the srLDA func-
tional have been shown to be as good as both srPBEgws and srTPSSgws, or even better in some cases.
This suggests better srGGA and srMGGA functionals can be constructed. B. N. Andersen and H. J. Aa.
Jensen155 have constructed a range-separated correlation functional:

εc = εDFA
c

(
1 + erf (kµrS) erf (µrS)

4
(

1
1 + d1,cµ + d2,cµ2 − 1

))
(216)

But a complementary exchange functional is yet to be constructed. Constructing an exchange func-
tional to be used together with Eq. (216), and compare the performance to that of srPBEgws would be
an interesting prospect to investigate.

Another angle of improvement of srDFT functionals, is to consider the srMGGA functional. The cur-
rently only available srMGGA functional is srTPSS, which is based on the TPSS functional. A more
promising DFT functional is the SCAN functional156. The procedure of Goll-Werner-Stoll to construct
the srTPSS functional followed the following equations:

εsrTPSS
x/c (ξ, µ) = εsrPBE

x/c (ξ, µ) +
[
εTPSS

x/c (ξ, 0)− εPBE
x/c (ξ, 0)

]
exp

(
−ηx/c

µ

2kF

)
(217)

The parameters ηx and ηc is not to be confused with the Laplacian of the density.
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ηx,opt = argmin
ηx

∫ 10

0

∣∣∣EsrTPSS
x (ηx)− EsrHF

x

∣∣∣dµ (218)

and,

ηc,opt = argmin
ηc

∫ 10

0

∣∣∣EsrTPSS
xc (ηc)

∣∣∣dµ (219)

Here, the parameters ηx and ηc were optimized with respect to the Hydrogen atom. This procedure
would be straight forward to follow for the construction of srSCAN.

A last avenue of creating better functionals could be to create a new srLDA functional. Given the
success of the existing srLDA functional, staying withing the LDA type functionals could be worth
while. A method of deriving LDA functionals with the need of ab initio data has been proposed by
T. Chachiyo157. In this method a taylor expansion of the MP2 energy in a plane-wave is made. By
extending this method to the short-range DFT framework, new srLDA functionals could be created,
even for other range-separation functions than the erf-separation. Therefore, allowing application of
the promising erfexp separation of Eq. (104).

When doing srDFT calculations a value for the range-separation parameter have to be picked. The
usual pick is a value of µ = 0.4 bohr−1, but evidence suggest that for transition-metal complexes
a value of µ = 0.4 bohr−1 could be more appropriate. Using the range-separating parameter tuning
scheme as described in Section 9, the optimal choice of µ could be investigated in a systematic approach
for different classes of systems.

11 Summary of papers

Paper I

In this paper we present the derivation of the triplet linear-response equations within the framework of
srGGA. The derived linear-response equations have the requirement of the wavefunction being singlet
reference. These newly derived equations are benchmarked against a set of triplet excitation energies
calculated with CC3. Three different srDFT functional were used to calculate the triplet excitation en-
ergies of this benchmark set, namely srLDA, srPBE and srPBE0. Further, generalized Tamm-Dancoff
approximation was also used together with the previously listed srDFT functionals, to investigate the
effects of this approximation on the calculated triplet excitation energies. It was found HF–srDFT
and CAS–srDFT had very similar performance for this benchmarkset of molecules, except if only the
molecules of most multi-configurational character were considered. It was further found that the most
reliable calculate triplet excitation energies was found using the generalized Tamm-Dancoff approx-
imation. It was hypothesised that this is due to near-triplet instabilities that are removed when this
approximation is invoked.

Paper II

In this paper the ability of the MC–srDFT model to calculate accurate spin-spin coupling constants
were investigated. The investigation was broken into two main parts. In the first part the specific
contributions, Fermi contact, spin-dipole, paramagnetic spin-orbit, and diamagnetic spin-orbital were
considered individually. The ability of the MC–srDFT model to describe these four contributions were
evaluated by comparing the calculated contributions to a benchmark set of CC3 values. The effect of
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utilizing the generalized Tamm-Dancoff approximation were also considered. It was using the gen-
eralized Tamm-Dancoff approximation when calculating the Fermi-contact contribution reduced the
accuracy of the calculated values. Further, it was shown that the accuracy of the calculated contribu-
tions to spin-spin coupling constant is very dependent on the type of spin-spin coupling constant, here
the types 2 JFF and 2 JCF were particularly troublesome. In the second part spin-spin coupling constants
were calculated for transition-metal complexes, and were compared to experimental values. Here it
was shown that a multi-configurational description improved the accuracy of the calculated spin-spin
coupling constants, this was especially apparent for transition-metal complexes of the type XF−z

6 .

Paper III

In this paper the working of a new work-frame called Dalton Project is described. The Dalton Project
frame-work is a Python environment that interacts with traditional electronic-structure programs, ei-
ther directly or through I/O. Dalton Project lets the user setup complicated workflows by interacting
with the Python language, instead of manually creating input-files and running the underlying elec-
tronic structure programs. Dalton Project also provides a platform for extracting data from already
completed calculations. In the paper a set of example calculations are presented to show case the capa-
bilities of the frame-form.
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connection fluctuation-dissipation density-functional theory based on range separation. Physical
Review Letters, 102(9), mar 2009.

[34] Benjamin G. Janesko, Thomas M. Henderson, and Gustavo E. Scuseria. Long-range-corrected
hybrids including random phase approximation correlation. The Journal of Chemical Physics,
130(8):081105, feb 2009.

[35] Erich Goll, Hans-Joachim Werner, and Hermann Stoll. A short-range gradient-corrected den-
sity functional in long-range coupled-cluster calculations for rare gas dimers. Physical Chemistry
Chemical Physics, 7(23):3917, 2005.

[36] Erich Goll, Hans-Joachim Werner, Hermann Stoll, Thierry Leininger, Paola Gori-Giorgi, and An-
dreas Savin. A short-range gradient-corrected spin density functional in combination with long-
range coupled-cluster methods: Application to alkali-metal rare-gas dimers. Chemical Physics,
329(1-3):276–282, oct 2006.

[37] Emmanuel Fromager, Renzo Cimiraglia, and Hans Jørgen Aa. Jensen. Merging multireference
perturbation and density-functional theories by means of range separation: Potential curves for
Be2, Mg2, and Ca2. Physical Review A, 81(2), feb 2010.
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istry program system. Wiley Interdisciplinary Reviews: Computational Molecular Science, 4:269–284,
2013.

[94] Development version. DALTON, a molecular electronic-structure program, Release Dalton2017,
see http://daltonprogram.org, 2017.

[95] S. H. Vosko, L. Wilk, and M. Nusair. Accurate spin-dependent electron liquid correlation energies
for local spin density calculations: a critical analysis. Canadian Journal of Physics, 58(8):1200–1211,
aug 1980.

[96] P. A. M. Dirac. Quantum mechanics of many-electron systems. Proceedings of the Royal Society A:
Mathematical, Physical and Engineering Sciences, 123(792):714–733, apr 1929.

[97] J. C. Slater. A simplification of the Hartree-Fock method. Physical Review, 81(3):385–390, feb 1951.

[98] Wenna Ai, Wei-Hai Fang, and Neil Qiang Su. The role of range-separated correlation in long-
range corrected hybrid functionals. The Journal of Physical Chemistry Letters, 12(4):1207–1213, Jan-
uary 2021.

[99] Julien Toulouse, François Colonna, and Andreas Savin. Short-range exchange and correlation en-
ergy density functionals: Beyond the local-density approximation. The Journal of Chemical Physics,
122(1):014110, jan 2005.

[100] Erich Goll, Matthias Ernst, Franzeska Moegle-Hofacker, and Hermann Stoll. Development and
assessment of a short-range meta-GGA functional. The Journal of Chemical Physics, 130(23):234112,
jun 2009.

[101] Jianmin Tao, John P. Perdew, Viktor N. Staroverov, and Gustavo E. Scuseria. Climbing the den-
sity functional ladder: Nonempirical meta–generalized gradient approximation designed for
molecules and solids. Physical Review Letters, 91(14), sep 2003.

[102] John P. Perdew, Jianmin Tao, Viktor N. Staroverov, and Gustavo E. Scuseria. Meta-generalized
gradient approximation: Explanation of a realistic nonempirical density functional. The Journal
of Chemical Physics, 120(15):6898–6911, apr 2004.

59



[103] John P. Perdew and Yue Wang. Accurate and simple analytic representation of the electron-gas
correlation energy. Physical Review B, 45(23):13244–13249, jun 1992.

[104] David E. Woon and Thom H. Dunning. Gaussian basis sets for use in correlated molecular cal-
culations. IV. calculation of static electrical response properties. The Journal of Chemical Physics,
100(4):2975–2988, feb 1994.

[105] Emmanuel Fromager, Stefan Knecht, and Hans Jørgen Aa. Jensen. Multi-configuration time-
dependent density-functional theory based on range separation. The Journal of Chemical Physics,
138(8):084101, February 2013.

[106] Ove Christiansen, Poul Jœrgensen, and Christof Hättig. Response functions from fourier compo-
nent variational perturbation theory applied to a time-averaged quasienergy. International Journal
of Quantum Chemistry, 68(1):1–52, 1998.

[107] Jeppe Olsen and Poul Jo/rgensen. Linear and nonlinear response functions for an exact state and
for an MCSCF state. The Journal of Chemical Physics, 82(7):3235–3264, April 1985.

[108] T. Saue and H. J. Aa. Jensen. Linear response at the 4-component relativistic level: Application
to the frequency-dependent dipole polarizabilities of the coinage metal dimers. The Journal of
Chemical Physics, 118(2):522–536, January 2003.

[109] Pawel Salek, Trygve Helgaker, and Trond Saue. Linear response at the 4-component relativis-
tic density-functional level: application to the frequency-dependent dipole polarizability of hg,
AuH and PtH2. Chemical Physics, 311(1-2):187–201, April 2005.

[110] Poul Jo/rgensen, Hans Jo/rgen Aagaard Jensen, and Jeppe Olsen. Linear response calculations
for large scale multiconfiguration self-consistent field wave functions. The Journal of Chemical
Physics, 89(6):3654–3661, September 1988.

[111] Jeppe Olsen, Danny L. Yeager, and Poul Jørgensen. Triplet excitation properties in large scale
multiconfiguration linear response calculations. The Journal of Chemical Physics, 91(1):381–388, jul
1989.

[112] Benny G. Johnson, Peter M. W. Gill, and John A. Pople. The performance of a family of density
functional methods. The Journal of Chemical Physics, 98(7):5612–5626, April 1993.

[113] Massimo Malagoli and Jon Baker. The effect of grid quality and weight derivatives in den-
sity functional calculations of harmonic vibrational frequencies. The Journal of Chemical Physics,
119(24):12763–12768, December 2003.
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Appendix

A London orbitals derivatives details

The London orbitals were of the form:

ωµ = exp
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− i

2c
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)
· r
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The first derivative with respect to an electronic coordinate is now:
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Here it have been used that:

∇B [(B× R) · r] =

 −Rzry + Ryrz
Rzrx − Rxrz
−Ryrx + Rxry

 = R× r (223)

At zero field this gives:

∇eωµ

∣∣
B=0 = ∇eχµ (224)

The Laplacian of the London orbital is:
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At zero field this gives:
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The first derivative with respect to magnetic field is:
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And evaluated at zero field strength:
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The magnetic field derivative of the derivative with respect to the electronic coordinates is:
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Here it have been used that:
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 = R× r (233)

and,

∇B (B× R) =
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Now at zero magnetic field this gives:
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And at last, the magnetic derivative of the electronic Laplacian:
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This can now be expanded out:
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B Singlet excitation energies

Molecule Excitation Symmetry CC3 LDA PBE TPSS HFsrLDA HFsrPBE HFsrTPSS CASsrLDA CASsrPBE CASrTPSS

Ethene 1 B1u 7.89 7.45 7.37 7.44 7.61 7.57 7.57 7.66 7.63 7.62

Hexatriene 1 Bu 5.32 4.44 4.43 4.51 5.03 5.02 5.02 5.02 5.01 5.01

Cyclopropene 1 B1 6.68 6.06 5.90 6.02 6.54 6.56 6.59 6.55 6.58 6.60

Pyridine 1 B1 4.95 4.20 4.31 4.53 5.14 5.20 5.24 5.00 5.07 5.11

Pyridine 1 B2 5.12 5.32 5.31 5.39 5.52 5.52 5.53 5.30 5.31 5.32

Pyridine 1 A2 5.41 4.31 4.45 4.72 5.57 5.65 5.71 5.51 5.58 5.64

Pyrazine 1 B3u 4.13 3.40 3.52 3.71 4.23 4.29 4.33 4.16 4.22 4.27

Pyrazine 1 B2u 4.97 5.22 5.21 5.27 5.31 5.30 5.31 4.76 4.77 4.79

Pyrazine 1 Au 4.98 3.91 4.05 4.32 5.16 5.24 5.30 5.08 5.15 5.21

Pyrazine 1 B2g 5.65 4.93 5.05 5.27 5.87 5.94 5.99 5.68 5.75 5.80

Pyrazine 1 B1g 6.69 5.41 5.56 5.88 7.05 7.15 7.23 6.82 6.91 6.99

Pyrazine 1 B1u 6.83 6.34 6.21 6.35 6.64 6.60 6.59 5.64 5.66 5.68

Pyrazine 2 B1u 7.86 6.42 6.36 6.44 7.75 7.72 7.73 6.26 6.26 6.28

Pyrazine 1 B3g 8.69 6.75 6.60 6.76 8.61 8.60 8.63 8.60 8.59 8.63

Pyrazine 2 Ag 8.78 6.85 6.78 7.01 8.70 8.67 8.70 8.69 8.67 8.70

Pyrimidine 1 B1 4.43 3.65 3.75 3.96 4.64 4.70 4.75 4.54 4.59 4.64

Pyrimidine 1 A2 4.85 3.89 4.00 4.25 5.01 5.07 5.13 4.97 5.03 5.08

Pyrimidine 1 B2 5.34 5.56 5.44 5.63 5.76 5.76 5.77 5.48 5.49 5.51

Pyridazine 1 B1 3.85 2.98 3.13 3.36 3.87 3.95 4.01 3.75 3.84 3.90

Pyridazine 1 A2 4.44 3.36 3.53 3.81 4.67 4.77 4.84 4.56 4.66 4.73

Pyridazine 2 A1 5.2 5.48 5.42 5.59 7.61 7.60 7.61 7.61 7.60 7.61

Pyridazine 2 A2 5.66 4.88 4.98 5.19 5.87 5.92 5.96 5.73 5.78 5.82

Pyridazine 1 B2 6.68 4.88 4.80 5.05 6.59 6.54 6.53 5.62 5.63 5.65

Pyridazine 2 B1 6.33 5.30 5.42 5.68 6.58 6.64 6.70 6.45 6.52 6.57

Pyridazine 3 A1 7.54 6.30 6.19 6.38 7.71 7.72 7.77 7.72 7.73 7.77

s-Triazine 1 A2 4.7 3.71 3.82 4.07 4.79 4.85 4.91 4.80 4.86 4.92

s-Triazine 2 B1 4.71 3.94 4.04 4.25 5.01 5.07 5.11 4.87 4.94 4.99

s-Triazine 1 B1 4.75 3.85 3.97 4.21 4.92 4.99 5.04 4.80 4.86 4.90

s-Triazine 1 B2 5.71 5.93 5.92 6.01 6.20 6.20 6.21 6.44 6.45 6.47

s-Triazine 1 A1 7.18 6.33 6.18 6.38 7.25 7.21 7.19 7.39 7.34 7.33

s-Tetrazine 1 B3u 2.46 1.72 1.84 2.03 2.49 2.56 2.62 2.43 2.51 2.57

s-Tetrazine 1 Au 3.78 2.72 2.87 3.14 4.02 4.10 4.17 3.91 4.00 4.06
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Molecule Excitation Symmetry CC3 LDA PBE TPSS HFsrLDA HFsrPBE HFsrTPSS CASsrLDA CASsrPBE CASrTPSS

Formaldehyde 1 A2 3.97 3.67 3.79 4.03 3.84 3.92 3.97 3.78 3.85 3.91

Formaldehyde 1 B2 7.18 5.94 5.83 6.04 7.29 7.26 7.30 7.30 7.27 7.31

Formaldehyde 2 B2 8.07 7.02 6.89 7.11 8.15 8.11 8.15 8.16 8.12 8.16

Formaldehyde 1 A1 8.18 6.75 6.62 6.80 8.19 8.17 8.22 8.20 8.18 8.23

Formaldehyde 2 A2 8.64 7.53 7.38 7.57 8.58 8.56 8.61 8.50 8.53 8.59

Formaldehyde 1 B1 9.19 8.73 8.79 8.97 9.15 9.18 9.21 8.99 9.03 9.06

Formaldehyde 2 A1 9.48 8.70 8.60 8.80 9.61 9.54 9.53 9.58 9.51 9.50

Formaldehyde 1 A2 3.89 3.67 3.79 4.03 3.84 3.92 3.97 3.78 3.85 3.91

Formaldehyde 1 B1 9.05 8.73 8.79 8.97 9.15 9.18 9.21 8.99 9.03 9.06

Formaldehyde 2 A1 9.31 8.70 8.60 8.80 9.61 9.54 9.53 9.58 9.51 9.50

Acetamide 1 A’ 5.62 5.20 5.21 5.39 5.56 5.59 5.64 5.45 5.49 5.54

Acetamide 2 A’ 7.14 5.93 5.73 5.89 7.51 7.49 7.51 7.43 7.41 7.43

Acetamide 3 A’ 9.66 6.24 6.05 6.20 8.12 8.08 8.11 8.13 8.08 8.11

Propanamide 1 A’ 5.64 5.24 5.23 5.40 5.59 5.63 5.67 5.49 5.53 5.57

Thymine 1 A’ 4.87 3.99 4.01 4.20 5.13 5.17 5.21 5.07 5.11 5.15

Thymine 2 A’ 5.14 5.23 5.20 5.37 6.79 6.81 6.83 6.79 6.81 6.84

Thymine 3 A’ 6.14 5.42 5.27 5.46 6.98 6.98 7.00 6.91 6.90 6.92

Thymine 2 A’ 6.28 4.68 4.72 4.93 6.40 6.34 6.33 6.40 6.35 6.34

Thymine 4 A’ 6.41 5.70 5.72 5.87 7.55 7.48 7.47 7.58 7.51 7.51

Uracil 1 A’ 4.8 3.87 3.91 4.10 5.11 5.15 5.20 5.05 5.09 5.13
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ABSTRACT

Linear response theory for the multiconfigurational short-range density functional theory (MC–srDFT) model is extended to triplet response
with a singlet reference wave function. The triplet linear response equations for MC–srDFT are derived for a general hybrid srGGA func-
tional and implemented in the Dalton program. Triplet excitation energies are benchmarked against the CC3 model of coupled cluster
theory and the complete-active-space second-order perturbation theory using three different short-range functionals (srLDA, srPBE, and
srPBE0), both with full linear response and employing the generalized Tamm-Dancoff approximation (gTDA). We find that using gTDA is
required for obtaining reliable triplet excitations; for the CAS–srPBE model, the mean absolute deviation decreases from 0.40 eV to 0.26 eV,
and for the CAS–srLDA model, it decreases from 0.29 eV to 0.21 eV. As expected, the CAS–srDFT model is found to be superior to the
HF–srDFT model when analyzing the calculated triplet excitations for molecules in the benchmark set where increased static correlation is
expected.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5119312., s

I. INTRODUCTION

A physically sound description of molecular systems occa-
sionally demands handling of multiple configurations.1 The most
commonly employed multiconfigurational scheme is the com-
plete active space self-consistent field (CASSCF) procedure, often
employed in combination with the second-order perturbative cor-
rections as in complete-active-space second-order perturbation the-
ory (CASPT2)2,3 and n-electron valence state perturbation theory
(NEVPT2).4 The goal of the perturbation step is to recover dynam-
ical correlation, after initially obtaining a correct representation of
near-degeneracy and spin correlations in the zeroth-order CASSCF
wave function. However, even though progress has been made in
recent years with respect to computational efficiency, the multiref-
erence perturbation theory procedures are known to be computa-
tionally expensive.

A different strategy is to combine a multiconfigurational self-
consistent field (MCSCF) wave function with a tailored density

functional theory (DFT) functional to capitalize on the efficient
treatment of the (short-range) dynamical correlation by semilo-
cal DFT approximations. In turn, the DFT methods will benefit
from the ability of CASSCF or more general MCSCF models to
describe more complex multireference electronic structures and spin
states.

