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Co-supervisor David Kyed

Assessment Committee Jens Kaad (Chair)
University of Southern Denmark

Nadia S. Larsen
University of Oslo

Karen R. Strung
Institute of Mathematics of the Czech Academy of Science



i



Abstract

This dissertation is based on several projects in the area of operator algebras, in
particular graph C∗-algebras, and noncommutative geometry.

The first project we present lies completely in the area of graph C∗-algebras in
which we study inner versus outer conjugacy of subalgebras of graph C∗-algebras.
Let E be a finite graph, for the canonical diagonal maximal abelian subalgebra DE of
C∗(E) we show that if α is a vertex-fixing quasi-free automorphism of C∗(E) for which
α(DE) 6= DE then α(DE) and DE are not inner conjugate. Furthermore, we present a
criterion which guarantees that a polynomial automorphism moves the canonical UHF
subalgebra Fn of the Cuntz algebra to a non-inner conjugate UHF subalgebra. This
based on joint work with Tomohiro Hayashi, Jeong Hee Hong and Wojciech Szymański.

In the other projects, we study quantum analogues of classical spaces and noncom-
mutative bundles. Motivated by the equivalence between the categories of commuta-
tive C∗-algebras and continuous functions on locally compact spaces, due to Gelfand,
we often think about noncommutative C∗-algebras as continuous functions on a non-
existing virtual quantum space. For many classical spaces a quantum analogue is then
given as a noncommutative C∗-algebra.

In joint work with Thomas Gotfredsen, we investigate classification of quantum
analogues of the classical lens spaces for dimension at most 7, which can be viewed
as graph C∗-algebras. Applying the classification result of finite graphs by Eilers,
Restorff, Ruiz and Sørensen we find a number-theoretic invariant of the associated
C∗-algebra.

Another noncommutative space of interest is the quantum complex projective space
C(CP n

q ) by Vaksman and Soibelman. In joint work with Francesca Arici we present an
explicit KK-equivalence between C(CP n

q ) and Cn+1. In the construction it is crucial
that C(CP n

q ) can be viewed as a graph C∗-algebra, as shown by Hong and Szymański.

The theory of noncommutative principal bundles is well-established by now, but
not much is known about general fibre bundles. Recently Brzeziński and Szymański
presented a description of noncommutative bundles with homogeneous fibres at the
purely algebraic level. As an example of this, a quantum twistor bundle is constructed.
It is defined by passing to the fixed-point algebras of a U(1) action on the quantum
instanton bundle by Bonechi, Ciccoli, Da̧browski and Tarlini. In a joint project with
Wojciech Szymański, we investigate the enveloping C∗-algebras of the algebras in the
bundle. It is shown that the enveloping C∗-algebra of the total space of the quantum
twistor bundle is isomorphic to the well known C(CP 3

q ) by Vaksman and Soibelman.
In the light of this, we moreover consider another quantum instanton bundle defined

by Landi, Pagani and Reina. We investigate the enveloping C∗-algebra of the total
space of the bundle, namely the symplectic 7-sphere. It is shown that one of the
generators is forced to be zero in the C∗-algebra. This result was later generalised
by Landi and D’Andrea to general quantum symplectic spheres C(S4n−1

q ). Moreover,
we prove that C(S4n−1

q ) is isomorphic to the well-studied quantum (2n+ 1)-sphere by
Vaksman and Soibelman and a vector space basis of its polynomial dense ∗-subalgebra
is constructed.
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Resumé

Denne afhandling er baseret p̊a adskillige projekter i feltet operator algebra, især graf-
C∗-algebraer, og ikke-kommutativ geometri.

Det første projekt vi vil præsentere befinder sig fuldstændigt indenfor feltet graf-
C∗-algebraer. Vi undersøger ydre konjugering af delalgebraer af graf-C∗-algebraer.
Lad E være en endelig graf, for den kanoniske diagonale maksimale abelske delalgebra
DE af C∗(E) viser vi, at hvis α er en knude-fikserende-kvasi-fri automorfi af C∗(E),
for hvilken α(DE) 6= DE, s̊a er α(DE) og DE ikke er indre konjugerede. Endvidere
præsenterer vi et kriterie, der sikrer at en polynomiel automorfi flytter den kanoniske
UHF-delalgebra Fn af Cuntz-algebraen til en ikke-indre konjugeret UHF-delagebra.
Dette er baseret p̊a et samarbejde med Tomohiro Hayashi, Jeong Hee Hong og Woj-
ciech Szymański.

I de andre projekter undersøger vi kvanteanaloger af klassiske rum og ikke-kommu-
tative bundter. Motiveret af Gelfand-ækvivalensen mellem kategorierne af kommuta-
tive C∗-algebraer og kontinuerte funktioner p̊a lokalt-kompakte rum, tænker vi ofte
p̊a ikke-kommutative C∗-algebraer som kontinuerte funktioner p̊a et ikke-eksisterende
virtuelt kvanterum. For mange klassiske rum er en kvanteanalog herved givet som en
ikke-kommutativ C∗-algebra.

I samarbejde med Thomas Gotfredsen undersøger vi klassifikation af en kvanteana-
log til de klassiske linserum af dimension højest 7, der kan beskrives som graf-C∗-
algebraer. Ved at anvende klassifikationsresultatet for endelige grafer, vist af Eilers,
Restorff, Ruiz og Sørensen, finder vi en tal-teoretisk invariant.

Et andet ikke-kommutativt rum af interesse er det kvante-komplekse projektive
rum C(CP n

q ) introduceret af Vaksman og Soibelman. I et samarbejde med Francesca
Arici bliver en eksplicit KK-ækvivalens mellem C(CP n

q ) og Cn+1 præsenteret. I kon-
struktionen er det vigtigt at C(CP n

q ) er en graf C∗-algebra, som vist af Hong og
Szymański.

Teorien om ikke-kommutative principalbundter er veletableret, men ikke meget
vides om generelle fiberbundter. For nyligt præsenterede Brzeziński og Szymański en
beskrivelse, p̊a det algebraiske niveau, af ikke-kommutaive bundter med homogene
fibre. Som eksempel p̊a dette er kvante-twistor-bundtet konstrueret. Bundet er de-
fineret ved at g̊a via. fikspunktalgebraen af en U(1)-virkning p̊a kvante instanton
bundet givet ved Bonechi, Ciccoli, Da̧browski og Tarlini. I et samarbejde med Woj-
ciech Szymański undersøger vi den indhyldende C∗-algebra af algebraerne i bundtet.
Det vises at den indhyldende C∗-algebra af totalrummet af kvante-twistor-bundtet er
isomorf til den velkendte C(CP 3

q ) studeret af Vaksman og Soibelman.
I lyset af ovenst̊aende ser vi endvidere p̊a et andet kvante instanton bundt, defineret

af Landi, Pagani og Reina. Vi undersøger den indhyldende C∗-algebra af totalrummet
af bundtet, nemlig den sympletiske 7-sfære. Det vises at en af frembringerne m̊a være
nul i C∗-algebraen. Dette resultat er senere blevet genereliseret af Landi og D’Andrea
til generelle kvante sympletiske sfærer C(S4n−1

q ). Endvidere viser vi at C(S4n−1
q ) er

isomorf til den velundersøgte kvante-(2n+1)-sfære studeret af Vaksman og Soibelman,
og en vektorrumsbasis af dens tætte polynomielle ∗-delalgebra konstrueres.
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Preface

This dissertation is a presentation of the results obtained during my time as a PhD
student at the University of Southern Denmark, from September 2017 to August 2021.
The PhD was conducted under supervision of Wojciech Szymański and co-supervision
of David Kyed.

During my time as a PhD student I have been introduced to a broad spectrum of
mathematics within the fields of operator algebra and noncommutative geometry and
this have resulted in the following papers.

[AM21] Francesca Arici and Sophie Emma Mikkelsen, Split exten-
sions and KK-equivalences for quantum projective spaces, (2021),
arXiv:2108.11360.

[HHMS18] Tomohiro Hayashi, Jeong Hee Hong, Sophie Emma Mikkelsen and
Wojciech Szymański, On Conjugacy of Subalgebras of Graph C∗-
Algebras, Geometric Methods in Physics XXXVII, p. 163-173, (2018).

[Mi21a] Sophie Emma Mikkelsen, The C∗-algebra of the quantum symplectic
sphere, (2021), arXiv:2106.14209, submitted.

[Mi21b] Sophie Emma Mikkelsen, A vector space basis of the quantum sym-
plectic sphere, (2021), arXiv:2107.01406, submitted.

[MS20] Sophie Emma Mikkelsen and Wojciech Szymański, The quantum
twistor bundle, (2020), arXiv:2005.03268, submitted.

The above listed papers are attached to the dissertation in their newest version ac-
cording to the time of submission.

Moreover, in Appendix A, the paper On the classification of quantum lens spaces
of dimension at most 7 is attached. This is joint work with Thomas Gotfredsen. The
paper is not to be read separately, instead it should be used as a reference to proofs
and technical details. We will elaborate why this is the case in Chapter 2.

Structure of the thesis

The dissertation is divided into 4 chapters. The chapters provide the necessary theory
to study the results in the above listed papers assuming that the reader is familiar
with the fundamentals of the theory of C∗-algebras and their K-theory. For readers
unfamiliar with these topics see for instance [Ma09, KR83, KR97] and [RLL00] respec-
tively for a good introduction.
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In Chapter 1 a detailed introduction to graph C∗-algebras is provided, including a
description of gauge invariant ideals, primitive ideal space and K-theory. Conclusively,
we present the main result of the paper [HHMS18].

In Chapter 2 we present the main results from the paper in Appendix A on the
classification of quantum lens spaces of dimension at most 7. Moreover, we provide an
introduction to the classification result by Eilers, Restorff, Ruiz and Sørensen in the
case of type I graph C∗-algebras. After the completion of the paper it was pointed out
by Efren Ruiz that the description of the quantum lens spaces as graph C∗-algebras
due to Brzeziński and Szymański is not always correct. This affects the obtained
classification result to some extend which will be discussed further. Moreover, we
modify the graphs defined by Brzeziński and Szymański and provide a proof that the
quantum lens spaces are indeed isomorphic to the graph C∗-algebras of the new graphs.

In Chapter 3 an introduction to noncommutative principal bundles is provided. We
furthermore present the recently proposed description of an algebraic description of
noncommutative bundles with homogeneous fibres due to Brzeziński and Szymański.
Finally, we give a summary of the results obtained in the papers [Mi21a, Mi21b, MS20].

In Chapter 4 we provide an introduction to KK-theory including the notion of
Hilbert C∗-modules, the Kasparov product and KK-equivalence. We conclude the
chapter presenting the main result of the paper [AM21].

In Appendix B a computer program written in Python Version 3.9.5 using the
library SymPy is attached. The program is applied in the paper [Mi21b] to support a
stated conjecture by computer experiments.
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Chapter 1

Graph C∗-algebras

The following chapter serves as an introduction to Graph C∗-algebras. Many of the
objects studied in [AM21, HHMS18, Mi21a, MS20] and (GM21) are described as graph
C∗-algebras. Therefore, graph C∗-algebras are important objects in this thesis.

The author is obliged to mention that she has already been evaluated on the content
presented in [HHMS18] in the qualifying exam halfway through the PhD programme.

Graph C∗-algebras arise as a generalisation of Cuntz algebras and Cuntz-Krieger
algebras [Cu77, CK80]. The original description of graph C∗-algebras of row finite
graphs with no sinks were introduced in the late 1990’s by Kumjian, Pask, Raeburn,
and Renault [KPRR97]. They constructed a groupoid associated to a directed row-
finite graph with no sinks and investigated the corresponding groupoid C∗-algebra. In
[KPR98] groupoid techniques were, to some extend, avoided which made it possible
to consider row finite graphs with sinks.

In [BPRS00] Bates, Pask, Raeburn and Szymański investigated graph C∗-algebras
of row-finite graphs without using groupoids techniques. Later on, C∗-algebras of
non-row-finite graphs were also investigated [FLR00, RS04].

This chapter serves as an introduction to graph C∗ -algebras. Many well-known C∗-
algebras can be described as a graph C∗-algebra. Examples include finite-dimensional
C∗-algebras, continuous functions on the circle, the C∗-algebra of compact operators,
the Toeplitz algebra and many AF -algebras.

We will describe how the ideal structure, primitive ideal space and K-theory of a
graph C∗ -algebra can be described using only the information about the underlying
graph. We also present the main results of [HHMS18] which deals with conjugacy of
subalgebras of graph C∗ -algebras. Furthermore, since the objects of interest in [MS20],
[AM21] and (GM21) (see Appendix A) are graph C∗ -algebras, this introduction is also
useful in this matter.

1.1 Directed graphs

A directed graph E = (E0, E1, r, s) consists of a countable set E0 of vertices, a count-
able set E1 of edges and two maps r, s : E1 → E0 called the range map and the source
map respectively. The maps indicate the direction of the edges. For an edge e ∈ E1

from v to w we have s(e) = v and r(e) = w.

1



Chapter 1. Graph C∗-algebras

Notation: We always work with directed graphs, hence by a graph we refer to a
directed graph. When we refer to a graph E = (E0, E1, r, s) we will often abbreviate
to E. If we need to consider two graphs E and F we denote by rE, sE and rF , sF the
range and the source maps for E and F respectively.

If there are countably infinitely many edges between two vertices we indicate it by

• (∞)−→ •. In the case were we have too many edges between two vertices to make a
good drawing, we only draw one edge and indicate the number of edges as follows:

• (m)−→ • if the number of edges are m.

A path α in a graph is a finite sequence α = e1e2 · · · en of edges satisfying r(ei) =
s(ei+1) for i = 1, ..., n− 1. The length of α, denoted |α|, is n. Vertices are regarded as
paths of length 0, hence svs

∗
v := pv. We denote by Ek the set of all paths of length k

and E∗ the set of all finite paths. The range and the source maps are extended to E∗

by letting s(α) = s(e1) and r(α) = r(en).
An infinite path is an infinite sequence α = e1e2e3 · · · such that r(ei) = s(ei+1) and

we let s(α) = s(e1). The collection of infinite paths is denoted E∞.
Let v, w ∈ E0. If there is a path from v to w in the graph then we write v ≥ w.

A non-empty path α = e1e2 · · · en is called:

• A loop if α is a single edge, α = e, such that r(e) = s(e).

• A cycle if s(α) = r(α).

• A vertex-simple cycle if α is a cycle and r(ei) 6= r(ej) whenever i 6= j. A vertex-
simple cycle has an exit if there exists an edge f such that s(f) = s(em) for some
m = 1, 2, ..., n, where f 6= em.

• A return path if α is a cycle and r(ei) 6= r(α) for i < n.

If α is a loop, cycle or a return path, we say that it is based at s(α). On the other
hand, a vertex supports a loop, cycle or return path if the path is based at that vertex.

A vertex v ∈ E0 is called regular if

s−1(v) := {e ∈ E1| s(e) = v}

is finite and nonempty. The set of regular vertices is denoted by E0
reg. A vertex which is

not regular is called singular. We denote the set of singular vertices by E0
sing = E0\E0

reg.
A vertex v is called a sink if it emits no edges i.e. s−1(v) is empty. A vertex v is

called a source if it receives no edges i.e. r−1 := {e ∈ E| r(e) = v} is empty. Hence,
the set of singular vertices consist of all sinks and all vertices which emits infinitely
many edges, called infinite emitters.

Definition 1.1.1. A graph is finite if there are finitely many vertices and edges. A
graph E is called row-finite if every vertex in E0 is either regular or a sink.

We can encode all the information of a graph in its adjacency matrix defined as
follows:

2



1.2. Graph C∗-algebras

Definition 1.1.2. The adjacency matrix of a directed graph E = (E0, E1, r, s) is a
matrix AE = [A(v, w)]v,w∈E0 where A(v, w) is the number of edges with source v and
range w. The rows and columns are indexed by the vertices of E.

1.2 Graph C∗-algebras

Projections and partial isometries are crucial in the definition of graph C∗-algebras,
hence we recall the definitions.

Definition 1.2.1. Let A be a C∗-algebra. An element p ∈ A is called a projection if
p = p∗ = p2. An element s ∈ A is a partial isometry if s = ss∗s. Equivalently, s is a
partial isometry if s∗s is a projection or s∗s is a projection.

If s is a partial isometry we call s∗s the initial projection of s and ss∗ the final
projection of s.

The concept of a Cuntz-Krieger E-family of an arbitrary graph was introduced in
[KPR98] as follows:

Definition 1.2.2. Let E be a directed graph and A a C∗-algebra. A Cuntz-Krieger E-
family inside A consists of mutually orthogonal projections {pv| v ∈ E0} and partial
isometries {se| e ∈ E1} with mutually orthogonal ranges (i.e. s∗esf = 0, e 6= f)
satisfying

(CK1) s∗ese = pr(e)

(CK2) ses
∗
e ≤ ps(e)

(CK3) pv =
∑

s(e)=v

ses
∗
e, if {e ∈ E1| s(e) = v} is finite and nonempty.

The conditions (CK1)-(CK3) are referred to as the Cuntz-Krieger relations.

In this introduction we use large letters {Se, Pv} for a Cuntz-Krieger E-family of
operators on a Hilbert space and small letters {se, pv} for a Cuntz-Krieger E-family
inside a C∗-algebra. Note that in later chapters and the attached papers we will not
distinguish between these notations.

Remark 1.2.3. In the textbook by Raeburn [Ra05] on graph C∗-algebras the source
and the range maps are interchanged. Hence, the partial isometry se has initial pro-
jection ps(e) and final projection contained in pr(e). In the literature both conventions
are used.

For each directed graph E there exists a Cuntz-Krieger E-family in which Pv and Se
are non-zero for all v ∈ E0 and e ∈ E1 as follows: As presented in for instance [Ra05]
we let He := `2(N) for each e ∈ E1. For each v ∈ E0 we define an infinite-dimensional
Hilbert space, denoted Hv, as follows:

Hv =

{
`2(N) if |s−1(v)| = 0

⊕s(e)=vHe if |s−1(v)| > 0

3



Chapter 1. Graph C∗-algebras

Let HE := ⊕v∈E0Hv which is a separable infinite-dimensional Hilbert space. Then Hv

are orthogonal subspaces of HE. We can now find mutually orthogonal projections
Pv ∈ B(HE), v ∈ E0 by letting Pv be the projection onto the subspace Hv. Let e ∈ E1,
since Hr(e) and He are both countable infinite-dimensional spaces there exists a partial
isometry Se ∈ B(HE) with initial space Hr(e) and final space He. We now show that
{Se, Pv| e ∈ E1, v ∈ E0} is a Cuntz-Krieger E-family. First, the partial isometries
have mutually orthogonal ranges since all the He, for which s(e) = v, are orthogonal
subspaces. Condition (CK1) is satisfied by definition. Since Hs(e) is the direct sum of
all Hf for which s(f) = s(e), the final space of Se is certainly contained in the direct
sum. Then (CK2) is obtained. Taking the sum of all the final projections of Se, for
which s(e) = v, is precisely Pv when 0 < |s−1(v)| <∞ and (CK3) follows.

Definition 1.2.4. The graph C∗-algebra of E, denoted C∗(E), is the universal C∗-
algebra generated by a Cuntz-Krieger E-family {se, pv| e ∈ E1, v ∈ E0}. That is,
whenever {te, qv| e ∈ E1, v ∈ E0} is a Cuntz-Krieger E-family inside a C∗-algebra A,
then there exists a ∗-homomorphism φ : C∗(E)→ A such that

φ(se) = te og φ(pv) = qv

for all v ∈ E0 and e ∈ E1.

A graph C∗-algebra of a finite graph with no sinks and sources is called a Cuntz-
Krieger algebra.

If noting else is given we will, for a graph E, denote the Cuntz-Krieger E-family
which generates C∗(E) by {se, pv| e ∈ E1, v ∈ E0}. For the existence of graph C∗-
algebras we refer to [KPR98, Theorem 1.2] (see also [FLR00] in which C∗(E) is iden-
tified with a Cuntz-Pimsner algebra).

We now provide some standard examples of well-known C∗-algebras which can be
described as graph C∗-algebras.

Examples 1.2.5.

(1) The complex numbers are isomorphic to the graph C∗-algebra of the graph con-
sisting of a single vertex and no edges. This follows since the graph C∗-algebra is
generated by a single projection, pv, hence the C∗-algebra is the set {λp| λ ∈ C}
which is isomorphic to C.

(2) Let F be the following graph.

v1 v3 vnvn−1v2

e1 e2 en

Then C∗(F ) ∼= Mn(C). Indeed, let

fij =





sisi+1 · · · sj−2sj−1 if i < j

s∗i1s
∗
i−2 · · · s∗j+1s

∗
j if i > j

pvi if i = j.

4



1.2. Graph C∗-algebras

Then by the Cuntz-Krieger relations, {fij}1≤i,j≤n is a set of matrix units in C∗(F )
i.e. f ∗ij = fji and fijfkl = δjkfil. Let {Eij}1≤i,j≤n be the set of matrix units in
Mn(C) for which the (i, j)’th entry if Eij is 1 and the other entries are 0. Then
there exists a ∗-homomorphism φ : Mn(C)→ C∗(E) such that φ(Eij) = fij. The
image of φ contains all of C∗(E) since φ(Ei(i+1)) = si and φ(Eii) = pvi . Since
Mn(C) is simple φ is injective. Hence C∗(F ) ∼= Mn(C).

(3) Let G be the following graph.

v1 v3 v4v2

e1 e2 e3

Recall that the space of compact operators on a Hilbert space, denoted K, can
be described by an infinite set of matrix units, see for instance [Ra05, Appendix
A].

In a similar way, as in the previous example, we construct an infinite set of matrix
units from which there exists a ∗-homomorphism. Since the space of compact
operators is simple the ∗-homomorphism is injective and by a similar argument
as before it will be surjective. Hence C∗(G) ∼= K.

(4) The C∗-algebra On for n ≥ 2 is defined by Cuntz in [Cu77] as the C∗-algebra
generated by n partial isometries S1, ..., Sn on an infinite-dimensional Hilbert
space H satisfying

n∑

i=1

SiS
∗
i = 1 and S∗i Si = 1 for i = 1, ..., n.

For a tuple α = (a1, a2, ..., am), ai ∈ {1, ..., n} we denote Sα by Sa1a2···am which is
defined as Sa1Sa2 · · ·Sam .

It was shown by Cuntz that On is a simple C∗-algebra. Furthermore, it satisfies
the following universal property: if A is a unital C∗-algebra which contains
elements T1, ..., Tn such that

n∑

i=1

TiT
∗
i = 1 and T ∗i Ti = 1 for i = 1, ..., n

then there is precisely one ∗-homomorphism ψ : On → A such that ψ(Si) = Ti.

