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ABSTRACT
The theory of the effective dielectric function of a nanocomposite dielectric disposed between the metallic electrodes in a capacitor is developed
from first principles. Following the Maxwell Garnett approach, the spherical nanosized inclusions in the dielectric are modeled by point
dipoles and the electromagnetic field of the induced dipoles reflected from the electrodes is taken into account using the dyadic Green’s
function. The developed theory substitutes the Maxwell Garnett approximation for nanocomposites in the subwavelength regime, which is
realized in electrical engineering.

© 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0085619

High-performance energy-storage devices are currently in high
demand in numerous applications, including mobile electronic
devices, electric vehicles, and solar and wind power converters.1
Among the various electrical components, the polymer film capac-
itors possess the advantages of low cost, facile fabrication, excellent
flexibility, high operating voltage, and the highest power densities.2
Although their energy storage density is limited by the low dielectric
constant of polymers, this obstacle can be overcome if the poly-
mer film is filled with nanosized inclusions with a high dielectric
constant, thus forming polymer-based nanocomposites.3–6

The evaluation of the capacitor efficiency for energy storage
is essentially based on the formula that determines the capacitance
of a parallel-plate capacitor,2 C = εA/d (with A and d being the
area of the plates and the separation between them, respectively).
The dielectric function ε of the material in the gap between the
plates is here the main quantity of concern. In this context, a deep
understanding of the factors that ensure high values of the nanocom-
posite dielectric function and dictate the design of a nanocomposite
capacitor is of paramount importance.

A number of approaches that aim to determine the dielec-
tric function of a composite in terms of the dielectric functions
of its constituents7–11 have been developed. Among them, only
the Maxwell Garnett (MG) approximation7,12 follows from first

principles,13 while the other ones are rather phenomenological mod-
els that allow one to estimate the dielectric function of a composite
material.

In the Maxwell Garnett approach, one assumes that the spheri-
cal inclusions have dimensions much smaller than the wavelength
of interest and models them by point dipoles whose response to
the external electric field is determined by the sphere polarizability.
However, as it was pointed out by Maxwell Garnett himself, his for-
mulas are valid “provided the medium under consideration extends
throughout a space of dimensions which in no direction are of an
order of magnitude so small as a wavelength.”7

For the operating frequencies up to 10 GHz, the associated
wavelengths are larger than 3 cm, which means that the Maxwell
Garnett approximation has been used far beyond its applicability
when dealing with the nanocomposite materials in electrical engi-
neering. In particular, in such a case, the gap between the capacitor
plates cannot be considered as an infinite medium and the influence
of its boundaries (electrodes) should be carefully taken into account.
This probably explains why the Maxwell Garnett approximation
fails to fit the experimental data even for small volume fractions of
inclusions where one usually expects that it should work well.14,15

The inclusions in the nanocomposite being driven by an oscil-
lating external electric field can be regarded as point dipole antennas

AIP Advances 12, 045107 (2022); doi: 10.1063/5.0085619 12, 045107-1

© Author(s) 2022

https://scitation.org/journal/adv
https://doi.org/10.1063/5.0085619
https://www.scitation.org/action/showCitFormats?type=show&doi=10.1063/5.0085619
https://crossmark.crossref.org/dialog/?doi=10.1063/5.0085619&domain=pdf&date_stamp=2022-April-4
https://doi.org/10.1063/5.0085619
https://orcid.org/0000-0001-7955-5639
https://orcid.org/0000-0001-8473-4471
mailto:bordo@sdu.dk
https://doi.org/10.1063/5.0085619


AIP Advances ARTICLE scitation.org/journal/adv

FIG. 1. The sketch of the structure under consideration.

that emit radio waves. The reflection coefficient from metals in
this frequency domain is practically equal to one16 that makes the
electrodes perfect mirrors, which reflect the radiation back to the
nanocomposite volume and modify the electric field in the capacitor.
This situation largely resembles the problem of the determination of
the local field in nano-optics, which emerges when the dimensions
of the nanocomposite are comparable with the light wavelength.17–19

In the present paper, a first-principles approach to the effective
dielectric function of the nanocomposite material disposed between
parallel metallic electrodes is developed. The approach is based on
Maxwell Garnett’s assumption that the inclusions are spherical and
are modeled by point dipoles. Then, using the dyadic Green’s func-
tion known for this structure, a self-consistent equation for the
dielectric function is derived and solved.