We are developing such a method,5–7 employing a range-
separation of the two-electron repulsion operator.8,9 The long-range
part is then described by an MCSCF wave function, whereas the
short-range part is described by a tailored short-range DFT func-
tional.10–14 For the common choice of CAS for the MCSCF part,
this becomes CAS–srDFT. The range-separation makes it easy to
avoid double counting of electron correlation, which is a general
issue when developing hybrid models of this kind. It should be
noted that a number of other combinations of wave function and
DFT have been developed,6,9,15–23 and many employ other means
than range-separation to avoid double counting of electron cor-
relation (a recent overview is given in Ref. 24). Work has also
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been done extending range-separated DFT into the formalism of
ensemble DFT in an effort to treat (near)-degenerate states.25,26

Among the various combinations of MCSCF and DFT, the
multiconfigurational short-range density functional theory (MC–
srDFT) method is the only method that has been extended
to calculations of electronic excitations through linear response
theory.21,22,27

Electronic excitation energies have been found to be more
sensitive to the choice of the electronic structure method than
calculations of ground state energies; hence, numerous methods
have been devised for this purpose. The most widespread methods
are without doubt variants of time-dependent density-functional
theory (TD-DFT),28–31 which for many systems can be employed
routinely. Other commonly used methods include the cheapest
ab initio methods: the second-order algebraic diagrammatic con-
struction model ADC(2)32 and the coupled cluster linear response
correct to second order CC2.33 The latter two methods offer, unlike
TD-DFT, a systematic means to improve excitation energies through
higher order ADC(n) and CCn expansions. Yet, both DFT and the
ADC and CC based methods work best for systems that are well
described by a single-reference wave function.34 A more general
solution is to employ a multiconfigurational method1 which also
can be employed for cases characterized by dense orbital manifolds
and several (near)-degenerate states, a scenario that often occurs for
electronically excited states. Moreover, it also allows for the descrip-
tion of states that are doubly excited with respect to the reference
configuration, which are not included in regular TD-DFT. We have
recently benchmarked MC–srLDA and MC–srPBE models for exci-
tations of singlet spin symmetry,35–37 but the performance for triplet
excitations has not been investigated since our linear response MC–
srDFT framework until now has been restricted to perturbations of
singlet spin symmetry. However, an electronic excitation can also
involve a spin-flip between a singlet ground state and a triplet spin-
state. The transitions to these spin-forbidden states are often not
observed due to their low intensity. Yet they remain important to
characterize; for instance, are triplet states key in photochemical
reactions involved in photodynamic theory for cancer treatments.38

To describe an excitation to a triplet state, the linear response frame-
work must be able to handle triplet excitation operators. On a more
general note, perturbations involving triplet excitation operators
in linear response theory also allow description of magnetic prop-
erties as the Fermi-contact and spin-dipole contributions to indi-
rect spin-spin couplings, but in this paper we focus on excitation
energies.

In this paper, we describe the theory and implementation of
triplet perturbation operators within a linear response framework
for MC–srDFT. As a first test of our novel implementation, we focus
on triplet excitation energies of simple organic systems, where lit-
erature data from high-quality ab initio methods are available for
comparison.

This paper is organized as follows: In Sec. II, we describe
the necessary theory and implementation details for the exten-
sion of linear response MC–srDFT to triplet operators. Theory
and implementation for the singlet case has previously been pub-
lished.21 Next, we provide the computational details that were
employed for the test calculations (Sec. III), and in Sec. IV, we dis-
cuss the results. Finally, we give a brief conclusion and outlook in
Sec. V.

II. THEORY AND IMPLEMENTATION

We start by summarizing the multiconfigurational short-range
density functional theory (MC–srDFT) model and its extension to
response theory. In Subsection II B, the general working equations
for triplet linear response of a singlet MC–srDFT reference wave
function are derived. In Subsection II C, we give the explicit expres-
sions for the new terms needed for the implementation. Compared
to TD-DFT this is, in particular, the dependence of the density
on change in CI coefficients. Finally, in Subsection II D describe
the generalized Tamm-Dancoff approximation for a multiconfigu-
rational reference wave function, which we shall see is essential to
obtain good results for low-lying triplet excitations.

A. The MC–srDFT model

In the MC–srDFT framework, the total energy is the sum of
the long-range wave function and the short-range density-functional
theory contributions,

E(λ) = Elr,μ(λ) + Esr,μ(λ)
= ⟨Ψ(λ)∣Ĥlr,μ∣Ψ(λ)⟩ + Esr,μ

H [ρC(r, λ)] + Esr,μ
xc [ξ(r, λ)], (1)

where λ denotes all the employed wave function parameters in the
variational determination of the wave function and the energy. For a
multiconfigurational wave function, these will be the nonredundant
changes in configuration coefficients ST = {Si} and the nonredun-
dant orbital rotation parameters κT = {κpq}, giving λT = (ST , κT).
For the wave function optimization, all nonsinglet and all nonto-
tally symmetric variables will be redundant. The long-range energy,
Elr,μ, in Eq. (1) is described by wave function theory (WFT) and the
short-range part, Esr,μ, is described by DFT, from here on denoted
as srDFT. The quantity ρC denotes the electron charge density while
ξ collects charge and spin densities and their corresponding gradi-
ents, which will be discussed in more detail below. The long-range
Hamiltonian is defined as

Ĥlr,μ =∑
pq

hpqÊpq +
1
2 ∑pqrs g lr,μ

pq,rsêpq,rs + VNN, (2)

where the singlet one- and two-electron operators have their usual
form, Êpq = â†

pαâqα + â†
pβâqβ and êpq ,rs = ÊpqÊrs − δqrÊps. The one-

electron part is equal to that of the regular Hamiltonian, while the
two-electron part only contains the long-range part in the two elec-
tron integrals g lr,μ

pq,rs = ⟨ϕpϕr ∣ĝ lr,μ∣ϕqϕs⟩. The range-separation of the
two-electron operator8,9

ĝ(ri, rj) = ĝ lr,μ(ri, rj) + ĝsr,μ(ri, rj)
= erf(μ∣ri − rj∣)∣ri − rj∣ +

1 − erf(μ∣ri − rj∣)∣ri − rj∣ (3)

is here achieved with the error function, but other forms of
range-separation are also possible.9,39 The parameter μ is the
range-separation parameter and controls the extent of the range-
separation.

Let us now turn to the construction of the srDFT quantities
that depend on ξ = {ρC, ρS, γCC, γSS, γCS} for a generalized gradi-
ent approximation (GGA) functional. The individual quantities are
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described below. The charge and spin density operators associated
with ρC and ρS, respectively, can be formulated as40,41

ρ̂X(r) =∑
pq

Ωpq(r)ÔX
pq, X ∈ {C, S}, (4)

where Ωpq(r) = ϕ∗p (r)ϕq(r) is the overlap distribution. The asso-
ciated operators are the singlet and triplet one-electron operators,
respectively,

ÔC
pq ≡ Êpq = â†

pαâqα + â†
pβâqβ, (5)

ÔS
pq ≡ T̂pq = â†

pαâqα − â†
pβâqβ. (6)

The wave function dependency on the charge and spin densities can
then be described as follows:

ρX(r, λ) = ⟨Ψ(λ)∣ρ̂X(r)∣Ψ(λ)⟩ =∑
pq

Ωpq(r)DX
pq(λ), (7)

where DX
pq(λ) = ⟨Ψ(λ)∣ÔX

pq∣Ψ(λ)⟩ is the one-electron reduced
charge or spin density matrix for X = C or X = S, respectively. From
this expression, the density gradient terms needed for srGGA models
can easily be derived,

∇ρX(r, λ) =∑
pq
∇Ωpq(r)DX

pq(λ) (8)

and

γXY(r, λ) = ∇ρX(r, λ) ⋅ ∇ρY(r, λ) (9)

= ⎛⎝∑pq ∇Ωpq(r)DX
pq(λ)⎞⎠ ⋅ (∑rs ∇Ωrs(r)DY

rs(λ)). (10)

We will here use the short-hand notation γCC, γSS, and γCS for the
GGA terms.

B. Triplet linear response for MC–srDFT

Triplet linear response equations have been published by Olsen
et al.42 for the pure MCSCF case and by Tunell et al.43 for the pure
Kohn-Sham DFT case. Here, we present the generalization to the
mixed MC–srDFT case. Linear response equations for MC–srDFT
have previously been derived for singlet perturbation operators on
the basis of Floquet theory.21 A short summary of the most impor-
tant points are given below. In the formalism of Floquet theory, a
periodic perturbation of the following form is applied:

V̂(t) =∑
x
∑

k∈[−N,N] exp(iωkt)εx(ωk)V̂x, (11)

where ωk = 2πk
T is the frequency of the perturbing field, V̂x= ∫ vx(r)ρ̂(r)dr, and εx is the perturbation strength. In the frame-

work of MC–srDFT, the time-dependent wave function can be
parameterized as

∣Ψ̃(t)⟩ = exp(iκ̂(t)) exp(iŜ(t))∣Ψ(t = 0)⟩. (12)

For the triplet case, the time-dependent orbital rotation operator and
the time-dependent state-transfer operator are defined as

κ̂(t) = ∑
l∈[−N,N] exp(−iωlt)∑

p>q(κpq(ωl)T̂pq + κ∗pq(−ωl)T̂†
pq), (13)

Ŝ(t) = ∑
l∈[−N,N] exp(−iωlt)∑

i
(Si(ωl)R̂i + S∗i (−ωl)R̂†

i ), (14)

where the set of all triplet state-transfer operators R̂i = ∣i⟩⟨0∣ are
constructed from all triplet configurations ∣i⟩ included in the CI
specification. A Fourier component vector can be written for the
MC–srDFT wave function,

Λ(ωl) =
⎛⎜⎜⎜⎜⎜⎝

κpq(ωl)
Si(ωl)
κ∗pq(−ωl)
S∗i (−ωl)

⎞⎟⎟⎟⎟⎟⎠
. (15)

The linear response equations can be defined by making a Taylor
expansion of the Fourier component vector and introducing the
quasienergy44,45 giving the following equation within the adiabatic
approximation for the srDFT part:

Qμ[Ψ] = 1
T ∫

T/2
−T/2 ⟨Ψ(t)∣Ĥlr,μ + V̂(t) − i ∂

∂t
∣Ψ(t)⟩dt

+
1
T ∫

T/2
−T/2 (Esr,μ

H [ρΨ(t)] + Esr,μ
xc [ρΨ(t)])dt. (16)

The linear response function can then be written as a second-order
total derivative of the quasienergy,44,45

d2Qμ[Ψ]
dεx(ωl)dεy(ωk) = 0, (17)

and the first order variation of the wave function can be found
by requiring that the quasienergy is stationary in Λ(ωk) at zero
perturbation strength,44–46

( d
dεx(ωk) ∂Qμ

∂Λ†(−ωl))∣ε=0
= 0. (18)

Note that the quasienergy is also split into long- and short-range
contributions. Now following the derivation by Fromager et al.,21

the linear response equations in matrix form become

(E[2],μ − ωS[2],μ)Λ(ω) = iV[1],μx . (19)

Here, the triplet gradient property vector is defined as V[1],μx,j= ∫ vx(r)ρ[1]j (r)dr, with the density gradient being (for a singlet
reference state where ρC contributions are zero)

(ρ[1](r))T = (⟨Ψ∣[T̂†
pq, ρ̂S]∣Ψ⟩, ⟨Ψ∣[R̂i, ρ̂S]∣Ψ⟩,

⟨Ψ∣[T̂pq, ρ̂S]∣Ψ⟩, ⟨Ψ∣[R̂†
i , ρ̂S]∣Ψ⟩). (20)

We can at this point note that the form of the triplet linear response
equations is similar to that of the singlet linear response equa-
tions; however, the density gradient is now constructed from triplet
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operators instead of singlet operators. Hence, we will also have
contributions from triplet operators in the Hessian, E[2]. We explic-
itly derive the expression for the Hessian below. However, it should
first be noted that for electronic excitation energies, which are the
objective in this work, the equation that needs to be solved is a spe-
cial case of the general linear response equation, corresponding to
identifying the poles of the linear response functions,

(E[2],μ − ωS[2],μ)Λ(ω) = 0. (21)

The Hessian, E[2], and the metric, S[2], are structured in the
following way:

E[2],μ = ( Aμ Bμ

Bμ∗ Aμ∗), S[2],μ = ( Σμ Δμ

−Δμ,∗ −Σμ,∗). (22)

The wave function contribution to matrices Aμ, Bμ, Σμ, and
Δμ for triplet linear response is as defined in Ref. 42, but utilizing
the MC–srDFT wave function instead of the MCSCF wave function.
The metric blocks Σμ and Δμ for MC–srDFT are constructed in the
same way as for regular MCSCF from the converged multiconfigura-
tional wave function. The triplet srDFT kernel contributions to the
matrices Aμ and Bμ are derived below for the combined effect of both
matrices. Since the MC–srDFT energy [Eq. (1)] is a sum of the long-
range and short-range contributions, the Hessian E[2],μ can also be
expressed as a sum of the long-range and short-range contributions,

E[2],μ = E[2],lr + E[2],sr. (23)

In order not to overburden the notation, we let μ be implicit
in the “lr” and “sr” designations. Note that the long-range part
E[2],lr is exactly the same as E[2] for regular MCSCF,47 except that
the two-electron integrals are replaced with the long-range ones.
Therefore, E[2],lr will not be further considered here. The short-range
part is divided into the Hartree (H) and exchange-correlation (xc)
contributions,

E[2],sr
ij = ∂2Esr

H

∂λj∂λi
+

∂2Esr
xc

∂λj∂λi
. (24)

For computational efficiency (and feasibility) of large scale cal-
culations, the Hessian is never explicitly constructed in our imple-
mentation. Instead, we extend the direct algorithm for the Hessian
matrix times a trial vector for MCSCF47 to MC–srDFT,

σn = E[2] bn = E[2],lr bn + E[2],sr bn = σlr,n + σsr,n, (25)

where the new part is the calculation of

⎛⎝
σcsr,n

σosr,n

⎞⎠ = ⎛⎝
E[2],sr,cc E[2],sr,co

E[2],sr,oc E[2],sr,oo

⎞⎠⎛⎝
bcn
bon

⎞⎠. (26)

The superscripts c and o indicate the configuration and orbital
subsets of the wave function variables, respectively.

C. The short-range triplet Hessian contributions
for singlet reference states

The short-range Hartree part of the triplet Hessian is zero for a
singlet reference state, as explained below. The part associated with a

semilocal short-range exchange-correlation functional is analogous
to the expression in Kohn-Sham DFT,

E[2]sr
xc,ij = ∫ ∂2esr

xc(ξ)
∂λj∂λi

dr, (27)

where the integration is done by numerical integration over a grid,
just as in Kohn-Sham DFT. The major difference is that we must also
consider the derivatives with respect to the configuration variables.
Applying the chain-rule yields two different types of terms because
of the nonlinearity of srDFT functionals,

∂2esr
xc(ξ)

∂λj∂λi
=∑

l
∑
k

∂2esr
xc(ξ)

∂ξl∂ξk
∂ξl
∂λj

∂ξk
∂λi

+∑
k

∂esr
xc(ξ)
∂ξk

∂2ξk
∂λj∂λi

. (28)

The linear transformation in Eq. (25) can now be expressed as

∑
j

∂2esr
xc

∂λj∂λi
bj =∑

j
[∑

l
∑
k

∂2esr
xc

∂ξl∂ξk
∂ξl
∂λj

∂ξk
∂λi

+∑
k

∂esr
xc

∂ξk
∂2ξk
∂λj∂λi

]bj
=∑

l
∑
k

∂2esr
xc

∂ξl∂ξk
∂ξk
∂λi

⎡⎢⎢⎢⎢⎣∑j
∂ξl
∂λj

bj
⎤⎥⎥⎥⎥⎦

+∑
k

∂esr
xc

∂ξk

⎡⎢⎢⎢⎢⎣∑j
∂2ξk
∂λj∂λi

bj
⎤⎥⎥⎥⎥⎦. (29)

In this work, triplet response is considered with respect to a sin-
glet reference wave function. Restricting ourselves to consider LDA
and GGA functionals, for a singlet reference calculation, it is easily
derived that the following quantities, which are all those with an odd
order dependency on the spin density variable S, must be equal to
zero:

ρS = 0, γSS = 0, γCS = 0,

∇ρS = 0,
∂esr

xc

∂ρS
= 0,

∂esr
xc

∂γCS
= 0,

∂2esr
xc

∂ρC∂ρS
= 0,

∂2esr
xc

∂γCC∂γCS
= 0,

∂2esr
xc

∂γSS∂γCS
= 0,

∂2esr
xc

∂ρC∂γCS
= 0,

∂2esr
xc

∂ρS∂γSS
= 0,

∂2esr
xc

∂ρS∂γCC
= 0.

(30)

Moreover, we only need to consider the triplet part of Eq. (19),
since only triplet operators in the Hessian will lead to triplet proper-
ties in the response equations. This simplification again only occurs
since we restrict the reference to be a singlet wave function. Thus,
only terms involving triplet orbital operators T̂pq or triplet state
transfer operators R̂i need to be considered. This can now be used
to expand Eq. (29) as follows:

∑
j

∂2esr
xc

∂λi∂λj
bj = ∂2esr

xc

∂ρ2
S

∂ρS
∂λi

⎡⎢⎢⎢⎢⎣∑j
∂ρS
∂λj

bj
⎤⎥⎥⎥⎥⎦ +

∂2esr
xc

∂ρS∂γCS
∂γCS
∂λi

⎡⎢⎢⎢⎢⎣∑j
∂ρS
∂λj

bj
⎤⎥⎥⎥⎥⎦

+
∂2esr

xc

∂γ2
CS

∂γCS
∂λi

⎡⎢⎢⎢⎢⎣∑j
∂γCS
∂λj

bj
⎤⎥⎥⎥⎥⎦

+
∂2esr

xc

∂γCS∂ρS
∂ρS
∂λi

⎡⎢⎢⎢⎢⎣∑j
∂γCS
∂λj

bj
⎤⎥⎥⎥⎥⎦ +

∂esr
xc

∂γSS

⎡⎢⎢⎢⎢⎣∑j
∂2γSS
∂λj∂λi

bj
⎤⎥⎥⎥⎥⎦.

(31)
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All terms containing ∂2esr
xc

∂γSS∂ξ
∂γSS
∂λi

∂ξ
∂λj

are not included, since ∂γSS
∂λi

= 2∑pq
∂DS

pq

∂λi
(∇Ωpq ⋅ ∇ρS), and thus, all these terms are zero because∇ρS = 0.

From this derivation, we can now see that because the Hartree
energy only depends on the charge density matrix DC

pq, one gets
∂2Esr

H
∂λj∂λi

= 0, and thus, it does not need to be considered any
further.

A key to an efficient implementation is the introduction of the
first order triplet densities and density gradients generated by the
trial vector,

ρ[b]S =∑
rs

Ωrs

⎡⎢⎢⎢⎢⎣∑j
∂DS

rs

∂λj
bj
⎤⎥⎥⎥⎥⎦, (32)

∇ρ[b]S =∑
rs
∇Ωrs

⎡⎢⎢⎢⎢⎣∑j
∂DS

rs

∂λj
bj
⎤⎥⎥⎥⎥⎦ . (33)

Using these computational intermediates, we can rewrite the linear
transformation to its final general form, closely corresponding to our
implementation,

∑
j

∂2esr
xc

∂λj∂λi
bj =∑

pq
[∂2esr

xc

∂ρ2
S
ρ[b]S Ωpq +

∂2esr
xc

∂ρS∂γCS
ρ[b]S (∇ρC ⋅ ∇Ωpq)

+
∂2esr

xc

∂γ2
CS
(∇ρC ⋅ ∇ρ[b]S )(∇ρC ⋅ ∇Ωpq) +

∂2esr
xc

∂γCS∂ρS

× (∇ρ[b]S ⋅ ∇ρC)Ωpq + 2
∂esr

xc

∂γSS
(∇ρ[b]S ⋅ ∇Ωpq)]∂DS

pq

∂λi
.

(34)

Now, the four specific cases of contributions to the σ-vector in

Eq. (26) can be derived by using σi = ∑j
∂2Esr

xc
∂λi∂λj

bj = ∫[∑j
∂2esr

xc
∂λi∂λj

bj]dr.

Following the derivation of Hedegård et al.7 and using the same
notation, the four types of σ-vector contributions can be found to
be

σcsrxc,i =∑
j

∂2Esr
xc

∂Sj∂Si
bcj = 2⟨i∣V̂S,[1c]

srxc ∣0⟩ − 2ci⟨0∣V̂S,[1c]
srxc ∣0⟩, (35)

σcsrxc,pq =∑
j

∂2Esr
xc

∂Sj∂κpq
bcj = ⟨0∣[Êpq, V̂S,[1c]

srxc ]∣0⟩, (36)

σosrxc,i =∑
r>s

∂2Esr
xc

∂κrs∂Si
bors = 2⟨i∣V̂S,[1o]

srxc ∣0⟩ − 2ci⟨0∣V̂S,[1o]
srxc ∣0⟩, (37)

σosrxc,pq =∑
r>s

∂2Esr
xc

∂κrs∂κpq
bors = ⟨0∣[Êpq, V̂S,[1o]

srxc ]∣0⟩. (38)

Here, the effective triplet potential operators V̂S,[1λ]
srxc= ∑pq V

S,[1λ]
srxc,pq T̂pq have been introduced. In the case of triplet linear

response for a singlet reference wave function, the matrix elements

to be calculated in the srDFT module of the implementation become
(λ restricted to either configurational c or orbital o variables)

VS,[1λ]
srxc,pq = ∫ ∑

rs
[∂2esr

xc

∂2ρS
ΩrsΩpq +

∂2esr
xc

∂ρS∂γCS
Ωrs(∇Ωpq ⋅ ∇ρC)

+
∂2esr

xc

∂2γCS
(∇Ωrs ⋅ ∇ρC)(∇Ωpq ⋅ ∇ρC) +

∂2esr
xc

∂γCS∂ρS

× (∇Ωrs ⋅ ∇ρC)Ωpq + 2
∂esr

xc

∂γSS
(∇Ωrs ⋅ ∇Ωpq)]DS,(1λ)

rs dr,

(39)

where the first order triplet density matrices DS,(1λ)
rs = ∑i

∂DS
rs

∂λi
bi

become a one-index transformed density matrix for orbital trial vec-
tors (λ = o) and a transition density matrix for configuration trial
vectors (λ = c).7

D. The generalized Tamm-Dancoff
approximation—gTDA

The excitation energies in linear response theory are deter-
mined by formally identifying the poles in the frequency-dependent
linear response, also called the polarization propagator. This corre-
sponds to solving the generalized eigenvalue equation in Eq. (21).