By the universality condition it follows that On can be de-
scribed as the graph C∗-algebra of the graph to the right.
The graph consist of n loops and is denoted On.

(5) Let E be the following graph.

v

e

5



Chapter 1. Graph C∗-algebras

Then C∗(E) ∼= C(S1). Indeed, C∗(E) is generated by a partial isometry se such
that s∗ese = ses

∗
e = pv. Since pv is the unit in C∗(E) (see Proposition 1.2.13)

we have that se is unitary. The continuous functions on the circle is generated
by the identity function z and the constant one function, denoted 1. By the
spectral theorem there is a ∗-homomorphism ψ : C∗(S1) → C(σ(se)) ∼= C∗(E)
mapping z to se and 1 to pv. On the other hand, since {z, 1} is a Cuntz-Krieger
E-family inside C(S1), there exists a ∗-homomorphism φ : C∗(E)→ C(S1) such
that φ(se) = z and φ(pv) = 1. It can easily be seen that ψ and φ are inverses of
each other. Hence C∗(E) ∼= C(S1).

Remark 1.2.6. The same graph C∗-algebra can be represented by many different
graphs. For instance, a number of moves on graphs have been defined. We refer
to [ER19] for a good overview of these moves. By performing a move we obtain a
new graph, for which the graph C∗-algebra is isomorphic or stable isomorphic to the
original one.

1.2.1 Properties of graph C∗-algebras

We describe some properties and relations of the defining projections and partial isome-
tries, which are useful when working with graph C∗-algebras. These can be found in
[Ra05]. Be aware of the convention as described in Remark 1.2.3.

Definition 1.2.7. Let α = e1, e2 · · · en be a sequence of edges in E1, we denote by
sα = se1 · · · sen the corresponding partial isometry.

Proposition 1.2.8. Let E be a graph and {se, pv| e ∈ E1, v ∈ E0} a Cuntz-Krieger
E-family. Then for e, f ∈ E1 we have:

(1) se = sepr(e) = ps(e)se,

(2) if sesf 6= 0 then r(e) = s(f),

(3) if ses
∗
f 6= 0 then r(e) = r(f).

Proof. The first equality in (1) follows directly by condition (CK1) since se = ses
∗
ese =

sepr(e). By (CK2) we have that the range projection of se is dominated by ps(e) from
which the second equality follows.

For (2) and (3), let e 6= f since the projections pv are all mutually orthogonal we
have

sesf = sepr(e)ps(f)sf = 0.

if r(e) 6= s(f) and
ses
∗
f = sepr(e)pr(f)s

∗
f = 0

if r(e) 6= r(f).

By Proposition 1.2.8, sα is non-zero if and only if α ∈ E∗. Moreover, if α, β ∈ E∗
then sαsβ = sαβ 6= 0 if and only if r(α) 6= s(β) i.e. αβ is in E∗.

Since the partial isometries have mutually orthogonal ranges we obtain the follow-
ing result.
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1.2. Graph C∗-algebras

Proposition 1.2.9. Let E be a graph and {se, pv| e ∈ E1, v ∈ E0} a Cuntz-Krieger
E-family. Then for α, β ∈ E∗ we have:

s∗αsβ =





sβ′ if β = αβ′ for some β′ ∈ E∗
s∗α′ if α = βα′ for some α′ ∈ E∗
pr(α) if α = β

0 otherwise

As an application of Proposition 1.2.8 and 1.2.9 we obtain the following useful
result.

Corollary 1.2.10. Let E be a graph and {se, pv| e ∈ E1, v ∈ E0} a Cuntz-Krieger
E-family. Then for α, β, γ, δ ∈ E∗ for which r(α) = r(β) and r(γ) = r(δ) we have

(sαs
∗
β)(sγs

∗
δ) =





sαγ′s
∗
δ if γ = βγ′ for some γ′ ∈ E∗

sαs
∗
δβ′ if β = γβ′ for some β′ ∈ E∗

sαs
∗
δ if β = γ

0 otherwise

Let {se, pv| e ∈ E1, v ∈ E0} be a Cuntz-Krieger E-family inside A. We denote by
C∗(se, pv) the C∗-subalgebra of A generated by the set {se, pv| e ∈ E1, v ∈ E0}.

Corollary 1.2.11. Let E be a graph and {se, pv| e ∈ E1, v ∈ E0} a Cuntz-Krieger
E-family inside a C∗-algebra A then

C∗(se, pv) = span{sαs∗β| α, β ∈ E∗ and r(α) = r(β)}.

Remark 1.2.12. By the above results we can also express C∗(se, pv) as follows:

C∗(se, pv) = C∗({se|e ∈ E1}) ∪ {pv| v is a singular source and a singular vertex}.

Hence, if E is a row-finite graph with no isolated vertices (i.e. no vertices which are
both sinks and sources) then C∗(se, pv) = C∗({se| e ∈ E1}).

Graph C∗-algebras has the advantage that many properties of the structure of the
C∗ -algebra can be read of directly from the corresponding graph. We will now see
how this follows for some concrete properties which will become useful.

Proposition 1.2.13 ([KPR98, Proposition 1.4]). Let E = (E0, E1, r, s) be a graph.
Then C∗(E) is unital if and only if E0 is finite. Moreover, if E0 is finite then

∑
v∈E0 pv

is a unit for C∗(E).

Proof. Assume that E0 is infinite and has a unit. Let E0 = {vn}∞n=1, then qn :=∑n
i=1 pvi is an approximate unit for C∗(E) which increases strictly. Hence, qn → 1 in

the norm which implies that qn = 1 for large n. On the other hand we have qnpvn+1 = 0
and we arrive at a contradiction.
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Chapter 1. Graph C∗-algebras

An approximately finite dimensional C∗-algebra, abbreviated to an AF-algebra,
is presented in [Br72] as a C∗-algebra which is the inductive limit of a sequence of
finite dimensional C∗-algebras. We will not describe AF-algebras further, instead we
refer to [Br72]. We also refer the reader who is unfamiliar with AF-algebras to the
textbook [RLL00, Chapter 7] which provides a short introduction to AF-algebras and
their classification.

When we consider graph C∗-algebras we can easily determine if the corresponding
C∗-algebra is an AF-algebra by the following result.

Proposition 1.2.14 ([DT05, Corollary 2.13]). Let E = (E0, E1, r, s) be a graph. Then
C∗(E) is an AF-algebra if and only if E contains no cycles.

1.2.2 Quantum spaces as graph C∗-algebras

We provide examples of objects from noncommutative geometry, which are of main
interest in [MS20] and [AM21]. The fundament for noncommutative geometry is the
Gelfand duality [Ge41], which established an equivalence between the categories of
commutative C∗-algebras and continuous functions on locally compact spaces. Mo-
tivated by the Gelfand duality we often think about noncommutative C∗-algebras as
continuous functions on a virtual noncommutative space, even though there is no
underlying space.

For many classical topological spaces a quantum deformation is given. The two
examples we will consider are the well-studied q-deformed analogue of the odd sphere
and the complex projective space by Vaksman and Soibelman. It will become clear,
from the definitions of these quantum spaces, what we precisely mean by a q-deformed
analogue.

In the following we describe how these C∗-algebras can be realised as graph C∗-
algebras. Initially, we present the description of a universal C∗-algebra generated by
a set of generators and relations. A discussion on this can be found in [Lo97]. Let
A be the unital ∗-algebra generated by a set of generators subject to a given set of
relations. We obtain a semi-norm on A as follows:

|x| := sup{‖φ(x)‖ | φ : A → B is a ∗-homomorphims, B is a C∗-algebra}.

Let I := {x ∈ A| |x| = 0}, which is an ideal in A. The enveloping (or universal)
C∗-algebra of A is the completion of A/I with respect to the norm | · |. It exists if
|x| <∞ for all x ∈ A.

Let A be the enveloping C∗-algebra of A, then A satisfies the following universal
property. Let B be a C∗-algebra which contains a set of elements, denoted G, subject
to the same relations as the ones defining A. Then there exists a ∗-homomorphism
φ : A→ B mapping the generators of A to the elements in G.

By the universal C∗-algebra of a set of generators and relations we refer to the
enveloping C∗-algebra of the ∗-algebra generated by these generators subject to the
given relations.

Example 1.2.15. Let q ∈ (0, 1), the quantum (2n − 1)-sphere by Vaksman and
Soibelman [VS90] is the universal C∗-algebra, denoted C(S2n−1

q ), generated by z1, ..., zn

8
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subject to the following relations:

zizj = q−1zjzi, for i < j,

z∗j zi = qziz
∗
j , for i 6= j,

z∗i zi = ziz
∗
i + (1− q2)

∑

k>i

zkz
∗
k, i = 1, ..., n

n∑

i=1

ziz
∗
i = 1.

Note that the universal C∗-algebra indeed exists since the last relation forces the norm
of each generator to be at most 1 in any ∗-homomorphism.

The parameter q ∈ (0, 1) makes the C∗-algebra noncommutative. If q = 1, then the
C∗-algebra C(S2n−1

1 ) is commutative and isomorphic to the continuous functions on
the (2n − 1)-sphere. This is precisely what we understand by a q-deformed analogue
of the odd sphere. The notation C(S2n−1

q ) comes from the fact that we think about
the C∗-algebra as ”continous functions” on the non-existing q-deformed space S2n−1

q .
Let L2n−1 be a directed graph with n vertices denoted {v1, v2, ..., vn} and edges

n⋃

i=1

{eij| j = i, ..., n}.

The source and the range maps are given by

s(eij) = vi, r(eij) = vj.

As an example, if n = 4, the graph L7 is as follows:

L7

v1 v2 v3 v4e12 e23

e13

e11 e22 e33 e44

By [HS02, Theorem 4.4], C(S2n−1
q ) is isomorphic to the graph C∗-algebra C∗(L2n−1).

Example 1.2.16. There exists by universality a circle action on C(S2n−1
q ) given on

generators by zi 7→ wzi, w ∈ U(1). The quantum complex projective (n − 1)-space,
denoted C(CP n−1

q ), is defined as the fixed point algebra of C(S2n−1
q ) by this circle

action.
Under the isomorphism of C(S2n−1

q ) and C∗(L2n−1) the circle action on C(S2n−1
q )

becomes
seij 7→ wseij pvi 7→ pvi , w ∈ U(1),

which is precisely what is called the gauge action on the graph C∗-algebra C∗(L2n−1).
The gauge action will be introduced in Section 1.2.3.

Let Fn−1 be a directed graph with vertices {v1, ..., vn} and infinitely many edges
from vi to vj if i < j for i, j = 1, ..., n. If n = 4 we obtain the graph F3 as follows:

9
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F3

v1 v2 v3 v4(∞) (∞) (∞)

(∞) (∞)

(∞)

As stated in [HS02] we have

C(CP n−1
q ) ∼= C∗(L2n−1)γ ∼= C∗(Fn).

That C∗(L2n−1)γ ∼= C∗(Fn−1) follows by considering all the paths α and β in the graph
L2n−1 such that sαs

∗
β is invariant under the gauge action γ, it can be shown that this

corresponds to the graph Fn−1.

Remark 1.2.17. In the defining relations of C(S2n−1
q ) and C(CP n−1

q ) the parameter
q ∈ (0, 1) shows up which make the C∗-algebras non-commutative. When we describe
them as graph C∗-algebra we realise that they are independent of the parameter q.
Hence, the C∗-algebras are isomorphic for any q ∈ (0, 1). Note that this is not the
case for the underlying polynomial dense ∗-subalgebras.

The C∗-algebra of the quantum group SUq(2) by Woronowicz [Wo87a] is isomorphic
to C(S3

q ) by renaming the generators. Note that it was already obtained in [Wo87a,
Theorem A2.2], that C(SUq(2)) are isomorphic for all q ∈ [0, 1).

Example 1.2.18. The C∗-algebra C(CP 1
q ) is also knows as the the standard Podles

sphere [Po87]. The corresponding graph C∗-algebra of the graph F1 is isomorphic to
the minimal unitisation of the compact operators denoted K̃.

F1

v1 v2

(∞)

Indeed, denote by {ei}i∈N the infinite set of edges in the graph F1. Then seis
∗
ei
≤ pv1

and pv2 = s∗eisei for all i ∈ N. By these properties we obtain a set of infinite matrix
units {fij} as follows:

fij =





pv2 if i = j = 0

sei if i > 0, j = 0

s∗ej if i = 0, j > 0

sis
∗
j if i > 0, j > 0.

Let {eij} be an infinite set of matrix units in K. Then there exists a C∗-homomorphism
φ : K → C∗(F1) such that φ(eij) = fij. Since K is simple φ is injective.

Note that since the vertex v1 is an infinite emitter, pv1 is not in the closure of the
C∗-algebra generated by sei , i ∈ N, see Remark 1.2.12. Hence, pv1 is not in the image
of φ. Define a map

φ : K̃ → C∗(F1), (a, α) 7→ φ(a) + α(pv1 + pv2).

Then

φ((a, α)(b, β)) = φ(ab+ βa+ αb, αβ) = φ(ab+ βa+ αb) + αβ(pv1 + pv2)

= φ(a)φ(b) + βφ(a) + αφ(b) + αβ(pv1 + pv2)

= (φ(a) + α(pv1 + pv2))(φ(b) + β(pv1 + pv2))

= φ(a, α)φ(b, β),

10
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since for any x ∈ C∗(F1) we have x = (pv1 + pv2)x(pv1 + pv2). It follows easily that
φ is linear and preserves the adjoint. Hence, φ is a ∗-homomorphism. Moreover, φ
is surjective since it contains the Cuntz-Krieger F1-family {sei , i ∈ N, pv1 , pv2}. For
injectivity, let φ((a, α)) = 0 and α 6= 0 then

0 = φ(a) + α(pv2 + pv1)⇒ pv1 = α−1φ(a)− pv2

which forces pv1 to be in the image of φ. Since this is not the case we must have α = 0.
Then φ(a) = 0, by injectivity of φ we obtain a = 0. Hence, φ is an isomorphism.

1.2.3 Uniqueness theorems of graph C∗-algebras

We obtain a circle action on a graph C∗-algebra as follows: Let {se, pv| e ∈ E1, v ∈ E0}
be a Cuntz-Krieger E-family, then for any z ∈ U(1) we obtain a Cuntz-Krieger E-
family {zse, pv| e ∈ E1, v ∈ E0}. By universality we can define a circle action, called
the gauge action, γ : U(1)→ Aut(C∗(E)) for which

γz(pv) = pv and γz(se) = zse

for all v ∈ E0, e ∈ E1 and z ∈ U(1). Furthermore, the gauge action can be proven to
be strongly continuous.

When we wish to show that a given C∗-algebra is isomorphic to a Graph C∗-
algebra the universal property is very useful. The gauge-invariant uniqueness theorem
was proven for row-finite graphs in [BPRS00] and extended to arbitrary graphs in
[BHRS02]. The theorem essentially tells us that existence of a gauge action is equiv-
alent to universality of the graph C∗-algebra. Hence, it gives us an important way to
determine universality.

Let {Se, Pv| e ∈ E1, v ∈ E0} be a Cuntz-Krieger E-family on a Hilbert space. We
denote by πS,P : C∗(E) → C∗(Se, Pv) the ∗-representation such that πS,P (pv) = Pv
and πS,P (se) = Se.

Theorem 1.2.19 ( [BHRS02, Theorem 2.1]). Let E be a directed graph and {Se, Pv| e ∈
E1, v ∈ E0} a Cuntz-Krieger E-family on a Hilbert space HE. Suppose that each Pv
is non-zero and there exists a strongly continuous action β of U(1) on C∗(Se, Pv) such
that

βz ◦ πS,P = πS,P ◦ γz
for z ∈ T. Then πS,P is injective i.e. πS,P is an isomorphism of C∗(E) onto C∗(Se, Pv).

Another useful result is a generalisation of the classical Cuntz-Krieger uniqueness
theorem [KPR98, Theorm 3.7].

Theorem 1.2.20 ([FLR00, Theorem 2]). Let E be a directed in which every loop has
an exit. Then for all Cuntz-Krieger E-family {Se, Pv| e ∈ E1, v ∈ E0} such that each
Pv is different from 0, the C∗-algebra homomorphism πS,P : C∗(E)→ C∗(Se, Pv) is an
isomorphism.
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Hence, if {Te, Qv| e ∈ E1, v ∈ E0} is another Cuntz-Krieger E-family in which
Qv 6= 0 for all v ∈ E0 then by Theorem 1.2.20 there is an isomorphism φ : C∗(Se, Pv)→
C∗(Pv, Qv) such that

φ(Se) = Te, φ(Pv) = Qv

for every e ∈ E1 and v ∈ E0. Hence, all Cuntz-Krieger E-families generate isomorphic
C∗-algebras under the assumptions of Theorem 1.2.20.

To summarise, if we consider a C∗-algebra B in which there exists a Cuntz-Krieger
E-family {te, qv| e ∈ E1, v ∈ E0}. Then by universality of C∗(E) there exists a
∗-homomorphism

φ : C∗(E)→ B.

If the image of φ contains all of B, it is indeed surjective. For injectivity, Theorem
1.2.19 or 1.2.20 might be useful depending on the concrete setting.

1.3 Gauge invariant ideals

From now on, by an ideal in a C∗-algebra we mean a closed two-sided ideal. We will
describe the ideals of a graph C∗-algebra which are invariant under the gauge action
as presented in [BHRS02] (see also [BPRS00] for row-finite graphs). For this we need
the notion of hereditary and saturated subsets. A subset H ∈ E0 is hereditary and
saturated if the following two conditions are satisfied respectively:

(1) If v ∈ H and w ∈ E0 is such that v ≥ w (i.e. there exists a path from v to w)
then w ∈ H.

(2) If w ∈ E0 with 0 < |s−1(w)| < ∞ and for each e ∈ E1, for which s(e) = w we
have r(e) ∈ H, then w ∈ H.

Let ΣE denote the collection of all saturated hereditary subsets in E0. The saturation
of a hereditary set H is the smallest saturated subset, denoted H, of E0 which contains
H. Note that after taking the saturation the set will still be hereditary.

For any subset H of E0 we denote by IH the ideal generated by {pv| v ∈ H}.
To obtain a better understanding of the ideal IH and the importance of saturated
hereditary subsets, we provide a proof of the following result.

Lemma 1.3.1 ([BHRS02, Lemma 3.2]). Let J be an ideal in a graph C∗-algebra C∗(E).
Then HJ := {v ∈ E0| pv ∈ J} is a hereditary and saturated subset of E0. Moreover,
if H is a hereditary subset of E0 then

K := span{sαs∗β| α, β ∈ E∗ for v ∈ H and r(α) = r(β) = v} (1.1)

is the ideal IH . In particular, this implies that IH = IH .

Proof. For the first part we let v ∈ HJ and w ∈ E0 be such that there is a path α
from v to w. We have

s∗αsα = pr(α) = pw, sαs
∗
α ≤ ps(α) = pv.
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Then
pw = s∗α(sαs

∗
αsα) = s∗α(sαs

∗
α)pvsα.

Since pv ∈ J we obtain pw ∈ J and w ∈ HJ . Hence, HJ is hereditary. Let now w ∈ E0

with 0 < |s−1(w)| <∞ and pr(e) ∈ J (i.e. r(e) ∈ HJ) for all e ∈ E1 for which s(e) = w.
Since

pw =
∑

s(e)=w

ses
∗
e =

∑

s(e)=w

sepr(e)s
∗
e ∈ J

we have w ∈ HJ and HJ is then saturated.
For the second part, let H be a hereditary subset of E0. By the first part of

the lemma, the set {v ∈ E0| pv ∈ IH} is saturated, moreover it contains H. Hence
H ⊆ {v ∈ E0| pv ∈ IH}. For any element sαs

∗
β in K we have

sαs
∗
β = sαpr(α)s

∗
β ∈ IH .

Hence K ⊆ IH .
We will show that K is indeed an ideal. Since it contains all the generators of IH ,

we will then be able to conclude that K = IH . Let sαs
∗
β ∈ K then r(α) = r(β) ∈ H.

By Corollary 1.2.11 we only have to consider product of elements at the form sγs
∗
δ

where r(γ) = r(δ). Then by Corollary 1.2.10 we have

(sαs
∗
β)(sγs

∗
δ) =





sαγ′s
∗
δ if γ = βγ′ for some γ′ ∈ E∗

sαs
∗
δβ′ if β = γβ′ for some β′ ∈ E∗

sαs
∗
δ if β = γ

0 otherwise.

For the first case γ∗ is a path from r(α) ∈ H to r(γ∗), since H is hereditary we obtain
r(γ∗) ∈ H. Then r(δ) ∈ K, hence sαγ′s

∗
δ ∈ K. In the second case we clearly have

r(α) = r(β′) ∈ H, hence sαs
∗
δβ′ ∈ K. Finally, sαs

∗
δ ∈ K since r(δ) = r(γ) = r(β) ∈ H.

Then K is a left ideal, it follows in a similar way that it is a right ideal. K is
clearly closed under involution. Hence, K is an ideal in C∗(E).

As presented in [BPRS00], if E is a row-finite then there exists a one-to-one corre-
spondence between ΣE and the gauge-invariant ideals of C∗(E).

Theorem 1.3.2 ([BPRS00, Theorem 4.1(a)]). Let E = (E0, E1, r, s) be a row-finite
graph. The map

H 7→ IH

is an isomorphism of the lattice of saturated hereditary subsets of E0 onto the lattice
of closed gauge-invariant ideals of C∗(E).

Let H := {v ∈ E0| pv ∈ J}. In the proof of Theorem 1.3.2 it is shown that in
the case were J is gauge-invariant we obtain precisely J = JH . The inverse of the
isomorphism is then given by

J 7→ {v ∈ E0| pv ∈ J}.

The quotient of C∗(E) by the ideal IH with H ∈ ΣE can be described as a graph
C∗-algebra itself as follows:

13



Chapter 1. Graph C∗-algebras

Theorem 1.3.3 ([BPRS00, Theorem 4.1(b)]). Let E = (E0, E1, r, s) be a row-finite
graph and H ∈ ΣE. Then C∗(E)/IH is isomorphic to C∗(F ), where F is a directed
graph with

F 0 = E0 \H, F 1 := {e ∈ E1| r(e) /∈ H}.
The range and the source maps are obtained from the ones from E

Theorem 1.3.2 do not in general give a complete description of all ideals, since it
might happen that they are not all invariant under the gauge action. If we impose an
extra condition on the graph, this will indeed be the case.

Definition 1.3.4 ([KPRR97]). Let E = (E0, E1, r, s) be a graph. We say that E
satisfies Condition (K) if for any vertex v ∈ E0, either there is no return path based
at v or there are at least two distinct return paths based at v.