Let us consider a parallel-plate capacitor with the lateral dimen-
sions of metallic electrodes being L1 and L2 along the x and y axes,
respectively (see Fig. 1). The thickness of the electrodes is unimpor-
tant, and we only assume that it is much larger than the so-called
“impedance-matching thickness,” which is of the order of a few
nanometers and does not depend on the frequency.16 We assume
that the gap between the electrodes is filled with the non-magnetic
dielectric having the dielectric function εh and identical spherical
non-magnetic inclusions with the dielectric function εi are randomly
dispersed in the host dielectric. Both εh and εi can be complex and
frequency-dependent, their imaginary parts describe the dielectric
losses in the corresponding material. It is implied that both the
radius of the inclusions R and the gap thickness d are much less than
the operating wavelength λ = c/ν, with c being the speed of light in
vacuum and ν being the operating frequency.

In the adopted approximation, the induced dipole moment of
an inclusion located at the point r is given by [we omit the time
dependence given by exp(−i2πνt)],20

p(r) = αE(r) = εhR3 εi − εh

εi + 2εh
E(r), (1)

where α is the sphere polarizability and E(r) is the microscopic
(local) field21 at the position of the dipole. The latter quantity can
be written in the form17,21

E(r) = E0 +N∫
V′

F̄(r, r′)p(r′)dr′, (2)

where E0 is the external electric field applied to the capacitor and
directed along the z axis and the integral term represents a collective
action of the induced dipoles. Here, N is the volume number density

of inclusions, the quantity F̄(r, r′) is the so-called field susceptibil-
ity tensor that relates the electric field at the point r generated by
a classical dipole, oscillating at frequency ν, with the dipole moment
itself, located at r′,22 and the symbol V′ denotes the gap volume after
removal of a small volume around the inclusion under considera-
tion that excludes its self-action. As far as the dipole moment in the
integrand depends on the local field, Eq. (2) is an integral equation
that provides a self-consistent solution for the electric field in the
capacitor.

The tensor F̄(r, r′) can be expressed in terms of the dyadic
Green’s function for Maxwell’s equations23 and allows a decomposi-
tion into the direct contribution, which describes the field of a dipole
in free space,24 and the reflected contribution, which provides the
dipole field reflected from the parallel plates.25 It can be conveniently
written in the form of the Fourier integral as follows:

F̄(r, r′) =
1
(2π)2

×∫

∞

−∞∫
∞

−∞
f̄(z, z′; kx, ky)eikx(x−x′)eiky(y−y′)dkxdky. (3)

The variation of the Fourier transform, f̄(z, z′; kx, ky), with z and z′

is determined by the phase factors exp(±iWz) and exp(±iWz′)with

W =

√

(
2π
λ
)

2
εh − k2

x − k2
y . (4)

In the case where d≪ λ, one can take the limits z → 0 and z′ → 0
and obtain for the tensor zz component of interest19

fzz(kx, ky) ≈ 2πi
k2

x + k2
y

εhW
1 + reiWd

1 − reiWd , (5)

where r is the reflection coefficient from the electrode for p-polarized
radiation. Equation (5) can be further simplified if one takes into
account that for metals in the considered frequency domain r ≈ 116

that gives

fzz(kx, ky) ≈ −
4π(k2

x + k2
y)

εhW2d
. (6)

In the above derivation, we have assumed the inequality ∣Wd∣≪ 1,
which will be justified in what follows.

Let us introduce the Fourier transform of the local field in the
capacitor,

Ez(x, y) =
1
(2π)2∫

∞

−∞∫
∞

−∞
ez(kx, ky)eikxxeikyydkxdky, (7)

and substitute it into Eq. (2). We then obtain

ez(kx, ky) =
e0(kx, ky)

1 − dNα fzz(kx, ky)
, (8)

where

e0(kx, ky) = ∫

L2/2

−L2/2
∫

L1/2

−L1/2
E0e−ikxxe−ikyydxdy

=
4E0

kxky
sin(kx

L1

2
) sin(ky

L2

2
) (9)
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is the Fourier transform of the applied electric field and we have
assumed that the field is zero outside the capacitor.