The full model includes the coupling between the excitation
operators (relative to the reference state)—the resonant part of the
polarization propagator—and the de-excitation operators—the non-
resonant part of the polarization propagator. The Tamm-Dancoff
approximation48,49 (TDA) is defined as ignoring this coupling, that
is, only considering the resonant part of the polarization propagator.
For the single determinant case for which it was defined, in Hartree-
Fock or Kohn-Sham density functional theory (HF or KS-DFT),
operationally this simply corresponds to zeroing the B matrix (Δ is
always zero for HF and KS-DFT). As is well-known, for Hartree-
Fock, this corresponds to a CI singles (CIS) calculation of excitation
energies. The generalization of the Tamm-Dancoff approximation
for a multireference reference state in MCSCF or MC–srDFT lin-
ear response theory is obviously again only considering the resonant
part of the generalized polarization propagator, which again sim-
ply means zeroing the B and Δ matrices in Eq. (22). Analyzing the
definition of the A matrix for MCSCF/MC–srDFT shows that this
corresponds to the union of the CI space in the MCSCF and an inter-
nally contracted CIS: the CI space defined by all orbital excitation
operators [singlet (5) or triplet (6)] working on the reference state
with frozen CI coefficients.

We note that in parallel to our work, the gTDA model has
also been reported by Helmich-Paris, where it is designated MC-
TDA.50 This work focuses on a CASSCF wave function and is as such
encompassed as the limit μ =∞ in our implementation.

III. COMPUTATIONAL DETAILS

The developed MC–srDFT triplet response formalism has been
implemented in a development version of the DALTON2018 pro-
gram.51,52 The first and second derivatives of the implemented short-
range exchange-correlation energy density functionals with respect
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to the functional parameters were generated in analytical form
using Sympy.53 All HF–srDFT, CAS–srDFT, DFT, and CASSCF
calculations were carried out using this version of DALTON.
As short-range exchange-correlation functionals, we employed the
spin-dependent srLDA functional (with srVWN5 as correlation
functional) from Ref. 13 and the spin-dependent gradient-corrected
srPBE(GWS) functional (denoted as srPBE from here on) of Ref. 12.
The name of the latter reflects that it originates from the Perdew-
Burke-Ernzerhof (PBE) functional54 and was extended to the short-
range interaction by Goll et al.11,12 We introduce and test also the
srPBE0(GWS) functional (denoted srPBE0 from here on) which
employs the same range-separation as srPBE, but with 25% HF-
like exact exchange in the short-range part, analogous to the def-
inition of PBE0.55 The Kohn-Sham DFT calculations were per-
formed with the corresponding functionals: LDA,56–59 PBE,54 and
PBE0.55

For the CAS–srDFT and the CASSCF calculations, the active
spaces were chosen on the basis of MP2–srDFT and MP2 natu-
ral orbital occupations.60 The occupied active orbitals were chosen
at the point where the largest jump was observed in the occupied
MP2 natural orbital occupation number. One virtual space active
orbital was chosen for each occupied active orbital, and the vir-
tual space MP2 natural orbitals with the largest occupation num-
bers were picked. The selected CAS for all of the molecules can
be found in Tables III–VIII of the supplementary material. All
calculations were performed using the aug-cc-pVTZ basis set.61–64

The geometries of the considered molecules were all obtained from
either Silva-Junior et al.65 or Loos et al.66 (see Tables IX–XI of the
supplementary material for the molecule specific references). The
reference triplet excitations of Silva-Junior et al. were calculated for
small organic molecules with a mixture of CC3/aug-cc-pVTZ67 and

CC3/aug-cc-pVTZ extrapolated from CC3/TZVP.68 The reference
triplet excitations of Loos et al. were calculated for small molecules
with CC3/aug-cc-pVTZ.

Regarding the range-separation parameter, we use a value of
μ = 0.4, unless explicitly specified. We also briefly discuss the val-
ues obtained with different μ-values (all values are collected in the
supplementary material).

IV. RESULTS

First, the validity of the CAS–srDFT model with respect to
triplet excitations will be investigated by calculating the triplet exci-
tation energies for a series of 33 molecules and 111 triplet excitations
by comparing the results to benchmark CC3 calculations. Second,
the triplet excitation energies will be compared to the CASPT2 triplet
excitation energies from the work of Silva-Junior et al.65 Third, we
compare to the recently proposed evGW/cBSE model by Holzer
and Klopper,69 and finally, five molecules from the benchmark that
can be expected to show the largest effect from a multiconfigura-
tional wave function will be used as examples to show the effects of
increased static correlation.

A. Benchmark against CC3

To evaluate the performance of the CAS–srDFT model for
triplet excitations, a CC3 reference set of values were extracted from
the work of Silva-Junior et al.65 and Loos et al.66 All calculated CAS–
srDFT and reference CC3 triplet excitation energies can be found in
Sec. I of the supplementary material.

Figure 1 shows the error of the calculated triplet excitations of
CAS–srPBE (μ = 0.4 bohr−1) with respect to CC3, both with and

FIG. 1. Deviations of the triplet excita-
tions with respect to CC3 for the CAS–
srPBE μ = 0.4 bohr−1 method utilizing
the full E[2] and gTDA.
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without gTDA. The data are represented as a scatterplot and as a
histogram with an imposed Gaussian on top. It can immediately be
seen from the Gaussian distributions that CAS–srDFT using the full
E[2] underestimates the triplet excitation energies and that gTDA
provides a significant improvement. The latter is expected, since
using TDA with TD-DFT is known to increase the triplet excitation
energies by removing the detrimental effect of near-triplet insta-
bilities.70–72 The error distribution further becomes much narrower
when employing gTDA compared to the full E[2]. By inspecting the
scatter plot of the errors shown against the CC3 triplet excitation
energy, it can be seen that the main improvement of using gTDA is
found for the low excitation energies, especially for excitations below
3 eV. These low excitations will have numerically small values in
the A part of the Hessian, making them more susceptible to near-
triplet instabilities. This is consistent with the observation that the
main improvement of using gTDA is for low excitations. It has also
been shown by Peach et al.70,72 for triplet TD-DFT that low-lying
triplet excitations are more prone to near-triplet instabilities and are
improved the most by employing TDA. As shown in Fig. 1 (lower left
corner), the error in the calculated triplet excitations with gTDA is
not correlated with the magnitude of the excitation energies, unlike
the results with full E[2] (Fig. 1, upper left corner). Still, some excita-
tions are underestimated with more than 0.5 eV using CAS–srPBE
with gTDA. Investigating these excitations in detail reveals that they
are either the lowest totally symmetric excitation or an excitation
of 3Δ symmetry. One notes that srLDA provides better agreement
for these excitations, and this could be caused by cancellation of
errors for srLDA. However, this could also indicate that the spin-
dependence of (sr)PBE is not optimal for triplet properties. We plan
to implement other srDFT functionals in the future and investigate
this further.

On the other side, only one excitation is overestimated by more
than 0.3 eV when using CAS–srPBE(gTDA); the excitation to 3B2 in
pyridine is 7.29 eV from CC3 and 7.93 eV from CAS–srPBE(gTDA).
We note that the CAS–srPBE(gTDA) value is in better agreement
with CASPT2 results, and in Ref. 65, this excitation is calculated
using CASPT2 and is found to be 7.87 and 7.61 eV with TZVP and
aug-cc-pVTZ, respectively. Further comparison to CASPT2 is given
in Sec. IV B.

In order to compare the effects of srDFT functional and full
linear response vs gTDA closer, we have collected the mean absolute
deviations (MADs) and mean signed deviations (MSDs) with respect
to the benchmark set of CC3 calculations for various combinations
of wave functions and srDFT functionals in Fig. 2. It is obvious that
gTDA provides a significant improvement for all of the methods.
This is especially true for the HF–srDFT methods, which are very
similar to the DFT methods (LDA and PBE) when the full E[2] is
used. It can also be noted that the MAD in Fig. 2 is lower for both
HF–srDFT and CAS–srDFT than for the limiting cases, DFT (LDA,
PBE and PBE0) and CASSCF, except for HF–srPBE0 which gives
slightly worse results than PBE0 when using TDA. The improve-
ment compared to CASSCF is also found when employing a larger
CAS (see CASSCF‡ in Fig. 2) than the CAS used in the CAS–srDFT
calculation.

The effect of changing the μ-value between μ = 0 bohr−1 (pure
Kohn-Sham DFT) and μ =∞ bohrs−1 (pure wave function theory)
is shown in Figs. 1–3 of the supplementary material. Here, it can be
noted that the optimal μ-value (in terms of lowest MAD) is between
0.33 bohr−1 and 0.5 bohr−1, and this is consistent with the findings
of Hubert et al.35 looking at singlet excitation energies. When using
μ-values greater than 0.4 bohr−1, the full E[2] triplet excitations from
HF–srDFT become worse than the triplet excitations calculated with

FIG. 2. MAD (mean absolute deviation)
and MSD (mean signed deviation) for
the different (sr)DFT and CAS meth-
ods. All of the srDFT methods used
μ = 0.4 bohr−1. The darker colors indi-
cate that the Tamm-Dancoff approxima-
tion has been used. ⋆ indicates that the
CASSCF uses the same CAS as the
CAS–srDFT methods. ‡ indicates that
the CASSCF uses a CAS tuned for the
CASSCF.
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DFT (see Figs. 1 and 2 of the supplementary material). This dete-
rioration is to be expected because of the inherent (near-)triplet
instabilities in Hartree-Fock. Especially, the HF–srPBE0 using the
full E[2] deteriorates, which correlates well with the findings from
Peach et al.,71 showing that the near-triplet instability of TD-DFT
is highly affected by the amount of Hartree-Fock exchange included
when the full Hessian is used in the response equations. It can be
noted that the largest CAS (see μ =∞ bohrs−1) yields similar results
with and without gTDA. This can be understood from the obser-
vation that the largest CAS includes the lowest triplet excitations
primarily in the configuration space, for which always B = 0, and
thus, the CAS linear response is not so prone to near-triplet insta-
bilities. In the following, we only discuss the results obtained with
gTDA/TDA.

The choice of μ = 0.4 bohr−1 for the srDFT methods is found
to be a good choice for all three tested functionals (see Figs. 2 and 3
of the supplementary material). At μ = 0.4 bohr−1, the MADs for
the triplet excitations are found to be 0.22, 0.21, 0.27, 0.26, 0.31,
and 0.29 eV for HF–srLDA, CAS–srLDA, HF–srPBE, CAS–srPBE,
HF–srPBE0, and CAS–srPBE0, respectively, utilizing gTDA. It can
be seen that CAS–srLDA gives a lower MAD than CAS–srPBE. This
improvement is comparable to the difference between LDA and PBE
with MADs of 0.44 and 0.51 eV. For Kohn-Sham TD-DFT, the PBE0
model has been found to usually provide better excitation energies
than the PBE model, in agreement with that the MAD for PBE0 of
0.31 eV is noticeably better than those for LDA and PBE of 0.44 and
0.51 eV, respectively. We have therefore empirically tested if this also
would be the case for CAS–srPBE0 compared to CAS–srPBE. For
srPBE0, actually the value of the range-separation parameter that
gives the lowest MAD is closer to 0.33 bohr−1 than to 0.4 bohr−1 (see
Figs. 2 and 3 of the supplementary material). The MADs for HF–
srPBE0 and CAS–srPBE0 at μ = 0.33 bohr−1 employing gTDA are
0.28 and 0.24 eV, respectively, compared to the CAS–srPBE0 MAD
of 0.29 eV and the CAS–srPBE MAD of 0.26 eV at μ = 0.4 bohr−1.
We note that these MADs are very similar, and based on this test set,
there is thus no reason to use the more expensive srPBE0 functional
for triplet excitation energies of organic molecules. It is outside the
scope of this paper to investigate this further, but it will be inter-
esting to study more closely the inclusion of exact exchange in the
short-range part in future work.

Letting μ become closer to 0 bohr−1 will make the excitation
energies equal to TD-DFT. Similarly, letting μ become closer to∞ bohrs−1 will make the excitation energies equal to CASSCF
linear response. It is therefore not surprising that the values of
μ = 0.1 bohr−1 and μ = 1.0 bohr−1 move toward the two extremes
(see Figs. 1–3 of the supplementary material). The very similar result
for both HF–srDFT and CAS–srDFT is in stark contrast to the pre-
vious study of singlet excitation energies for similar molecules,35

where the MAD for HF–srPBE was 0.50 eV compared to 0.25 eV for
CAS-srPBE. We believe that this is because low-lying double excita-
tions included in the configuration space are much more important
for singlet excitations than for triplet excitations. In Fig. 2, the mean
signed deviation (MSD) can also be seen with respect to the CC3
reference values. It can immediately be seen that only the CASSCF
(with gTDA) calculations have MSDs significantly above zero. The
DFT calculations show a rather larger systematic underestimation
of the triplet excitations with respect to CC3. The HF–srDFT and
CAS–srDFT generally improve this behavior, albeit they all (except

srPBE0) still underestimate the triplet excitation energies. When
considering both MAD and MSD, it should be noted that HF–srLDA
has the best overall performance for the small organic molecules in
the benchmark set.

B. Comparison to CASPT2

For CASPT2, a comprehensive set of 70 reference val-
ues for triplet excitation energies were obtained by Silva-Junior
et al.,65 employing multistate CASPT2 and aug-cc-pVTZ basis
set. In order to compare with these CASPT2 excitation energies,
MC-srDFT calculations were performed using the same geome-
tries from the work of Silva-Junior et al. The geometries of
ethene, cyclopropene, formaldehyde, and formamide are there-
fore different from those used in the previous comparison with
CC3.

Based on the analysis in Subsection IV A, six srDFT mod-
els with (g)TDA and μ = 0.4 bohr−1 were selected for comparison
with CASPT2. In Fig. 3, the MAD and MSD of these srDFT models
with respect to CC3 and CASPT2 can be seen. For these statisti-
cal quantities, the excitation 3 3A1 for pyridine has been excluded.
This excitation energy is calculated as 7.59 eV from CC3 and as
6.11 eV from CASPT2, and this can be compared to CAS–srPBE
using gTDA and μ = 0.4 bohr−1 giving an excitation energy of
7.73 eV. On the left-hand side of Fig. 3 can be seen, as expected,
that the CASPT2 results are in good agreement with the CC3 refer-
ence excitation energies with a MAD of 0.09 eV. The CAS–srDFT
model has MAD between 0.19 eV and 0.27 eV (for CAS–srLDA and
CAS–srPBE0, respectively). The CAS–srPBE method gives a value of
0.24 eV. These values are close to the values obtained in Sec. IV A.
On the right-hand side of Fig. 3, the comparison with CASPT2 can
be seen. The MADs when comparing MC–srDFT excitation ener-
gies with CASPT2 excitation energies are very similar to the MADs
when comparing with CC3 excitation energies. When comparing
CASPT2 with MC–srDFT, it should be noted that MC–srDFT can be
expected to be cheaper than CASPT2: calculation of CASPT2 excita-
tion energies requires an SA-CASSCF optimization with a CASPT2
on top for each desired state. In comparison, MC–srDFT excitation
energies have a computational cost corresponding to the sum of a
CASSCF linear response plus the cost of a TD-DFT linear response
calculation, as can be inferred from Eq. (25). Note also that the
needed active space usually will be smaller for MC–srDFT than for
the SA-CASSCF.

C. Comparison to evGW /cBSE

In order to compare CAS–srDFT and HF–srDFT with the
recent development of the evGW/cBSE approach by Holzer and
Klopper,69 we carried out a set of calculations, employing the same
structures as in Ref. 69. Thus, ethene, cyclopropene, and formalde-
hyde geometries are taken from the work of Silva-Junior et al.65

instead of from the work of Loos et al.66 The results are shown in
Table I.

For the aug-cc-pVTZ basis sets, the srDFT results are better
than evGW/cBSE, with MADs between 0.18 and 0.24 eV compared
to 0.35 eV. It should be noted that due to underlying problems in the
GW/BSE approach, diffuse functions will deteriorate these results,
and with the def2-TZVP basis set, the MAD for GW/BSE is reduced
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FIG. 3. Comparison of the tested srDFT
models with CC3 and CASPT2 from
Ref. 65. The srDFT models use the (gen-
eralized) Tamm-Dancoff approximation
and μ = 0.4 bohr−1.

to 0.14 eV, 0.04–0.10 eV lower than the MADs of srDFT obtained
with the aug-cc-pVTZ basis set.

D. Molecules with increased static correlation

To investigate the effects of CAS–srDFT in contrast to HF–
srDFT, molecules with increased static correlation have been
selected from our test set on the basis of the natural occupation
numbers from MP2–srPBE (μ = 0.4 bohr−1) calculations. The nat-
ural occupation threshold was chosen such that there is a clear
cut for which molecules should be included (see Fig. 6 of the
supplementary material). The five selected molecules are naphtha-
lene, all-E-octatetraene, s-tetrazine, benzene, and pyridine. Note that

TABLE I. Comparison of the tested srDFT models with the evGW /cBSE approach.
The srDFT models use the (generalized) Tamm-Dancoff approximation with
μ = 0.4 bohr−1.

Method MSD (eV) MAD (eV) Std. dev. (eV)

HF–srLDA 0.09 0.18 0.22
HF–srPBE 0.16 0.24 0.23
HF–srPBE0 0.13 0.29 0.31
CAS–srLDA 0.11 0.18 0.18
CAS–srPBE 0.19 0.24 0.20
CAS–srPBE0 0.08 0.24 0.26
evGW/cBSE 0.34 0.35 0.31
evGW/cBSEa 0.09 0.14 0.21

adef2-TZVP73,74 basis set has been used, and all the other calculations have used the
aug-cc-pVTZ basis set.

these five molecules also show the greatest deviations from 2.0 for
the strongly occupied natural orbital occupations for μ = 1.0 and for
MP2 (μ =∞).

Table II shows the statistical data for the 36 excitations asso-
ciated with the selected molecules. Comparing the MADs shows
that the CAS–srDFT method is indeed a significant improvement
over the HF–srDFT method for this subset of excitations. Both HF–
srDFT and CAS–srDFT are located around an MSD of 0 eV. The
improvement of the CAS–srDFT for the molecules with increased
static correlation is mainly due to a lower spread of the error in the
excitation energies with respect to CC3. This is reflected in the stan-
dard deviations, ranging between 0.30 and 0.43 eV for HF–srDFT
and between 0.22 and 0.36 eV for CAS–srDFT. In comparison, the

TABLE II. Statistical results for the subset of the 36 triplet excitations from the
5 selected molecules of the benchmark set (using the TDA/gTDA model and
μ = 0.4 bohr−1 for srDFT).

Method MAD (eV) MSD (eV) Std. dev. (eV) RMSD (eV)

LDA 0.50 −0.42 0.48 0.65
HF–srLDA 0.22 −0.03 0.30 0.30
CAS–srLDA 0.17 0.00 0.22 0.22
PBE 0.51 −0.49 0.40 0.63
HF–srPBE 0.24 0.00 0.30 0.30
CAS–srPBE 0.18 −0.04 0.23 0.23
PBE0 0.24 −0.22 0.22 0.31
HF–srPBE0 0.34 0.11 0.42 0.43
CAS–srPBE0 0.29 0.12 0.34 0.36
CASSCF 0.71 0.54 0.84 1.00
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CASSCF excitation energies have an MAD of 0.71 eV. This large
MAD is mainly due to some excitations in pyridine and s-tetrazine
being more than 2 eV different from the CC3 reference values.

V. CONCLUSIONS

The derivation of triplet linear response based on singlet ref-
erence states for hybrid GGA functionals within the MC–srDFT
framework has been presented. The currently implemented srDFT
functionals srLDA, srPBE, and srPBE0 have been tested against a
benchmark set of CC3 singlet to triplet excitation energies for 33
different molecules, in total, 111 triplet excitation energies. Inves-
tigation of the optimal balance between long-range CASSCF and
short-range DFT for these triplet excitation energies showed that
the MAD is not very sensitive to chosen values of the range sep-
aration parameter μ between 0.33 bohr−1 and 0.5 bohr−1, as we
also observed previously for singlet excitations. We therefore stay
with our general recommendation of μ = 0.4 bohr−1 for MC–
srDFT. All the following conclusions are based on μ = 0.4 bohr−1

results.
It was found that the generalized Tamm-Dancoff approxima-

tion must be used for accurate triplet excitation energies using
srDFT, reducing MAD from 0.40 to 0.26 eV for CAS–srPBE and
from 0.29 to 0.21 eV for CAS–srLDA. Surprisingly, CAS–srLDA
with gTDA performs slightly better than CAS-srPBE with gTDA,
and the reason for this should be investigated as part of future work
on improved srDFT functionals. It is very satisfactory that the qual-
ity of the CAS–srPBE triplet excitation energies is very similar for
the whole range of studied excitation energies up to 10 eV, as shown
in Fig. 1.