If E = (E0, E1, r, s) is a row-finite graph which satisfies Condition (K), then every
ideal is gauge invariant by [BPRS00, Theorem 4.4]. Hence, Theorem 1.3.2 gives a
complete description of all ideals in C∗(E) under the assumption of Condition (K).

The structure of gauge-invariant ideals of infinite graphs where described in [BHRS02].
For non-row-finite graphs the collection of saturated hereditary subsets is in general
not sufficient to obtain all the gauge-invariant ideals. Before we describe the gauge-
invariant ideals further, we will first see how the quotient C∗(E)/IH , H ∈ ΣE can be
described as a graph C∗-algebra, in the case where E is not necessarily row-finite.

Let
pv,H :=

∑

s(e)=v,r(e)/∈H
ses
∗
e

and consider the following example as a motivation.

Example 1.3.5. let E be a graph which contains a vertex that emits infinitely many
edges into a saturated hereditary subset H but finitely many into E0 \H as indicated
below.

E

H
v1 v3v2

v4

e1 e2

e3

(∞)

Then pv3,H = se3s
∗
e3

. The problem is that under the quotient map by the ideal IH ,
pv3,H becomes strictly smaller than pv3 , which follows since se3s

∗
e3
≤ pv3 . Hence, we

cannot define the graph of the quotient by using the same vertices as in F 0.

We then need to modify the graph F from Theorem 1.3.3. This is done by adding
some specific sinks to F 0.

For H ∈ ΣE we define

Hfin
∞ := {v ∈ E0 \H| |s−1(v)| =∞ and 0 < |s−1(v) ∩ r−1(E0 \H)| <∞}.

14



1.3. Gauge invariant ideals

Let E/H be the directed graph for which

(E/H)0 = (E0 \H) ∪ {β(v)| v ∈ Hfin
∞ },

(E/H)1 = r−1(E0 \H) ∪ {β(e)| e ∈ E1, r(e) ∈ Hfin
∞ },

where β(v) and β(e) denotes the vertices and edges which has been added to the graph
F from Theorem 1.3.3. Note that all β(v) will be sinks. The range and the source
maps are extended from E as follows:

s(β(e)) = s(e) and r(β(e)) = β(r(e)).

If E is row-finite then Hfin
∞ = ∅, hence F = E/H. By [BHRS02, Proposition 3.4] we

have that C∗(E)/IH is isomorphic to C∗(E/H).

Example 1.3.6. Consider the graph from Example 1.3.5. Then Hfin
∞ = {v3} and

(E/H)0 = {vi|i = 1, 2, 3, 4} ∪ {β(v3)},
(E/H)1 = {ei|i = 1, 2, 3, 4} ∪ {β(e2)}.

Then the graph E/H becomes.

E/H
v1 v3

v2

v4

β(v3)

β(e2)

e1 e2

e3

Denote by {te, qv| e ∈ E1, v ∈ E0} the Cuntz-Krieger E/H-family inside C∗(E/H).
Under the isomorphism from C∗(E)/IH to C∗(E/H) the projection pv3 is mapped to
qv3 + qβ(v3) for which we have

qv3 + qβ(v3) = te3t
∗
e3

+ te2t
∗
e2

+ tβ(e2)t
∗
β(e2).

Moreover, se3s
∗
e3

is mapped to te3t
∗
e3

. Then by adding qβ(v3) we have overcome the
problem described in Example 1.3.5.

We will now describe all the gauge-invariant ideals of an arbitrary graph E. Let
H ∈ ΣE, for B ⊂ Hfin

∞ we let JH,B be the ideal of C∗(E) generated by the projections

{pv| v ∈ H} ∪ {pv − pv,H | v ∈ B}.

In [BHRS02] it is stated that

JH,B = span{sαpvs∗β, sµ(pw − pw,H)s∗ν | v ∈ H,α, β ∈ r−1(v), w ∈ B, µ, ν ∈ r−1(w)}.

Hence, JH,B is gauge-invariant. Note that JH,∅ = IH and IH ⊆ JH,B.

All gauge-invariant ideals are now described as follows:

15
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Theorem 1.3.7 ([BHRS02, Theorem 3.6]). Let E be a directed graph. Then any gauge
invariant ideal in C∗(E) is of the form JH,B for a saturated hereditary subset H of E0

and a B ⊂ Hfin
∞ .

Indeed, if I is any gauge-invariant ideal in C∗(E) then I = JH,B where

H := {v ∈ E0| pv ∈ I}, B := {v ∈ Hfin
∞ | pv − pv,H ∈ I}.

Note that by this result, it can be shown, [Ho04, Theorem 6], that C∗(E) is simple
if and only if the following conditions are satisfied:

(i) All loops in E have an exit.

(ii) The only hereditary and saturated subsets of E0 are ∅ and E0.

We will now describe the quotient C∗(E)/JH,B as a graph C∗-algebra. For B ⊂ Hfin
∞

let β(B) = {β(v)| v ∈ B}. Let v ∈ B and e ∈ E1 be such that r(e) = v. Note that
since s(β(e)) = s(e) and the range of e is not in β(B) we obtain that β(B) is a
saturated subset of (E/H)0. Furthermore, it is hereditary since all elements inside
β(B) are sinks.

Let C∗(E/H) be generated by the Cuntz-Krieger E/H-family {te, qv| e ∈ (E/H)1, v ∈
(E/H)0}. The ideal JH,B is mapped to the ideal generated by {qβ(v)| v ∈ B}, denoted
Iβ(B), by the quotient of the ideal IH . This follows since pv−pv,H is mapped to qβ(v) un-
der the quotient map. We can then identify C∗(E)/JH,B with C∗(E/H)/Iβ(B). Since
β(B) is saturated and hereditary and β(B)fin

∞ = ∅ in E/H we obtain the following
result.

Corollary 1.3.8 ([BHRS02, Corollary 3.5]). Let E = (E0, E1, r, s) be any graph. Let
H be a saturated hereditary subset of E0 and B ⊂ Hfin

∞ . Let (E/H)\β(B) be the graph

((E/H)0 \ β(B), r−1((E/H)0) \ β(B)), r, s),

where the range and the source maps are the same as for the graph E/H. Then
C∗(E)/JH,B is isomorphic to C∗((E/H) \ β(B)).

As for row-finite graphs it follows that if E satisfies Condition (K) then every ideal
of C∗(E) is gauge-invariant [BHRS02, Corollary 3.8]. In that case we get a complete
description of all ideals.

We end this section given a description of the ideal structure of the quantum
complex projective space defined in Example 1.2.16. This will become useful in the
paper [AM21] in which an exact sequence of C(CP n−1

q ) plays a crucial role.

Proposition 1.3.9. Let E be a graph and v a sink. Then the ideal I{v} is isomorphic
to the compact operators.

Proof. By Lemma 1.3.1 we have that

I{v} = span{sαs∗β| α, β ∈ E∗, r(α) = r(β) = v}.

With this in mind we show that
fα,β := sαs

∗
β

16
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for α, β ∈ E∗ with r(α) = r(β) = v forms a set of matrix units in I{v}. For α, β, µ, ν ∈
E∗ with r(α) = r(β) = r(µ) = r(ν) = v we have

fα,βfµ,ν = sαs
∗
βsµs

∗
ν =

{
sαpr(β)s

∗
ν β = µ,

0, β 6= ν
=

{
fα,ν , β = µ,

0, β 6= µ

Then I{v} ∼= K(l2({α ∈ E∗| r(α) = v})).
Example 1.3.10 (The gauge-invariant ideals of C(CP n−1

q )). We analyse the gauge-
invariant ideals of C(CP n−1

q ), which is described as a graph C∗-algebra in Example
1.2.16. The saturated hereditary subsets of F 0

n−1 are

Hi := {vi, ..., vn}

for i = 1, ..., n. Then Hi
∞
fin = ∅ since there are infinitely many edges from each vertex in

E0 \Hi to each vertex in Hi. The gauge invariant ideals are then completely described
by its saturated hereditary subsets even though the graph is not row-finite. The graph
Fn−1 satisfies Condition (K), hence the proper ideals of C∗(Fn−1) are IHi , i = 2, ..., n.

The quotient C∗(Fn−1)/IHn is isomorphic to C∗(Fn−2). By applying Proposition
1.3.9 we obtain the short exact sequence

0 // K // C(CP n−1
q ) // C(CP n−2

q ) // 0 , (1.2)

which is of main interest in [AM21].

Example 1.3.11 (The gauge-invariant-ideals C(S2n−1
q )). The saturated hereditary

subsets of L2n−1 are Hi = {vi, ..., vn}. Since L2n−1 is a finite graphs, Hi, i = 1, ..., n
describes all the gauge-invariant ideals. The graph L2n−1 do not satisfy Condition
(K), hence it contains some non-gauge-invariant ideals. We will come back to this in
Example 1.4.5.

1.4 Primitive ideal space

An ideal in a C∗-algebra A is called primitive if it equals the kernel of an irreducible
∗-representation of A. For readers unfamiliar with irreducible representations we refer
to [KR97, Section 10.2].

In this section we describe the primitive ideal space of a graph C∗-algebra for an
arbitrary graph, as presented in [BHRS02, HS04]. The description generalises the one
in [BPRS00] for row-finite graphs which satisfies Condition (K).

To describe the primitive ideals we need the notion of maximal tails.

Definition 1.4.1. A maximal tail in a graph E is a nonempty subset M ⊆ E0 such
that the following conditions are satisfied.

(a) If v ∈ E0, w ∈M , and v ≥ w in E, then v ∈M .

(b) If v ∈ M and 0 < |s−1(v)| < ∞, then there exists e ∈ E with s(e) = v and
r(e) ∈M .

(c) For every v, w ∈M , there exists y ∈M such that v ≥ y and w ≥ y.

17
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Denote by M(E) the collection of all maximal tails in E. M(E) is the disjoint
union of Mγ(E) and Mτ =M(E) \Mγ(E) with Mγ(E) defined as follows: A max-
imal tail M is contained in Mγ(E) if each cycle α = (e1, ..., en) for which s(ei) ∈ M
for all i has an exit in M i.e. there exists an f ∈ E1, f /∈ {e1, ..., en} such that
s(f) ∈ {s(e1), ..., s(ek)} and r(f) ∈M .

Denote by Prim(C∗(E)) the set of all primitive ideals and Primγ(C
∗(E)) the set

of all primitive gauge-invariant ideals. Let

Primτ (C
∗(E)) := Prim(C∗(E)) \ Primγ(C

∗(E)).

We now describe the elements inside Primγ(C
∗(E)). For a subset X ∈ E0 let

Ω(X) := {w ∈ E0 \X| w 6≥ v for all v ∈ X}.

In the case where M is a maximal tail we have Ω(M) = E0 \M . By condition (a) and
(b) in Definition 1.4.1 Ω(M) is hereditary and saturated respectively. Then we obtain
gauge-invariant ideals JΩ(M),Ω(M)fin∞ .

For a single vertex v ∈ E0 we denote the set Ω({v}) by Ω(v). If v ∈ E0 emits
infinitely many edges then Ω(v) is a saturated hereditary subset of E0. Indeed, let
w1 6= v such that there is no path from w1 to v. If there is a path from w1 to a w2 ∈ E0

then w2 ∈ Ω(v), otherwise w1 ≥ v. Hence, Ω(v) is hereditary. Let now w ∈ E0, w 6= v
for which 0 < |s−1(w)| < ∞ such that if s(e) = w for e ∈ E1 then r(e) ∈ Ω(v) i.e.
r(e) 6= v and r(e) 6≥ v. This forces w ∈ Ω(v), since otherwise we have r(e) ≥ v.

We now introduce the notion of breaking vertices, which are the elements of the
following set:

BV (E) := {v ∈ E0| |s−1(v)| =∞ and 0 < |s−1(v) \ r−1(Ω(v))| <∞}.

The following theorem describes all gauge-invariant primitive ideals of C∗(E).

Theorem 1.4.2 ([BHRS02, Theorem 4.7]). Let E be a directed graph. Then the ideals
in Primγ(C

∗(E)) are the following:

(1) JΩ(M),Ω(M)fin
∞

with M ∈Mγ(E).

(2) JΩ(v),Ω(v)fin
∞\{v} with v ∈ BV (E).

Moreover, the ideals are distinct.

To describe the elements in Primτ (C
∗(E)) we need to introduce more notation.

For every M ∈ Mτ (E) we choose one vertex simple loop which do not have an exit
in M , the loop is denoted LM . Let M ∈ Mτ (E) and t ∈ U(1), we define RM,t to
be the closed two-sided ideal of C∗(E) generated by the ideal JΩ(M),Ω(M)fin∞ and the
element sLM − tpr(LM ). The following theorem describes all primitive ideals which are
not gauge-invariant.
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Theorem 1.4.3 ([HS04, Theorem 2.10]). Let E be a directed graph. The map

Mτ (E)× U(1)→ Primτ (C
∗(E))

(M, t) 7→ RM,t

is a bijection.

The proof follows by an explicit construction of irreducible representations ρM,t,
M ∈ Mτ (E), t ∈ U(1), for which it is shown that RM,t = ker ρM,t. For details of the
proof we refer to [HS04].

The primitive ideal space Prim(C∗(E)) can be made into a topological space with
the hull-kernel topology. In the hull-kernel topology the closure of an element Z ∈
Prim(C∗(E)) is

Z := {J ∈ Prim(C∗(E))| ∩ Z ⊆ J}.
By ∩Z is meant that we take the intersection of all the ideals inside Z. In [HS04,
Theorem 3.4] the hull-kernel topology of Prim(C∗(E)) is described, by translating the
topology from Prim(C∗(E)) toMγ(E)∪BV (E)∪ (Mτ (E)×U(1)) using the bijection
obtained in Theorem 1.4.2 and 1.4.3. We will not describe thus further, for details we
refer to [HS04].

Example 1.4.4 (Primitive ideals of C(CP n−1
q )). Since the graph Fn−1 satisfies Con-

dition (K) the primitive ideals space is completely classified by Theorem 1.4.2. First
note that there are no breaking vertices since s−1(v) \ r−1(Ω(v)) will always be empty.
The elements in Mγ(Fn−1) are

Mi = {v1, v2, ..., vi}, i = 1, 2, ..., n.

Then Ω(Mi) = {vi+1, ..., vn} which equals the saturated hereditary subset Hi+1 from
Example 1.3.10. Hence, all the gauge-invariant ideals determined in Example 1.3.10
are primitive.

Example 1.4.5 (Primitive ideal space of C(S2n−1
q )). The maximal tails inMγ(L2n−1)

are, Mk = {v1, ..., vk}, k = 1, ..., n. Note that condition (b) is satisfied since any vertex
is the base of a loop. The existence of these loops implies that Mk ∈ Mτ (L2n−1) and
Mγ(L2n−1) is empty.

The vertex simple loop LMk
equals ekk. Hence, the primitive non-gauge-invariant

ideal RMk,t, k = 1, ..., n is generated by {pvi | i = k + 1, ..., n} and sekk − tpvk . Hence,
Prim(C∗(S2n−1

q )) consist of n copies of the circle.

1.5 K-theory

The K-theory of Cuntz-Krieger algebras was described in [PR96]. Later the K-theory
of graph C∗-algebras associated to row-finite graphs was presented in [RS04, Theorem
3.2]. In [DT02, Theorem 3.1] the result is extended to also include infinite graphs. We
recall how to compute the K-theory and provide examples, for proofs of the theory we
refer to [RS04, DT02], see also [Sz02a, Proposition 2].
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For a directed graph E we let VE be the collection of all the vertices which are not
sinks and emit finitely many edges. Let ZVE and ZE0 be the free abelian groups on
free generators VE and E0 respectively. Define a map KE : ZVE → ZE0 as follows:

KE(v) =


 ∑

e∈E1: s(e)=v

r(e)


− v.

Then
K0(C∗(E)) ∼= coker(KE) and K1(C∗(E)) ∼= ker(KE).

Note that if E is a row finite graph with no sinks the above corresponds to taking the
cokernel and the kernel of ATE − 1 respectively.

Example 1.5.1 (K-theory of C(CP n−1
q )). We have VFn−1 = ∅, hence ZVFn−1 = {0}

and KFn−1 : {0} → Zn is the zero map. Then

K0(C(CP n−1
q )) ∼= Zn/im(KFn−1) = Zn

and
K1(C(CP n−1

q )) ∼= {0}.

Example 1.5.2 (K-theory of C(S2n−1
q )). The graph L2n−1 is a finite graph with no

sinks, hence VL2n−1 = (L2n−1)0. Then KL2n−1 : Z→ Z and

KL2n−1(vi) =

(
n∑

k=i

vk

)
− vi =

∑

k=i+1

vk

for k = 1, ..., n− 1 and KL2n−1(vn) = 0. Hence, im(KL2n−1) = Zn−1 and

K0(C(S2n−1
q )) ∼= Z, K1(C(S2n−1

q )) ∼= Z.

1.6 Conjugacy of subalgebras of Graph C∗-algebras

In this section we present the results from [HHMS18], in which conjugacy of subalge-
bras of graph C∗-algebras are investigated. Conjugacy is defined as follows:

Definition 1.6.1. Let C and D be two subalgebras inside a C∗-algebra A. Then:

• C and D are inner conjugate if there exists a unitary u in A such that uCu∗ = D.

• C and D are outer conjugate if there exists an automorphism σ of A such that
σ(C) = D.

A maximal abelian subalgebra, abbreviated to MASA, is a commutative subalgebra
which is not contained in any other commutative subalgebra. In the study of Von
Neumann algebras, conjugacy of MASAs have played an important role and the theory
is quite developed by now. On the other hand, MASAs are not that well-studied when
it comes to C∗-algebras. It is in general a difficult problem to determine whether two
outer conjugate MASAs are also inner conjugate.
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In this section we investigate conjugacy of MASAs of graph C∗-algebras under the
assumption below. We furthermore consider the conjugacy problem of a UHF subalge-
bra of the Cuntz algebra. These results might become helpful to obtain more insight in
the unknown structure of the outer automorphism group of the Cuntz algebra, defined
as follows:

Out(On) = Aut(On)/Inn(On),

where Inn(On) denotes the subgroup of inner automorphisms. We emphasise that we
do not aim at getting a complete description of Out(On), but that the results from
[HHMS18] have potential to provide more knowledge of the group in future work.

Assumption: All graphs E in this section will be be finite. Furthermore, they
satisfy that for any two vertices v, w ∈ E0, there exists a path µ ∈ E∗ from v to w
of non-zero length i.e. E is transitive. Note that a transitive graph contains no sinks
and sources.

The two subalgebras of interest in [HHMS18] are described as follows: Let

DE := span{sµs∗µ| µ ∈ E∗}.

Then DE is a commutative subalgebra of C∗(E) called the diagonal subalgebra.
It is shown in [HPP05, Theorem 5.2] that if E contains no sinks and all cycles have

an exit in DE, then it is a maximal abelian subalgebra of C∗(E).
Another interesting subalgebra of C∗(E) is the fixed point algebra of C∗(E) under

the gauge-action given as follows:

FE := span{sµs∗ν | |µ| = |ν|}.

We furthermore let

FkE := span{sµs∗ν |ν, µ ∈ Ek},
FkE(v) := span{sµs∗ν | ν, µ ∈ Ek, r(µ) = r(ν) = v}.

FE is called the core AF-subalgebra. It is indeed an AF-algebra since FE can be
described as the norm closure of

⋃∞
k=0FkE. Furthermore, FkE decomposes to the sum

⊕v∈E0FkE(v). Since FkE(v) is isomorphic to the compact operators on a possible infinite
dimensional Hilbert space [BPRS00], FkE is isomorphic to the direct sum of copies of
the compact operators. Since the space of compact operators is an AF-algebra, we
obtain that FE is an AF-algebra.

In the case of the Cuntz algebra On (see Example 1.2.5), we denote the canonical
MASA by Dn, and the core AF-subalgebra by Fn. Note that Fn is actually an UHF
algebra by [Cu77, Proposition 1.4].

1.6.1 Endomorphisms from unitaries

It was presented in [Cu80] that for the Cuntz algebra there is a bijection between
unitaries in On and unital endomorphisms of On given by

U(On) 3 u 7→ λu ∈ End(On)
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where λu(Si) = uSi, i = 1, ..., n. That λu is a ∗-homomorphism follows by the
universality property. If ρ is a unital endomorphism of On then ρ = λuρ with
uρ =

∑n
i=1 ρ(Si)S

∗
i .

When we wish to generalise the result to graph C∗-algebras we need to consider
the unitaries in C∗(E) which commutes with all pv, v ∈ E0. We denote these unitaries
by:

UE := U((D0
E)′ ∩ C∗(E)).

For u ∈ UE it follows that {use, pv| e ∈ E1, v ∈ E0} is a Cuntz-Krieger E-family. Note
that it is important that we restrict to the unitaries in UE for this to be true. Hence,
there exists an unital ∗-homomorphism λu : C∗(E)→ C∗(E) such that

λu(se) = use, λu(pv) = pv, for all e ∈ E1, v ∈ E0.

The set {λu| u ∈ UE} is a semigroup with the following multiplication:

λu ◦ λw = λλu(w)u.

Then u 7→ λu is a map from UE to the semigroup of those endomorphisms of C∗(E)
which fixes all pv, v ∈ E0. We will refer to them as vertex-fixing endomorphisms. The
map u 7→ λu is an bijection. Indeed, if ρ is an endomorphism which fixes all pv, v ∈ E0

then ρ = λw for w :=
∑

e∈E1 ρ(se)s
∗
e [CHS12].

In general λu do not need to be injective and surjective. Let u ∈ UE ∩FE then by
the gauge-invariant uniqueness theorem (Theorem 1.2.3) we obtain that λu is indeed
injective [CHS12, Proposition 2.1]. It follows since every elements in FE by definition
are fixed by the gauge action. Hence, λu intertwines with the gauge-action.

An endomorphism λu is said to be invertible if λu is an automorphism of C∗(E). We
will now restrict the classes of unitaries further such that the endomorphism obtained
from these unitaries becomes automorphisms of C∗(E), and hence invertible. Let

B := (D0
E)′ ∩ F1

E.

Then B is the linear span of elements ses
∗
f , e, f ∈ E1 with s(e) = s(f) and r(e) = r(f).

Moreover, for u,w ∈ U(B) we obtain that λu ◦ λw = λwu since λu(w) = w.
Hence, for u ∈ U(B), λu is automatically invertible with inverse λu∗ . We then

obtain a group homomorphism

U(B) 3 u 7→ λu ∈ Aut(C∗(E)),

where the range is contained inside the subgroup of quasi-free automorphisms. By a
quasi-free automorphism we mean a ∗-homomorphism λu such that u ∈ U(F1

E).