The electric displacement vector z component in the capacitor
can be expressed as (in Gaussian units)

Dz(x, y) = εhEz(x, y) + 4πNαEz(x, y) (10)

or in terms of the Fourier transforms as

dz(kx, ky) = εzz(kx, ky)e0(kx, ky), (11)

with

εzz(kx, ky) =
εh + 4πNα

1 − dNα fzz(kx, ky)
(12)

and dz(kx, ky) being the Fourier transform of Dz(x, y).
We define the effective dielectric function of the nanocompos-

ite in the capacitor as

ε =
⟨Dz(x, y)⟩

E0
, (13)

where

⟨Dz(x, y)⟩ =
1

L1L2
∫

L2/2

−L2/2
∫

L1/2

−L1/2
Dz(x, y)dxdy (14)

is the average value of Dz in the gap between the electrodes. Now,
using Eqs. (9) and (11), one finds

ε =
4

π2
1

L1L2
∫

∞

−∞∫
∞

−∞
εzz(kx, ky)

k2
xk2

y

× sin2
(kx

L1

2
)sin2

(ky
L2

2
)dkxdky, (15)

or in terms of the dimensionless variables ξ = kxL1 and η = kyL2,

ε =
1

π2∫

∞

0
∫

∞

0
εzz(ξ, η)sinc2

(
ξ
2
)sinc2

(
η
2
)dξdη, (16)

where sin cx ≡ sin x/x. Taking into account that the function sinc2 x
is essentially nonzero within the range ∣x∣ ≤ 3, one concludes that
the essential range of integration in Eq. (15) is limited to the values
∣kx∣ ≤ 6/L1 and ∣ky∣ ≤ 6/L2. This means that the condition ∣Wd∣≪ 1,
which we have used above, is justified, provided d≪ L1, L2.

Let us assume for simplicity that L1 = L2 ≡ L. Then, introducing
the polar coordinates ρ =

√
ξ2 + η2 and ϕ = arctan(η/ξ), one obtains

ε =
1

π2∫

π/2

0
∫

∞

0
εzz(ρ)

× sinc2
(

ρ
2

sin ϕ)sinc2
(

ρ
2

cos ϕ)ρdρdϕ, (17)

where the quantity εzz(ρ) can be written in the form

εzz(ρ) = εh(1 + 3 f β)
ρ2
− ρ2

0

(1 − 3 f β)ρ2 − ρ2
0

, (18)

with f = (4π/3)NR3 being the volume fraction of inclusions,
β = (εi − εh)/(εi + 2εh), and ρ0 = 2π√εhL/λ. Let us note that in the
quasi-static limit L/λ→ 0 the integral in Eq. (17) is reduced to

εqs = εh
1 + 3 f β
1 − 3 f β

. (19)

In a general case, both εh and εi are complex quantities, and there-
fore, Eq. (17) determines a complex effective dielectric function
that can be represented in terms of its real and imaginary parts
as ε = ε′ + iε′′. The nonzero ε′′ implies that the capacitance is also
a complex quantity, i.e., C = C′ + iC′′, which can be measured in
impedance spectroscopy.26,27

There is, however, a special case where both εh and εi are real.
Then, the pole of the function εzz(ρ) at ρ = ρ0/

√
1 − 3 f β ≡ ρ1 lies

on the real axis of ρ and signifies the excitation of the so-called
polarization waves.17 They correspond to nonzero values of the
electric displacement dz(kx, ky) in the absence of the macroscopic
field e0(kx, ky). These waves carry energy that is eventually radi-
ated at the end capacitor facets. The corresponding channel of the
energy dissipation is described by the imaginary part of ε, which
emerges when one bypasses the pole along an infinitesimal semicir-
cle in the complex plane of ρ. Then, the dielectric function can be
represented as

ε′ =
1

π2∫

π/2

0
P∫

∞

0
εzz(ρ)

× sinc2
(

ρ
2

sin ϕ)sinc2
(

ρ
2

cos ϕ)ρdρdϕ (20)

and

ε′′ =
3εh f β(1 + 3 f β)

2π(1 − 3 f β)2 ρ2
0

×∫

π/2

0
sinc2
(

ρ1

2
sin ϕ)sinc2

(
ρ1

2
cos ϕ)dϕ, (21)

where P means the principal value of the integral.
We illustrate the above theory with some numerical calcula-

tions. Although the developed approach can be formally used for any
volume fraction of inclusions, its practical applicability is limited by
the point dipole approximation. It has been shown that it provides a
reasonably good agreement with exact numerical calculations when
the radius of spheres, R, is less than or comparable with R0/3, where
R0 is the separation between them.28 This criterion can be rewritten
as (3 f /4π)1/3

≤ 1/3, which gives for the volume fraction of inclu-
sions f ≤ 0.2. We, therefore, restrict ourselves by this range of f in
numerical calculations.