All tested srDFT models provide a significant improvement
compared to the TD-DFT limit (LDA, PBE, and PBE0) and the
CASSCF linear response limit for this set of triplet excitations.
For the aug-cc-pVTZ basis set used here, the srDFT models pro-
duced triplet excitation energies with a quality better than that of
evGW/cBSE. The quality is also comparable to that of CC2 and
ADC(2) triplet excitation energies: Loos et al.66 reported MADs of
0.20 eV for CC2 and 0.19 eV for ADC(2). In comparison, the more
expensive CASPT2 method yields MAD of 0.09 eV compared to
CC3. For the five organic molecules with increased static correlation,
it was found that the CAS–srDFT models do provide an improve-
ment over HF–srDFT when calculating triplet excitation energies,
as expected, the MAD for srPBE decreasing from 0.24 eV to 0.18 eV,
with MSD close to zero. In contrast to the case for Kohn-Sham
TD-DFT, for which PBE0 performs better than PBE, the srPBE0
and srPBE functionals were found to perform very similarly. Based
on the benchmark results here, for organic molecules, the cheap-
est option for triplet excitation energies is HF–srLDA with TDA for
molecules without multiconfigurational character and CAS-srLDA
with gTDA for molecules with static correlation, both with μ = 0.4
bohr−1.

The singlet and triplet linear response for MC–srDFT is
planned to be released in the next major Dalton release.

SUPPLEMENTARY MATERIAL

See supplementary material for all calculated triplet excitation
energies, MAD and MSD barplots for different CAS and μ-values,

MP2 natural orbital occupation numbers for μ = {0.4, 1.0,∞}, tables
with statistical analysis for different CAS and μ-values, tables with
picked CAS for all the molecules, and tables with all the reference
CC3 triplet excitation energies.
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ABSTRACT

The multi-configurational short-range (sr) density functional theory has been extended to the calculation of indirect spin–spin coupling
constants (SSCCs) for nuclear magnetic resonance spectroscopy. The performance of the new method is compared to Kohn–Sham density
functional theory and the ab initio complete active space self-consistent field for a selected set of molecules with good reference values. Two
density functionals have been considered, the local density approximation srLDA and srPBE from the GGA class of functionals. All srDFT
calculations are of Hartree–Fock-type HF-srDFT or complete active space-type CAS-srDFT. In all cases, the calculated SSCC values are of
the same quality for srLDA and srPBE functionals, suggesting that one should use the computationally cost-effective srLDA functionals in
applications. For all the calculated SSCCs in organic compounds, the best choice is HF-srDFT; the more expensive CAS-srDFT does not
provide better values for these single-reference molecules. Fluorine is a challenge; in particular, the FF, FC, and FO couplings have much
higher statistical errors than the rest. For SSCCs involving fluorine and a metal atom CAS-srDFT with singlet, generalized Tamm–Dancoff
approximation is needed to get good SSCC values although the reference ground state is not a multi-reference case. For VF−1

6 , all other
considered models fail blatantly.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0059128

I. INTRODUCTION

Nuclear magnetic resonance (NMR) is one of the most pow-
erful tools available to characterize the molecular structures in an
experimental setting due to the NMR parameters’ sensitivity to
the electronic structure. This makes NMR a crucial tool for iden-
tifying known compounds and determining the structure of new
compounds. An import component of the NMR parameters is the
indirect nuclear spin–spin coupling constants (SSCCs). For new
compounds, the interpretation of experimental NMR results can
be difficult, especially for inorganic complexes. Accurate calcula-
tions of SSCCs thus have great importance for theoretical aided
interpretation of experimental NMR.1–3

The non-relativistic theoretical model for SSCC is a combina-
tion of four contributions, as first derived by Ramsey,4 the diamag-
netic spin–orbit (DSO) coupling, the paramagnetic spin–orbit (PSO)
coupling, the Fermi contact (FC) coupling, and the spin-dipole
(SD) coupling contribution. Here, the DSO terms are expectation

values, PSO requires imaginary singlet response equations to be
solved, and the FC and SD require real triplet response equations
to be solved.1 For many types of SSCCs, the FC coupling is by far the
most dominant term, but the other terms cannot be ignored for a
robust prediction of SSCCs, as is once again documented in Sec. IV.

Calculations of SSCCs have been developed for many differ-
ent electron-structure theory approaches.5–8 The most widely used
methods, also for SSCCs, are various Kohn–Sham density func-
tional theory (KS-DFT) methods due to their computationally effi-
cient treatment of the Coulomb hole and the short-range dynamical
electron–electron correlation,9 compared to ab initio methods. For
KS-DFT models for SSCCs, we point to the pioneering works of
Malkin et al.10 and Dickson and Ziegler.11 Seeking higher accu-
racy and ways to systematically improve calculated properties,
SSCCs have also been implemented for the correlated wave-function
methods, such as Second-Order Polarization Propagator Approach
(SOPPA),12–15 Algebraic Diagrammatic Construction (ADC),16 cou-
pled cluster models (in particular, CC2, CC3, and CCSD),17–21 and
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multi-configurational self-consistent field (MCSCF).22,23 Notable
here is that of these methods, only MCSCF can tackle multi-
reference molecules, that is, molecules with significant static corre-
lation effects.

In summary, the situation today is that for single-reference
molecules, one usually can obtain accurate results with CC3 and
CCSD and fairly accurate results with SOPPA, CC2, and some KS-
DFT functionals. For multi-reference molecules, only MCSCF mod-
els have been applicable hitherto, however, with limited accuracy
because the dynamic electron–electron short-range correlation can-
not be satisfactorily described with MCSCF, not only because the
number of configurations becomes too big but also because the vari-
ational optimization of an MCSCF wave function is numerically
difficult for the weakly occupied orbitals needed for dynamic cor-
relation (the energy change is very small when these orbitals are
attempted to be optimized).

In this work, we propose a new computational model for SSCCs
(JKL) by replacing MCSCF with multi-configurational short-range
density functional theory (MC-srDFT), which can describe both
static (multi-reference) and dynamic correlation effects. In short,
the long-range MCSCF part can describe static correlation, while the
short-range DFT part can describe the dynamic correlation. We have
previously published implementations of MC-srDFT linear response
for excitation energies for both singlet24 and triplet25 excitations.
We have extended this code to MC-srDFT calculations of linear
response equations, which we here employ for the FC, SD, and PSO
terms. We exploited the existing framework in Dalton26 for the cal-
culation of SSCCs with MCSCF22 to keep track of all the individual
contributions for the MC-srDFT model.

In this paper, we first describe our implementation for MC-
srDFT to calculations of indirect spin–spin coupling constants,
which has been released in Dalton2020.27 We evaluate its per-
formance for a benchmark set of small molecules and a series
of transition metal complexes. In this context, we also investi-
gate whether one should invoke the generalized Tamm–Dancoff
approximation (gTDA),25 which we previously found improved
the lowest triplet excitation energies because of near-triplet
instabilities.25

In Sec. II we summarize the theory, in Sec. III we describe com-
putational details, in Sec. IV we present and discuss computational
results, and in Sec. V we finish with conclusions.

II. THEORETICAL SUMMARY

We here shortly recapitulate the theory and formulas for indi-
rect spin–spin coupling calculations for singlet reference molecules
and MC-srDFT singlet and linear response theory.

A. Indirect spin–spin coupling in NMR
The usual spin-Hamiltonian in terms of nuclear spin operators

ÎK for interpretation of NMR of non-paramagnetic molecules with
singlet electronic spin is28

Ĥ =∑
K

ÎK ⋅ (1 − σK) ⋅ B +∑
K<L

ÎK ⋅ JKL ⋅ ÎL, (1)

where σK is the screening tensor and JKL is the indirect spin–spin
coupling tensor. The non-relativistic expression for JKL consists of

four terms (three if you take FC and SD together),1,2,4

JKL = JDSO
KL + JPSO

KL + (JFC
KL + JSD

KL), (2)

where the diamagnetic spin–orbit (DSO) term consists of six
expectation values, the paramagnetic spin–orbit (PSO) contribu-
tion requires the solution of three singlet linear response equa-
tions, the Fermi contact (FC) contribution requires the solution
of one triplet linear response equation, and finally, the spin-dipole
(SD) contribution requires the solution of six triplet linear response
equations.

The reduced isotope independent SSCCs, KKL, are related to the
observed SSCCs as

JKL = h
4π2 γK γL KKL, (3)

where γK is the gyromagnetic factor for isotope K, which relates its
nuclear spin to its magnetic moment MK = γKhIK . Often, one is only
interested in the isotropic value

JKL = 1
3

Tr(JKL), (4)

and it is the isotropic values we will focus on in this paper, as is usual
when proposing new methods for SSCC.

The operators used to construct the four different contributions
to the SSCC are

ĥDSO
KL = α4∑

i

rT
iK riLI − riK rT

iL

r3
iK r3

iL
,

ĥPSO
K = α2∑

i

riK × pi
r3

iK
,

ĥFC
K = 8πα2

3 ∑
i

δ(riK)si,

ĥSD
K = α2∑

i

3riK rT
iK − r2

iK I
r5

iK
si.

(5)

The above equations are in atomic units. The MCSCF implementa-
tion for SSCC in DALTON, which we have used as a basis for our
MC-srDFT implementation, is described in Ref. 22.

B. The MC-srDFT model
Our MC-srDFT model has been described in Refs. 24, 25, and

29–32. In the framework of MC-srDFT, the total energy is the sum of
a long-range wave function contribution and a short-range density
functional theory contribution,

E(λ) = ⟨Ψ(λ)∣Ĥlr,μ∣Ψ(λ)⟩ + Esr,μ
H [ρC(r, λ)] + Esr,μ

xc [ξ(r, λ)], (6)

where λ is the parameterization of the wave function. For a multi-
configurational wave function, the parameters are non-redundant
configuration coefficients ST = {Si} and orbital rotation parameters
κT = {κpq}, thus giving λT = (ST , κT). The long-range Hamilto-
nian contains the usual one-electron operators, the nuclear–nuclear
repulsion, and a long-range two-electron interaction,
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Ĥlr,μ =∑
pq

hpqÊpq + 1
2∑pqrs

g lr,μ
pqrsê

lr,μ
pqrs + VNN, (7)

where the singlet one- and two-electron operators are Êpq = â†
pαâqα+ â†

pβâqβ and êpqrs = ÊpqÊrs − δqrÊps, respectively. The long-range
two-electron interaction used here is (rij = ∣ri − rj∣)

g lr,μ
pqrs = ⟨ϕpϕr∣ĝ lr,μ(ri, rj)∣ϕqϕs⟩
= ⟨ϕpϕr∣ erf(μ rij)

rij
∣ϕqϕs⟩, (8)

in which the extent of the long-range part is controlled by the para-
meter μ. The idea behind MC-srDFT is to let the long-range MCSCF
part take care of the long-range static correlation effects and let the
short-range DFT part take care of the dynamic Coulomb-hole cor-
relation effects. We have so far found μ = 0.4 bohr−1 to give a good
balance between the long-range MCSCF and the short-range DFT
parts24,25,29,30,32 and thus to provide close to optimal accuracy for
the investigated properties. The final accuracy of course depends
on the chosen short-range density functional and the configurations
included in the MCSCF. Note that a much smaller configuration
space is needed for MC-srDFT compared to MCSCF because the
dynamic correlation is described by the srDFT part.

The srDFT contribution is here described in the charge-density
and spin-density formalism. In this formalism, the relevant quanti-
ties for a short-range generalized gradient approximation (srGGA)
functional are ξ = {ρC, ρS, γCC, γSS, γCS}.

The first two quantities are the charge density and the spin den-
sity. These densities can be constructed from their associated density
operators as33,34

ρ̂C(r) =∑
pq

Ωpq(r)ÔC
pq,

ρ̂S(r) =∑
pq

Ωpq(r)ÔS
pq,

(9)

where Ωpq(r) = ϕ∗p (r)ϕq(r) is the overlap distribution and

ÔC
pq = Êpq = â†

pαâqα + â†
pβâqβ,

ÔS
pq = T̂pq = â†

pαâqα − â†
pβâqβ,

(10)

denote the one-electron singlet and triplet operators, respectively,
This leads to the following construction of the density:

ρX(r, λ) = ⟨Ψ(λ)∣ρ̂X(r)∣Ψ(r)⟩ =∑
pq

Ωpq(r)DX
pq(r), (11)

where DX
pq(r) is the one-electron reduced density matrix for either

charge density X = C or spin density X = S. The srGGA gradient
quantities are

γXY = (∇ρX) ⋅ (∇ρY). (12)

C. MC-srDFT linear response
A general derivation of MC-srDFT linear response can be

found in Ref. 30. For any variational wave function model, the linear

response equations can be expressed in the matrix form as follows:35

(E[2],μ,X − ωS[2],μ,X)Λμ,X
x (ω) = iV[1],μ,X

x , (13)

where X = C for a singlet property and X = S for a triplet property.
The right-hand side is a property gradient vector, which for this
work is one of the operators in Eq. (5). One can define such a one-
electron perturbation operator in terms of the first-order density
matrix,

V[1],μ,X
x,j = ∫

Ω
vx(r)ρ[1]X,j (r)dr, (14)

with the density property gradient for a singlet reference state being

(ρ[1]X (r))T = (⟨Ψ∣[ÔX,†
pq , ρ̂X]∣Ψ⟩, ⟨Ψ∣[R̂j, ρ̂X]∣Ψ⟩,

× ⟨Ψ∣[ÔX
pq, ρ̂X]∣Ψ⟩, ⟨Ψ∣[R̂†

j , ρ̂X]∣Ψ⟩), (15)

where R̂j = ∣ j⟩⟨0∣ is the set of state-transfer operators, constructed
from all relevant configurations ∣ j⟩ from the CI space.

The Hessian E[2],μ,X and the metric S[2],μ,X are structured in the
following way, with μ being implicit to not overburden the notation:

E[2],X = ⎛⎜⎝
AX BX

BX,∗ AX,∗
⎞⎟⎠,

S[2],X = ⎛⎜⎝
ΣX ΔX

−ΔX,∗ −ΣX,∗
⎞⎟⎠.

(16)

The contribution from the multi-configurational wave function
to matrices AX , BX , ΣX , and ΔX for the linear response equations
are as defined in Ref. 36, but utilizing the MC-srDFT wave function
instead of the MCSCF wave function. The metric blocks ΣX and ΔX

are also constructed from the MC-srDFT wave function instead of
the MCSCF wave function.

Since the energy of the MC-srDFT model is simply the sum
of the long-range and the short-range energies [cf. Eq. (6)], the
Hessian is also constructed as a sum of the long-range and short-
range contributions,

E[2],X = E[2],X,lr + E[2],X,sr. (17)

Here, the long-range contribution comes from the wave func-
tion part and the short-range contribution is the kernel contribu-
tion from the srDFT part. The short-range part is divided into the
Hartree (H) and exchange–correlation (xc) contributions,

E[2],X,sr = E[2],X,sr
H + E[2],X,sr

xc . (18)

The specific form of the srDFT kernel contribution to the sin-
glet linear response equation is described in Ref. 30, and the spe-
cific form of the kernel contribution to the triplet linear response
equation is described in Ref. 25.

The Tamm–Dancoff approximation (TDA) for single-
configurational wave functions and the generalized Tamm–Dancoff
approximation (gTDA) for multi-configurational wave functions
are obtained by setting the B and Δ matrices to zero in Eq. (16). This
has been discussed in further detail in Ref. 25. In Sec. IV, the term

J. Chem. Phys. 155, 084102 (2021); doi: 10.1063/5.0059128 155, 084102-3

Published under an exclusive license by AIP Publishing
87



The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

“full E[2]” refers to the results obtained by using the full expression
in Eq. (16).

III. COMPUTATIONAL DETAILS

All KS-DFT, HF-srDFT, CAS-srDFT, and complete active
space self-consistent field (CASSCF) calculations were performed
using a development version of the DALTON2018 program.26,37

We have tested the short-range functionals short-range local
density approximation (srLDA)38 and short-range Perdew-
Burke-Ernzerhof-Goll-Werner-Stoll functional39,40 (srPBEgws,
abbreviated to srPBE in the following) and compared them
to the corresponding Kohn–Sham functionals LDA41–44 and
Perdew–Burke–Ernzerhof (PBE)45 as well as CASSCF. All srDFT
calculations use μ = 0.4 bohr−1 as the range-separation parameter,
unless otherwise noted. Abelian point group symmetry (D2h and
subgroups) has been used in all calculations.

The geometries for the small organic molecules were obtained
from Faber et al.21 The aug-ccJ-pVTZ46–48 basis sets were used for
the calculation of spin–spin coupling constants for the small organic
molecules. The reference SSCCs from Faber et al.21 were calculated
using CC3/aug-ccJ-pVTZ.

The geometries for the inorganic complexes were obtained
from Khandogin and Ziegler.49 All calculations on the inorganic
complexes were performed using the aug-cc-pVTZ-J14,50–53 basis set.
The reference SSCCs are experimentally determined values of first
row transition metal complexes,54–60 and the SSCCs were compiled
by Khandogin and Ziegler.49 ScF−3

6 , TiF−2
6 , VF−1

6 , and Co(CO)−1
4

were experimentally in aquatic solution.56,61 Fe(CO)5 were exper-
imentally in a neat solution.62 V(CO)−1

6 were experimentally in a
tetrahydrofuran (THF) solution.63

The ccJ-pVTZ and aug-cc-pVTZ-J basis sets were downloaded
from the basis set exchange.64–66 The aug-ccJ-pVTZ was constructed
by adding the augmented functions of Kendall et al.47 No vibrational
corrections were calculated for the SSCCs.

Assessing the multi-configurational character of the molecules
for selection of active orbitals has been done using natural orbital
occupations (NOOs) from MP2-srDFT, the MC-srDFT version of
using MP2 NOOs for selection of active orbitals in MCSCF.67

Based on MP2-srPBE NOOs with μ = 1.0 bohr−1, the chosen CAS
for V(CO)−1

6 , Fe(CO)5, and Co(CO)−1
4 is (10, 16), (10, 10), and

(10, 10), respectively. For the selected active orbitals, their MP2-
srPBE NOOs for V(CO)−1

6 range between 1.86 and 1.96 for the
strongly occupied orbitals and between 0.027 and 0.085 for the
weakly occupied orbitals. For Fe(CO)5, the two NOO ranges are
1.91–1.95 and 0.038–0.082, and for Co(CO)−1

4 , they are 1.90–1.93
and 0.070–0.093. Clearly, V(CO)−1

6 is the molecule with the most
multi-configurational character.

The CAS for ScF−3
6 , TiF−2

6 , and VF−1
6 is chosen to be the same,

(10, 10), because it is an iso-electronic series. The MP2-srPBE NOOs
for ScF−3

6 were close to 1.99 for the strongly occupied orbitals and
close to 0.01 for the weakly occupied orbitals. For TiF−2

6 , the NOOs
are close to 1.99 and 0.012–0.017, and for VF−1

6 , they are close
to 1.98 and 0.020–0.037. The specific NOOs for the metal com-
plexes using MP2-srPBE μ = 1.0 are reported in the supplementary
material, Tables SI-16–SI-21.

Information about how to retrieve the files used to run the
calculations can be found in the supplementary material.

IV. RESULTS
A. Comparisons to CC3 benchmark values

As an initial benchmark of the performance of HF-srDFT and
CAS-srDFT for SSCCs, we compare to the CC3 benchmark values
for 13 small molecules by Faber et al.21 This benchmark set con-
sists of small molecules with single-reference character, and one
therefore would expect the HF-srDFT and CAS-srDFT results to be
very similar and also similar to the KS-DFT values. As the ques-
tion here is how well the various models agree with the refer-
ence CC3 values, we have chosen to report their deviations from
the CC3 results with box plots, as defined in the figure captions.
We also do not show box plots for the full isotropic values in
order not to overload the figures and because for reliable compu-
tational results, the FC, SD, and PSO contributions must be reli-
able individually. The actual calculated SSCCs values and box plots
for the total isotropic SSCCs can be found in the supplementary
material.

Before examining the results in more detail, we remark that it
is known that KS-DFT struggles to predict SSCCs for couplings with
fluorine.50,68 The benchmark set has therefore been split into SSCCs
not involving fluorine (25 SSCCs) and SSCCs involving fluorine (20
SSCCs) from 13 molecules. We report statistics for performance
based on the mean absolute deviations (MADs) from the reference
CC3 values for isotropic SSCCs. We summarize this analysis in Fig. 1
for the couplings not involving fluorine and in Fig. 2 for the cou-
plings involving fluorine. All the values of the statistical errors for the
FC, SD, and PSO terms can be seen in the supplementary material,
Tables SI-1–SI-15. The deviations for the DSO expectation values
are not reported as they are negligible compared to the FC, SD, and
PSO errors.

In this benchmark set of molecules, the multi-configurational
character is expected to be negligible, and indeed, the results with
CAS-srDFT are almost identical to those with HF-srDFT.