A map ϕ : C∗(E)→ C∗(E), called the shift, is defined as follows [CK80]:

ϕ(x) =
∑

e∈E1

sexs
∗
e, x ∈ C∗(E).
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When E is a finite graph with no sinks and sources ϕ is a unital completely positive
map. Furthermore, it becomes an injective ∗-homomorphism when we restrict it to
(D0

E)′ ∩ C∗(E). It can easily be observed that ϕ(DE) ⊆ DE, ϕ(UE) ⊆ UE, and
ϕ(FE) ⊆ FE.

For each u ∈ UE and e ∈ E1 we have

ϕ(u)se =
∑

f∈E1

sfus
∗
fse = seus

∗
ese = seupr(e) = sepr(e)u = seu

since u commutes with all vertex projections.
Let

uk := uϕ(u) · · ·ϕk−1(u), k ≥ 1,

then for any two paths µ, ν ∈ E∗ we obtain

λu(sµs
∗
ν) = u|µ|sµs

∗
νu
∗
|ν|,

which is useful when working with the ∗-homomorphism λu.
For u ∈ UE let Ad(u)(x) = uxu∗, x ∈ C∗(E). Then by the above we obtain

Ad(u) = λuϕ(u∗)

since ϕ(uϕ(u∗)) = ϕ(u)ϕ2(u∗).

1.6.2 Conjugacy of the diagonal subalgebra

In [CHS15] conjugacy of the maximal abelian subalgebra Dn of the Cuntz algebra is
investigated. The main result of [CHS15, Theorem 3.7] shows that if u ∈ U(F1

n) is
such that uD1

nu
∗ 6= D1

n then there is no unitary w ∈ On such that λu(Dn) = wDnw∗.
The condition uD1

nu
∗ 6= D1

n implies that λu(DE) 6= DE. Hence, the result shows
that either λu preserves Dn globally or it moves Dn to another MASA λu(Dn) which is
not inner conjugate with Dn. By [CHS15, Corollary 3.8] this provides an uncountable
family of MASAs in On such that each of them are outer conjugate to Dn but none of
them are inner conjugate to another.

The result in [CHS15, Theorem 3.7] is now generalised as follows:

Theorem 1.6.2 ([HHMS18, Theorem 2]). Let u ∈ U(B) be such that uD1
Eu
∗ 6=

D1
E. Then there is no non-zero element x ∈ C∗(E) satisfying xλu(DE) = DEx. In

particular, there is no unitary w ∈ C∗(E) such that wDEw∗ = λu(DE).

Hence, for any vertex-fixing quasi-free automorphism α for which α(DE) 6= DE
then the MASAs α(DE) and DE are outer conjugate but not inner conjugate.

Furthermore, as a corollary we have that for any u, v ∈ U(B) such that uD1
Eu
∗ 6=

vD1
Ev
∗ then λu(DE) and λv(DE) are not inner conjugate.

In Theorem 1.6.2 we are restricted to quasi-free homomorphisms. As noted in a
previous version of [HHMS18] (see [HHS16, Section 4]) Theorem 1.6.2 is applicable to
a larger class of automorphisms. It follows by the fact that we can present a graph
C∗-algebra by other graphs. By changing the graph, the quasi-free property might
not be preserved, but Theorem 1.6.2 can still be applicable. The following example
illustrates this.
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Chapter 1. Graph C∗-algebras

Example 1.6.3 ([HHS16, Example 4.1]). Consider the following graph.
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Denote the Cuntz-Krieger family of E by {tf , qv| f ∈ E1, v ∈ E0}. Then there is a
∗-isomorphism φ : C∗(E)→ O2 given as follows:

ta 7→ S11S
∗
1 , tb 7→ S121S

∗
1 , tc 7→ S122S

∗
2 , td 7→ S22S

∗
2 , te 7→ S21S

∗
1 .

The inverse of φ is given by

S1 7→ ta + (tb + tc)(td + te)
∗, S2 7→ td + te.

Let [
ξaa ξab
ξba ξbb

]

be a unitary matrix with all entries non-zero complex numbers. Then we can define a
unitary in F1

E by

u = ξaatat
∗
a + ξabtat

∗
b + ξbatbt

∗
a + ξbbtbt

∗
b + tct

∗
c + tdt

∗
d + tet

∗
e

which satisfies the hypothesis of Theorem 1.6.2. Then

U := φ(u) = ξaaS11S
∗
11 + ξabS11S

∗
121 + ξbaS121S

∗
11

+ ξbbS121S
∗
121 + S122S

∗
122 + S2S

∗
2 .

Then U /∈ F1
2 , hence it does not satisfy the hypothesis of Theorem 1.6.2. Since λu

corresponds to λU under the isomorphism φ it follows that Dn and λU(Dn) are not
inner conjugate. Indeed, if they were inner conjugate then there exists a unitary v such
that vD2v

∗ = λU(D2). This implies that φ(v)DEφ(v)∗ = λu(DE), since φ carries DE
to D2. We then obtain a contradiction, hence D2 and λU(D2) are not inner conjugate.

We now provide a broader type of examples which shows how to obtain different
groups of quasi-free automorphisms for isomorphic graph C∗-algebras. We present
here the definition of an out-split at one vertex which is not a sink. The definition
follows by [BP04], see for instance [ER19, Definition 3.1].

Definition 1.6.4 (Out-split). Let E be a graph and v ∈ E0. Suppose that w is not
a sink. Partition s−1(w) into a disjoint union of a finite number of nonempty sets

s−1(w) = E1 t E2 t · · · t Em,
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1.6. Conjugacy of subalgebras of Graph C∗-algebras

such that only one of the Ei is infinite. The out-split graph EO is defined by:

E0
O = {v1| v ∈ E0, v 6= w} ∪ {w1, w2, ..., wm},

E1
O = {e1| e ∈ E1, r(e) 6= w} ∪ {e1, e2, ..., em| e ∈ E1, r(e) = w}.

The source and the range map are given as follows:

rEO(ei) =

{
r(e)1 if e ∈ E1 and r(e) 6= w

wi if e ∈ E1 and r(e) = w
,

sEO(ei) =

{
s(e)1 if e ∈ E1 and s(e) 6= w

s(e)j if e ∈ E1 and s(e) = w with e ∈ Ej.
By [BP04, Thoerem 3.2] the graph C∗-algebras C∗(E) and C∗(EO) are isomorphic.

Furthermore, the canonical MASA is carried from one to another by [ER19, Theorem
3.2].

We perform an out-split of the graph O2, representing the Cuntz-algebra (see Ex-
ample 1.2.5). For w ∈ O0

2 we partition s−1(w) into singleton sets E1 = {e1} and
E2 = {e2}. The out-split graph is as follows:

•
w

•w1 • w2
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e1

e2
e1

1 e2
2

e2
1

e1
2

The group U(B) for C∗(O2) is isomorphic to U(2) and the one for the out-split
graph is U(1)× U(1)× U(1)× U(1). Indeed, consider first the graph O2 then

F1
O2

= span{seis∗ej , i, j = 1, 2}.
Since fij := seis

∗
ej

for i, j = 1, 2 forms a set of matrix units inside F 1
O2

we have

that F1
O2
∼= M2(C). Furthermore, since we only have one projection we obtain that

B ∼= M2(C), hence U(B) ∼= U(2).
Let E := (O2)O. Then F1

E is the linear span of the following elements:

se11s
∗
e11
, se21s

∗
e21
, se12s

∗
e12
, se22s

∗
e22

(1.3)

se11s
∗
e12
, se12s

∗
e11
, se22s

∗
e21
, se21s

∗
e22
. (1.4)

By the Cunt-Krieger relations we have

pw1 = se11s
∗
e11

+ se21s
∗
e21
, pw2 = se22s

∗
e22

+ se12s
∗
e12
,

from which it follows that all the elements in (1.3) commutes with pw1 and pw2 . For
the elements in (1.4) we obtain

pw1se11s
∗
e12

= se11s
∗
e12
, se11s

∗
e12
pw1 = 0, pw2se11s

∗
e12

= 0, se11s
∗
e12
pw2 = se11s

∗
e12
,

pw1se22s
∗
e21

= 0, se22s
∗
e21
pw1 = se22s

∗
e21
, pw2se22s

∗
e21

= se22s
∗
e21
, se22s

∗
e21
pw2 = 0.

and similar for their adjoints. Hence, the elements in (1.4) do not commute with the
vertex projections and therefore they are not contained in B. Since all the projections
in (1.3) are orthogonal we obtain that B ∼= C⊕C⊕C⊕C. Hence, U(B) is isomorphic
to U(1)× U(1)× U(1)× U(1).
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Chapter 1. Graph C∗-algebras

1.6.3 Conjugacy of the UHF subalgebra of the Cuntz algebra

Let W 0
n = {0} and W k

n , k ≥ 1 be the set of words µ = (µ1, ..., µk) with µi ∈ {1, ..., n}.
We denote by |µ| the length of the tuple i.e. the number of elements in the tuple. Define
Wn =

⋃∞
k=0W

k
n . We denote by Sn the group of unitaries in On which can be written

as finite sums of words. Hence, an element u ∈ Sn is of the form u =
∑

(α,β)∈J SαS
∗
β,

where J is a finite collection of pairs (α, β) with α, β ∈ Wn.

Definition 1.6.5. An automorphism λu for which u ∈ Sn is called a polynomial
automorphism.

In this section we give a criterion which guarantees that a polynomial automor-
phism moves Fn to a UHF subalgebra that is not inner-conjugate with Fn. The
criterion is formulated in terms of the canonical trace on Fn. We provide the defini-
tion of a trace in the more general setting of a finite graph E. The definition uses the
notion of Perron-Frobenius eigenvalues, for more on this we refer to [Gr87, GHJ89].

Definition 1.6.6. Let β be the Perron-Frobenius eigenvalue of the adjacency matrix
AE and let (x(v))v∈E0 be the corresponding Perron-Frobenius eigenvector i.e. for β > 0
and for each v ∈ E0 we have x(v) > 0 and

∑

w∈E0

A(v, w)x(w) = βx(v).

Let X :=
∑

v∈E0 x(v). Then a canonical tracial state τ on FE is defined as follows:

τ(sµs
∗
ν) = δµ,v

x(r(µ))

Xβk

for µ, ν ∈ Ek.

For the Cuntz-algebra On the adjacency matrix is the 1×1 matrix n. Hence, β = n
and x(v) = 1. The trace becomes

τ(SαS
∗
β) = δα,β

1

n|α|

where α, β ∈ Wn.

To state the technical lemma for the main theorem we introduce spectral subspaces
of the gauge action. For an integer k ∈ Z, the spectral subspace of the gauge action
corresponding to k is given by:

C∗(E)(k) := {x ∈ C∗(E)| γz(x) = zkx,∀z ∈ U(1)}.
Note that C∗(E)0 = FE. Then there exists a faithful conditional expectation ΦF :
C∗(E)→ FE such that ΦF(sµs

∗
ν) = 0 for |µ| 6= |ν|.

Moreover, for each k ∈ Z there is a unital, contractive and completely positive
bounded map Φk : C∗(E) → C∗(E)(k) such that Φk(x) = x for all x ∈ C∗(E)(k). The
map is given as follows:

Φk(x) =

∫

z∈U(1)

z−kγz(x)dz.

Note that Φ0 = ΦF . Furthermore, if x ∈ C∗(E) such that Φk(x) = 0 for all k ∈ Z then
x = 0. For x ∈ C∗(E) let xk := Φk(x) then

∑
k∈Z xk is called the Fourier series of x.
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1.6. Conjugacy of subalgebras of Graph C∗-algebras

Lemma 1.6.7 ([HHMS18, Lemma 5]). If u ∈ U(On) such that uDnu∗ ⊆ Fn then u
has a finite Fourier series.

Lemma 1.6.7 can be extended to all automorphisms λu, we provide a proof of the
following corollary which is not contained in the paper [HHMS18]. Note that Corollary
1.6.8 is not applied in the proof of Theorem 1.6.9.

Corollary 1.6.8. Let u ∈ U(On) and λu ∈ Aut(On) such that λu(Dn) ⊆ Fn then u
has a finite Fourier series.

Proof. For any x ∈ On we have

λu(ϕ(x)) =
n∑

i=1

λu(Si)λu(x)λu(S
∗
i ) =

n∑

i=1

uSiλu(x)S∗i u
∗ = Adu ◦ ϕ ◦ λu(x),

where ϕ is the shift map. The fact that Dn = span{ϕk(Pi) : k = 0, 1, ..., i = 1, 2, ..., n}
will be used in the following.

We want to show that Adu∗(λu(ϕk(Pi)) ∈ Fn for any k = 0, 1, .... First we obtain

λu(ϕ
k(Pi)) = λu(ϕ(ϕk−1(Pi)) = Adu ◦ ϕ ◦ λu(ϕk−1(Pi)),

hence
Adu∗(λu(ϕ

k(Pi))) = ϕ ◦ λu(ϕk−1(Pi)).

Then Adu∗(λu(ϕk(Pi))) ∈ Fn since λu(ϕ
k−1(Pi)) ∈ Fn by assumption and ϕ(Fn) ⊆

Fn.
Let A := Adu∗(λu(Dn)) ⊂ Fn, then A is a MASA and uAu∗ ⊂ Fn. In the proof

of Lemma 1.6.7 the assumption that uDnu∗ ⊆ Fn and the fact that Dn is a MASA
is used. Hence, by replacing Dn with the MASA A we can directly use the proof to
conclude that u has a finite Fourier series since uAu∗ ⊆ Fn.

Let P (Dn) denote the set of projections in Dn. We can now state a criterion which
guarantees non inner-conjugacy.

Theorem 1.6.9 ([HHMS18, Theorem 4]). Let u ∈ Sn with λu ∈ Aut(On). If there
exists a sequence {Pm} in P (Dn) such that

τ(λu(Pm))

τ(Pm)
→∞ or 0, (1.5)

when m→∞, then for all w ∈ U(On) and v ∈ U(Fn) we have λu 6= Adwλv.
This implies in particular that Fn and λu(Fn) are not inner conjugate.

The proof follows by assuming that Fn and λu(Fn) are indeed inner conjugate. It is
shown that λu = Ad(w)λv for some w ∈ U(On), v ∈ U(Fn). Hence Ad(w∗)(Dn) ⊆ Fn.
Lemma 1.6.7 now becomes useful, since we can show that there exists a number M > 0
such that τ(w∗Pw) ≥ Mτ(P ) for any P ∈ P (Dn). These calculations relies heavily
on the fact that w has a finite Fourier series by Lemma 1.6.7.

It is then concluded that 1
M
≤ τ(λu(P ))

τ(P )
for any P ∈ P (Dn), which is furthermore

used to show that τ(λu(P ))
τ(P )

is also bounded from above.
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Chapter 1. Graph C∗-algebras

Example 1.6.10. We can produce an automorphism of O2 as follows: Let

w = S22S
∗
212 + S212S

∗
22 + P211 + P1.

Then w is a unitary by the following calculations

ww∗ = S22S
∗
22 + S212S

∗
212 + P211 + P1

= S22S
∗
22 + S21(S2S

∗
2 + S1S

∗
1)S∗21 + P1

= S22S
∗
22 + S21S

∗
21 + P1

= S2(S2S
∗
2 + S1S

∗
1)S∗2 + P1 = 1,

similarly we have w∗w = 1. Hence, w ∈ S2 and we have

λw(S1) = S1, λw(S2) = S2(S2S
∗
12 + S12S

∗
2 + P11).

The above follows since S∗i Sj = 0, i 6= j and S∗i Si = 1. We will show that λw is
an automorphism by proving it coincide with an automorphism defined in a slightly
different way. Let u = S2S

∗
12 + S12S

∗
2 + P11 ∈ S2, then

u = S2S
∗
2S
∗
1 + S1S2S

∗
2 + P11 = (1− S1S

∗
1)S∗1 + S1(1− S1S

∗
1) + P11

Hence, u is a unitary contained in the unital C∗-subalgebra of O2 generated by S1 i.e.
u ∈ U(C∗(S1)).

Let αu be defined by

αu(S1) = S1 and αu(S2) = S2u.

By universality it follows that αu is an automorphism. In the same way we have
an automorphism αu∗ such that αu∗(S1) = S1 and αu∗(S2) = S2u

∗. Since u ∈ C∗(S1)
we obtain αu∗(u) = u. Hence, αu is an automorphism of O2 with inverse αu∗ . Since
λw = αu we obtain that λw an automorphism of O2.

As an application of Theorem 1.6.9 we show that F2 and λw(F2) are not inner
conjugate. Consider the tuple βk = (22...2) of length k only containing 2′s. Let
γk = (21212...12) be a tuple of length 2k − 1 then

λw(Pβk) = S2uS2uS2u · · ·S2uu
∗S∗2u

∗S∗2 · · ·u∗S∗2 = Pγk

since uS2 = S12. Then

τ(λw(Pβk))

τ(Pβk)
=
τ(Pγk)

τ(Pβk)
=

2−|γk|

2−|βk|
=

2k

22k−1
=

1

2k−1

which tends to 0 as k → ∞. Hence, {Pβk} satisfies condition (1.5) of Theorem 1.6.9
and it follows that F2 and λw(F2) are not inner conjugate.
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Chapter 2

On the classification of quantum
lens spaces

The content presented in this chapter is based on joint work with Thomas Gotfredsen
with an important contribution from Efren Ruiz. It builds on the results presented
in the paper On the classification of quantum lens spaces of dimension at most 7 in
Appendix A. We will refer to this paper as (GM21). After the completion of the
paper it was pointed out by Efren Ruiz that the description of quantum lens spaces
as graph C∗-algebras in [BS18] is unfortunately not always correct. Hence, the graph
C∗-algebras classified in (GM21) do not always correspond to quantum lens spaces.
We will describe this further in Section 2.3. For that reason the paper is attached as
an appendix in this thesis. It should only be used as a reference to proofs and technical
details, and is not to be read separately. Note that the results are indeed correct but
there are some problems in the motivation given for studying these graph C∗-algebras
as quantum lens spaces. We will elaborate this in a moment.

A new paper containing all the results presented in this chapter is under prepara-
tion. The new paper will serve as a replacement of the paper (GM21).

Acknowledgement: I would like to thank Efren Ruiz for pointing out the problem
in the description of lens spaces as graph C∗-algebras and for his guidance and help
in constructing a new description.

The C∗-algebra of a quantum lens space, denoted C(L2n+1
q (r;m)), is defined as the

fixed point algebra of the quantum sphere by Vaksman and Soibelman (see Example
1.2.15) under the action of a finite cyclic group. By universality we obtain an action
of Zr on C(S2n+1

q ) for any r ∈ N, r ≥ 2, given by

%rm : zi 7→ θmizi, i = 0, 1, ..., n,

where θ is a generator of Zr and m = (m0, ...,mn) is a sequence of positive integers.
The elements of the sequence are called the weights. Then C(L2n+1

q (r;m)) is defined
as the fixed point algebra of C(S2n+1

q ) under this action.

Remark 2.0.1. In Example 1.2.15 the quantum (2n − 1)-sphere by Vaksman and
Soibelman is defined. In this chapter we consider the (2n + 1)-sphere, for which we
denote the generators by zi, i = 0, ..., n. The vertices in the corresponding graph L2n+1

are denoted by v0, v1, ..., vn.
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Chapter 2. On the classification of quantum lens spaces

The C∗-algebra C(L2n+1
q (r;m)) is described as a graph C∗-algebra in [HS03] when

gcd(mi, r) = 1 for all i. Eilers, Restorff, Ruiz and Sørensen presented in [ERRS18]
a classification result of graph C∗-algebras over finite graphs. As an application they
classified quantum lens spaces of dimension at most seven for which gcd(mi, r) = 1 for
all i.

An attempt to describe all quantum lens spaces as graph C∗-algebras is made in
[BS18]. A graph denoted Lr;m2n+1 is defined and it is claimed that C(L2n+1

q (r;m)) ∼=
C∗(Lr;m2n+1). We will describe the graph in detail in Section 2.2. By applying the
classification result from [ERRS18], a number theoretic invariant is obtained in (GM21)
for the graph C∗-algebras C∗(Lr;m2n+1) for which n ≤ 3 and gcd(mi, r) 6= 1 for one and
only one i.

As previously mentioned, in connection with the paper (GM21), it was pointed
out by Efren Ruiz that the C∗-algebra of the graph Lr;m2n+1 from [BS18] is unfor-
tunately not necessarily isomorphic to that particular quantum lens space. Hence,
C(L2n+1

q (r;m)) ∼= C∗(Lr;m2n+1) is not true in general. The goal in (GM21) is to obtain
further classification results of quantum lens spaces. Since the description of quantum
lens spaces as graph C∗-algebras has to be modified this will also affect the results in
(GM21) to some extent.

In Section 2.2, we describe the graph Lr;m2n+1 from [BS18] and present a counter
example which shows that it might happen that the graph C∗-algebra of Lr;m2n+1 is
not isomorphic to the quantum lens space C(L2n+1

q (r;m)). We furthermore mod-
ify the graph Lr;m2n+1 and provide a new proof which shows that the quantum lens
space C(L2n+1

q (r;m)) is indeed isomorphic to the graph C∗-algebra of the modified
graph. For the proof we will use a theorem which follows by the classification result
in [ERRS18]. Hence, in Section 2.1 we first present the classification result. The main
focus will be on graph C∗-algebras which are type I/postliminal. This corresponds
to graphs for which no vertex supports two distinct return paths [ERRS18, Lemma
4.20]. It will become clear that the graphs representing quantum lens spaces, which
we present later, indeed satisfy this condition.

The classification result is moreover applied in Section 2.3 to classify quantum lens
spaces of dimension at most seven for which gcd(mi, r) 6= 1 for one and only one i,
which is based on the work in (GM21).

2.1 Classification of graph C∗-algebras over finite

graphs

In this section we briefly describe the classification result of finite graphs by Eilers,
Restorff, Ruiz and Sørensen in [ERRS18]. We restrict to the case of type I/postliminal
C∗-algebras. By [ERRS18, Lemma 4.20] and [DHS03], a graph C∗-algebra C∗(E) is of
type I if and only if no vertices support two distinct return paths. Since we in Section
2.3 will apply the classification result on quantum lens spaces, we do not provide any
examples or applications in this section.

In [ERRS18, Theorem 6.1] finite graphs are classified up to stable isomorphism
by their ordered reduced filtered K-theory, in which the main idea is to consider the
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2.1. Classification of graph C∗-algebras over finite graphs

K-theory of specific ideals, the corresponding quotients and the maps between them.
We will not describe this further. Instead, we consider type I graph C∗-algebras for
which the classification result reduced to SLP-equivalence as presented in [ERRS19].
SLP-equivalence boils down to elementary matrix algebras which makes it a very use-
ful tool in applications.