One can notice that the volume fraction f enters all the for-
mulas being multiplied by the factor β. In case of real εh and εi, this
quantity monotonically decreases from 1 to −0.5 when the ratio εh/εi
changes from 0 to∞. The limit εh/εi ≪ 1 (β ≈ 1) corresponds to fer-
roelectric inclusions. The dielectric function for the other inclusions
can be obtained by means of the rescaling f → f β. This implies that
the case β = 1 can be regarded as a reference plot from which all the
other cases (β ≠ 1) can be obtained simply by a compression of the
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FIG. 2. The real part of the dielectric function, Eq. (20), normalized to εh as a
function of the volume fraction of inclusions for β = 1 and εh = 2.25. The value
of the ratio L/λ is shown in the inset. The plots are compared with the Maxwell
Garnett (MG) approximation and the quasi-static (qs) limit.

f axis. The dependence of ε′ vs f is compared with the dielectric
function obtained in the Maxwell Garnett approximation,7,12

εMG = εh
1 + 2 f β
1 − f β

. (22)

Let us note that the limit theorems that put bounds for the effective
dielectric function12 do not take into account the reflections from the
medium boundaries and cannot be therefore applied to the results of
the present paper.

Figures 2 and 3 demonstrate the dependence of the normalized
dielectric function, ε/εh, on the volume fraction of inclusions for β
= 1. One can see that ε′ significantly deviates from the prediction
of the Maxwell Garnett approximation. For the ratios L/λ ≤ 0.1,

FIG. 3. Same as in Fig. 2, but for the imaginary part of the dielectric function,
Eq. (21).

FIG. 4. The real part of the dielectric function, Eq. (20), normalized to εh as a
function of the dimensionless frequency Lν/c for β = 1 and εh = 2.25. The value
of the volume fraction of inclusions is shown in the inset.

the plots are well approximated by the quasi-static limit, Eq. (19).
Figures 4 and 5 show the real and imaginary parts of the dielectric
function, respectively, plotted vs the dimensionless frequency Lν/c
under the assumption that εh and εi weakly depend on the frequency
in the considered range. Both quantities display oscillating behav-
ior, the frequency of oscillations being larger for a larger volume
fraction f .

In the present paper, we have developed a first-principles
approach that should substitute the Maxwell Garnett approxima-
tion when one deals with the evaluation of a capacitor filled with a
nanocomposite dielectric. We have shown that, in general, the effec-
tive dielectric function of the nanocomposite in the gap between
the capacitor electrodes depends on the linear dimensions of the

FIG. 5. Same as in Fig. 4, but for the imaginary part of the dielectric function,
Eq. (21).
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electrodes. Even in the quasi-static limit, the capacitance differs
significantly from the one calculated in the Maxwell Garnett approx-
imation. The role of the polarization waves in the energy dissipation
in the capacitor is highlighted and their contribution to the imagi-
nary part of the dielectric function is explicitly found. These findings
deepen our understanding of the nanocomposite capacitor oper-
ation that opens up new possibilities for the optimization of its
design.

This research was supported by the IE Industrial Elek-
tronik Project (Grant No. SFD-17-0036), which has received EU
co-financing from the European Social Fund.

AUTHOR DECLARATIONS
Conflict of Interest

The authors have no conflicts to disclose.

DATA AVAILABILITY

The data that support the findings of this study are available
from the corresponding author upon reasonable request.

REFERENCES
1M. S. Whittingham, MRS Bull. 33, 411 (2008).
2H. Li, F. Liu, B. Fan, D. Ai, Z. Peng, and Q. Wang, Small Methods 2, 1700399
(2018).
3Y. Cao, P. C. Irwin, and K. Younsi, IEEE Trans. Dielectr. Electr. Insul. 11, 797
(2004).