1. SSCCs for couplings not involving fluorine
First, we discuss the mean absolute deviations (MADs) for the

couplings not involving fluorine reported in Fig. 1. Note the differ-
ent scales for the FC results compared to SD and PSO. The SSCCs
included here are four 1JCO, two 1JHO, two 2JHH, two 1JCN, five 1JHC,
one 2JHN, three 1JCC, two 2JHC, one 3JHH, one 1JNO, and two 2JHO.
The dominant errors in these SSCCs clearly stem from the FC cou-
pling, and we will therefore focus the discussion on the FC coupling.
Some immediate conclusions can be extracted from the “full E[2],
FC” part of Fig. 1. From “full E[2],” it can be seen that the three PBE-
based models and the three LDA-based models are approximately
of the same reliability and better than the CASSCF, which is with-
out dynamical correlation. Looking closer, the three PBE methods
are of the same quality and have a slightly smaller spread than the
two srLDA methods, as can be seen both by the extensions of the
boxes and the whiskers in Fig. 1. It can be noted that the improve-
ment of the LDA model is much larger than the improvement of the
PBE model when going to srLDA and srPBE models, respectively.
This is as expected since srLDA becomes a better approximation,
the shorter the effective range of the short-range functional becomes
(i.e., increasing μ), while PBE is already a good model at the KS-
DFT level for these molecules. The last observation here is that the
median values of the LDA calculations are superior compared to the
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FIG. 1. MAD in Hz for the FC, SD, and PSO contributions with respect to the CC3 reference for all couplings not involving fluorine. Note the different scales for the FC
results compared to SD and PSO. The colored line denotes the median value, the box is the middle 25% to the 75% quantile, and the whiskers denote max and min.

PBE-based values; however, this is not a general trend that can be
seen from the other results discussed below.

Let us now consider the lower half of Fig. 1, i.e., the gTDA
part. Surprisingly, when looking at the triplet FC term, the full
response (“full E[2], FC”) performs better than gTDA, i.e., than the
Tamm–Dancoff approximation for the single determinant models
and the generalized Tamm–Dancoff approximation for the multi-
configurational models.25,69 Similar findings of getting worse results
when using TDA in the calculation of the FC term in the KS-DFT
framework have been obtained by Cheng et al.70

In the remaining text, we write gTDA both for TDA and for
gTDA. The gTDA is known to remove any triplet instabilities or
near-instabilities, which often improves the calculation of triplet
properties. However, comparing the box plots for FC using the “full
E[2]” matrix with the box plots where the gTDA has been used,
it is clear that the spread of “full E[2], FC” is lower than that of
“gTDA, FC” in Fig. 1. We have investigated this further for two cases
with a large difference, 2JHH for H2O and 1JCH for HCN. We cal-
culated the triplet excitation energies and the transition moments
for the FC operator with and without gTDA. The results show
that the difference is mainly from a big change in the lowest FC

transition moment and not from the change in triplet excitation
energies. This indicates that for molecules not exhibiting near-
triplet instabilities, the full calculations provide the most accurate
transition moments.

On the other hand, the much smaller triplet response term, SD,
does behave as expected, as can be seen in Fig. 1. We hypothesize
that this is because the FC terms depend on the electronic wave func-
tion at the nucleus, while the SD terms depend more on the valence
regions. The statistical errors in the last term, the singlet response
PSO contribution, are the smallest for gTDA; this is also the opposite
of what we expected beforehand.

In conclusion, for the molecules considered here, the best
model based on accuracy vs computational cost is the HF-srLDA
model. To our knowledge, the performance of a long-range cor-
rected LDA model has not been investigated previously.

2. SSCCs for couplings involving fluorine
In the first two rows of Fig. 2, the box plots of all SSCCs in the

benchmark set involving fluorine can be seen. Note that the scales of
all the plots are the same here. The SSCCs included here are two 1JOF,
two 2JHF, two 2JFF, five 1JCF, one 2JNF, two 2JCF, one 3JHF, one 3JFF,
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FIG. 2. MAD in Hz for the FC, SD, and PSO contributions with respect to the CC3 reference for all couplings involving fluorine. The first and second rows excludes the 2JFF
coupling from OF2 as an outlier due to the PSO term being more than 200 Hz different from the reference CC3 calculation; see the supplementary material, Fig. SI-2. The
bottom row is excluding 2JFF and 1JCF couplings. The colored line denotes the median value, the box is the middle 25% to the 75% quantile, and the whiskers denote max
and min.

one 1JNF, and three 2JOF. Again, we first focus on the FC contribu-
tion. The median deviations are −21.45 Hz for LDA and −10.34 Hz
for PBE. The spreads of LDA and PBE are comparable, ranging over
more than 100 Hz for both of the methods. The spreads of HF-
srLDA and HF-srPBE are also comparable, however, approximately
reduced to half the size compared to LDA and PBE.

As for the couplings not involving fluorine discussed above due
to the lack of multi-configurational character in the benchmark set,
the quality of CAS-srDFT and HF-srDFT has spreads that are almost
identical.

By inspecting the deviations for the individual spin–spin cou-
plings, we found that the couplings of the types 2JFF, 2JOF, and 1JCF

are the only couplings with deviations above 20 Hz; see Fig. SI-2 of
the supplementary material. (The two most problematic cases are
OF2 and OHF.) From the third row of Fig. 2, it can be seen that
exclusions of the problematic couplings 2JFF and 1JCF bring the sta-
tistical errors in the FC term to the same order of magnitude as for
the couplings without fluorine in Fig. 1. This suggests that both KS-
DFT and srDFT (μ = 0.4 bohr−1) in particular have problems with
2JFF and 1JCF couplings.

In addition, here, one notes that the cheaper srLDA is of the
same quality as srPBE and that “full E[2]” gives the best results for
FC, while gTDA is best for SD and PSO. Here, it should be noted that
excluding 2JFF and 1JCF makes the FC contribution when using “full
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E[2]” and the FC contribution when using gTDA very comparable;
see Fig. SI-5.

B. Transition metal complexes with CO ligands
M(CO)−z

y

In this subsection, we investigate 1JMC for the inorganic com-
plexes V(CO)−1

6 , Fe(CO)5, and Co(CO)−1
4 . The srDFT results pre-

sented here are for μ = 1.0bohr−1, while the results above for organic
molecules are for μ = 0.4bohr−1, our standard μ value in our previ-
ous studies of the performance of srDFT for excitation energies and
more. The choice of μ value will be discussed later. In Fig. 3, the cal-
culated SSCCs for the seven studied DFT, HF-srDFT, CAS-srDFT,
and CASSCF reference state models are reported in a bar chart; the
numerical values can be found in the supplementary material. For
each of these wave function methods, the SSCCs have been calcu-
lated using four choices for the linear response equations: (1) full
response, (2) gTDA for both singlet and triplet contributions, (3)
gTDA only for the singlet contributions, and (4) gTDA only for the
triplet contributions.

We now proceed to analyze the results displayed in Fig. 3. First,
it can be seen that the calculated SSCCs are very similar for LDA,
PBE, HF-srLDA, and HF-srPBE for each of the four linear response
choices. Furthermore, the calculated SSCCs are also very similar
for CAS-srLDA and CAS-srPBE. Thus, as for the CC3 benchmark
cases, the extra computational cost of the PBE/srPBE functionals
compared to LDA/srLDA functionals is a waste of time. Second,
by comparing “full E[2]” with “singlet gTDA” or, equivalently, by
comparing “triplet gTDA” with “gTDA,” we note that the effect of
using singlet gTDA is visible in Fig. 3 for most of the seven mod-
els, but always unimportant. On the other hand, using gTDA on the
triplet contributions to the SSCCs reduces the values of the calcu-
lated SSCCs by up to 22% for all the srDFT models and up to 31% for
CASSCF. This is consistent with what was observed for the SSCCs
in the CC3 benchmark that did not include F couplings. For all
three compounds, this makes the four single configuration DFT and
HF-srDFT results somewhat less accurate with respect to the experi-
mental SSCCs. For the three CAS-srDFT and CASSCF models, there
is no “winner,” no choice, which is always closest to experimental
values.

C. Transition metal complexes with F ligands, MF−z
6

In this subsection, we investigate the model dependence of 1JMF
for the inorganic complexes ScF−3

6 , TiF−2
6 , and VF−1

6 . The srDFT
results presented here are for μ = 1.0bohr−1. In Fig. 4, the calculated
SSCCs for the studied DFT, HF-srDFT, CAS-srDFT, and CASSCF
methods are reported in a bar chart; the numerical values can be
found in the supplementary material. It is evident that (sr)LDA and
(sr)PBE also perform very similarly for these three complexes.

For each method, the SSCCs are also here calculated in four
ways, with and without gTDA for both the triplet and the sin-
glet. The effect of singlet gTDA is enormous for the CAS-srDFT
and CASSCF models for VF−1

6 ; the calculated SSCCs change with∼200 Hz. The other two complexes behave as the M(CO)−z
y com-

plexes; using gTDA on the singlet, contributions to the SSCCs have
only negligible effect, and using gTDA on the triplet, contributions
to the SSCCs reduce the absolute value of the calculated SSCCs.

It is striking that the calculated SSCCs exhibit a big change in
the right direction toward the experimental values for HF-srDFT
compared to DFT. It is also striking that it is necessary to go on
to multi-configurational CAS-srDFT models to obtain calculated
SSCCs close to experimental values. In comparison, for the cou-
plings involving fluorine in the CC3 benchmark, the HF-srDFT
results were also much better than the DFT results, but they were
qualitatively equal to the CAS-srDFT results; cf. Fig. 2. The DFT
to HF-srDFT improvements for all couplings involving fluorine can
therefore be attributed to the range-separation of the functionals.

The need for CAS-srDFT to calculate SSCCs close to experi-
mental values evidently means that it is essential to use a multi-
configurational description to get useful values for metal–fluorine
couplings. The numbers also show that the effects of using a
multi-configurational description are much greater here than for
the M(CO)−z

y complexes. However, the NOOs from MP2-srDFT
reported in Sec. III for all six transition metal complexes are all so
close to being 2 and 0 that we a priori expected multi-configurational
effects to be similar for all six complexes. In fact, the NOO anal-
ysis shows that V(CO)−1

6 is the most multi-configurational of the
six compounds, so from that point of view, it was a surprise that
a multi-configuration description is much more important for the
metal–fluorine couplings.

Now, we turn to another surprising result, the very model
dependent SSCCs for VF−1

6 . The four ways to solve the response
equations give so different results for all models that one would
think that they were calculations on different molecules if one did
not know the truth. For the other five metal complexes, the SSCCs
are dominated by the FC term; however, for VF−1

6 , both the FC
term and the PSO term are roughly of the same magnitude, ∼300
to ∼500 Hz, but with different signs. This fact means that we can
use this complex to get a deeper insight into the performance of the
different models considered here. Figure 4 shows that only the two
CAS-srDFT with singlet gTDA models give a good prediction of the
experimental value; all the other calculations are qualitatively wrong.
Once more, CAS-srPBE gives approximately the same values as
CAS-srLDA.

Even though the HF-srDFT to CAS-srDFT improvements are
particularly spectacular for VF−1

6 , the results do show a big effect of
using CAS-srDFT instead of HF-srDFT for all three fluorine com-
pounds. Considering that none of the three ground states are partic-
ularly multi-configurational, the effect must originate in the calcu-
lations of the linear response vectors. This view is also supported
by the big differences in the calculated SSCCs for the four linear
response methods. We remark that the orbitals we chose on the basis
of MP2-srDFT NOOs correspond to including the d-shell and their
correlating orbitals in the CAS, and these results thus indicate that it
is important to do this to get reliable values.

Next, we turn to a discussion of the differences between the four
models for the response solutions. The VF−1

6 results show that sin-
glet gTDA can change the sign of the SSCCs compared to the full
response, that is, it leads to a big change in the singlet PSO contri-
bution. For the other molecules, the effect of using singlet gTDA is
small, reflecting that the FC term dominates the PSO term for them.
The triplet gTDA gives a negative contribution of approximately the
same size as for the other metal complexes. This leads to completely
wrong results for VF−1

6 . For the other five complexes, one cannot
conclude from the results if with or without triplet gTDA is best. It
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FIG. 3. Calculated SSCCs for the M(CO)−z
y complexes. All the srDFT calculations are with μ = 1.0 bohr−1. The black dashed lines represent the reference coupling±5 Hz. For each method, four results are reported: “Full E[2],” full gTDA, only gTDA in singlet response, and only gTDA in triplet response.
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FIG. 4. Calculated SSCCs for the MF−z
6 complexes. All the srDFT calculations are with μ = 1.0 bohr−1. The black dashed lines represent the reference coupling ±5 Hz.

For each method, four results are reported: full E[2], full gTDA, only gTDA in singlet response, and only gTDA in triplet response.
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is outside the scope of this paper to investigate why singlet gTDA is
so much better than full singlet response; this will be interesting to
analyze in future work.

Finally, the measured SSCCs are in aquatic solution, while the
calculations are for vacuum, so this is also a source of deviation to the
experimental values. To test this, we have performed LDA/PCM cal-
culations on the MF−z

6 molecules with water as solvent. The SSCCs
from LDA/PCM only deviated up to 2.3 Hz from the LDA calcu-
lations, so we believe that solvent effects are not important for the
conclusions; see Table SI-26 of the supplementary material.

D. Comments on the choice of μ value
We end this section with a discussion of why we ended up using

μ = 1.0 bohr−1 for the six metal complexes instead of μ = 0.4 bohr−1,
our tested choice in previous works.25,29,71 First, we note that a rea-
sonable measure for the extent of the short-range region is rsr = μ−1

for the range-separation defined in Eq. (8) and used in this work,
corresponding to 2.5 bohrs for μ = 0.4 bohr−1 and 1.0 bohr for
μ = 1.0 bohr−1.

In Figs. SI-3 and SI-4 of the supplementary material, the cal-
culated SSCCs for the six metal complexes are reported for both
μ = 0.4 bohr−1 and μ = 1.0 bohr−1. A general observation for all six
metal complexes is that the predicted SSCCs by HF-srDFT (μ = 0.4),
HF-srDFT (μ = 1.0), and CAS-srDFT (μ = 0.4) are very close. Only
CAS-srDFT (μ = 1.0) is substantially different from these three, and
its combination with singlet gTDA linear response is the only model
that provides SSCCs close to the experimental results for all six
complexes.

The comparisons in this subsection show that there are non-
dynamical correlation effects for the transition metals in the r12
range 1–2.5 bohrs, which are clearly not described by the srDFT
functionals. If these correlation effects had been beyond 2.5 bohrs,
then CAS-srDFT (μ = 0.4) results should have been different from
HF-srDFT (μ = 0.4) results. We did test μ = 0.8 for two cases and
found that it did not change the general picture. In future work,
we will investigate in more detail what the optimal μ-value is for
transition metal complexes and why. It is outside the scope of this
work.

V. CONCLUSIONS

We have extended the HF-srDFT and MC-srDFT models to
calculations of indirect spin–spin coupling constants (SSCCs), and
we have investigated the performance of these new computational
alternatives. We compared to CC3 values for a benchmark set of
13 small molecules21 and to experimental SSCCs for six transition
metal complexes. Based on all the calculated SSCCs, we can draw
some general conclusions. The fact that these observations are valid
for the different types of molecules studied here suggests that the
conclusions could very well be correct for other types of molecules
and, therefore, that an MC-srDFT model for SSCCs could become
a standard choice for a reliable computational prediction of SSCCs
at a relatively low computational cost. The computational cost is
equal to the combined cost of a KS-DFT calculation and an MCSCF
calculation with a smaller active space than usual for CASSCF.

First, the SSCCs from the computationally cost-effective srLDA
xc-functional are as good as those from the srPBE xc-functional,

and we, therefore, advocate using MC-srLDA in production calcula-
tions. In fact, the LDA accuracy is, in most cases, also close to the
accuracy with PBE. We did see the same performance of srLDA
vs srPBE recently for triplet excitation energies;25 this can explain
that we see the same for FC if we interpret the FC calculations in a
sum-over-states formalism.

Second, the best results have been obtained with singlet gTDA
and without triplet gTDA; this combination always gave reasonable
results (gTDA is an abbreviation for the generalized Tamm–Dancoff
approximation). For one molecule, VF−1

6 , all other combinations
gave completely wrong predictions; cf. Fig. 4. Both of these choices
were surprising to us. It is well known that triplet gTDA is needed to
get good predictions of low-lying triplet excitation energies because
of the common case of near-triplet or triplet instabilities, as we also
have found for triplet excitation energies with MC-srDFT.25 The
most logical explanation is that the low-lying triplet excitations have
a negligible contribution to FC, while the excitation energies impor-
tant for FC are improved with a full response calculation. It is even
more surprising that the singlet gTDA is essential to obtain reliable
PSO contributions. It shall be interesting to investigate further why
in future work.

Next, we summarize the more specific conclusions for the
four classes of molecules tested here. The small molecules in the
CC3 benchmark set for SSCCs21 all have single-reference character,
i.e., no significant non-dynamical correlation. One would therefore
expect HF-srDFT values to be close to the CAS-srDFT values, and
this was confirmed by the calculations; cf. Figs. 1 and 2. It is well
known that KS-DFT struggles to predict couplings with fluorine,
and we, therefore, divided the benchmark set into two sets, one
with the 25 SSCCs not involving fluorine and one with the remain-
ing 20 SSCCs involving fluorine. For SSCCs not involving fluorine,
the quality of the calculated SSCCs with HF-srDFT was similar to
that of conventional KS-DFT. For SSCCs, involving fluorine HF-
srDFT reduced the errors compared to conventional KS-DFT. A
closer analysis revealed that not all couplings involving fluorine are
equally difficult to calculate; the statistical errors for 1JOF, 2JFF, and
1JCF were much greater than for 2JHF, 2JNF, 2JCF, 3JHF, 3JFF, 1JNF,
and 2JOF.

We have also investigated the performance of CAS-srDFT for
metal to ligand SSCCs for six inorganic transition metal (TM)
complexes. We found for the first time that our hitherto standard
choice of μ = 0.4 bohr−1 failed. Only with the much larger value μ= 1.0 bohr−1 did we obtain good predictions for all six cases, in par-
ticular for fluorine ligands. As explained in Subsection IV D, this
implies that the metal centers exhibit significant non-dynamical cor-
relation for inter-electronic distances in the range 1.0–2.5 bohrs that
cannot be described by the srLDA or srPBE functionals. We attribute
this to correlation of the d-electrons; this is corroborated by the
observation that at least a double set of d-orbitals should be in the
active space to get good values.

Zooming in, for the JMC couplings in three M(CO)6 complexes,
all investigated methods appear to perform equally well compared to
the experimental measurements; in particular, the long-range cor-
rected HF-srDFT predictions are close to the KS-DFT values. This
is definitely not the case for the JMF couplings in three MF6 transi-
tion metal complexes. As for the CC3 benchmark, the best results are
obtained by using gTDA for the singlet PSO and not using gTDA for
the triplet FC. For the most demanding case, VF−1

6 , the CAS-srLDA
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and CAS-srPBE with singlet generalized Tamm–Dancoff approxi-
mation (gTDA) are spot on the experimental result; all other meth-
ods are not even close. This case turned out to be especially useful to
investigate the quality of models because the FC and PSO terms here
have different signs. Also for the other two JMF couplings, the only
good predictions are from CAS-srDFT; however, here, the effect of
singlet gTDA or not is small; this is because the PSO term is much
smaller than the FC term for them. Qualitatively, the long-range
correction in HF-srDFT reduces the errors by a factor of 2; the non-
dynamical correlation in CAS-srDFT is essential to get rid of the
remaining errors.

Based on the results of this paper, we propose the following
computational recipe for SSCCs with MC-srDFT after the definition
of molecular geometry and basis set:

● Use the srLDA functional.● Use μ = 1.0 bohr−1 for transition metal complexes and use
μ = 0.4 bohr−1 for organic molecules.● Use MP2-srLDA natural orbital occupation numbers to
select active space in CAS-srLDA or HF-srLDA.● Use singlet gTDA for the calculation of PSO contributions.● Do not use triplet gTDA for the FC contributions, except
possibly for SSCCs not involving fluorine for organic
molecules. Triplet gTDA does improve the SD contribu-
tions, but it is usually unimportant.● SSCC for transition metal complexes might need a larger
CAS than suggested by MP2-srLDA orbitals because our cal-
culations showed that correlation of the whole d-shell could
be important to get reliable values.

Finally, we note that we have used a development version of the
DALTON2018 code37 for all the calculations presented here. Our
new code for MC-srDFT SSCCs calculations has been released in
DALTON202027 and is available for download.