We describe the definition of SLP-equivalence, for this we let n = (ni)
N
i=1,m =

(mi)
N
i=1 ∈ NN be multiindices and |n| = n1 + · · ·+nN . We denote by 1 the multiindex

with 1 on every entry.

Definition 2.1.1. Let P = {1, 2, 3, ...N} with N ∈ N be a partially ordered set with
order denoted �. Let m,n ∈ NN be multiindices such that |m| > 0 and |n| > 0.
Then MP(m× n,Z) is the set of block matrices

B =



B{1, 1} · · · B{1, N}

...
...

B{N, 1} · · · B{N,N}




for which
B{i, j} 6= 0⇒ i � j, (2.1)

where B{i, j} ∈ M(mi × ni,Z). If mi = ni = 0 then B{i, j} is the empty matrix.
Moreover, we denote B{i, i} by B{i}. Note that condition (2.1) implies that the
matrices in MP(m× n,Z) are upper triangular block matrices.

Let MP(n,Z) denote MP(n × n,Z). We define GLP(n,Z) (resp. SLP(n,Z))
to be the matrices in MP(n,Z) such that all the non-empty diagonal blocks have
determinant ±1 (reps. 1 ).

Definition 2.1.2. Let A,B ∈MP(m×n,Z), we say that A and B are GLP-equivalent
(resp. SLP-equivalent) if there exist U ∈ GLP(m,Z) and V ∈ GLP(n,Z) (resp.
U ∈ SLP(m,Z) and V ∈ SLP(n,Z)) such that UAV = B.

Let E be a graph, recall that the matrix BE is defined as AE − I. We denote by
B•E the matrix BE with the rows corresponding to singular vertices of E removed. We
now describe how to order the matrix BE for a graph E into a certain structure such
that B•E lies in MP(n ×m,Z), for a specific partially ordered set. The partial order
is related to the ideal structure of C∗(E) for certain ideals. To describe this further
we define the set of strongly connected components.

Definition 2.1.3. Let E be a graph with finitely many vertices. A nonempty subset
S of E0 is strongly connected if for any pair of vertices v, w ∈ S there is a path from
v to w. A strongly connected component is a strongly connected subset of E0 which is
maximal i.e. it is not contained in any other strongly connected subsets.

Moreover, a strongly connected component is called a cyclic component if one of
its vertices has exactly one return path.

Let ΓE be the set of all strongly connected subsets and all singletons of singular
vertices which are not the base of a cycle. The sets in ΓE are called components of the
graph E.
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Chapter 2. On the classification of quantum lens spaces

A partial order ≥ is defined on ΓE as follows: Let γ1, γ2 ∈ ΓE then γ1 ≥ γ2 if there
exists vertices v1 ∈ γ1 and v2 ∈ γ2 such that v1 ≥ v2 i.e. there is a path from v1 to v2.

We can furthermore equip ΓE with a topology using the partial order. This makes
ΓE into a T0-space, see [ERRS18, Definition 3.9] for the description of the topology.

To understand the connection between the ideal structure of C∗(E) and ΓE we
present the following definition:

Definition 2.1.4. Let E be a graph. An ideal I of C∗(E) is prime if

J1J2 ⊆ I ⇒ J1 ⊆ I ∨ J2 ⊆ I,

for all proper gauge-invariant ideals J1 and J2 of C∗(E). Let Primeγ(C
∗(E)) be the

set of all proper ideals of C∗(E) which are prime and gauge invariant.

The set Primeγ(C
∗(E)) is equipped with a T0-topology similar to the Hull-kernel

topology for primitive ideals, for the description we refer to [ERRS18, Definition 3.4].
Let E be a finite graph. It follows by Lemma 3.16 of [ERRS18] that there exists a

homeomorphism νE : ΓE → Primeγ(C
∗(E)) such that γ1 ≥ γ2 if and only if νE(γ1) ⊇

νE(γ2).
In the reduced filtered K-theory it is precisely the ideals inside Primeγ(C

∗(E))
which we quotient by and consider the K-theory of. Note that when the set of vertices
is finite then ΓE, hence Primeγ(C

∗(E)), is finite which makes it possible to work with
the reduced filtered K-theory.

For a subset S of E0 denote byH(S) the smallest hereditary subset of E0 containing
S. We denote by S the smallest saturated subset containing S. We can now describe
the structure of the matrix BE which makes it possible to work with SLP-equivalence.

Definition 2.1.5 ([ERRS18, Definition 4.15]). Let E be a graph. We write BE ∈
M◦
P(m× n,Z) if

1. E has finitely many vertices.

2. P is a partial ordered set by � such that if i � j then i ≤ j.

3. There is an isomorphism yBE from P to ΓE such that yBE and y−1
BE

are order
reversing.

4. Every infinite emitter emits infinitely many edges to any vertex it emits an edge
to.

5. Every vertex in E0 \ ∪ΓE, called a transition state, has exactly one edge going
out. Note that by definition a vertex is a transition state if it is regular and is
not the base of a cycle.

6. BE is a n×n matrix where the vertices of the i-th block corresponds to the set

H(yBE(i)) \H(yBE(i)) \ yBE(i).

7. B•E ∈MP(m× n,Z).
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2.1. Classification of graph C∗-algebras over finite graphs

We write BE ∈ M◦◦
P (m × n,Z) if BE ∈ M◦

P(m × n,Z) and E has no transition
states. Moreover, we write BE ∈M◦◦◦

P (m×n,Z) if BE ∈M◦◦
P (m×n,Z) and |γ| = 1

for every cyclic component γ ∈ ΓE.

Remark 2.1.6. As described in [ERRS18], after Definition 4.15, we can for any graph
E with finitely many vertices always find graphs E ′, E ′′ and E ′′′ for which BE′ ∈
M◦
P(m′ × n′,Z), BE′′ ∈ M◦◦

P (m′′ × n′′,Z) and BE′′′ ∈ M◦◦◦
P (m′′′ × n′′′,Z) such that

ΓE, ΓE′ ,ΓE′′ and ΓE′′′ are all homeomorphic. Moreover, C∗(E) is isomorphic to C∗(E ′)
and stably isomorphic to C∗(E ′′) and C∗(E ′′′).

In the case where E is a finite graph such that C∗(E) is type I, the above simplifies.
In that case each strongly connected component contains precisely one cycle. By the
collapse move defined in [Sø13] we can collapse the vertices based on the same cycle
to one vertex, which is then the base of precisely one loop.

Denote by F the graph we obtain by collapsing all vertices on each cycle to only one
vertex. Then C∗(F ) is stably isomorphic to C∗(E) by [Sø13, Lemma 5.1]. Moreover,
by Remark 2.1.6 we can assume that F contains no transition states. Then each
regular vertex in F 0 is the base of a loop. Let Ff be the graph, where a loop has been
added to all sinks in F . Then we obtain that all vertices in Ff is the base of a loop.

Then for all γ ∈ ΓFf we have |γ| = 1 and

H(γ) = H(γ), H(γ) \ γ = H(γ) \ γ

which follows precisely since every vertex is the base of a loop. The set in Definition
2.1.5 point 6 is then γ. Hence, the block structure of Ff is 1 × 1 which turns SLP-
equivalence into a linear problem.

To determine if BEf and BFf are SLP-equivalent for two graphs E and F we
would like to know that the corresponding adjacency matrices essentially take the
same form. For this we introduce the concept of a temperature defined in [ERRS18,
Definition 4.16]. The temperature for a graph E with finitely many vertices is a map
τE : Primγ(C

∗(E)) → {−1, 0, 1}. As described in Remark 4.18 in [ERRS18], when
E is a finite graph we can equally describe the temperature as a map on ΓE by the
homeomorphism νE : ΓE →Primeγ(C

∗(E)) as follows: For γ ∈ ΓE let

γ1 = {e ∈ E1| r(e), s(e) ∈ γ},

then the map τE ◦ νE : Γ(E)→ {−1, 0, 1} is given by

(τE ◦ νE)(γ) = sgn(|γ1| − |γ|)

where sgn(0) = 0 and sgn(∞) = 1.

Definition 2.1.7 ([ERRS18, Definition 4.22]). Let E and F be finite graphs. We say
that (BE, BF ) is in standard form if BE, BF ∈M◦◦◦

P (m× n,Z) for some multiindices
m and n and τBE ◦ νE = τBF ◦ νF .

Intuitively, it means that (BE, BF ) are in standard form if they have the same
size, block structure and the temperatures are the same. By the equality of the two
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Chapter 2. On the classification of quantum lens spaces

maps τBE ◦ νE and τBF ◦ νF we use the isomorphism between Primγ(C
∗(E)) and

Primγ(C
∗(F )).

We can now state the classification result for finite graphs for which the graph
C∗-algebras are of type I.

Theorem 2.1.8 ([ERRS18, Theorem 7.1]). Let E and F be finite graphs such that
C∗(E) and C∗(F ) are of type I. If (BE, BF ) is in standard form, then C∗(E) and
C∗(F ) are stably isomorphic if and only if there exist matrices U, V ∈ SLP(1,Z) such
that UBEfV = BFf.

Note that we can indeed choose U, V inside SLP(1,Z) as explained right after
Remark 2.1.6. By the following result we obtain that the graph C∗-algebras are indeed
isomorphic.

Proposition 2.1.9 ([ERRS19, Proposition 14.8]). Assume that (E,F ) is a pair of
graphs with (BE, BF ) in standard form defining C∗-algebras C∗(E) and C∗(F ) that
are type I. Then

C∗(E) ∼= C∗(F )⇔ C∗(E)⊗K ∼= C∗(F )⊗K.

We now present a result which will become useful in the description of quantum
lens space as a graph C∗-algebras in Section 2.2.

Let E be a graph with finitely many vertices and a single regular source denoted
w. Denote by Ẽ the graph which is obtained from E by removing the vertex w and all
the edges it emits. Furthermore, we let xE be the non-zero vector with |E0|−1 entries
where each entry counts the number of edges from w to each vertex in E0 \ {w}. If E
is a graph with finitely many vertices and no regular sources we let Ẽ be E and xE be
the zero vector with |E0| entries.

The following result will be presented in full generality, but in the application later
on, the theorem simplifies further. Hence, we state the theorem and do not comment
further on it for now. In the theorem the Smith normal form is applied, for more on
this we refer to [Sm61] (see also [Ma04, Theorem 26.2 and 27.1]).

Theorem 2.1.10 ([ERRS19, Theorem 14.6]). Let (E,F ) be a pair of graphs with
finitely many vertices and at most one regular source such that each Ẽ and F̃ has no
regular sources and BẼ, BF̃ ∈M◦◦◦

P (m,n,Z).
Furthermore, assume that there exists an integer M ≥ 2 such that whenever i

corresponds to a strongly connected component that is not cyclic for both Ẽ and F̃
then mi = M and the Smith normal forms of the matrices B•

Ẽ
{i} and B•

F̃
{i} have

each at least one entry containing the number 1.
Then C∗(E) and C∗(F ) are isomorphic if and only if there exists

• a permutation matrix P ∈ GL(|P|,Z) that implements an order automorphism
(i.e. preserves the partial order) of the partially ordered set (P ,�) and

• U ∈ GLP(m,Z), V ∈ GLP(n,Z) with V {i} = 1 whenever ni = 2

such that (PnBẼP
−1
n ) ∈M◦◦◦

P (m× n,Z) and

U(PnBẼP
−1
n )•V = B•

F̃
,

V TPn(1 + xE)− (1 + xF ) ∈ im(B•
F̃

)T .
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2.2. Quantum lens spaces as graph C∗-algebras

2.2 Quantum lens spaces as graph C∗-algebras

In [Cr08] it is shown by Crisp that the fixed point algebra of a discrete group action
on a graph C∗-algebra is isomorphic to a specific corner of the graph C∗-algebra of the
skew product graph. The action %rm on C(S2n+1

q ) translates under the isomorphism
with C∗(L2n+1), given in [HS02, Theorem 4.4], to the following action:

seij 7→ θmiseij , pvi 7→ pvi .

We also denote this action by %rm.
Let c : eij → mi (mod r) be the labelling induced from the action %rm, then the

skew product graph L2n+1 ×c Zr has vertices (vi, k), i = 0, ..., n, k = 0, ..., r − 1 and
edges (eij, k), i, j = 0, ..., n, i ≤ j, k = 0, ..., r−1. The source and range maps are given
as follows:

s((eij, k)) = (vi, k −mi (mod r)), r((eij, k)) = (vj, k).

The graph L2n+1 ×c Zr then consists of n + 1 levels labelled by level 0, 1, , ..., n with
edges going from level i to j if i < j. At level i we have gcd(mi, r) cycles of the same
length.

It follows by [Cr08, Theorem 4.6] that

C(L2n+1
q (r;m)) ∼= C(L2n+1)%

r
m ∼=

(
n∑

i=0

p(vi,0)

)
C∗(L2n+1 ×c Zr)

(
n∑

i=0

p(vi,0)

)
. (2.2)

We now describe the graph Lr;m2n+1, defined in [BS18], which is related to the skew
product graph L2n+1 ×c Zr. To define the graph we need the notion of an admissible
path.

Definition 2.2.1. [BS18] A path from (vi, s) to (vj, t) in L2n+1 ×m Zr is called ad-
missible if it does not pass through any (vl, k) for which l = i + 1, ..., j − 1 and
k = 0, ..., gcd(ml, r)− 1.

Definition 2.2.2. The graph Lr;m2n+1 has vertices vbi , i = 0, ..., n, b = 0, ..., gcd(mi, r)−1
and edges estij;a, a = 1, ..., nstij where

nstij = the number of admissible paths from (vi, s) to (vj, t).

The source and range maps are given by

s(estij;a) = vsi , r(estij;a) = vtj.

In [BS18, Theorem 2.2], it is stated that C∗(Lr;m2n+1) is isomorphic to the corner in
(2.2). The following example, which was pointed out by Efren Ruiz, shows that the
result is not true for all weights.

Example 2.2.3 (Counter example of [BS18, Theorem 2.2]). Let n = 1, r = 4 and
m = (2, 1) then the skew product graph consists of two levels which both consists of
four vertices, the first level consist of two cycles as follows:
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Chapter 2. On the classification of quantum lens spaces

L3 ×c Z4

(v0, 0) (v0, 1) (v0, 2) (v0, 3)

(v1, 0) (v1, 1) (v1, 2) (v1, 3)

We have

C(L3
q(4; (2, 1))) ∼= (p(v0,0) + p(v1,0))C

∗(L3 ×c Z4)(p(v0,0) + p(v1,0))

= span{sµs∗ν | r(µ) = r(ν), s(µ), s(ν) ∈ {(v0, 0), (v1, 0)}}
= (p(v0,0) + p(v1,0))C

∗(G)(p(v0,0) + p(v1,0))

where G is the subgraph of L3 ×c Z4 for which

G0 = {(v0, i), (v1, j)| i = 0, 2, j = 0, 1, 2, 3}, G1 = s−1(E0) ∩ r−1(E0).

The range and source maps are the ones from L3×cZ4 restricted to G. The graph G is
defined as above, since when taking the corner, the cycle marked with red is not seen
in the corner. Hence, we have to remove the vertices on this cycle and their outgoing
edges. Note that G0 is the smallest hereditary subset of (L3 ×c Z4)0 which contains
(v0, 0) and (v1, 0).

Since G is a Cuntz-Krieger algebra it follows by [AE15, Corollary 4.10] that the
corner is indeed a Cuntz-Krieger algebra, hence a graph C∗-algebra.

The projection p(v0,0) + p(v1,0) is full in C∗(G). Indeed, let I be the ideal generated
by p(v0,0) + p(v1,0). By the Cuntz-Krieger relations we have

p(v0,2) = s∗(e00,2)s(e00,2), s(e00,2)s
∗
(e00,2) ≤ p(v0,0).

Hence

s∗(e00,2) = s∗(e00,2)s(e00,2)s
∗
(e00,2) = s∗(e00,2)s(e00,2)s

∗
(e00,2)pv0,0 ∈ I.

Then p(v0,2) ∈ I. Similarly we can show that p(v1,1) ∈ I using that p(v1,0) ∈ I and so
on. We obtain that pw ∈ I for all w ∈ G0, hence I = C∗(G) and p(v0,0) + p(v1,0) is a
full projection. By [Br77, Corollary 2.6] (p(v0,0) +p(v1,0))C

∗(G)(p(v0,0) +p(v1,0)) is stably
isomorphic to C∗(G).

We apply the collapse move defined in [Sø13] a number of times until we obtain a
finite graph with no sinks and sources such that every vertex is the base of at least
one loop. The graphs below indicate how to obtain such a graph, the vertex indicated
with ∗ is the one we collapse in each step. The graph we obtain in the last step is
denoted by E.
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2.2. Quantum lens spaces as graph C∗-algebras

∗
G

∗

∗ ∗

E

Then C∗(G)⊗K ∼= C∗(E)⊗K by [Sø13, Lemma 5.1] and

C(L3
q(4; (2, 1)))⊗K ∼= C∗(E)⊗K. (2.3)

In [BS18] it is stated that C(L3
q(4; (2, 1))) is isomorphic to the graph C∗-algebra of the

following graph:

L
4;(2,1)
3

By considering the strongly connected components we have |PrimeγC
∗(E)| = 2 and

|PrimeγC
∗(L4;(2,1)

3 )| = 3. Since K is central and simple it follows that the ideal struc-
ture of the tensor product withK is completely determined by C∗(E) or C(L3

q(4; (2, 1)))
(see e.g. [DK94, Theorem 4.3.1]). Then C(L3

q(4; (2, 1))) cannot be isomorphic to

C∗(L4;(2,1)
3 ) since it contradicts (2.3).

We will in Theorem 2.2.10 prove that the quantum lens spaces are indeed graph C∗-
algebras of a modified graph. It follows by this theorem that C(L3

q(4; (2, 1))) ∼= C∗(E).

Remark 2.2.4. The proof of [BS18, Theorem 2.2] follows by constructing an explicit
isomorphism. The problem with the isomorphism is that pvbi is mapped to p(vi,b)

for i = 0, 1, ..., n, b = 0, 1, ..., gcd(mi, r) − 1. But p(vi,b) for i 6= 0 is not contained
in the corner in (2.2). Indeed, if p(vi,b) is inside the corner then p(vi,b) must equal(∑n

i=0 p(vi,0)

)
p(vi,b), which equals zero by orthogonality of the projections.

We now define a new graph for which the main idea behind the construction is
similar to the one for Lr;m2n+1. The main difference is that we restrict the set of vertices
further.
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Chapter 2. On the classification of quantum lens spaces

Definition 2.2.5. Let n ≥ 1 be an integer, r ∈ N and m = (m0, ...,mn) a sequence
of positive integers. Let Hr;m be the smallest hereditary subset of (L2n+1 ×c Zr)0

containing {(vi, 0)|i = 0, ..., n}. For each i = 0, ..., n let

Si := {k ∈ {0, ..., gcd(r,mi)− 1}| (vi, k) ∈ Hr;m}
Note that S0 = {0}. The graph L

r;m

2n+1 is defined as follows:

(L
r;m

2n+1)0 := {vki | i = 0, ..., n, k ∈ Si},
(L

r;m

2n+1)1 := {estij;a|i, j = 0, ..., n, s ∈ Si, t ∈ Sj, a = 1, ..., nstij},
where nstij is the number of admissible paths from (vi, s) to (vj, t). The range and the
source maps are given by:

s(estij;a) = vsi , r(estij;a) = vtj.

The graph L
r;m

2n+1 then consists of
∑n

i=0 |Si| vertices which we divide into n + 1
levels. The levels are denoted as level 0 to level n, where level i consists of the vertices
vki , k ∈ Si. There only exist edges from a lower level to a higher one and each vertex is
the base of precisely one loop. The graph is illustrated in Figure 2.2 without indicating
any edges.

v0
0Level 0

v0
1Level 1 v1

1 v
|S1|
1

Level i v0
i v1

i v
|Si|
i

Figure 2.1: Illustration of the graph L
r;m

2n+1.

The difference between the definition of Lr;m2n+1 and L
r;m

2n+1 is that we restrict the
vertices to the ones in the smallest hereditary subset of (L2n+1×cZr)0. In this way we
avoid the problem in Example 2.2.3 since we remove the vertices which are not in the
hereditary subset i.e. the vertices (v0, 1) and (v0, 3).

To show that C(L2n+1
q (r;m)) is isomorphic to C∗(L

r;m

2n+1) we need a couple of lem-
mas. With Theorem 2.2. in [BS18] in mind we will show the following.

Lemma 2.2.6. There exists a ∗-isomorphism

ψ : C∗(L
r;m

2n+1)→




∑

(vi,k)
i=0,...,n, k∈Si

P(vi,k)


C∗(L2n+1 ×c Zr)




∑

(vi,k)
i=0,...,n, k∈Si

P(vi,k)


 (2.4)
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such that
ψ(pvki ) = p(vi,k), i = 0, ..., n, k ∈ Si.

For an admissible path α = (eii1 , k+mi)(ei1,i2 , k) · · · (eimim+1 , km)(eim+1j, t) from (vi, k)
to (vj, t) with i, j = 0, ..., n, k ∈ Si and t ∈ Sj we let:

ψ(sα) = s(eii1 ,k+mi)s(ei1,i2 ,k) · · · s(eimim+1
,km)s(eim+1j

,t).

We denote from now on the corner in (2.4) by Cr,m.

Proof. Let α and β be two admissible paths between vertices in the set {(vi, k)| i =
0, ..., n, k ∈ Si}. Then s∗αsβ = 0 if α 6= β since the partial isometries in C∗(L

r;m

2n+1) have
mutually orthogonal range projections. We then have to show that ψ(s∗α)ψ(sβ) = 0 if
α 6= β. By Proposition 1.2.9 ψ(s∗α)ψ(sβ) equals sβ′ if β = αβ′ and s∗α′ if α = βα′. Since
α and β are admissible paths and αβ′ and βα′ are not this cannot happen. Hence,
ψ(s∗α)ψ(sβ) equals zero if α 6= β.

We will show that the image of pvki and sα satisfy condition (CK1)-(CK3) in Defi-

nition 1.2.2 for L
r;m

2n+1. Then by universality ψ is a ∗-homomorphism.
It follows by Proposition 1.2.9 that ψ(s∗α)ψ(sα) = pr(α), hence condition (CK1) is

satisfied. For condition (CK2) let α = (eii1 , k + mi)(ei1,i2 , k) · · · (eimim+1 , km)(eim+1j, t)
be an admissible path from (vi, k) to (vj, t) with i, j = 0, ..., n, k ∈ Si and t ∈ Sj.
Then

ψ(sα)ψ(s∗α)

= s(eii1 ,k+mi)s(ei1,i2 ,k) · · · s(eimim+1
,km)s(eim+1j

,t)s
∗
(eim+1j

,t)s
∗
(eimim+1

,km) · · · s∗(ei1,i2 ,k)s
∗
(eii1 ,k+mi)

≤ s(eii1 ,k+mi)s(ei1,i2 ,k) · · · s(eimim+1
,km)ps((eim+1j

,t))s
∗
(eimim+1

,km) · · · s∗(ei1,i2 ,k)s
∗
(eii1 ,k+mi)

= s(eii1 ,k+mi)s(ei1,i2 ,k) · · · s(eimim+1
,km)s

∗
(eimim+1

,km) · · · s∗(ei1,i2 ,k)s
∗
(eii1 ,k+mi)

...