4Z.-M. Dang, J.-K. Yuan, J.-W. Zha, T. Zhou, S.-T. Li, and G.-H. Hu, Prog. Mater.
Sci. 57, 660 (2012).
5Z.-M. Dang, J.-K. Yuan, S.-H. Yao, and R.-J. Liao, Adv. Mater. 25, 6334 (2013).
6Prateek, V. K. Thakur, and R. K. Gupta, Chem. Rev. 116, 4260 (2016).
7J. C. Maxwell Garnett, Philos. Trans. R. Soc., A 203, 385 (1904).
8D. A. G. Bruggeman, Ann. Phys. 416, 636 (1935).
9E. H. Kerner, Proc. Phys. Soc., London, Sect. B 69, 802 (1956).
10N. Jayasundere and B. V. Smith, J. Appl. Phys. 73, 2462 (1993).
11See also Refs. 4 and 6 and references therein.
12V. A. Markel, J. Opt. Soc. Am. A 33, 1244 (2016).
13For spherical inclusions, the Kerner approach9 is reduced to the Maxwell
Garnett approximation.
14J. V. Mantese, A. L. Micheli, D. F. Dungan, R. G. Geyer, J. Baker-Jarvis, and J.
Grosvenor, J. Appl. Phys. 79, 1655 (1996).
15M. Rahaman, T. K. Chaki, and D. Khastgir, Eur. Polym. J. 48, 1241 (2012).
16A. E. Kaplan, J. Opt. Soc. Am. B 35, 1328 (2018).
17V. G. Bordo, Phys. Rev. B 97, 115410 (2018).
18V. G. Bordo, J. Opt. Soc. Am. B 38, 1442 (2021).
19V. G. Bordo, J. Opt. Soc. Am. B 38, 2104 (2021).
20J. A. Stratton, Electromagnetic Theory (McGraw Hill, New York, 1941).
21M. Born and E. Wolf, Principles of Optics (Pergamon, 1970).
22J. M. Wylie and J. E. Sipe, Phys. Rev. A 30, 1185 (1984).
23V. G. Bordo, Phys. Rev. B 93, 155421 (2016).
24J. E. Sipe, Surf. Sci. 84, 75 (1979).
25H. Nha and W. Jhe, Phys. Rev. A 54, 3505 (1996).
26S. Yoon, J. H. Jang, B. H. Ka, and S. M. Oh, Electrochim. Acta 50, 2255 (2005).
27M. Itagaki, S. Suzuki, I. Shitanda, and K. Watanabe, Electrochemistry 75, 649
(2007).
28S. Y. Park and D. Stroud, Phys. Rev. B 69, 125418 (2004).

AIP Advances 12, 045107 (2022); doi: 10.1063/5.0085619 12, 045107-5

© Author(s) 2022

https://scitation.org/journal/adv
https://doi.org/10.1557/mrs2008.82
https://doi.org/10.1002/smtd.201700399
https://doi.org/10.1109/TDEI.2004.1349785
https://doi.org/10.1016/j.pmatsci.2011.08.001
https://doi.org/10.1016/j.pmatsci.2011.08.001
https://doi.org/10.1002/adma.201301752
https://doi.org/10.1021/acs.chemrev.5b00495
https://doi.org/10.1098/rsta.1904.0024
https://doi.org/10.1002/andp.19354160705
https://doi.org/10.1088/0370-1301/69/8/304
https://doi.org/10.1063/1.354057
https://doi.org/10.1364/JOSAA.33.001244
https://doi.org/10.1063/1.361010
https://doi.org/10.1016/j.eurpolymj.2012.04.016
https://doi.org/10.1364/JOSAB.35.001328
https://doi.org/10.1103/PhysRevB.97.115410
https://doi.org/10.1364/JOSAB.421058
https://doi.org/10.1364/JOSAB.422977
https://doi.org/10.1103/PhysRevA.30.1185
https://doi.org/10.1103/PhysRevB.93.155421
https://doi.org/10.1016/0039-6028(79)90281-4
https://doi.org/10.1103/PhysRevA.54.3505
https://doi.org/10.1016/j.electacta.2004.10.009
https://doi.org/10.5796/electrochemistry.75.649
https://doi.org/10.1103/PhysRevB.69.125418