SUPPLEMENTARY MATERIAL

See the supplementary material for more statistical details of
the SSCC benchmark set, MP2-srPBE NOO, calculated SSCCs for
transition metal complexes using μ = 0.4 bohr−1, PCM effects on
the SSCC of XF6 complexes using LDA, and information about
molecular coordinates and Dalton input files used in this work.
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ABSTRACT

The Dalton Project provides a uniform platform access to the underlying full-fledged quantum chemistry codes Dalton and LSDalton as
well as the PyFraME package for automatized fragmentation and parameterization of complex molecular environments. The platform is
written in Python and defines a means for library communication and interaction. Intermediate data such as integrals are exposed to the
platform and made accessible to the user in the form of NumPy arrays, and the resulting data are extracted, analyzed, and visualized. Complex
computational protocols that may, for instance, arise due to a need for environment fragmentation and configuration-space sampling of
biochemical systems are readily assisted by the platform. The platform is designed to host additional software libraries and will serve as a hub
for future modular software development efforts in the distributed Dalton community.
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I. INTRODUCTION

More than 20 years have passed since the first version of the
Dalton program1 was released as a result of merging the sepa-
rate HERMIT, SIRIUS, ABACUS, and RESPONS codes that imple-
mented one- and two-electron integrals, wavefunctions, energy
derivatives, and response theory, respectively. Later, the adopted
monolithic code development structure turned out to be pro-
hibitively difficult to sustain, and it was interrupted with the release
of the atomic-orbital (AO) based linear-scaling initiative as a sepa-
rate executable named LSDalton.2 By the time of the Dalton paper in
2014,3 the two codes represented a powerful general-purpose pro-
gram system and provided users with access to the most relevant
and standard electronic structure theory methods and, moreover, a
vast amount of molecular properties. In 2017, all past and present
authors of the Dalton and LSDalton codes unanimously voted in
favor of open-sourcing the codes under the GNU Lesser General
Public License version 2.1 (LGPLv2.1). In the present work, we will
briefly recapitulate the functionalities of the codes and detail some of
the developments provided in Dalton suite releases from 2015 until
today, including the Dalton2020 release. With inspiration from the
Molecular Sciences Software Institute (MolSSI) project,4,5 we also
take the opportunity to initiate a transition in the Dalton software
engineering practices and we signal this paradigm shift by referring
to the Dalton community effort as the Dalton Project (DP) initia-
tive.6 From the developer’s perspective, we are taking steps to make it
easier to develop, sustain, and maintain a large general-purpose soft-
ware ecosystem for first-principles quantum molecular modeling of
complex systems, and from the user’s perspective, we are modifying
the design of the user interface to enable new access and interaction
patterns.

The general design strategy for the DP platform is that of
software modularity7–9 and based on a hybrid programming lan-
guage approach, as illustrated in Fig. 1. We introduce an upper
layer written in Python with support from specialized libraries,

FIG. 1. Overview of the Dalton Project platform structure.

such as NumPy,10 SciPy,11 and MPI4Py.12 This layer is hardware-
aware and capable of managing computer resources, handling user
interactivity, steering computation, and performing data process-
ing of results. The lower layer contains libraries written in a lan-
guage of choice based on the programmer’s preference and the
task to be addressed, but compute-intensive tasks will typically
be performed by libraries written in Fortran, C, or C++. The
two layers interact by any one of three means of communication,
namely, conventional file input/output (I/O), Python bindings, e.g.,
through CFFI (C Foreign Function Interface)13 or pybind11,14 or
pure Python module import. In this scheme, we view the Dal-
ton and LSDalton executables as libraries serving the DP plat-
form, and although further modular library decomposition would
be desirable, it is hampered by code legacy and entanglement.
More important than offering this new perspective, however, the
DP platform encourages future development to be made in the
form of modules with clear and specific tasks (or subtasks) that
undergo strict unit testing. Modules, or coherent sets of mod-
ules, build up libraries that are developed, maintained, and released
independently from one another such that the DP ecosystem will
see more of a continuous evolution as compared to conventional
monolithic program releases. Regarding communication, it is our
ambition for the ecosystem to move toward libraries that provide
clear application programming interfaces (APIs) and native bind-
ings to Python. The latter allows importing such libraries directly
into Python scripts or interactive sessions, enabling fast develop-
ment, read–eval–print loop (REPL) style, without sacrificing perfor-
mance. We believe that this software development model will serve
us well as we constitute a distributed community of contributors
belonging to network nodes with different scientific objectives and
timelines.

Within the field of quantum chemistry, the adoption of more
modern software engineering strategies with APIs written in Python
is in vogue at the moment, and we have been strongly influenced
by (i) the Psi4NumPy project that exposes efficient computational
kernels from the Psi4 program15 to enable quick NumPy prototyp-
ing of novel science16 and (ii) the PySCF program that, primarily in
Python, implements self-consistent field (SCF) and post-Hartree–
Fock (post-HF) electronic structure theory for finite and periodic
systems.17 Moreover, a source of inspiration as well as practical expe-
rience for the present work is provided by the VeloxChem project
(and program)18 that, with a hybrid Python/C++ programming
model, implements real and complex response theory19 at the SCF
level of theory for execution in high-performance computing (HPC)
cluster environments. In VeloxChem, Python is used for a split mes-
sage passing interface (MPI) communicator management of large-
scale distributed hardware resources with an anticipation of hetero-
geneous cluster nodes to become a future reality. Without noticeable
sacrifice in computational efficiency or program execution stabil-
ity, the higher-level quantum chemical methods and iterative linear
response equation solvers are implemented in Python with the use
of NumPy and underlying threaded math kernel libraries. With this
as background, we have gained sufficient confidence to steer our
project into a new direction as far as software engineering practices
are concerned.

Our presentation is organized as follows: In Sec. II, we briefly
mention some of the key features in Dalton and LSDalton that have
already been presented3 and provide a more detailed description
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of novel functionalities that have been added thereafter. Moreover,
we also present the features of the PyFraME package20 for the han-
dling of complex chromophore environments. In Sec. III, we give
a more comprehensive view of the design of the DP platform as
well as provide a concrete illustration of new library-access patterns
and program execution practices for the user. In Sec. IV, we present
six concrete examples of DP platform runs before closing with an
outlook into the future for the Dalton Project.

II. CAPABILITIES OF DP PLATFORM LIBRARIES

A. Dalton and LSDalton up until 2014

In 2014, a presentation of the Dalton program system, includ-
ing the Dalton and LSDalton codes, was published,3 and function-
alities listed in this presentation are, of course, still available and
therefore only briefly mentioned here. The two codes are primar-
ily written in Fortran, but parts involving density functional the-
ory (DFT) kernels are mostly written in C. In Dalton, the rou-
tines for correlated wavefunction calculations are implemented only
for serial execution—but can be linked to standard threaded lin-
ear algebra libraries—whereas the self-consistent field (SCF), i.e.,
HF and DFT, routines are implemented for parallel execution using
MPI. LSDalton, on the other hand, comes with a native hybrid
OpenMP/MPI parallelization scheme that enables shared memory
data handling on central processing unit (CPU) sockets and/or com-
pute nodes. None of the two codes come with support for hardware
acceleration, such as general-purpose graphical processing units
(GPUs).

The common foundation for the Dalton and LSDalton quan-
tum chemistry programs is that of a nonrelativistic Hamilto-
nian, basis sets expanded in localized Gaussian AOs, and multi-
electron reference states expanded in spin-restricted determinants or
configuration-state functions. Relativistic corrections to the zeroth-
order one-electron Hamiltonian are available in Dalton in terms of
the spin-free second-order Douglas–Kroll–Hess (DKH2) Hamilto-
nian and effective-core potentials (ECPs). As a perturbative correc-
tion to the Hamiltonian, Dalton also offers an implementation of the
full Breit–Pauli spin–orbit operator.

LSDalton provides efficient acceleration techniques for SCF-
based property calculations and an implementation of the linear-
scaling divide–expand–consolidate (DEC) scheme for second-order
Møller–Plesset (MP2) and coupled cluster (CC) energy calcula-
tions. The code was initially developed to alleviate the restrictions
of the Dalton code for calculations on large systems by introducing
linear-scaling AO-based SCF and response capabilities based on an
exponential ansatz of the AO density matrix.

Dalton provides implementations of most of the standard
electronic-structure methods, including SCF, MP2, a hierarchy of
CC methods [CC2, CCSD, CCSDR(3), CC3, and CCSD(T)], config-
uration interaction (CI), and multi-configurational SCF (MCSCF)
based on the generalized active space (GAS) concept. MCSCF wave-
functions are optimized with a robust trust-region-based second-
order approach.

Molecular gradients and Hessians are determined analytically
for SCF and MCSCF reference states, and analytic gradients are also
available at the levels of MP2, CC2, CCSD, and CCSD(T). In the
absence of analytic gradients and Hessians, Dalton can determine

these quantities by numerical differentiation and thereby offers an
extensive functionality for exploring potential energy surfaces. The
combination of geometric and electric-field perturbations allows for
calculations of infrared (IR) and Raman intensities. Analytic linear
and nonlinear response functions describing the interactions with
external and internal (in general, time-dependent) electromagnetic
fields are implemented for the entire selection of electronic-structure
methods and enable simulations of a plethora of spectroscopies, too
rich to be listed here. At this time, Dalton also included the means
for structure-less and atomistic descriptions of chromophore envi-
ronments through the polarizable continuum model (PCM) and
polarizable embedding (PE) model, respectively.

B. Added features in Dalton

The functionalities of Dalton have been expanded in several
directions. Here, we provide a summary of selected new features.
To bring some structure and order into these developments, we
have chosen to divide them into the three categories: (i) electronic-
structure theory, (ii) spectroscopy simulations, and (iii) environ-
ment modeling. In the first one, we list general quantum-chemical
method developments providing new means to describe the elec-
tronic structure of ground and excited states. In the second, we
describe developments that are more specifically targeting and
enabling simulations of certain spectroscopies. Such simulations are
connected with certain electronic-structure theory methods and typ-
ically also environment models, but the primary objective of the
development has been the spectroscopy at hand. In the third, we
present approaches aimed at improving the effective description of
the chromophore environment. These developments are, of course,
made in combination with specific electronic-structure methods, but
the environment is at focus.

1. Electronic-structure theory
Based on a range-separated Hamiltonian as proposed by

Savin,21,22 a rigorous combination can be made of wavefunction
and density-functional theories for the treatment of the long- and
short-range electron–electron Coulomb interactions, respectively.
In Dalton, this approach has been implemented at the level of
MP2,23 CI,24,25 MCSCF,26–28 and NEVPT229 wavefunction theories,
and it is now made available in the Dalton2020 release. In con-
junction with MCSCF, the main idea is that static (or strong) elec-
tron correlation can be effectively accounted for by means of typ-
ically quite short determinant expansions of the wavefunction at
the same time as dynamic electron correlation can be effectively
accounted for by means of DFT with its low computational cost.
The resulting method is referred to as multi-configurational short-
range DFT (MC-srDFT), and it is available for closed-shell and
open-shell systems.28 Apart from calculations of energies, linear-
response properties are available for both singlet and triplet per-
turbations.30–32 More details are provided in Sec. IV B where an
example is provided in terms of the calculation of the ultraviolet–
visible (UV/Vis) absorption spectrum of a retinylidene Schiff base
chromophore.

Using Löwdin’s inner projection in conjunction with a
one- and two-electron excitation operator manifold and an
MP2 reference state, the second-order polarization propagator
approximation (SOPPA) arises as a means to address the electronic
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structure of excited states. Modifications of the original form of this
approach have been implemented, including the SOPPA(SCS-MP2)
and SOPPA(SOS-MP2) models33 where spin-component-scaled34,35

and scaled opposite-spin36 versions of the Møller–Plesset correlation
coefficients are employed. Going instead toward approximations of
the SOPPA model, the random phase approximation with second-
order non-iterative doubles corrections model [RPA(D)]37 has been
extended to triplet excitations,38 and a similarly derived higher RPA
with non-iterative doubles corrections model [HRPA(D)] has been
implemented.38 The RPA(D) and HRPA(D) models are enabled for
calculations of not only transition properties but also linear response
functions.39

Furthermore, with regard to CC approaches, Dalton also offers
a new and more efficient implementation of the CC3 model for
ground- and excited-state energies,40 although it does not support
full Abelian point-group symmetry, it reduces the computational
cost.

2. Spectroscopy simulations
Applying the Liouville equation to pure states in the density-

matrix formalism of quantum mechanics has been shown to be
equivalent to applying the Ehrenfest theorem to state-transfer oper-
ators in Hilbert space, thereby leading to a means to phenomeno-
logically introduce relaxation mechanisms into wavefunction the-
ories.19,41,42 The resulting complex polarization propagator (CPP)
theory defines frequency-dependent response functions for exact
and approximate states that are physically sound in all regions of
the spectrum, resonant as well as conventional nonresonant, and
also x-ray as well as conventional UV/Vis. These response functions
fulfill the Kramers–Kronig relations with real and imaginary parts
that are associated with separate dispersive and absorptive spectro-
scopies, such as optical rotatory dispersion (ORD)43 and electronic
circular dichroism (ECD).44

Extensions of the CPP theory have been made to allow for
the description of nonlinear external-field interactions,41,45 and the
latest release of the Dalton program also offers CPP/DFT simu-
lations of resonant-enhanced hyper-Rayleigh scattering (HRS),46,47

magnetic circular dichroism (MCD),48,49 magneto-chiral dichro-
ism (MChD) and birefringence (MChB) dispersion,50 nuclear spin-
induced optical rotation (NSOR) and dichroism (NSCD),51 and
two-photon absorption (TPA) cross sections.45,52

Core excitation processes are associated with large valence-
electron relaxation and polarization effects that, in a polarization
propagator or response theory approach, require multi-electron
excited configurations to be properly accounted for.53 Along this
line, Dalton provides a hierarchy of CC methods to model a vari-
ety of x-ray spectroscopies including near-edge x-ray absorption fine
structure (NEXAFS),54–57 photo-electron spectroscopy (PES),56–59

transient x-ray absorption spectroscopy (TRXAS),60,61 and resonant
inelastic x-ray scattering (RIXS).62 The referred-to hierarchy of CC
methods includes the CCS, CC2, and CCSD levels of theory, but
core-excitation and core-ionization energies are also available for the
CCSDR(3) and CC3 approximations. Both singlet and triplet excited
states are encompassed, and the latter are obtained in a spin-adapted
formalism.61 The core–valence separation (CVS) approximation has
been made available to decouple core and valence excited states.
It can be applied either at the excited-state level only56,57 or both
during the determination of the ground state and excited states in

a frozen-core variant (fc-CVS).63 An example illustration of a DP
platform XAS calculation using the CVS approximation is provided
in Sec. IV F.

3. Modeling of chromophore environments
The capabilities in Dalton for including effects from a molecu-

lar environment have been extended in several directions. The PCM
for efficient modeling of bulk solvent effects can now also be per-
formed at the SOPPA level.64 In this PCM-SOPPA/RPA model, the
static solvent contributions are treated at the SOPPA level, while the
dynamic solvent contributions are evaluated at the time-dependent
HF level. The PCM model can also be used in combination with the
MC-srDFT method.

The PE model65,66 is a fragment-based (semi-)quantum–
classical scheme designed for efficient and accurate inclusion of
environment effects in calculations of spectroscopic properties of
large and complex molecular systems. The environment is included
effectively through an embedding potential whose parameters con-
sist of distributed multipoles and polarizabilities, both of which
are derived from quantum-mechanical calculations on the indi-
vidual fragments that make up the environment. The PyFraME
package, which is made available on the DP platform and is
described in Sec. II D, can be used to automatize the gener-
ation of the embedding-potential parameters. The PE model is
implemented in the Polarizable Embedding library (PElib)67 based
on an AO density-matrix-driven formulation, which facilitates a
loose-coupling modular implementation in host programs. The
PElib was included in the Dalton2013 release, but at that time,
it was limited to PE-HF and PE-DFT.65,66 Since then the imple-
mentation has been extended to PE-CC [specifically, PE-CC2, PE-
CCSD, and PE-CCSDR(3)],68 PE-MCSCF,69 PE-MC-srDFT,70 and
PE-SOPPA.71 The Dalton2020 release supports linear-, quadratic-
, and cubic-response properties for PE-HF/DFT,66 while PE-CC
is limited to linear- and quadratic-response properties, and only
linear-response properties are available for PE-MCSCF and PE-
MC-srDFT. For PE-HF/DFT, it is also possible to compute prop-
erties based on resonant-convergent response theory.72 London
AOs (LAOs) are supported for magnetic linear-response proper-
ties that involve a single derivative with respect to a magnetic
field.73 The capabilities have also been extended to enable ana-
lytic quantum-mechanical molecular gradients at the PE-HF/DFT
level, thus enabling geometry optimization of the core quantum
region embedded in a fixed polarizable environment.74 Local-field
effects may also be included in PE-HF/DFT calculations where
they are termed effective external field (EEF) effects.75,76 Electronic
energy transfer (EET) couplings can be calculated based on the PE
model, including both direct and environment-induced contribu-
tions, and using QFITLIB77 to derive transition-density-fitted mul-
tipoles.78 Bulk solvation effects can be included through the FixSol
conductor-like solvation model using the FIXPVA2 cavity tessella-
tion scheme.79,80 An overview of the developments related to the PE
model can be found in Ref. 81, while a tutorial review is available in
Ref. 82.

The PE model, and classical models in general, does not include
Pauli repulsion between the chromophore and its environment.
Such models can therefore suffer from so-called electron spill-out,
where the electron density of the chromophore leaks out into the
environment, thus causing an over-stabilization of the ground state
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and, in particular, the excited states of the embedded chromophore.
Negatively charged chromophores or excited states of even par-
tial Rydberg-like character are especially susceptible.83,84 The polar-
izable density embedding (PDE) model has been formulated to
improve the electrostatic interactions between the chromophore and
its environment and to address the electron spill-out issue.85,86 In
this model, the permanent charge distribution of the fragments in
the environment is described by their full electronic densities, thus
avoiding divergences of the multipole expansions, while still keeping
the distributed polarizabilities to efficiently account for polarization
effects. In addition, the PDE model contains a Huzinaga–Cantu-like
projection operator87 that models Pauli repulsion effects and thereby
effectively prevents electron spill-out. The PDE model has been
implemented in PElib using the same AO density-matrix-driven
formulation as for the PE model. It can therefore straightfor-
wardly be combined with the same DFT and wavefunction meth-
ods as the PE model both in terms of ground-state and response
calculations, with the exception of LAOs and analytic molecular
gradients.

The latest Dalton release has also received basic frozen density
embedding (FDE)88,89 capability. The FDE implementation enables
import of a static embedding potential that has been pre-calculated
on a numerical integration grid by another code that implements
FDE.90,91 A matrix representation of the embedding potential is
constructed based on the grid and added to the one-electron Fock
matrix. The implementation can thus be used with all available DFT
and wavefunction methods in Dalton.92,93

C. Added features in LSDalton

1. Integral evaluation
Integrals sit at the heart of any quantum chemistry program,

both when it comes to computational performance and available
methods and properties. The development of an efficient and flexible
integral-evaluation code has therefore been essential to the devel-
opment of LSDalton. Since 2014,3 four main integral developments
have been added: high-order derivative integrals (HODI), integrals
and differentiated integrals for embedding techniques involving
interaction with point charges and higher-order multipoles, accel-
eration of the exchange contribution through developments of the
auxiliary-density-matrix method (ADMM),94 and interface with the
XCFun library of DFT exchange–correlation (XC) functionals.95,96

The XCFun library is based on forward-mode automatic differentia-
tion97 and can therefore generate arbitrary-order derivatives of these
functionals.

The one- and two-electron HODI implementation employs the
solid-harmonic Hermite scheme of Ref. 98, allowing for a unified
scheme for undifferentiated and differentiated integrals by expand-
ing the solid-harmonics in Hermite rather than Cartesian Gaussians;
differentiation merely increments one of the quantum numbers of
the Hermite Gaussians, whereas differentiation of Cartesian Gaus-
sians gives linear combinations of Cartesian Gaussians. The HODI
integrals have been extended to allow interactions with general-
order point multipoles (charges, dipoles, and so on) needed for
classical embedding techniques.

The exchange contribution is the main computational bot-
tleneck in hybrid DFT calculations. The development of effi-
cient and accurate acceleration techniques for the exchange

contribution will thus greatly improve overall DFT timings and
increase the scope and applicability of DFT in general. One such
approach is the ADMM,94,99,100 where the time-critical exchange
contribution is instead evaluated in a smaller basis, and corrected
with the difference between the local generalized-gradient approxi-
mation (GGA) exchange in the full and the small basis. The ADMM
has been implemented in LSDalton with different variants for the
projection to the smaller basis and GGA correction functional
options,99 and with tailored auxiliary basis sets (admm-n) for the
pcseg-n and aug-pcseg-n basis sets.100

2. Exploiting the locality of electron correlation
The DEC101–103 strategy employs highly local orbitals104,105 to

recover the inherent locality of dynamical correlation for large
molecules in a linear-scaling fashion. Over the last few years,
the DEC framework has been extensively developed and now
includes resolution-of-the-identity (RI) accelerated MP2 (DEC-RI-
MP2106–108), Laplace-transformed RI-MP2 (DEC-LT-RI-MP2109),
CC theory through DEC-CCSD and DEC-CCSD(T),110 and through
the multilayer DEC framework ML-DEC,111 which allows for effi-
cient calculations by systematic treatment of the pair-fragment at
different levels of theory. In addition to energies, densities, and
electrostatic potentials, gradients are available at the DEC-MP2
and DEC-RI-MP2 levels,102,107 and excitation energies are avail-
able through the local framework for calculating excitation energies
(LoFEx)112–114 and the correlated natural transition orbital frame-
work for a low-scaling excitation energy (CorNFLEx) approach.115

Due to the embarrassingly parallel nature of the DEC scheme, excel-
lent scalability to a large number of CPU cores is possible. As
an example, a DEC-RI-MP2/cc-pVDZ gradient calculation of the
insulin molecule (787 atoms and 7604 basis functions) finished in
less than 10 h using 32 000 cores (2000 nodes, each with 16 cores, on
the Titan supercomputer).107

3. Molecular properties
Several property developments have been undertaken since

2014, including quasi-Newton transition-state optimization, the
high-order path-expansion (HOPE)116 method for improved
geometry-optimization steps, automated counterpoise correction,
and the same-number-of-optimized-parameters (SNOOP)117,118

scheme as an improved alternative to the counterpoise correction,
and nuclear-selected NMR shielding,119 to mention a few.