≤ ps((eii1 ,k+mi)) = ps(α).

Hence, (CK2) is satisfied. For condition (CK3) we fix a vki in
(
L
r;m

2n+1

)0
. Let A be all

admissible paths from (vi, k) to (vj, t) with j = 0, ..., n, t ∈ Sj. Since each outgoing
edge of vki to a vtj corresponds to an admissible path from (vi, k) to (vj, t), we wish to
show that

p(vi,k) =
∑

α∈A
sαs

∗
α. (2.5)

By condition (CK3) on L2n+1 ×c Zr and Proposition 1.2.8 we have

p(vi,k) =
n∑

i1=i

s(eii1 ,mi+k)s
∗
(eii1 ,mi+k)

=
n∑

i1=i

s(eii1 ,mi+k)pr((eii1mi+k))s
∗
(eii1 ,mi+k)

=
n∑

i1=i

s(eii1 ,mi+k)p(vi1 ,mi+k)s
∗
(eii1 ,mi+k).

(2.6)
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For each i1 ∈ {i, ..., n}, if e(ii1,mi+k) is not in A then we substitute

p(vi1 ,mi+k) =
n∑

i2=i1

s(ei1i2 ,mi+mi1+k)s
∗
(ei1i2 ,mi+mi1+k)

in (2.6). Let A1 be the set of all (eii1 ,mi + k), i1 = i, ...n for which (eii1 ,mi + k) is
inside A. Moreover, let I1 be the set of all i1 for which (eii1 ,mi + k) ∈ A1. Note that
A1 is finite since the paths have to be admissible. Then

p(vi,k) =
n∑

i1=i
i1 /∈I1

(
s(eii1 ,mi+k)

(
n∑

i2=i1

s(ei1i2 ,mi+mi1+k)p(vi2 ,mi+mi1+k)s
∗
(ei1i2 ,mi+mi1+k)

)
s∗(eii1 ,mi+k)

)

+
∑

α∈A1

sαs
∗
α.

Similarly, let A2 contain all paths (eii1 ,mi+k)(ei1i2 ,mi+mi1 +k) which are contained
in A. Let I2 be the set of all (i1, i2) for which (eii1 ,mi + k)(ei1i2 ,mi + mi1 + k) ∈ A2.
Then

p(vi,k) =
n∑

i1=i
i1 /∈I1

n∑

i2=i1
(i1,i2)/∈A2

s(eii1 ,mi+k)s(ei1i2 ,mi+mi1+k)

·
(

n∑

i3=i2

s(ei2i3 ,mi+mi1+mi2+k)s
∗
(ei2i3 ,mi+mi1+mi2+k)

)
s∗(ei1i2 ,mi+mi1+k)s

∗
(eii1 ,mi+k)

+
∑

α∈A1∪A2

sαs
∗
α.

Let As contain the set of all paths

(eii1 ,mi + k)(ei1i2 ,mi +mi1 + k)(ei2i3 ,mi +mi1 +mi2 + k)

· · · · · · (eis−1is ,mi +mi1 +mi2 + · · ·+mis−1 + k)
(2.7)

which are contained in A. Let Is contain all (i1, i2, ..., is) for which the path in (2.7)
is contained in As. Note that As consists of admissible paths of length s.

Continuing as above we will at some point obtain that all the paths are admissible,
hence the procedure terminates. This happens since we do not have any edges from a
higher level to a lower one in the finite graph L2n+1×cZr. Hence, there exists a m ∈ N
such that (i1, i2, ...., im) are all contained in Im. Then

p(vi,k) =
∑

α∈A1∪A2∪···∪Am
sαs

∗
α.

Furthermore, since we in each step consider all the outgoing edges of a vertex we
construct indeed all admissible paths by this procedure. Hence, A = A1∪A2∪· · ·∪Am
and we obtain (2.5).

For surjectivity we observe that

Cr,m = span{sµs∗ν | r(µ) = r(ν), s(µ), s(ν) ∈ {(vi, k), i = 0, ..., n, k ∈ Si}},
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2.2. Quantum lens spaces as graph C∗-algebras

which follows by Corollary 1.2.11 and the fact that



∑

(vi,k)
i=0,...,n, k∈Si

P(vi,k)


 sµs

∗
ν




∑

(vi,k)
i=0,...,n, k∈Si

P(vi,k)




is non-zero if and only if s(µ), s(ν) ∈ {(vi, k), i = 0, ..., n, k ∈ Si} by Proposition 1.2.8.
Let µ and ν be paths such that sµs

∗
ν ∈ Cr,m and for which the range of µ and

ν are in {(vi, k), i = 0, ..., n, k ∈ Si}. Then we see immediately that µ = µ1 · · ·µs
and ν = ν1 · · · νt for some admissible paths µj, νj i.e. µi, νi corresponds to edges in
C∗(L

r;m

2n+1). Then
ψ(sµ1···µss

∗
ν1···νt) = sµs

∗
ν .

Hence, sµs
∗
ν is in the image of ψ.

Let now µ and ν be paths with range not in {(vi, k), i = 0, ..., n, k ∈ Si} such that
sµs
∗
ν ∈ Cr,m. By using that

sµs
∗
ν = sµ




∑

e∈(L2n+1×cZr)1

s(e)=r(µ)

ses
∗
e


 s∗ν .

a number of times, similar as in the proof of condition (CK3), we obtain that

sµs
∗
ν =

m∑

i=1

sµαis
∗
ναi

where αi are paths from r(µ) to a vertex in {(vi, k), i = 0, ..., n, k ∈ Si}. Then for all
i µαi and ναi represents a path in C∗(L

r;m

2n+1) and sµs
∗
ν is then in the image of ψ.

Finally to prove that ψ is injective we apply the generalised Cuntz-Krieger unique-
ness theorem presented in [Sz02b, Theorem 1.2]. We have that ψ(pvki ) is non-zero for

all i = 0, ..., n, k ∈ Si. Since the vertices vkn, k ∈ Sn are each the base of a loop with no
exit, namely ekknn;1, we can not apply the usual Cuntz-Krieger uniqueness theorem (see
Theorem 1.2.20). By a generalised version in [Sz02b, Theorem 1.2] we obtain that ψ
is injective if the spectrum of

ψ(sekknn;1
) = s(enn,k+mn)s(enn,k+2mn) · · · s(enn,k+( r

gcd(mn,r)
−1)mn)s(enn,k)

for each k ∈ Sn contains the entire unit circle. By the last part of the proof of Theorem
2.4 in [KPR98] it follows that this is indeed the case. Hence, ψ is injective.

Lemma 2.2.7. For each vki , i = 0, ..., n, k ∈ Si there is a path from v0
0 to vki .

Proof. Let vki , i = 0, ..., n, k ∈ Si then (vi, k) ∈ Hr;m by definition. Hence, there exists
a path α from (vj, 0) for at least one j = 0, ..., n to (vi, k). If the path is not admissible
we divide it into admissible subpaths. Furthermore, there is always an admissible path
from (vl−1, 0) to (vl, 0) for any l = 0, ..., n as follows:

(e(l−1)(l−1),ml−1)(e(l−1)(l−1), 2ml−1) · · ·
(
e(l−1)(l−1),

(
r

gcd(ml−1, r)
− 1

)
ml−1

)
(e(l−1)l, 0).
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Chapter 2. On the classification of quantum lens spaces

Hence, we have a path from (vj, 0) to (vj−1, 0) and so on until we end at (v0, 0).
Combining α with the above path we obtain a path from (v0, 0) to (vi, k) which consists
of admissible subpaths. Hence, there is indeed a path from v0

0 to vki .

Lemma 2.2.8. The projection
∑n

i=0 pv0
i

is full in C∗(L
r;m

2n+1).

Proof. Let I be the ideal generated by
∑n

i=0 pv0
i
. Note that we clearly have pv0

i
∈ I

for i = 0, ..., n. We wish to show that for any vki , i = 0, ..., n, k ∈ Si we have pvki ∈ I,

since then I = C∗(L
r;m

2n+1) and
∑n

i=0 pv0
i

is full.

Let α = f1f2 · · · fm, fj ∈ (L
r;m

2n+1)1 be a path from v0
0 to vki which we know exists by

Lemma 2.2.7. By the Cuntz-Krieger relations we have

sf1s
∗
f1
≤ pv0

0
, s∗f1

sf1 = pr(f1).

Then sf1s
∗
f1

= sf1s
∗
f1
pv0

0
∈ I and we obtain s∗f1

∈ I which implies pr(f1) ∈ I. We can
apply the same argument as above to show pr(f2) ∈ I if we replace pv0

0
with pr(f1) and

pr(f1) with pr(f2). By continuing this argument we obtain that pvki = pr(fm) ∈ I.

Lemma 2.2.9. Let E = (E0, E1, r, s) be a directed graph. Define F to be the graph
such that for each v ∈ E0 we add a head of av − 1 vertices to v where av ≥ 1.

v

w

vav
waw

v2

w2

E

F

Figure 2.2: Illustration of the graph F .

Define another graph G as follows:

G0 = E0 t {w}, G1 = E1 t {ev,i| i = 1, ..., av − 1, v ∈ E0, av ≥ 2}.

The range and the source maps extend from E to G for the edges in E1 and

s(ev,i) = w, r(ev,i) = v.

E

u

vw

G
(au − 1)

(av − 1)

Figure 2.3: Illustration of the graph G.

Then as C∗-algebras C∗(F ) ∼= C∗(G).
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2.2. Quantum lens spaces as graph C∗-algebras

Proof. Consider first the graph F , we apply the R+-move, presented in [ER19, Defi-
nition 3.9], on the regular vertices vi, i = 2, ..., av one by one for each v ∈ F . We then
obtain a graph F defined as follows:

F
0

= E0 t {ṽi| v ∈ E0, i = 2, ..., av}, F
1

= E1 t {ẽvi | v ∈ E0, i = 2, ..., av}

where s(ẽvi ) = ṽi and r(ẽvi ) = v.

v

ṽ2

ṽ3

ṽav

E
F

Figure 2.4: Illustration of the graph F

By [ER19, Theorem 3.10] C∗(F ) ∼= C∗(F ).
For the graph G we perform an out-split (see Definition 1.6.4) of the vertex w

by partition s−1(w) into singleton sets. Then the out-split graph GO is precisely the
graph F . By [BP04, Theorem 3.2] C∗(G) ∼= C∗(G0), hence C∗(G) ∼= C∗(F ).

Theorem 2.2.10. As C∗-algebras we have

C(L2n+1
q (r;m)) ∼= C∗(L

r;m

2n+1).

Proof. By Lemma 2.4 and (2.2) we obtain

C(L2n+1
q (r;m)) ∼=

(
n∑

i=0

p(vi,0)

)
C∗(L2n+1 ×c Zr)

(
n∑

i=0

p(vi,0)

)

=

(
n∑

i=0

p(vi,0)

)



∑

(vi,k)
i=0,...,n, k∈Si

P(vi,k)


C∗(L2n+1 ×c Zr)




∑

(vi,k)
i=0,...,n, k∈Si

P(vi,k)




(
n∑

i=0

p(vi,0)

)

∼=
(

n∑

i=0

pv0
i

)
C∗(L

r;m

2n+1)

(
n∑

i=0

pv0
i

)
.

Hence, it suffices to prove that

(
n∑

i=0

pv0
i

)
C∗(L

r;m

2n+1)

(
n∑

i=0

pv0
i

)
∼= C∗(L

r;m

2n+1). (2.8)

We will follow the procedure in the proof of [AE15, Theorem 4.8(1)] to construct a
graph for which the corner in (2.8) is isomorphic to its graph C∗-algebra. For proofs
of the statement used in the construction we refer to [AE15, Theorem 4.8(1)].
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Chapter 2. On the classification of quantum lens spaces

For simplicity we let E := L
r;m

2n+1 and P :=
∑n

i=0 pv0
i
. Let SE be the graph for

which an infinite head has been added to each vertex. SE is called the stabilisation
of E.

E SE

Figure 2.5: The stabilisation when E = L
4;(2,1)

3 .

There exists an isomorphism φ : C∗ (E)⊗K→ C∗(SE) such that

K0(φ)([pw ⊗ e11]) = [pw]

for all w ∈ E0, where {eij} is a set of matrix units in K, [AT11, Proposition 9.8]. Then

PC∗(E)P ∼= (P ⊗ e11)(C∗(E)⊗K)(P ⊗ e11) ∼= φ(P ⊗ e11)C∗(SE)φ(P ⊗ e11).

Since P is full by Lemma 2.2.8, it follows by the proof of Proposition 4.7 in [AE15]
that there exists a finite hereditary subset T of (SE)0, which contains E0, such that
φ(P ⊗ e11) is Murray-Von Neumann equivalent to

PT :=
∑

v∈T
pv.

We obtain T as follows: By an application of Lemma 4.3 in [AE15] there exist integers
av ≥ 1 such that

[P ] =
∑

v∈E0

av[pv],

which follows since there is a path from v0
0 to any vki by Lemma 2.2.7. For a vertex

v ∈ E0, we denote the first av − 1 vertices in the infinite head added to v as follows:

v

v2

v3 vav−1

vav

E

Let v1 = v and denote by ek the edge from vk to vk−1 for k = 2, ..., av. By the
Cuntz-Krieger relations it follows that

pvk = seks
∗
ek
, pvk−1

= s∗eksek ,

44



2.2. Quantum lens spaces as graph C∗-algebras

for k = 2, ..., av. Hence, [pvk ] = [pvk−1
] for k = 2, ..., av from which it follows that

[pvj ] = [pv] for j = 2, ..., av and

av[pv] = [pv] +
av∑

i=2

[pvi ].

Let

T := E0 t {vk| v ∈ E0, av ≥ 2, k = 2, ..., av},

then we obtain

[φ(P ⊗ e11)] = [P ] =
∑

v∈E0

av[pv] =
∑

v∈E0

(
[pv] +

av∑

i=2

[pvi ]

)
= [PT ].

Then

φ(P ⊗ e11)C∗(SE)φ(P ⊗ e11) ∼= PTC
∗(SE)PT .

By [AE15, Theorem 3.15] PTC
∗(SE)PT ∼= C∗(F ) where F = (T, s−1

SE(T ), rSE, sSE).
The graph F consists then of the graph E where for each v ∈ E0 there is added a head
consisting of av − 1 vertices (see Figure 2.2). We obtain by Lemma 2.2.9 that C∗(F )
is isomorphic to C∗(G). Hence, it remains to show that C∗(G) ∼= C∗(E) = C∗(L

r;m

2n+1).

For this we apply Theorem 2.1.10 on the graphs E and G. First note that E =
Ẽ = G̃, xE is the zero vector of size |E0| and xG is a vector of size |E0| which indicates
the number of edges from w to each vertex in E0. Note that the first entry is 0, since
there are no edges from w to v0

0.

The components of E consist of singleton sets. They are all cyclic since every
vertex is the base of precisely one loop. Recall that the graph E = L

r;m

2n+1 consists of
n+ 1 levels for which we in level k have |Sk| vertices. We denote the vertices in E0 as
indicated in Figure 2.6.

v1

Level 0

v2

Level 1
v3 v|S1|+1

Level 2
v|S1|+2 v|S1|+2 v|S1|+|S2|+1

Figure 2.6: Renaming of the vertices in L
r;m

2n+1.

A partial order on the set P = {1, 2, ..., N} with N :=
∑n

i=0 |Si| is defined as
follows: For i, j ∈ P we let i � j if there is a path from vi to vj. Let γi := {vi} ∈
ΓE then the map i 7→ γi is clearly an order reversing isomorphism from P to ΓE.
Furthermore, if i � j then i ≤ j. Then BE = BẼ = BG̃ are contained in M◦◦◦

P (1,Z)
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Chapter 2. On the classification of quantum lens spaces

and

Vc2,...,c|E0|
=




1 c2 · · · c|E0|
0
... I
0




lies inside SLP(1,Z) for any cj ∈ Z, since there is a path from v0
0 to every other

vertex by Lemma 2.2.7. Moreover, we have BẼVc2,...,c|E0|
= BG̃. We have xG =(

0 k2 · · · k|E0|
)T

with ki = avi − 1 and

V T
k2,...,k|E0|

(1 + xE) =




1
k2 + 1

...
k|E0|1 + 1


 = 1 + xG.

Hence, V T
k2,...,k|E0|

(1 + xE)− (1 + xG) = 0 which is clearly in the image of BT
F̃

. Then by

letting U = P = I in Theorem 2.1.10 we obtain C∗(G) ∼= C∗(E).
To summarize we have shown

C∗(Lr;m2n+1) ∼= C∗(G) ∼= C∗(F ) ∼= PTC
∗(SE)PT

∼= φ(P ⊗ e11)C∗(SE)φ(P ⊗ e11)
∼= PC∗(Lr;m2n+1)P ∼= C(L2n+1

q (r;m))

which proves the theorem.

Remark 2.2.11. If gcd(mi, r) = 1 for all i then L
(r;m)

2n+1 is the same as L
(r;m)
2n+1. Hence,

in this case, the above description of quantum lens spaces as graph C∗-algebras is the
same as the one from [HS03].

2.3 On the classification of quantum lens spaces of

dimension at most 7

In this section we present results from (GM21) (see Appendix A). As described in
Section 2.2 it was pointed out, after completing the paper (GM21), that the graph
C∗-algebras investigated in this paper are not necessarily isomorphic to quantum lens
spaces. Hence, the work in (GM21) has to be modified to some extent such that we
indeed classify quantum lens spaces.

More concretely, in (GM21) we investigate the classification of graph C∗-algebras
of the graphs Lr;m2n+1, n ≤ 3, m = (m0, ...,mn) for which gcd(mi, r) 6= 1 for a single
i ∈ {0, ..., n} and the remaining weights are coprime to r. When gcd(mi, r) 6= 1 for
i 6= 0, we obtain that L

r,m

2n+1 is precisely the graph Lr;m2n+1. Hence, the classification
of the graph C∗-algebra for which gcd(m0, r) = 1 in (GM21, Theorem 2.1 and 2.2)
indeed classifies quantum lens spaces. In the case where gcd(m0, r) 6= 1 this is not the
case. We point out that the classification result of the graph C∗-algebras C(Lr;m5 ) and
C(Lr;m7 ) in (GM21, Theorem 2.1 and 2.2) when gcd(m0, r) 6= 1 is not wrong, but they
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2.3. On the classification of quantum lens spaces of dimension at most 7

do not correspond to quantum lens spaces.

We first describe the set-up to apply the classification result in Theorem 2.1.8 i.e.
the set of strongly connected components and SLP-equivalence. Our main focus will
be on the case where n = 3, since in the process of finding an invariant for the 7-
dimensional quantum lens spaces, we will also be able to calculate one for quantum
lens spaces of dimension 5. Moreover, it follows by later calculations that all quantum
lens spaces for n = 1 are isomorphic since the corresponding adjacency matrices are
all the same.

Let K ≥ 1 and gcd(m`, r) = K for precisely one ` ∈ {1, 2, 3} and gcd(mi, r) = 1
for i 6= `. Then the graph L

r;m

7 consists of four levels and K + 3 vertices, which are
all the base of a loop. There are K vertices at the `’th level and one vertex at each
other level. As in Figure 2.6, we denote the vertices of the graph L

r;m

7 as indicated in
Figure 2.7.

v`

v`+1 v`+Kv`+2

v`+K+1

v1

vK+3

Level 0

Level `

Level 3

Figure 2.7: The graph L
r;m

7 .

It follows immediately that ΓLr;m7
is exactly equal to the collection of singleton sets

of vertices. We write γi := {vi} for each such set. Consequently we have

ΓLr;m7
= {γi| i = 1, ..., K + 3}.

Hence, when we fix the order of the acting group, we obtain non-isomorphic quan-
tum lens spaces for different values of K. Moreover, it follows immediately by the
ideal structure that two 7-dimensional quantum lens spaces defined by the weights
(m0,m1,m2,m3) and (n0, n1, n2, n3) can only be isomorphic if gcd(mi, r) = gcd(ni, r)
for i = 0, .., 3. The partial order on ΓLr;m7

is illustrated by its component graphs, see
Figure 2.8. In the graphs an arrow from γi to γj indicates that γi ≥ γj.

γ1

↙ ↓ ↘
γ2 γ3 · · · γK+1

↘ ↓ ↙
γK+2

↓
γK+3

γ1

↓
γ2

↙ ↓ ↘
γ3 γ4 · · · γK+2

↘ ↓ ↙
γK+3

γ1

↓
γ2

↓
γ3

↙ ↓ ↘
γ4 γ5 · · · γK+3

gcd(m1, r) = K gcd(m2, r) = K gcd(m3, r) = K

Figure 2.8: Component graphs of 7-dimensional quantum lens spaces.
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Chapter 2. On the classification of quantum lens spaces

The following partial ordered set is essentially obtained by reversing the arrows in
Figure 2.8. Let P = {1, 2, ..., K + 3} and ` ∈ {1, 2, 3} be such that gcd(m`, r) = K.
We define a partial order, �, on P by:

• ` � ... � 1,

• i � ` for i = `+ 1, .., K + `,

• K + `+ 1 � i for i = `+ 1, ..., K + `,

• K + 3 � ... � K + `+ 1.

The partial order satisfies that if i � j then i ≤ j. By construction, there exists indeed
an order reversing isomorphism γB

L
r;m
7

: P → ΓLr;m7
mapping i to γi.

If gcd(m0, r) 6= 1 the graph L
r;m

7 also consists of four levels but with only one
vertex at each level. This follows since the only vertices in the skew product graph
which are contained in Hr;m are the ones on the cycle based at (v0, 0). The order on
ΓLr;m7

is in this case linear i.e. if we define γi as before we have γ1 ≥ γ2 ≥ γ3 ≥ γ4.
Then P = {1, 2, 3, 4} and 1 � 2 � 3 � 4.

In this setting, SLP(1,Z) consists of upper triangular matrices, A = (aij), with 1
on the diagonal such that

aij 6= 0⇒ i � j.

The temperatures are indeed the same for two quantum lens spaces since for any
γi ∈ ΓLr;m7

the only element inside γ1
i is the loop based at vi. Hence

(τLr;m7
◦ νLr;m7

)(γi) = sign(|γ1
i | − |γi|) = sign(1− 1) = 0.

It is clear from the structure of the graph that C∗(L
r,m

2n+1) is indeed type I. Letting
the partial ordered set P be as described before, we obtain by Theorem 2.1.8 and
Proposition 2.1.9 the following.

Corollary 2.3.1. If gcd(mi, r) = gcd(ni, r) for each i = 0, 1, 2, 3 then C∗(L
r;m

7 ) and
C∗(L

r;n

7 ) are isomorphic if and only if there exists matrices U, V ∈ SLP(1,Z) such
that UBL

r;m
7
V = BL

r;n
7

.

For dimension 5 we obtain a similar result by letting P = {1, 2, ..., K + 2} if
gcd(m`, r) = K for ` ∈ {1, 2} and defining the order in a similar way as the one for
dimension 7.

Eilers, Restorff, Ruiz and Sørensen calculated adjacency matrices of 7-dimensional
quantum lens spaces for which gcd(mi, r) = 1 for all i. Afterwards Corollary 2.3.1, with
P = {1, 2, 3, 4} ordered linearly, was applied to completely classify these 7-dimensional
quantum lens spaces. They obtained a number theoretic invariant as follows:

Theorem 2.3.2 ([ERRS18, Theorem 7.8]). Let r ∈ N, r ≥ 2 and m = (m0,m1,m2,m3)
and n = (n0, n1, n2, n3) be in N4 such that gcd(mi, r) = gcd(ni, r) = 1 for all i. Then

C∗(L
(r,m)

7 ) ∼= C∗(L
(r,n)

7 ) if and only if

(n−1
2 n1 −m−1

2 m1)
r(r − 1)(r − 2)

3
≡ 0 (mod r).
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2.3. On the classification of quantum lens spaces of dimension at most 7

From the above a complete classification is obtained.

Corollary 2.3.3 ([ERRS18, Corollary 7.9]). If 3 does not divide r then

C∗(L(r,m)
7 ) ∼= C∗(L(r,(1,1,1,1))

7 )

for all m ∈ N4 with gcd(mi, r) = 1.
If 3 divides r and m = (m0,m1,m2,m3) ∈ N4 with gcd(mi, r) = 1 then

(i) C∗(L
(r,m)

7 ) ∼= C∗(L
(r,(1,1,1,1))

7 ) if and only if m1 ≡ m2 (mod 3),

(ii) C∗(L
(r,m)

7 ) ∼= C∗(L
(r,(1,1,r−1,1))

7 ) if and only if m1 6≡ m2 (mod 3).

For dimension 3 and 5 it was observed in [ERRS18] that the adjacency matrices
are independent of the weights, hence all the quantum lens spaces are isomorphic. We
will see that this is not always the case for dimension 5 when one of the weights is not
coprime to r.

Further classification of quantum lens spaces

In this section, for a fixed r ∈ Z, r ≥ 2, we present a number theoretic invariant of
quantum lens spaces C(L2n+1

q (r;m)) of dimension less than or equal to seven when
gcd(mi, r) 6= 1 for precisely one i ∈ {1, ...n}. The result generalises Theorem 2.3.2.

The work builds on computer experiments, which were made in collaboration with
Søren Eilers. A program written by Eilers in Maple 20191 has been used to com-
pute the adjacency matrices and isomorphism classes, given the order r and the set
{gcd(mi, r) : i = 0, . . . n}. We then came up with a suggestion for an invariant by
considering various combinations of the values of r and the weights. Hence, these
experiments have played a crucial role in determining the statement of the presented
theorems.

We first present the main results from (GM21) which are obtained by first con-
structing the adjacency matrices and then applying Corollary 2.3.1. Afterwards, we
comment on the calculations of the adjacency matrices and how to compute the in-
variant which requires a lot of computations. For proofs we refer to (GM21).

It follows by (GM21, Lemma 3.32) that the adjacency matrix of the graph L
(r;m)

3 ,
for which gcd(m0, r) = 1 and gcd(m1, r) = K is a (K + 1) × (K + 1) matrix which
takes the following form:

A
L

(r;m)
3

=




1 r
K
· · · r

K

0
... IK
0


 .

Hence, for a fixed value of the order of the acting group, r, and a fixed K ≥ 1, the
quantum lens spaces of dimension 3 for which gcd(m0, r) = 1 and gcd(m1, r) = K are
all the same. For dimension 5 we obtain the following result.

1Maplesoft, a division of Waterloo Maple Inc., Waterloo, Ontario.
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Theorem 2.3.4 ((GM21, Theorem 2.1)). Let r ∈ N, r ≥ 2 and let m = (m0,m1,m2)
and n = (n0, n1, n2) be in N3 such that gcd(m`, r) = gcd(n`, r) = K ≥ 1 for ` = 1 or
` = 2, and gcd(mi, r) = gcd(ni, r) = 1 whenever i 6= `. Then

(i) For ` = 1, C∗(L
(r,m)

5 ) ∼= C∗(L
(r,n)

5 ),

(ii) For ` = 2, C∗(L
(r,m)

5 ) ∼= C∗(L
(r,n)

5 ) if and only if m1 ≡ n1 (mod K).

For quantum lens spaces of dimension 7 we obtain an extension of Theorem 2.3.2.

Theorem 2.3.5 ((GM21, Theorem 2.2)). Let r ∈ N, r ≥ 2 and let m = (m0,m1,m2,m3)
and n = (n0, n1, n2, n3) be in N4 such that gcd(m`, r) = gcd(n`, r) = K ≥ 1 for one

1 ≤ ` ≤ 3, and gcd(mi, r) = gcd(ni, r) = 1 whenever i 6= `. Then C∗(L
(r,m)

7 ) is

isomorphic to C∗(L
(r,n)

7 ) if and only if

1.
(
n−1

2 n1 −m−1
2 m1

) r(r−1)(r−2)
3

≡ 0 (mod r) and mj ≡ nj (mod K), j = 1, 2 if
` = 3,

2.
(
n−1

2 n1 −m−1
2 m1

) r(r−1)(r−2)
3

≡ 0 (mod r) and m2 ≡ n2 (mod K) if ` = 1,

3.
(
n−1

1 n2 −m−1
1 m2

)
r(r−1)(r−2)

3
≡ 0 (mod r) and m1 ≡ n1 (mod K) if ` = 2.

The following result follows by Theorem 2.3.5 and gives a precise determination of
how many different spaces we obtain of each type. In Table 2.1 after Corollary 2.3.6
an overview of the number of isomorphism classes is given.

Corollary 2.3.6 ((GM21, Corollary 2.3)). Let UK and Ur be the groups of units in
ZK and Zr respectively.

(1) Let gcd(m2, r) = K and gcd(mi, r) = 1 for i 6= 2 then

C∗(L(r;(m0,m1,m2)
5 )) ∼= C∗(L(r;(1,k1,K))

5 )

where m1 ≡ k1 (mod K) with k1 ∈ Ur, and there are exactly |UK | isomorphism
classes of quantum lens spaces.

(2) If 3 does not divide r, gcd(m3, r) = K and gcd(mi, r) = 1 for i 6= 3 then

C∗(L(r;(m0,m1,m2,m3)
7 )) ∼= C∗(L(r;(1,k1,k2,K))

7 )

where mi ≡ ki (mod K) with ki ∈ Ur for i = 1, 2, and there are exactly |UK |2
isomorphism classes of quantum lens spaces.

If 3 divides r we furthermore require:

• k1 ≡ k2 (mod 3) if m1 ≡ m2 (mod 3)

• k1 6≡ k2 (mod 3) if m1 6≡ m2 (mod 3).

In particular, there are 2|UK |2 isomorphism classes if 3 divides r but not K and
|UK |2 isomorphism classes otherwise.
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2.3. On the classification of quantum lens spaces of dimension at most 7

(3) If 3 does not divide r, gcd(m1, r) = K and gcd(mi, r) = 1 for i 6= 1 then

C∗(L(r;(m0,m1,m2,m3)
7 )) ∼= C∗(L(r;(1,K,k2,1))

7 )

where m2 ≡ k2 (mod K) with k2 ∈ Ur, and there are exactly |UK | isomorphism
classes.

If 3 divides r we furthermore require:

• k2 ≡ K (mod 3) if m1 ≡ m2 (mod 3)

• k2 6≡ K (mod 3) if m1 6≡ m2 (mod 3).

In particular, there are 2|UK | isomorphism classes if 3 divides r but not K and
|UK | isomorphism classes otherwise.

(4) If 3 does not divide r, gcd(m2, r) = K and gcd(mi, r) = 1 for i 6= 2 then

C∗(L(r;(m0,m1,m2,m3)
7 )) ∼= C∗(L(r;(1,k1,K,1))

7 )

where m1 ≡ k1 (mod K) with k1 ∈ Ur, and there are exactly |UK | isomorphism
classes.

If 3 divides r we furthermore require

• k1 ≡ K (mod 3) if m1 ≡ m2 (mod 3)

• k1 6≡ K (mod 3) if m1 6≡ m2 (mod 3).

In particular, there are 2|UK | isomorphism classes if 3 divides r but not K and
|UK | isomorphism classes otherwise.

3 6 |r 3|r and 3 6 |K 3|r and 3|K

gcd(m3, r) = K |UK |2 2|UK |2 |UK |2

gcd(m1, r) = K |UK | 2|UK | |UK |

gcd(m2, r) = K |UK | 2|UK | |UK |

Table 2.1: Summary of Corollary 2.3.6.

To obtain the adjacency matrix of L
(r;m)

2n+1 we have to count the number of admissible
paths between any pair of vertices of L2n+1×cZr in the set {(vi, k)| i = 0, ..., n, k ∈ Si}.
To obtain a better overview of the counting, the admissible paths are divided into
different types of paths called t-step paths for t = 1, ..., n. Intuitively, an admissible
path is t-step if it touches vertices from precisely t−1 different levels not including the
level the path starts at and ends in, see (GM21, Definition 3.1) for a precise definition.

Since L2n+1×cZr consists of n+1 levels, the t-step admissible paths for t = 1, ..., n
provides all admissible paths. Let 0 ≤ i < j ≤ n and (vi, k), (vj, l) with k ∈ Si, l ∈ Sj.
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Chapter 2. On the classification of quantum lens spaces

Then we obtain the total number of admissible paths from (vi, k) to (vj, l) by adding
the number of t-step admissible paths for t = 1, ..., j − i.

Hence, for L7×cZr we have to count all admissible t-step paths for t = 1, 2, 3. Note
that the 1-step and 2-step admissible paths in L7 ×c Zr also gives us all admissible
1-step and 2-step paths in L5 ×c Zr. For L3 ×c Zr we only need to consider 1-step
admissible paths.

In Lemma 3.2 and 3.3 of (GM21) all 1-step and 2-step admissible paths are calcu-
lated for an arbitrary n respectively. From this we obtain the adjacency matrices for
the 5-dimensional quantum lens spaces, see (GM21, Remark 3.4). In Lemma 3.8, 3.7
and 3.5 of (GM21) the adjacency matrices in the case of gcd(mi, r) 6= 1 for i = 1, 2, 3
are computed respectively. This is done by counting the 3-step admissible to obtain
the total number of admissible paths.

We do not provide any proofs of the above mentioned results. Details on the count-
ing method and proofs of the result are provided in (GM21).

To obtain the invariant in Theorem 2.3.5 we fix a r ∈ N, r ≥ 2, and assume
that the C∗-algebras coming from the weights m and n are isomorphic. Denote by
Bm := B

L
(r;m)
7
∈ M◦◦◦

P (1,Z). Then by Corollary 2.3.1 there exists U, V ∈ SLP(1,Z)

such that UBmV = Bn. From this we obtain a set of equations relating the two
matrices. By manipulating these equations in a specific way we obtain the stated
invariant. This requires some long calculations, for the proof we refer to Section 4 in
(GM21). On the other hand, if we assume that the stated invariant indeed holds then
we obtain isomorphic quantum lens spaces by essentially applying Proposition 2.14 in
[ERRS18].

We now provide a proof of Theorem 2.3.4 which classifies the 5-dimensional quan-
tum lens spaces. The proof is not contained in (GM21), since it follows by a similar
and much simpler calculation as the ones for the 7-dimensional case.

Proof of Theorem 2.3.4. First note that (i) follows directly by (GM21, Remark 3.4),
since the adjacency matrices are all the same. Hence, all the quantum lens spaces are
isomorphic.

For (ii), by (GM21, Remark 3.4) the adjacency matrix of L
(r;m)

5 is as follows:

A
L

(r;m)
5




1 r y0 ··· ··· yK−1

0 1 r/K ··· ··· r/K
0 0
...

... In
0 0
0 0




where y0 = r(r+K)
2K

and yt = r(r−K)
2K

+ r
K
a1t+qtr for t = 1, ..., K−1. Here the number a1

is m−1
1 calculated modulo K and the number qt appearing in yt is an integer between

0 and K − 1 such that a1t− 1 + qtK is between 0 and K − 1 for t = 1, ..., K − 1.

Let P = {1, 2, ..., K,K + 1, K + 2} with a partial order as follows: 1 � 2 � j
for j = 3, ..., K,K + 1, K + 2. Assume that the C∗-algebras obtained by the weights
m = (m0,m1,m2) and n = (n0, n1, n2) are isomorphic. We denote by y0, ..., yK−1 and

y′0, ..., y
′
K−1 the entries yi in the adjacency matrices of L

(r;m)

5 and L
(r;n)

5 respectively.
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By Corollary 2.3.1 there exist U = (uij) and V = (vij) in SLP(1,Z) such that

B
L

(r;n)
5

= UL
(r;m)

5 V . From this we obtain the following equations:

y′0 = rv23 + y0 + u12
r

K
,

y′1 = rv24 + y1 + u12
r

K
.

Since y′0 = y0 we have u12
r
K

= −rv23 ≡ 0 (mod r). Let a1 and a′1 be m−1
1 and n−1

1

calculated modulo K respectively, then

0 ≡ y′1 − y1 ≡ a′1 − a1 (mod r).

Hence, a′1 ≡ a1 (mod K) and we obtain n1 ≡ m1 (mod K).

On the other hand, assume that gcd(m1, r) = gcd(n1, r) = K and m1 ≡ n1

(mod K). Since m1 ≡ n1 (mod r) we have a1 = a′1. Then qt = q′t, hence yt = y′t
for t = 0, ..., K − 1 and the adjacency matrices are the same. Hence, the graph C∗-

algebras of L
(r;m)

5 and L
(r;n)

5 are indeed the same.

Remark 2.3.7. We have restricted to the case where one of the weights is allowed to
be non-coprime with the order of the acting group. It is likely that one could obtain a
similar result if more than one weight is not coprime with r. The counting methods of
3-step paths, in the 7-dimensional case, rely heavily on the fact that one of the weights
m1 or m2 is coprime with r, since we need a multiplicative inverse in Zr. It is likely
that we will need a new counting method for these cases.

2.4 Ongoing investigations

On the classification of quantum lens spaces with gcd(m0, r) 6= 1

As described in Section 2.3 the graphs L
r,m

2n+1 and Lr;m2n+1 for n ≤ 3 are not the same
if gcd(m0, r) 6= 1. Hence, the invariant in (GM21, Theorem 2.2(1)) do not classify
quantum lens spaces C(L7

q(r,m)) when gcd(m0, r) 6= 1. We present now the adjacency

matrices of L
(r;m)

2n+1 for n ≤ 3 in the case where

gcd(m0, r) = K ≥ 1 and gcd(mi, r) = 1 for i 6= 0. (2.9)

It is still ongoing work to determine an invariant.
By (GM21, Lemma 3.2) the adjacency matrix in the 3-dimensional case is as fol-

lows:

A
L
r;(m0,m1)
3

=

(
1 r

K

0 1

)
.

Hence, for at fixed r and K the quantum lens spaces of dimension 3 are all isomorphic.

Note that it might happen that C∗(L
(r,m)

3 ) and C∗(L
(r′,n)

3 ) are isomorphic even though
r 6= r′ and gcd(m0, r) 6= gcd(n0, r), as the following simple example shows.
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Chapter 2. On the classification of quantum lens spaces

Example 2.4.1. By [ERRS18, Lemma 7.6] we have

A
L

(2,(1,1))
3

=

(
1 2
0 1

)
.

Hence, A
L

4,(2,1)
3

= A
L

2,(1,1)
3

and C∗(L
(2,(1,1))

3 ) = C∗(L
(4,(2,1))

3 ).

For the 5-dimensional case we obtain by (GM21, Lemma 3.2 and 3.3) the following
adjacency matrix.

A
L

(r,m)
5

=




1 r
K

r
K

+ r(r−K)
2K

0 1 r
0 0 1


 .

Hence, for a fixed r and K the quantum lens spaces C(L5
q(r;m)), satisfying the

assumptions in (2.9), are all isomorphic.

In the 7-dimensional case the graph L
(r;m)

7 consists of 4-levels with one vertex in

each level. Note that the graph L
(r;m)
7 under the assumptions in (2.9) consists of 4 levels

with K vertices in the first level and one vertex in the other levels. The two graphs
are both defined considering admissible paths in the skew product graph L7 ×c Zr.
The only difference is the number of vertices, hence it has no effect on the number of
admissible paths between (v0, 0) and (v3, 0) in the skew product graph. Hence, we can

obtain the adjacency matrix for L
(r;m)

7 satisfying the assumptions in (2.9), by removing

the second to the K’th row and column from the adjacency matrix of L
(r;m)
7 given in

(GM21, Lemma 3.6). We may then for each 0 ≤ l < r − 1 and each 0 ≤ t ≤ K − 1
find kl, qt ∈ Z such that the adjacency matrix is as follows:

A
L

(r,m)
7

=




1 r
K

r(r−K)
2K

+ r
K

x

0 1 r r(r+1)
2

0 0 1 r
0 0 0 1




where

x ≡ −m−1
2 m1

r(r − 2)(r − 1)

3K
+

r−2∑

l=0

l
r(1− kl)

K

−
K−1∑

h=0

r−2∑

l=1
l≡a1h mod K

a1h+Kqh
K

(
r −m−1

2 m1(l + 1)− rkl
)

(mod r).

For a fixed r, it is still ongoing work to determine an invariant, and hence classify
the quantum lens spaces. Note that even though the adjacency matrices look simpler
than the ones obtained for L

(r;m)
7 in (GM21, Lemma 3.6), it turns out that it does not

immediately simplify the calculations of an invariant. The immediately difficulty lies
in the fact that we can not add the xi’s for i = 0, ..., K − 1 and reduce the expression,
which was the done in the proof of (GM21, Theorem 2.2). We then need a different
procedure to calculate an invariant.
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K-theory of quantum lens spaces

In the presented classification result we kept the order of the acting group fixed.
Let C(L2n+1

q (r,m)) and C(L2n′+1
q (r′, n)) be two quantum lens spaces of dimension

at most 7, for which gcd(mi, r) = K ≥ 1 and gcd(nj, r
′) = K ′ ≥ 1 for precisely one

i, j ∈ {0, 1, ..., n}. It follows immediately by the ideal structure, that two quantum lens
spaces can only be isomorphic if the dimension is the same. Moreover, if gcd(m0, r) =
gcd(n0, r

′) = 1 then K = K ′ to obtain isomorphic quantum lens spaces since

|ΓLr;m7
| = K + n.

Note that, by Example 2.4.1 we can for n = 1 obtain isomorphic quantum lens spaces
when gcd(m0, r) = K and gcd(n0, r) = K ′ even though K 6= K ′ and r 6= r′. In the case
where gcd(m0, r) = gcd(n0, r

′) = 1, we still need further investigations to determine if
the order of the acting group is an invariant.

If gcd(mi, r) = 1 for all i, then it was shown in [ERRS18, Corollary 7.7] that

K0(C∗(L(r,m)
2n−1)) ∼= Z⊕G

where G is a group of order rn−1. The result follows by an application of the Smith
normal form [Sm61] (see also [Ma04, Theorem 26.2 and 27.1]). Hence, the order of the
acting groups must be the same to obtain isomorphic quantum lens spaces. We are
currently working on calculating the K0-groups in our setting, which might indicate
whether the order of the acting group is an invariant or not.
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Chapter 3

Noncommutative bundles

The following chapter serves as an introduction to the paper [MS20] on the quantum
twistor bundle. The quantum twistor bundle was constructed and investigated simul-
taneously with the formulation of an algebraic framework for noncommutative fibre
bundles by Brezeziński and Szymański in [BS19c]. In [MS20] we deal with the C∗-
algebraic aspect of the quantum twistor bundle, where the work in [BS19c] is concerned
with the purely algebraic setting.

The author is obliged to mention that she has already been evaluated on a sub-
stantial amount of the content from [MS20] in the qualifying exam, halfway through
the PhD programme.

In this chapter all algebras will be over the complex numbers. We denote by ⊗ the
minimal tensor product of C∗-algebras. The tensor product of algebras will always be
over the complex numbers and is also denoted ⊗.

The interest in noncommutative geometry goes back to Connes. The main idea of
the noncommutative program by Connes [Co94] is to create new mathematical tools
to obtain noncommutative generalisations of classical mathematical theories.

In classical geometry we investigate topological and differential spaces and their
geometry. We can pass to the C∗-algebraic or algebraic framework by considering
continuous or differential functions on these spaces respectively. By Gelfand duality
[Ge41] there exists a one-to-one correspondence between commutative C∗-algebras and
locally compact Hausdorff spaces. Noncommutative geometry arises when we consider
noncommutative algebras or C∗-algebras and translate various concepts from classical
geometry into the C∗-algebraic framework. Many concepts from classical geometry
have already been translated into the noncommutative setting like compact groups,
metric spaces, spin manifolds, K-theory, vector bundles and principal bundles.

In this chapter we consider the algebraic formulation of a noncommutative fibre
bundle with homogeneous fibres presented by Brezeziński and Szymański [BS19c].
The description includes the already well-established formulation of a noncommuta-
tive principal bundle. As an example of a noncommutative fibre bundle, we present the
quantum twistor bundle and its C∗-algebraic aspects as studied in [MS20]. Further-
more, we present the work from [Mi21a] and [Mi21b] in which the C∗-algebra of the
quantum symplectic sphere, defined in [LPR06], is described as a graph C∗-algebra,
and a vector space basis for its dense polynomial ∗-subalgebra is constructed.
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Chapter 3. Noncommutative bundles

3.1 Classical bundles

We introduce the definitions and examples of classical principal bundles, fibre bundles
and associated bundles. The introduction will provide readers, who are not familiar
with the concept of bundles, enough knowledge to move on with the noncommutative
part. For more on classical bundles we refer to [Hu96, St57]. Moreover, we refer to
[BHMS07] for a good introduction to the topological aspects of principal and associated
bundles.

We will furthermore point out what difficulties we are faced with when we want to
translate the concept of bundles into the noncommutative setting.