On a longer-term development line, LSDalton has been inter-
faced with OpenRSP,120 to allow, in principle, arbitrary-order
molecular properties. OpenRSP is an open-ended response-theory
library that manages the generation and solution of the response
equations needed for the evaluation of arbitrary-order response
properties. The current implementation in LSDalton enables the cal-
culation of a sizable selection of (mixed) electrical and geometrical
properties for HF and DFT, for the latter also involving an interface
to the XCFun and XCint121 libraries. This includes properties related
to IR, Raman, and hyper-Raman spectral intensities, molecular gra-
dients, Hessians, and cubic force constants. The capabilities of the
LSDalton/OpenRSP/XCint/XCFun combination are illustrated for
the calculation of IR and Raman spectra of benzene through the DP
platform in Sec. IV D.
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For modeling of solvent effects, the PCMSolver122 library for
continuum electrostatic solvation has been interfaced to LSDal-
ton. This implementation is available for SCF and electric-dipole
response properties up to fourth order.

D. PyFraME: Python framework for Fragment-based
Multiscale Embedding

PyFraME20 is a Python package providing a framework for
managing fragment-based multiscale embedding calculations. The
basic principle of embedding models in quantum chemistry is the
division of a molecular system into two domains: a central core
region and its environment. The core region is described at the high-
est level of theory using DFT or a wavefunction method, while the
effects from the environment are included effectively through an
embedding potential. To manually set up embedding calculations
of large and complex molecular systems can be highly complicated,
tedious, and error-prone. This is especially true when considering
that configuration-space sampling, e.g., through molecular dynam-
ics (MD) simulations, is usually required, which, in turn, means that
the procedure has to be repeated many times.

The highly flexible PyFraME package automatizes workflows,
starting from the initial molecular structure to the final embedding
potential. It enables the user to easily set up a multilayered descrip-
tion of the environment. Each layer can be described either by a
standard embedding potential, i.e., using a predefined set of param-
eters, or by deriving the embedding-potential parameters based on
first-principles calculations. For the latter, a fragmentation method
is used to subdivide large molecular structures into smaller compu-
tationally manageable fragments. The number of layers, as well as
the composition and level of theory used for each layer, can be fully
customized.

The basic workflow consists of three main steps. First, a molec-
ular structure is given as an input. Currently, PyFraME supports
input files in the PDB format. The input file reader extracts infor-
mation about the structure and composition of the system, and
it also defines the basic units of the system, i.e., fragments. Small
molecules would typically constitute a fragment on their own, but
larger molecules are usually broken down into small computation-
ally manageable fragments. For example, for proteins, a fragment
would usually consist of an amino-acid residue, while for nucleic
acids, it could be a nucleotide. The molecular system to be used for
the embedding calculation is then built by extracting subsets from
the full list of fragments according to specified criteria, such as name,
chain ID, distance, or a combination thereof, and placed into sepa-
rate regions. As mentioned above, any number of regions may be
added, and each can be fully customized. Once the system has been
built, the final step is the derivation of the embedding potential.
Depending on the specifics, it may involve a large number of sep-
arate calculations on the individual fragments in order to compute
the embedding-potential parameters. For large molecules, where the
parameters cannot be computed directly, PyFraME uses a fragmen-
tation method based on the molecular fractionation with conjugate
caps (MFCC) approach123 to derive the parameters. The individ-
ual fragment calculations are typically performed by Dalton and
the LoProp Python package,124,125 but this can be customized. The
fragmentation of the system, fragment calculations, and subsequent
joining of parameters to build the embedding potential are fully
automatized and can make full use of large-scale HPC resources.

III. DP PLATFORM DESIGN AND FEATURES

The ultimate goal of the DP platform is to establish a flexi-
ble, robust, and uniformly accessible environment that can be used
for both large-scale applications and to facilitate the development
of novel methodology. The challenges for quantum chemistry today
are far more complex than earlier, both concerning the complexity
of the chemical systems, adaptation to HPC facilities, and the num-
ber of tools and approaches needed for applications. As a result,
it becomes essential to be able to easily combine the tools and
approaches in meaningful ways. The main motivation of the Dal-
ton Project is to provide a platform that can be used to combine
the functionality of the tools and methods that are developed by the
individual research groups in the Dalton community.

For a long time, we have relied on a monolithic codebase (first
Dalton and later also LSDalton) for the development of new com-
putational methodology. These programs have served us well in the
past, and we expect this to continue into the foreseeable future.
It is clear, however, that the codebase has accumulated substantial
technical debt. The tight coupling between the software modules
is particularly problematic because it complicates optimization and
modernization of even small pieces of code. Moreover, implementa-
tion of new methodology often requires unnecessarily high efforts
and easily leads to additional technical debt. The risks of relying
on a monolithic codebase are especially high when the codebase
is maintained by a scientific community such as ours whose pri-
mary goal is to perform research. In recognition of this, and the
fact that individual groups have different research aims and pref-
erences in terms of software development, we have in later years
moved toward a more distributed codebase. This has resulted in the
development of a series of software libraries, such as Gen1Int,126,127

OpenRSP,120 PCMSolver,122 PElib,67 QcMatrix,128 XCFun,95,96 and
XCint.121 This has, to some degree, alleviated the problem of the
monolithic codebase for some developments, but the main issues
remained.

We have now taken the next step and moved completely to a
distributed codebase with the Dalton Project, whose main task is to
integrate and provide interoperability between the individual soft-
ware libraries that are developed and maintained by the different
nodes in our community. At the same time, however, we acknowl-
edge that there is vast functionality developed in our community
during the last few decades that we do not wish to abandon, which
is primarily implemented in Dalton and LSDalton. The DP plat-
form thus has to accommodate a wide variety of software from
large monolithic programs with a wide range of features to small
libraries that provide very specific functionality. The design of the
platform has to take this into account in a sustainable manner, so
that it can act as a platform for present-day use cases and, impor-
tantly, for future developments based on modern software engineer-
ing practices. Moreover, the DP platform must be able to exploit
current HPC facilities and be prepared for the upcoming exascale
supercomputers.

To meet our goals and requirements, we devised a platform
structure that is illustrated in Fig. 1. At the top, we have the DP plat-
form itself, written in pure Python (3.6+), that interfaces to external
libraries through different communication mechanisms. Python was
chosen as the platform language because of its extensibility, empha-
sis on code readability, and comprehensive standard library, as well
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as a large number of specialized libraries. We note here that the
term library is used liberally to signify any type of software that can
be interfaced to the platform, including libraries in the traditional
sense, program executables, and Python modules and packages. The
libraries thus require very different means of communication, and
to accommodate this, we provide three different mechanisms: file
I/O, Python bindings, and pure Python imports. The file I/O com-
munication mechanism is provided to make the vast functionality
implemented in Dalton and LSDalton more accessible. In fact, most
of the functionality provided on the DP platform currently involves
Dalton and LSDalton, but we will gradually move toward using
loosely coupled libraries written in pure Python or hybrid Python
and Fortran, C, or C++, with the hybrid approach being used for the
more compute-intensive numerical tasks. Initially, the DP platform
will interface Dalton and LSDalton as well as PyFraME, all of which
have been described in Sec. II. In the immediate future, we expect
that many of the aforementioned libraries that are currently inter-
faced to Dalton and LSDalton will be interfaced directly to the DP
platform.

The DP platform is a Python package with an API that con-
sists of a set of classes and functions used to set up molecular sys-
tems, perform numerical calculations, and process data. Usage of
the platform would typically consist of three stages used in succes-
sion, namely, setup, compute, and data processing. By separating the
compute and data processing stage, the DP platform may be easily
employed in large-scale application workflows in which a number of
calculations are typically run first, by submitting them to a queuing
system on a supercomputer, and subsequently data manipulation,
analysis, and visualization are performed.

The setup stage consists of instantiation of one or more of
the five base classes: Molecule, Basis, QCMethod, Property, and
Environment, which are used in the compute and data process-
ing stages. The classes have been designed to be library-agnostic
so that they can be used and reused for all libraries. However, not
all classes are necessarily needed. It depends on the specific type
of calculation that is performed. For example, the first four (or
all five if an environment model is used) are needed to run, e.g.,
a TPA calculation employing Dalton or LSDalton, whereas other
functionality may only need some of them (e.g., more fine-grained
functionality can be obtained from LSDalton, as illustrated in
Sec. IV A).

The Molecule class contains information about the molecu-
lar structure, which can be a single atom, a molecule, a fragment of
a molecule, or a set of molecules. It requires, as a minimum, that
atomic elements and coordinates are defined. Reasonable defaults
are used for other attributes, such as the total charge, spin multi-
plicity, atomic masses, atomic labels, and, if enabled, information
related to point-group symmetry. The atomic elements, coordinates,
and, optionally, labels, can be given either as a file, e.g., in XYZ for-
mat (optionally with atom labels in the fifth column), or as a string.
The DP platform also provides a function that can read the stan-
dard molecule file format used by Dalton and LSDalton and return
instances of the Molecule and Basis classes. The atomic labels are
used in the Basis class as described below, but also to specify, e.g.,
ghost atoms and point charges.

The Basis class holds all basis-set information, which includes
the main basis set and, optionally, auxiliary basis sets used for, e.g.,
RI and ADMM approximations. The basis set can be given either as

a string, in which case the specified basis set is used for all atoms,
or as a dictionary using atom labels as the keys and basis sets as the
corresponding values. The basis sets are obtained from the basis set
exchange (BSE) Python package.129

The QCMethod class specifies the method, for example, HF,
DFT, MCSCF, and CC, together with any associated attributes, such
as XC functional or definition of active space. Approximations used
to compute Coulomb and exchange contributions are also given here
(and also require that the corresponding basis sets are defined in
a Basis instance). In addition, this class is used to specify addi-
tional settings, such as convergence thresholds, maximum number
of iterations, and so on.

The Property class is used to define which properties to
compute. This includes single-point energy, geometry optimization,
excitation energies, and so on, as well as additional specifications
related to the property, which could be, e.g., the algorithm to use
in the geometry optimization or the number of states to include in
the calculation of excitation energies. Currently, the DP platform
supports only a limited set of properties out of the great number
that are available in Dalton and LSDalton, but this will be contin-
uously extended. A selection of some of the current capabilities is
demonstrated in the illustrations presented in Sec. IV.

The Environment class defines the environment, if present,
surrounding a molecule or fragment, which is defined in a Molecule
instance. It contains information about the type of environment
model, e.g., PCM, PE, or PDE, as well as all the parameters and
settings belonging to the specific model. For example, for the PE
model, this class contains the coordinates of the classical sites and
the associated multipoles and polarizabilities.

The libraries are used in the compute and/or data processing
stages. For each library, there is an interface provided as a subpack-
age of the main DP package. The interface API consists of functions
that allow the user to interact directly with the libraries. The exact
implementation of the interface varies depending on the nature of
the library, e.g., what functionality it provides and how the API of
the library itself is defined. However, the interface API functions
that are exposed to the user must conform to the standards laid
out by the DP platform to ensure that there is uniform access to all
libraries as well as interoperability between them. This means, for
example, that libraries with similar functionality must also provide
API functions with identical names and signatures. Moreover, apart
from the classes defined by the DP platform, the types and data struc-
tures must be either Python built-ins, e.g., integers, floats, lists, and
dictionaries, or NumPy arrays.

The default ordering of AO integrals on the DP platform is
the Dalton ordering: atoms are ordered according to the user input,
and for each atom it is angular-momentum components first and
contracted functions second. Other AO orderings may be used on
the platform, but the interface API must provide transformation
functions to and from the default Dalton ordering. Transformations
can then be made on the platform in the cheapest way possible,
e.g., on the MO coefficients rather than on the four-center integrals
for MP2.

Numerical compute-intensive tasks are performed at the com-
pute stage. This can include anything from the calculation of integral
components, all the way to a complete calculation of a molecular
property, as well as more complex workflow protocols. In the first
development release of the DP platform, users will be able to directly
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calculate one- and two-electron integrals using LSDalton through
CFFI-based Python bindings and have seamless access to a selection
of wavefunctions and properties computed by Dalton and LSDal-
ton using the file I/O communication mechanism. To deal with
complex molecular systems that are too large for a full quantum-
chemical treatment, we provide an interface to PyFraME that
enables workflows involving fragmentation and quantum–classical
embedding.

The results obtained at the compute stage can be used directly at
the data processing stage, which includes data extraction, manipula-
tion, analysis, and visualization. The feature set that will be available
in the first development release includes the ability to perform vibra-
tional analysis to obtain vibrational frequencies and normal modes,
natural orbital occupation analysis to assist in the selection of active
spaces, and partitioning of properties into atomic and interatomic
contributions using the LoProp approach. In addition, the DP plat-
form has capabilities for plotting spectra and visualizing orbitals,
electrostatic potentials, and electronic densities.

The DP platform can automatically detect and manage avail-
able hardware resources. Manual specification is also possible and
allows fine-grained control. In auto-detection mode, the DP plat-
form will first check for resources reserved through a standard HPC
job scheduler and, if no scheduler is found, fall back to use resources
on the local computer. Resource usage is optimized according to
the capabilities of the used libraries, exploiting OpenMP, MPI, or
hybrid OpenMP/MPI parallelism when available. Moreover, a task-
farming functionality is provided for use cases where many separate
calculations are to be performed.

We conclude this section with a brief walk-through example
that illustrates how the DP platform can be used to streamline a
workflow going from initial molecular structures to TPA spectra,
employing both Dalton and LSDalton. In Sec. IV, additional illus-
trations are presented to demonstrate the fine-grained access to
integrals and show some of the new features available on the DP
platform.

Assuming that the DP platform has been imported as import
daltonproject as dp and a list of XYZ filenames is available in
xyz_filenames, we start by creating a list of Molecule instances

Then, we create the Basis, QCMethod, and Property instances
that will be used for a geometry optimization of the molecules
using LSDalton. The order in which the classes are instantiated is
unimportant. We here start with QCMethod

specifying that we want to use the B3LYP XC functional together
with density-fitting (DF) and ADMM to accelerate the calculation
of Coulomb and exchange contributions, respectively. Both accel-
eration techniques require an auxiliary basis set, which is specified
when instantiating the Basis class

Finally, we create a Property instance

using the default optimization algorithm. With these instances we
can proceed to the compute stage.

For Dalton and LSDalton, when used through the file
I/O mechanism, we use the compute() function. It returns an
OutputParser instance that contains methods for transparently
fetching relevant results from the output files, as shown further
below. The compute() function creates a unique filename based on
the specific input, which is stored in the OutputParser instance.
The filename can also be specified through an optional argument in
which case it is up to the user to ensure its uniqueness.

We can iterate through the list of molecules, one by one, and
perform both the pre-optimization and final optimization in the
same loop (updating the molecule coordinates after each step)

LSDalton can exploit the available CPU resources using a hybrid
OpenMP/MPI scheme. The optimal use for LSDalton is typically one
MPI process per CPU and one OpenMP thread per CPU core, up to
a maximum of 20 threads. For example, on a supercomputer with
two CPUs per node and 12 cores per CPU, LSDalton will use two
MPI processes per node and 12 OpenMP threads per MPI process.

The optimized molecular structures are passed to Dalton for
the calculation of TPA cross sections employing the CAM-B3LYP
functional

and a mixed basis set which is defined through a dictionary

It is here assumed that the molecules only contain hydrogens, car-
bons, and oxygens, and that the XYZ files do not contain atomic
labels in the fifth column in which case the atomic labels default to
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the element symbols. Finally, we create a new Property instance for
the TPA cross section

where we have additionally specified that we want to include four
states. We then proceed with the calculation of the TPA cross sec-
tions using Dalton, collecting the results for each molecule in the
tpa_results list

By default, Dalton will here adopt a purely MPI-parallel execution,
corresponding to one MPI process per CPU core. Alternatively,
the task farming functionality can be used by supplying the list of
molecules to the compute() function

In this scenario, a separate calculation will run for each molecule
concurrently, dividing the available CPU resources among them.

Finally, we can plot the TPA spectra using the spectrum module
of the DP platform

where ax is an instance of the Matplotlib130 Axes class. Further
customization can then be performed to produce publication-ready
figures, which can be plotted as normally done with Matplotlib.

IV. DP PLATFORM ILLUSTRATIONS

In this section, we provide six use cases of the DP plat-
form with the intent to demonstrate novel platform functional-
ities in terms of data exposure, processing, and visualization as
well as to illustrate some of the added features of the platform
libraries. The Python scripts used for these DP platform illustra-
tions, along with the corresponding input/output files, are deposited
at https://doi.org/10.5281/zenodo.3710462.

A. NumPy-exposure of one- and two-electron
integrals

We here demonstrate how to access primitive and con-
tracted integrals on the DP platform. This functionality is made

available by LSDalton through CFFI-based Python bindings and
enables access to a variety of one- and two-electron integrals
including Coulomb and exchange integral matrices. We will soon
add exposure of geometrically differentiated integrals (in principle,
to arbitrary order), integrals for embedding techniques involving
interaction with classical charges and higher-order multipoles,
Gaussian-geminal type integrals needed for F12-type theories, atten-
uated two-electron integrals, multipole-moment integrals, and mag-
netically differentiated London integrals (to first order for the two-
electron integrals).

Integrals and integral components are available on the DP plat-
form in the form of NumPy arrays and currently require instances
of Molecule, Basis, and QCMethod classes, as outlined in Sec. III.
For example,

where import daltonproject as dp is assumed. In the follow-
ing, we also import the LSDalton module: import daltonpro
ject.lsdalton as lsd. We are then ready to compute basic DFT
integral components, such as one-electron matrices

two-electron matrices

Molecular-orbital energies and coefficients can then be obtained, e.g,
using SciPy

Two-electron four-center integrals can be obtained through

and, for example, two- and three-center RI integrals, by specifying
an auxiliary RI basis, through

With these integrals, we can easily construct the resolution-of-the-
identity (RI) Coulomb matrix
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FIG. 2. The structure of the tetrameric model consisting of units of the P700
pigment of photosystem I.

J̃ab =∑
cd
∑
α,β
(ab∣α)(α∣β)−1(β∣cd)Dcd, (1)

through the sequence

gβ =∑
cd
(β∣cd)Dcd,

cα =∑
β
(α∣β)−1gβ,

J̃ab =∑
α
(ab∣α)cα

(2)

according to

We note that this example is only meant to illustrate the ease
with which algorithms can be implemented on the platform and
that there are better ways to construct the density-fitted Coulomb

matrix in Eq. (1) (see, for instance, Ref. 131 and references
therein).

We end this illustration with a concrete example of a CAM-
B3LYP/pcseg-2 single-point energy calculation of a tetrameric
model of the P700 pigment of photosystem I,132 depicted in Fig. 2,
to illustrate the computational performance of the LSDalton library.
This triple-zeta quality P700 tetramer model consists of 198 atoms
and 4744 contracted basis functions. The wall time, with 32 Intel
E5-2683v4 dual socket nodes (1024 cores), was 15 min. The cal-
culation used J-engine accelerated density-fitting of the Coulomb
contribution and the ADMM2 variant of ADMM for the exchange
contribution, and employed one MPI process per CPU and 16
OpenMP threads per process. For more details about the accel-
eration techniques, consult Ref. 100, where these techniques were
studied more extensively.

B. Combined treatment of static and dynamic
electron correlation: The multi-configurational
short-range density functional theory method

The calculation of UV/Vis spectra with the MC-srDFT method
is here illustrated with the retinylidene Schiff base chromophore, as
originally addressed in previous works.31,70 Spectra for this system
are shown in Fig. 3 together with the π-orbitals that constitute the
active space, denoted by π1–π6. We first note that range-separated
calculations introduce a range-separation parameter μ that affects
the results as long as one remains short of the full-CI limit. From
a practical point of view, the optimal μ-value is that which delivers
reliable results with the least amount of computational effort. Bench-
mark studies have shown that a value around μ = 0.4 a−1

0 is close to
optimal for ground and excited states.26,133,134 We have adopted this
value for the present illustration.

The following workflow was employed in the spectrum calcula-
tions: First, the natural orbitals were calculated from the MP2-srPBE
ground-state wavefunction and the occupation numbers were used
to select a suitable active space. The DP platform provides seam-
less processing of the MP2-srPBE results, and, based on a user-
defined selection criterion, an automatic selection of strongly and
weakly occupied orbitals is made. Our adopted CAS(6,6) active space
came as a result of including orbitals with occupation numbers

FIG. 3. UV/Vis spectrum of the retinylidene Schiff base chromophore. Results are obtained at the level of CAS(6,6)-srPBE/6-31+G∗ with μ = 0.4 a−1
0 . Both CAS and MP2

(in parentheses) occupation numbers are given. The experimental spectrum presented in arbitrary units is taken from Ref. 135.
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below 1.99 (occupied space) and above 0.01 (virtual space). Sec-
ond, the CAS(6,6)-srPBE calculation is performed. Third, the DP
platform processes data by extracting excitation energies and oscilla-
tor strengths and generates the requested absorption spectrum. The
following definition of the frequency-dependent molar absorption
coefficient ε(ω) was used:

ε(ω) = e2π2NA

ln(10)2πϵ0nmec
∑
i

ωfi
ωi

g(ω,ωi, γi), (3)

where NA is Avogadro’s constant, e is the elementary charge, me is
the electron mass, c is the speed of light, ϵ0 is the vacuum permit-
tivity, n is the refractive index (here set to unity), f i is the calculated
oscillator strength of the ith transition, and ωi is the corresponding
transition angular frequency. Equation (3) also introduces the line-
broadening function g with the phenomenological parameter γi cor-
responding to the half-width at half-maximum (HWHM). The DP
platform offers spectral broadenings based on normalized Gaussian
or Lorentzian line profiles.

With the basis of the results in Fig. 3, we briefly discuss some
key features of the MC-srDFT method. We note that the CAS-
srPBE spectrum shows two distinct peaks in good agreement with
the experimentally observed S1 and S2 bands135,136—transition ener-
gies and oscillator strengths are provided in Table I. It is here
essential to employ a multi-configurational wavefunction as can be
seen by the comparison to the single-determinant (HF-srPBE) spec-
trum, which essentially corresponds to the range-separated LC-PBE
model. Without account of static correlation, peak positions are
strongly blue-shifted and the intensity of the second band is severely
underestimated. It is noted that occupation numbers from a reg-
ular MP2 calculation suggest significantly larger active spaces.137

However, the use of CAS(6,6)-srPBE provides the same accuracy as
literature CASPT2 results based on a much larger CAS(12,12) active
space.138 This demonstrated opportunity to employ relatively small
active spaces with MC-srDFT is not limited to the retinylidene Schiff
base chromophore, but has also been shown in other contexts, e.g.,
to describe the mechanism of [NiFe]-hydrogenase.139

The reason behind the failure of single-reference DFT
approaches to properly describe the electronic transition underlying

TABLE I. Vertical excitation energies (eV) and oscillator strengths (in parentheses)
for the two lowest singlet states in the retinylidene Schiff base chromophore.

Method S1 S2

HF-srPBE 2.62 (1.980) 4.29 (0.060)
CAS(6,6)-srPBE 2.28 (1.592) 3.62 (0.525)
Expt.135,136 2.03 3.22

Assignmenta CI coeff. CI coeff.

π2(↑)→ π4(↑) 0.30 −0.53
π3(↑)→ π4(↑) 0.78 0.46
π3(↑↓)→ π4(↑↓) −0.25 0.42

aLargest CI coefficients in the CAS(6,6)-srPBE response vectors. Iso-density orbital plots
are shown in Fig. 3.

the S2 band in the retinylidene Schiff base chromophore becomes
apparent from an analysis of the MC-srDFT response vectors. For
S1, the dominant element of the response vector refers to the con-
figuration associated with a single-electron excitation from π3 to π4
(CI coefficient of 0.78 in Table I). For S2, on the other hand, there
are three almost equally important configurations appearing in the
response vector, one of which is associated with a double-electron
excitation from π3 to π4 (CI coefficient of 0.42 in Table I) that is
unaccounted for in standard time-dependent DFT.

C. Modeling complex systems through
fragment-based quantum–classical approaches

We here provide an illustration that demonstrates not only
the ability of the DP libraries to perform spectrum simulations
of complex systems but also the ability and potential of the host-
ing DP platform to manage the workflow of complex computa-
tional protocols associated with environment fragmentation and
configuration-space sampling. It is an indisputable fact that first-
principles methods in quantum chemistry come with a computa-
tional cost that hampers applications to relevant chemical and bio-
chemical systems such as solutions and protein-embedded chro-
mophores. Methods that allow for low-cost approximate yet accu-
rate modeling of environments are therefore scientifically enabling,
and one such approach is the PE model briefly described in Sec. II
B 3. In the PE scheme, the environment is represented by atom-
centered multipoles (typically up to and including quadrupoles) and
atom-centered anisotropic dipole–dipole polarizabilities that allow
for a mutual polarization between the quantum part and the classical
environment.

As further described in Sec. II B 3, the adopted multipole expan-
sion in the standard PE formulation is in the PDE model replaced
with an exact Coulomb interaction as well as a description of non-
electrostatic exchange repulsion. The total embedding operator in
PDE consists of terms that describe the electrostatic, induction,
and exchange-repulsion effects from the environment onto the core
quantum region. The electrostatic operator contains the Coulomb
interaction with the electrons and nuclei of the environment. For
the construction of the electrostatic operator, density-matrix ele-
ments of the environment and intermolecular (core–fragment) two-
electron integrals are required. The repulsion operator models the
effects of exchange repulsion between the quantum core and envi-
ronment fragment wavefunctions through a projection operator that
scales as the square of the intermolecular overlap. The PDE model
shows clear advantages over the standard PE model. It effectively
avoids artificial stabilization of diffuse excited states and electron
spill-out.

Both the PE and PDE models are applicable to large and
complex (bio-)molecular systems. Since the parameters describing
the environment are derived based on a fully ab initio descrip-
tion, the setup of the spectrum calculation involves a large num-
ber of preliminary calculations on the separate fragments of the
environment. Figure 4 illustrates this situation in terms of TPA
spectrum calculations of the Nile red chromophore embedded in
the β-lactoglobulin protein. Including the solvent, this system con-
tains 32 582 classical sites. The entire protein and water molecules
within 15 Å of the Nile red chromophore were treated with either
PE or PDE, while water molecules beyond this distance were
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FIG. 4. The left panel shows the Nile
red chromophore embedded in the β-
lactoglobulin (BLG) protein. The right
panel shows the simulated TPA spectra
of the Nile red in vacuum and embedded
in the protein (described using the PE
or PDE models). Results are obtained
at the CAM-B3LYP/6-31+G∗ level of
theory.

described using the TIP3P water model (in total 10 000 water
molecules).

Configuration sampling of the environment was performed by
averaging over 150 snapshots sampled from a quantum mechan-
ics/molecular mechanics (QM/MM) MD simulation.140 The calcula-
tion of embedding-potential parameters for each snapshot took circa
1 h and 4 h for PE and PDE, respectively, on 20 nodes (dual socket
E5-2680v3, 12 cores). The TPA spectrum calculations (five lowest
singlet states) included EEF effects and took circa 4.5 h and 5.0 h per
snapshot for PE and PDE, respectively, on eight nodes.

Assuming a monochromatic laser source, the TPA cross section
(in units of GM) is computed as141

σTPA(ω) = 8π3αa5
0

c ∑
i
ω2δTP

i g(2ω,ωi, γi), (4)

where α is the fine-structure constant, a0 is the Bohr radius, and
g is here chosen to be a Lorentzian with a HWHM of γ = 0.1 eV
[see also Eq. (3)]. The two-photon (TP) transition strength of the ith
transition is computed assuming linearly polarized light as

δTP
i = 1

15∑a,b
(2SabS∗ab + SaaS∗bb), (5)

where Sab are the associated TP transition matrix elements.
The gas-phase TPA spectrum of Nile red shows three distinct

peaks at 1.5 eV, 1.9 eV, and 2.2 eV. Embedded in the protein, the
lowest band becomes red-shifted by 0.1 eV, and it also becomes both
broader and lower in intensity. At higher energies, the PDE model
preserves the structure from the gas phase partially, with an intense
peak at 2.1 eV, and a shoulder at 1.7 eV. In contrast, the PE model
predicts a large peak at 2.1 eV with a broad shoulder toward lower
energies. This occurs due to the lack of non-electrostatic repulsion,
which leads to a high density of states in this region due to artificial
stabilization of higher-lying excited states.

D. Open-ended response theory for electric and
geometric perturbations: Infrared and Raman
spectroscopy with the OpenRSP and SpectroscPy
modules

Spectroscopic techniques involving molecular vibrations are
useful for characterizing molecular systems, and with the DP plat-
form, an option for the calculation of vibrational spectra is available

through the combined use of LSDalton, OpenRSP,120 and Spec-
troscPy.142 We here illustrate this functionality through a calculation
of IR and Raman spectra of benzene, including a brief outline of the
key aspects of the LSDalton/OpenRSP/SpectroscPy combination,
and its use on the platform.

From the DP platform, energy-derivative tensors generated by
LSDalton/OpenRSP are passed on to SpectroscPy that processes
them to generate spectroscopic properties. OpenRSP manages the
calculation of response properties by an open-ended quasienergy-
based formulation of response theory,143 employing a recursive for-
malism.144 OpenRSP has an API through which it can be con-
nected to different host programs. OpenRSP is currently called
through LSDalton, which provides the necessary integral deriva-
tives (briefly outlined in Sec. II C 1), XC contributions through
modules XCFun95 and XCint,121 and response equation solver capa-
bility.145 The use of QcMatrix128 allows OpenRSP to be agnos-
tic to the details of the matrix operations, i.e., independent of
their specific implementation when passing matrices from/to a
host program and when carrying out matrix operations inside
the OpenRSP core functionality. SpectroscPy is used to produce
spectroscopic properties involving molecular vibrations by per-
forming vibrational analysis generating vibrational frequencies and
absorption properties. Presently, SpectroscPy offers functionality
for IR and Raman spectroscopy in the harmonic approximation
and can also combine data from calculations on a series of molec-
ular configurations, which is useful, for example, in applications
dealing with flexible molecular systems that require configuration-
space sampling. Future extensions will include anharmonic cor-
rections, hyper-Raman spectroscopy, and other spectroscopic
processes.

The IR molar decadic absorption coefficient for normal mode i
can, in the double harmonic approximation, be expressed as19

εi(ν̄) = NA

12 ln(10)ε0c2

x,y,z∑
α
(∂μα
∂Qi
)2

g(ν̄; ν̄i, γi), (6)

where μ is the molecular dipole moment, Qi is the normal mode
coordinate i, and g is here chosen as a Lorentzian [see also Eq. (3)].
The molar absorption coefficient is a function of the wavenumber ν̄
and depends parametrically on the vibrational wavenumbers ν̄i and
the HWHM broadening γi of mode i. Derivatives are evaluated at
the equilibrium geometry.
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FIG. 5. IR molar decadic absorp-
tion coefficient and Raman
scattering cross section of ben-
zene using a common HWHM of
3.2 cm−1. The spectra were calculated
at the PBE0/pcseg-2 level of theory. The
Raman scattering cross sections were
calculated for ν̄0 = 2.195 × 104 cm−1

and T = 298 K.

Similarly, the harmonic differential Raman scattering cross
section σi′ is given by146

σ′i (ν̄) = dσi(ν̄)
dΩ

= h(ν̄0 − ν̄i)4

16π3c2ν̄i(1 − exp[− hcν̄i
kT ])

× (45a′2i + 7b′2i ) g(ν̄; ν̄i, γi), (7)

where h is Planck’s constant, ν̄0 is the wavenumber of the incident
light, k is the Boltzmann constant, andT is the temperature. We have
here introduced

a′i = 1
3

x,y,z∑
α

∂ααα
∂Qi

; b′2i = x,y,z∑
α

x,y,z∑
β≠α
⎡⎢⎢⎢⎢⎣

1
2
(∂ααα
∂Qi

− ∂αββ
∂Qi
)2

+ 3(∂ααβ
∂Qi
)2⎤⎥⎥⎥⎥⎦,

(8)

where α is the molecular dipole–dipole polarizability.
The spectra shown in Fig. 5 were generated by SpectroscPy

using the molecular Hessian and the first-order geometrical deriva-
tives of the molecular dipole moment and polarizability calculated
by LSDalton/OpenRSP. SpectroscPy first calculated harmonic vibra-
tional frequencies by carrying out an eigenanalysis of the molecular
Hessian147 and projecting out translational and rotational degrees
of freedom.148 The requested intensity-related quantities were then
calculated and plotted as a function of the frequency. The DP plat-
form allows for the whole pipeline to be run in an automated fashion.
The libraries are seamlessly connected through the platform, which
thus allows for running the calculations, processing the data, and
visualizing the results through a simple Python script.

E. Open-shell properties free from
spin-contamination: The restricted–unrestricted
response theory formalism

One of the unique capabilities of Dalton is the ability to com-
pute various linear and nonlinear response properties of open-shell
systems at the spin-restricted open-shell Kohn–Sham (ROKS) level
of theory,149,150 and the DP platform provides the means for seamless
and immediate visualization of spin densities to facilitate the inter-
pretation of the results. The spin-restricted formalism ensures that

the ground-state electron density is free from spin-contamination,
and, as such, it provides a better starting point for molecular prop-
erty calculations compared to the more widely used unrestricted
Kohn–Sham (UKS) approach. The advantages of ROKS over UKS
are most apparent in calculations of electron paramagnetic res-
onance (EPR) spin Hamiltonian parameters, which are explicitly
dependent on an effective expectation value of the electronic spin
operator, and benchmark studies on organic radicals show that the
ROKS approach is able to better predict electronic g-tensors and
hyperfine coupling constants.151–154

The main strength of the ROKS approach is the ability to
produce a spin-contamination free electron density for the high-
spin ground state. This is achieved by imposing spin-symmetry
restrictions during the SCF optimization.149 The side effect of
these restrictions is that the hereby obtained KS orbitals have
a non-vanishing gradient with respect to orbital rotations of
triplet spin-symmetry,152,155 and this side effect manifests itself
in the computation of electronic spin-dependent properties, such
as hyperfine coupling constants. For example, the expectation
value of the one-electron spin-dependent operator Â in the ROKS
approach is given by the direct spin-density and spin-polarization
contributions,152

⟨Â⟩ = Tr(ADspin) + Tr(ADpol); Aij = ⟨ϕi∣Â∣ϕj⟩, (9)

where the first contribution is computed in the same way as in the
UKS approach by contracting the electron spin-density Dspin with
operator matrix A in the AO basis and the second contribution is
computed similarly to the first contribution by replacing Dspin with
the spin-polarization density Dpol.

The spin-polarization density, Dpol, is determined by solv-
ing restricted–unrestricted response equations that account for the
relaxation of KS orbitals in the presence of the spin-dependent
perturbation. The relative importance of the spin-polarization den-
sity contribution varies greatly between different molecular prop-
erties: from being prominent for isotropic hyperfine coupling con-
stants152,155 to being negligible for electronic g-tensors.154

The use of the spin and spin-polarization densities as obtained
from the restricted–unrestricted response formalism is not lim-
ited to the calculation of spin-dependent molecular properties, but
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FIG. 6. Spin-density and spin-polarization densities for the 2B1g ground-state of
the copper acetylacetonate complex, Cu(AcAc)2. Isodensity surfaces are based
on volumetric data files generated on the DP platform by performing restricted–
unrestricted response theory calculations of the isotropic hyperfine coupling con-
stant. At the ROKS/B3LYP/Wachtersa+f /Huz-III level of theory, the isotropic hyper-
fine coupling constant of the copper atom, A(63Cu), amounts to 539 MHz and only
the spin-polarization contributes to its value.

can also be employed for topological analyses of open-shell sys-
tem responses to spin-dependent perturbations. To illustrate this
point, we depict the isodensity surfaces of the spin and spin-
polarization in Fig. 6 for the 2B1g ground state of the copper acety-
lacetonate complex, Cu(AcAc)2. The spin-density contribution for
Cu(II) complexes is expected to primarily stem from the 3dxy-
orbital of the copper atom,154 but it is here seen to also acquire
significant contributions from the coordinating oxygen atoms. The
spin-polarization density is also delocalized across the copper and
oxygen atoms, and based on the localization of these two densi-
ties, one can predict the behavior of spin-dependent properties and
qualitatively estimate the importance of the spin-density and the
spin-polarization contributions. We emphasize that the presented
disentangled visualization of spin-density and spin-polarization
contributions to molecular properties is uniquely accessible in the

restricted–unrestricted response formalism and not available in the
UKS approach.

F. Coupled cluster methods for inner-shell
spectroscopy

As an illustration of the use of the DP platform for the sim-
ulation of x-ray spectroscopies, we present in Fig. 7 the NEXAFS
spectrum of acrolein. We here adopt the CCSD level of theory in
conjunction with the CVS approximation, as implemented in Dalton
(see Sec. II B 2). Based on transition energies and oscillator strengths
from CVS-CCSD response theory, the absorption spectrum is deter-
mined from Eq. (3) with the use of a Lorentzian line shape function
and an HWHM broadening of 0.27 eV for all transitions.

The three lowest excitations at the near carbon edge corre-
spond to the first two bands in the experimental spectrum, These
excitations are assigned to 1s → π∗ transitions from the three car-
bon atoms by means of a natural transition orbital (NTO) anal-
ysis. The transition associated with the carbonyl group is chemi-
cally blue shifted by some 1.5 eV from the other two (see Fig. 7).
There is an overall excellent spectrum agreement between the-
ory and experiment, and, although simple, this example illus-
trates well the value of spectrum simulations for the character-
ization and interpretation of experiments. The most prominent
added value of the DP platform for ground-state x-ray spec-
troscopy simulations using Dalton comes at this stage of analysis and
visualization.

In the example above, the CVS approximation is employed
only during the determination of the core-excited states. It is imple-
mented as a projector that, during the iterative solution of the CC
eigenvalue problem,56,57 ARf =ωfRf , only retains elementsRf

aI ,R
f
aI,bj,

Rf
ai,bJ , and Rf

aI,bJ (CCSD case), where I and J refer to core orbitals and
a and b refer to virtual orbitals. A schematic representation of the
CVS approximation is shown in Fig. 8, where only the green matrix

FIG. 7. Near carbon K-edge x-ray absorption spec-
trum of acrolein, C3H4O, obtained at the CVS-CCSD/6-
311++G(d,p) level of theory. The theoretical spectrum is red
shifted by 1.53 eV, and the experimental spectrum is taken
from Ref. 156 and presented in arbitrary units. Natural tran-
sition orbitals for the first three excitations, all of 1s → π∗
character, are shown.
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FIG. 8. Schematic representation of the CC Jacobian in the CVS approximation
where only the green matrix sub-blocks are considered in solving the eigenvalue
equation. The illustration refers to the case where single and double excitations
are present. Labels c and v refer to occupied core and valence orbital indices,
respectively.

sub-blocks are effectively kept after applying the projector during
the iterative procedure of the response solver. Core and valence
excitations become decoupled and x-ray spectra are obtained at
basically the same computational cost as UV/Vis spectra with the
use of identical bottom-up iterative techniques. The ability of a spe-
cific CC method to reproduce specific core-excitation spectral sig-
natures depends on the amount of relaxation as well as of single,
double, or higher excitation character of the transition. CCSD gener-
ally yields core spectra in rather good (semi-quantitative) agreement
with experiment, with rigid blue-shifts ranging in between 0.5 eV
and 3 eV, depending on the K-edge considered and the basis set
adopted.

In addition to facilitating data analysis and visualization, the
DP platform greatly simplifies the more complicated setup involved
with simulations of transient (excited-state) x-ray absorption and
emission spectra. Due to design legacies in Dalton, such simulations
without the use of the DP platform will require a substantial amount
of manual file handling as the necessary valence and core excitation
vectors must be obtained from separate code executions and then
later recombined. On the platform, all of these steps are handled in
an automated way.

V. OUTLOOK

We have given a presentation of the Dalton Project that marks
a paradigm shift in the software engineering practices for the Dalton
community. At the heart of the Dalton Project, we find a hardware-
aware platform written in Python with support from NumPy, SciPy,
and MPI4Py, which provides a modern user interface and defines a
communication standard for seamless library access and interoper-
ability. At present, the DP platform supports three libraries, namely,
Dalton, LSDalton, and PyFraME, but further modular extensions

are underway. Libraries are written in any of the programming
languages Python, Fortran, C, or C++, and they communicate with
the platform by means of file I/O, Python bindings through CFFI or
pybind11, or pure Python module import. Modular programming
with enforced unit testing will become the standard for newly started
developments, and it is to be anticipated that the existing few mono-
lithic codes will gradually be phased out and replaced by a larger
number of libraries with more specific tasks. The DP platform is
open source and distributed under the GNU General Public License
version 3.0 or later (GPLv3+).

The DP platform is developed for execution on personal com-
puters as well as more powerful supercomputers in HPC environ-
ments, and, although without guarantees, the user should expect
it to run under Windows, MacOS, and Linux operating systems
equipped with Python 3.6 (or later) installations (see the DP web-
site https://daltonproject.org for instructions). Installation of the DP
libraries is a separate issue, and the platform will gracefully signal
to the user when it encounters called for but missing libraries. It is,
of course, fully possible to use the DP platform alone on a personal
computer to analyze the results available in output files produced
on a remote HPC system. As our model to reach a sustainable soft-
ware ecosystem adopts the notion of separate and quite independent
release and distribution policies for the libraries, the main burden of
work and the most dependency issues in the installation process are
expected to be found in the phase of library installation. Driven by
the stimulus of becoming recognized and used, it is anticipated and
expected that newly started library developments will care to offer a
smooth installation process on a widespread selection of platforms
and operating systems.

For developers, the DP platform can lead to rapid prototyping
of novel scientific ideas, as illustrated in Sec. IV A with an examina-
tion of the RI approximation. However, this example also points out
something else of great importance, namely, the educational aspect
of the DP platform. Our experience tells us that the process of imple-
menting methods to solve fundamental equations is supremely effi-
cient to reach a deeper understanding of the topic at hand, but only
few students are granted this opportunity as core program modules
of scientific software were written a long time ago and often made
obscure by code optimization and entanglement. What is here illus-
trated is the access to the needed building blocks to explore quan-
tum chemistry in very much the same manner that we can use the
Python NumPy package to explore linear algebra. At the early stage
of a Ph.D. education, we believe that this can be of high value and
help overcome some of the initial hurdles faced during a career in
quantum chemical theory and program development.
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