A bundle is a triple (M,π,B) with M and B being topological spaces and π : M →
B a surjective continuous map. M is called the total space and B the base space of
the bundle. For p ∈ B, the preimage π−1(p) is called the fibre over p.

Definition 3.1.1. A fibre bundle is a quadruple (M,π,B, F ) where (M,π,B) is a
bundle and F a topological space such that all fibres π−1(p), p ∈ B are homeomorphic
to F . We also denote a fibre bundle by F →M

π−→ B.

Example 3.1.2. Let M = B × F and π : M → B be the canonical projection onto
the first factor of M . Then (M,π,B, F ) is a fibre bundle called the trivial bundle.

A bundle (M,π,B) is called locally trivial, if for every point p ∈ B there exists a
neighbourhood U , a topological space F and a homeomorphism φ : U × F → π−1(U)
which preserves the fibre, meaning that π ◦φ : U ×F → U is the canonical projection.

Compact principal bundles From now on we let M and B be compact Hausdorff
spaces and G a compact group. Then a compact principal bundle with structure group
G is a quadruple (M,B, π,G) such that

(i) (M,π,B) is a bundle and the group G acts continuously on M from the right.

(ii) The action is free i.e. if xg = x for any g ∈ G then g = e.

(iii) π(x) = π(y) if and only if there exists a g ∈ G such that y = xg.

(iv) The induced map M/G→M is a homeomorphism.

The condition in (iii) implies that the fibres are the orbits of G, and hence all homeo-
morphic to G. We denote also a principal bundle by G→M

π−→ B.
Note that the above construction also works for general topological groups. In that

case we moreover have to assume that the action is principal i.e. free and proper. The
group action is called proper if the map M × G → M ×M, (m, g) 7→ (m,mg) is a
proper map. Hence, the action is principal if this map is injective, continuous and
the inverse image of a compact subset is compact. For compact groups the action is
automatically proper.

Recall that a Lie group is a group which is also a differential manifolds for which
the multiplication and inversion becomes smooth maps. Hence, by considering Lie
groups we also obtain a differential aspect. It can be shown that if (M,π,B,G) is
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3.1. Classical bundles

a compact principal bundle and G a compact Lie group, then the bundle is indeed
locally trivial [Pa61, p.315].

The following example serves as a motivation for the noncommutative analogue of
a locally trivial fibre bundle proposed in [BS19c].

Example 3.1.3. Let G → M
π−→ B be a compact principal bundle and H a closed

subgroup of G. Then

G/H →M/H
π∗−→ B (3.1)

is a fibre bundle where π∗([m]) = π(m). Note that since B is homeomorphic to the
orbit space M/G we have B/H ∼= B. Furthermore, if G is a Lie group, the bundle
in (3.1) is also locally trivial [BHMS07, p.17]. We then obtain a fibre bundle with
homogeneous fibre G/H i.e. G acts transitively on G/H.

We present now an example of a compact principal bundle called the instanton
bundle. In [BCT02] and [LPR06] two different noncommutative analogues of this
bundle is considered, which we will describe in Section 3.3 and 3.6.

Example 3.1.4. The classical instanton bundle SU(2) → S7
π−→ S4 is defined as

follows: An element of the SU(2) group, which is a Lie group, takes the form

(
u v
−v u

)

with u, v ∈ C such that |u|2 + |v|2 = 1. The total space is S7 = {z = (z1, z2, z3, z4) ∈
C4| ∑4

i=1 |zi|2 = 1} and the action of SU(2) on S7 is given by

z ·
(
u v
−v u

)
:= (z1, z2, z3, z4)




u v 0 0
−v u 0 0
0 0 u v
0 0 −v u


 .

The projection π : S7 → S4 is the Hopf projection given by π(z1, z2, z3, z4) := (R, a, b)
where

a = 2(z1z3 + z2z4), b = 2(z2z3 − z1z4), R = |z1|2 + |z2|2 − |z3|2 − |z4|2

and we obtain:

|a|2 + |b2|+R2 = 4(|z1|2|z3|2 + |z2|2|z4|2 + z1z3z2z4 + z1z3z2z4)

+ 4(|z2|2|z3|2 + |z1|2|z4|2 − z2z3z1z4 − z2z3z1z4)

+ (|z1|2 + |z2|2 − |z3|2 − |z4|2)2

=
4∑

i=1

|zi|4 + 2(|z1|2|z2|2 + |z1|2|z3|2 + |z1|2|z4|2

+ |z2|2|z3|2 + |z2|2|z4|2 + |z3|2|z4|2)

=

(
4∑

i=1

|zi|2
)2

= 1.
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Chapter 3. Noncommutative bundles

Remark 3.1.5. We immediately see a difficulty with the local triviality condition
when we want to pass to the noncommutative setting. Since local triviality refers to
points and open sets we can not translate it directly to the algebraic or C∗-algebraic
framework. Instead, we need to use global concepts as a replacement for local triviality
in the noncommutative setting.

In [HKZ11, HKZ12] the concept of piecewise triviality was presented as an attempt
to obtain a noncommutative analogue of local triviality. However, it was shown in
[BHMS07] that piecewise trivial compact principal bundles need not be locally trivial.
In [GHTW19] the notion of local-triviality dimension was introduced, which is indeed
a global property. It was proven that local triviality of a classical compact principal
bundle corresponds to having a finite local-triviality dimension.

Associated fibre bundles We can associate a fibre bundle to a principal bundle in
the following way. LetG→M

π−→ B be a principal bundle and letG act from the left on
a topological space F . We define a right action of G on M×F by (m, v)g = (mg, g−1v).
Let

πF : (M × F )/G→M, [(m, v)] 7→ π(m).

Then πF is well defined and continuous, and ((M × F )/G, πF , B, F ) is a fibre bundle
called the associated fibre bundle.

An important and well-known result in classical geometry is the Serre-Swan the-
orem. For this we need the notion of a vector bundle and projective modules. A
vector bundle is a locally trivial bundle (M,π,B) such that each fibre π−1(p), p ∈ B is
endowed with a vector space structure, where addition and scalar multiplication are
continuous maps. A complex vector bundle is a vector bundle where the fibres are
complex vector spaces.

Definition 3.1.6. A global section of a bundle (M,π,B) is a map s : B → M such
that π ◦ s = idB. Let Γ(M) denote the set of all continuous global sections of M .

A left module X over B is a free module if there exists a subset E ⊆ X such
that every element x ∈ X can be written as x =

∑
e∈E ebe where be ∈ B is non-

zero for finitely many e ∈ E. Furthermore, E must be linearly independent i.e. for
a set of distinct elements {e1, ..., en} ∈ E for which b1e1 + · · · + bnen = 0X then
b1 = b2 = · · · = bn = 0B.

A left B-module P is said to be a projective module if it is a direct summand of a
free module. It is furthermore finitely generated if any element x ∈ P can be written
as a finite sum

∑m
i=1 xibi with xi ∈ P and bi ∈ B.

Theorem 3.1.7 ([Sw62]). Let (M,π,B) be a complex vector bundle and B a compact
Hausdorff space. Then Γ(M) is a finitely generated projective module over C(B).
Conversely, any finitely generated projective module over C(B) is isomorphic to Γ(M)
for a complex vector bundle (M,π,B).

The Serre-Swan theorem gives us a one-to-one correspondence between vector bun-
dles and finitely generated projective modules. As opposed to the local triviality
condition, finitely generated projective modules can be translated directly into the
noncommutative setting. We can then realise a noncommutative vector bundle over
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a possible noncommutative C∗-algebra as a projective module which is finitely gen-
erated. This is also justified by the connection between topological K-theory defined
using vector bundles and the K-theory of C∗-algebras defined using projections. For
a short and precise description of the connection between the K-theories we refer to
[RLL00, 3.3.7].

We end this section with the definition of a connection, see for instance [BHMS07,
Section 2.3]. Let P be a left B-module. The universal differential calculus Ω1B is
defined as the kernel of the multiplication map B ⊗ B → B. The differential is given
by db = 1⊗ b− b⊗ 1. A connection is a linear map

5 : P → Ω1B ⊗B P

such that
5(bp) = dp⊗B p+ b5 (p),∀b ∈ B, p ∈ P.

In [CQ95, Proposition 8.2] it is shown that every projective module can be charac-
terised in an equivalent way by the existence of a connection.

3.2 Noncommutative principal bundles

To ultimately arrive at a noncommutative analogue of a principal bundle, we first
provide an equivalent description of a free action in the commutative setting. Let
G be a compact Hausdoff group acting on a compact Hausdorff space M . Let µ :
M ×G→M be a right continuous action. Then µ is free if and only if the map

FG
M : M ×G→M ×M/GM, (m, g) 7→ (m,mg) (3.2)

is a homeomorphism, where M ×M/G M is the subset of M ×M of pairs (m1,m2)
such that m1 = gm2 for a g ∈ G i.e. m1 and m2 are in the same orbit. Since we have
restricted ourselves to this subset the above map is indeed surjective.

As a motivation for the formulation of a noncommutative principal bundle, consider
now a classical compact principal bundle G → M → B. Recall that since G is a
compact group, and hence Hausdorff, the map

φ : C(G)⊗ C(G)→ C(G×G), φ(f ⊗ h)(g1, g2) = f(g1)h(g2) (3.3)

with f, h ∈ C(G), g1, g2 ∈ G is a ∗-isomorphism [RW98, Corollary B.17].
By Gelfand duality we obtain a ∗-homomorphism by dualising the group multipli-

cation
∆ : C(G)→ C(G×G) ∼= C(G)⊗ C(G),

∆(f)(g, h) = f(gh), g, h ∈ G, f ∈ C(G),
(3.4)

which we will later refer to as a comultiplication. Let µ : M × G → G denote the
right continuous free action of G on M , then again by Gelfand duality we obtain a
∗-homomorphism

ρC(G) : C(M)→ C(M ×G) ∼= C(M)⊗ C(G), ρC(G)(f) = f ◦ µ, (3.5)
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Chapter 3. Noncommutative bundles

which is called a coaction. We can furthermore identify C(M/G) with the following
subalgebra,

C(M)coC(G) := {b ∈ C(M)|ρC(G)(b) = b⊗ 1}

called the coinvariant subalgebra. Indeed, let f ∈ C(M/G) then we can equally
consider f ∈ C(M) such that f(mg) = f(m) for all g ∈ G. Then

ρC(G)(f)(m, g) = f ◦ µ((m, g)) = f(mg) = f(m).

Hence, ρC(G)(f) corresponds to f ⊗ 1 ∈ C(M) ⊗ C(G). On the other hand, if
ρC(G)(f) = f ⊗ 1 then clearly f(mg) = f(m) for all m ∈ M and g ∈ G. Hence,
f can be identified with a function in C(M/G).

When we translate the spaces in the bundle G→M → B into continuous functions
on the spaces, we obtain what we will later formalise as a noncommutative principal
bundle in the C∗-algebraic framework. The bundle is denoted by C(G) → C(M) →
C(M)coC(G) where C(G) plays the role as the structure group, C(M) the total space
and C(M)coC(G) as the base space.

In the noncommutative analogue of a principal bundle, at the C∗-algebraic level,
the compact group is replaced by a compact quantum group. We will in the following
define compact quantum groups and provide a description of a free action of a compact
quantum group on a C∗-algebra. Furthermore, we describe noncommutative princi-
pal bundles in the algebraic framework, which is formulated as principal Hopf-Galois
extensions and furthermore extended to principal coalgebra extensions.

3.2.1 Compact Quantum Groups

Compact quantum groups are defined by Woronowicz in [Wo87b, Wo98], we also refer
to the textbooks [Ti08] and [NT13].

Definition 3.2.1. A compact quantum group is a pair (A,∆), where A is a unital
∗-algebra and ∆ : A→ A⊗ A is a unital ∗-homomorphism, such that

(i) (∆⊗ id) ◦∆ = (id⊗∆) ◦∆ as homomorphisms from A to A⊗ A⊗ A,

(ii) The spaces (A ⊗ 1)∆(A) = span{(a ⊗ 1)∆(b)|a, b ∈ A} and similarly defined
(1⊗ A)∆(A) are dense in A⊗ A,

where id : A→ A is the identity map. The ∗-homomorphism ∆ is called the comulti-
plication.

Example 3.2.2. Let G be a compact group. Then C(G) is indeed a compact quan-
tum group with comultiplication as given in (3.4). Condition (i) comes directly from
the associativity of the group multiplication, it is therefore called the coassociativity
condition. For condition (ii): Let f, h ∈ C(G), then

φ((f ⊗ 1)∆(h))(g1, g2) = f(g1)h(g1g2) (3.6)
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for all g1, g2 ∈ G, where φ is the map in (3.3). Then (C(G) ⊗ 1)∆(C(G)) is the ∗-
subalgebra of C(G×G) spanned by all functions of the form in (3.6) for all f, h ∈ C(G).
Let (g1, g2) 6= (z1, z2), if g1 6= z1 there exists a f ∈ C(G) such that f(g1) 6= f(z1). Since

φ((f ⊗ 1)∆(1))(g1, g2) = f(g1) 6= f(z1) = φ((f ⊗ 1)∆(1))(z1, z2),

the function φ((f ⊗ 1)∆(1)) separates (g1, g2) and (z1, z2). If g1 = z1 and g1g2 = z1z2

then g2 = z2 by the cancellation property, which is not the case, hence g1g2 6= z1z2.
We can then find a h ∈ C(G) such that

φ((1⊗ 1)∆(h))(g1, g2) = h(g1g2) 6= h(g1z2) = φ((1⊗ 1)∆(f))(g1, z2).

Since the functions in (3.6) separate points, we obtain by Stone-Weierstrass theorem
that (C(G)⊗ 1)∆(C(G)) is dense in C(G×G) ∼= C(G)⊗ C(G).

Hence, for a classical group condition (ii) corresponds to the cancellation property
of the group.

In many interesting examples, which is also the case in [MS20], we work with a
specific type of compact quantum groups called compact matrix pseudogroups, origi-
nally described by Woronowicz in [Wo87b]. We present the definition from [Wo91] in
which condition (iii) below has been adapted from the ones in [Wo87b].

Definition 3.2.3 (Matrix pseudogroups). Let A be a unital C∗-algebra and u =
(uij), 1 ≤ i, j ≤ n a n × n matrix with entries in A. Let A be the ∗-subalgebra of A
generated by the entries of u. Then (A,∆) is a compact matrix pseudrogroups if

(i) A is dense in A,

(ii) There exists a ∗-homomorphism ∆ : A→ A⊗ A such that

∆(uij) =
n∑

k=1

uik ⊗ ukj,

(iii) u and u∗ are invertible as matrices over A

Since A is dense in A the comultiplication ∆ is uniquely determined.
As an example we consider the well known quantum SU(2) group by Woronowicz,

introduced in [Wo87a].

Example 3.2.4. Let q ∈ [−1, 1], q 6= 0 and

u =

(
α −qγ∗
γ α∗

)
.

The C∗-algebra C(SUq(2)) is the universal unital C∗-algebra generated by α and γ
such that u is unitary. When q = 1 we obtain the classical algebra of continuous
functions on SU(2).

Note that C(SUq(2)) is a graph C∗-algebra by Example 1.2.15. Indeed, C(SUq(2))
is isomorphic to C(S3

q ) by α 7→ z∗1 and γ 7→ z2. It follows that the map is a ∗-
isomorphism using the relations obtained by letting u be unitary and the universality
of the C∗-algebras.

We will from now on denote a compact quantum group by C(G), which should not
be confused with continuous functions on a topological group.
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Chapter 3. Noncommutative bundles

3.2.2 Free actions

We consider now the C∗-algebraic framework of a noncommutative principal bundle.
The notion of a free action of a compact quantum group on a C∗-algebra has been
formulated in two different ways. The first is due to Rieffel [Ri90] and is formulated
by the notion of a saturated action. The second, which we will describe in this section,
is given by Ellwood [El00]. In [DY13] it was shown that these two notions of freeness
are equivalent. We also refer to the paper [BDH17] for a good treatment of freenes.

Definition 3.2.5. An action (also called a coaction) of a compact quantum group
C(G) on a C∗-algebra A is a unital injective ∗-homomorphism

ρ : A→ A⊗ C(G)

such that

(i) (ρ⊗ id)◦ρ = (id⊗∆)◦ρ as maps from A to A⊗C(G)⊗C(G) (coassociativity).

(ii) {ρ(a)(1⊗ x)|a ∈ A, x ∈ C(G)} is dense in A⊗ C(G) (counitality).

Note that these conditions are indeed satisfied for the map ρC(G) defined in (3.5).
Condition (i) follows by fact that µ(µ(m, g1), g2) = µ(x, g1g2) for all x ∈M , g1, g2 ∈ G.
Condition (ii) follows since µ(m, e) = m for all m ∈ M where e is the identity in G.
Indeed, the functions inside the set {ρ(a)(1⊗ x)|a ∈ A, x ∈ C(G)} takes the form

(m, g) 7→ f(mg)h(g),m ∈M, g ∈ G

for f ∈ C(M) and h ∈ C(G). Here we use the identification C(M)⊗C(G) ∼= C(M×G).
Let (g1,m1), (g2,m2) ∈ M × G such that g1 6= g2 then there exists a h ∈ C(G) such
that h(g1) 6= h(g2). By letting f be the constant one function on M , we obtain a
function which separates the points (g1,m1) and (g2,m2). Assume now that m1 6= m2

and g1 = g2. Then m1g1 6= m2g2, since if this was not the case we would have m1 =
m1e = m1g1g

−1
2 = m2. Hence, we can find a f ∈ C(M) such that f(m1g1) 6= f(m2g2).

Let h be the constant one function on G, then we obtain a function which separates
the points (m1, g1) and (m2, g1). Hence, {ρ(a)(1 ⊗ x)|a ∈ A, x ∈ C(G)} separates
points and by Stone-Weierstrass theorem we obtain (ii).

Definition 3.2.6 ([El00]). The action is free if the image of the linear map

A⊗ A→ A⊗ C(G), a1 ⊗ a2 7→ (a1 ⊗ 1)ρ(a2)

is dense in A⊗ C(G).

In the commutative setting, freeness as a group action indeed agrees with freeness
defined by Ellwood. Indeed, by Gelfand duality on the map FG

M in (3.2) we obtain a
∗-isomorphism

C(M ×M/GM)→ C(M ×G).

It can be shown that the above map being a ∗-isomorphism is equivalent to the subset

{(f ⊗ 1)ρC(G)(g)|f, g ∈ C(M)}
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being dense in C(M)⊗ C(G).

In the noncommutative setting a noncommutative principal bundle at the C∗-
algebraic level consists of a unital C∗-algebra A, which serves as the total space. It is
equipped with a free action ρ of a compact quantum group C(G). The corresponding
fixed point algebra AC(G) = {a ∈ A|ρ(a) = 1⊗ 1} plays the role as the base space.

3.2.3 Hopf-Galois extensions

A noncommutative analogue of a principal bundle is well established in the algebraic
framework due to a variety of researchers [Sc90, BM93, BH09]. The main idea is to
replace the structure group by a Hopf algebra acting on an algebra by a coaction.

Definition 3.2.7. A Hopf algebra (H,∆H , εH , SH) consists of a unital ∗-algebra H
and a unital ∗-homomorphism ∆H : H → H ⊗H such that

(∆H ⊗ id) ◦∆H = (id⊗∆H) ◦∆H , (Coassociativity) (3.7)

and there exist linear maps εH : H → C and SH : H → H such that

m ◦ (εH ⊗ id) ◦∆H(h) = m ◦ (id⊗εH) ◦∆H(h) = h,∀h ∈ H, (Counit property) (3.8)

and

m ◦ (SH ⊗ id) ◦∆H(h) = m ◦ (id⊗SH) ◦∆H(h) = εH(h)I, ∀h ∈ H
where id : H → H is the identity map, m : H⊗H → H is the multiplication map and
I the unit in H. The map εH is called the counit and SH the antipode. For more on
Hopf algebras we refer to [Ti08].

From these axioms it follows that εH and SH are uniquely determined, εH is
a ∗-homomorphism and SH an anti-homomorphism. Furthermore, it follows that
SH(SH(a∗)∗) = a for all h ∈ H [Ti08, Proposition 1.3.28].

We will make use of the Sweedler notation for the comultiplication given as follows:

∆H(h) =
∑

h(1) ⊗ h(2)

for h ∈ H. For more on the Sweedler notation we refer to [Ti08, Notation 1.3.3].

Example 3.2.8. Let G be a compact group, then the polynomial functions on G,
denoted O(G), is a Hopf algebra. We can define the comultiplication and coaction as
in (3.4) and (3.5) respectively, using the identification of O(G) ⊗ O(G) with O(G ×
G). The identification is given by mapping (f ⊗ h) to the map (g, g′) 7→ f(g)h(g′).
Furthermore, O(G) admits a counit and an antipode defined by

ε(f) = f(e), S(f)(g) = f(g−1)

for f ∈ O(G) and g ∈ G, where e is the unit in the group G.
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It can be shown that inside each compact quantum there exists a dense ∗-subalgebra,
which is a Hopf algebra. We wish to describe this Hopf algebra. For that purpose we
need to introduce the definition of representations of quantum groups on finite dimen-
sional vector spaces. We will not go deep into the representation theory, for more on
this topic we refer to [NT13].

There exist two natural embeddings of B(H)⊗A into B(H)⊗A⊗A. The first is
obtained by the map x 7→ x ⊗ 1. We denote by x12 the image of x under this map.
The second is the composition of the previous map and the flip on the last two factors,
the image is denoted x13. For x = a⊗ b ∈ B(H)⊗ C(G) we have x12 = a⊗ b⊗ 1 and
x13 = a⊗ 1⊗ b.
Definition 3.2.9. A representation of a compact quantum group (C(G),∆) on a finite
dimensional space H, is an invertible element U ∈ B(H)⊗ C(G) such that

(id⊗∆)(U) = U12U13.

We call the representation unitary if H is a Hilbert space and U is a unitary.

For ξ, η ∈ H, let wξ,η be the linear functional on B(H) such that wξ,η(T ) = 〈Tξ, η〉.
For a unitary representation U the elements (wξ,η⊗id)(U) ∈ C(G) are called the matrix
coefficients for U .

For a compact quantum group (C(G),∆) we denote by O(G) the ∗-subalgebra
spanned by the matrix coefficients of the finite dimensional irreducible unitary repre-
sentations of C(G). Then O(G) is a dense ∗-Hopf algebra of C(G), see [MV98, NT13].

Example 3.2.10. For compact matrix pseudogroups (see Definition 3.2.3), O(G) is
the algebra generated by the entries of the matrix u such that u is unitary i.e. it
is the polynomial dense ∗-subalgebra of C(G). Indeed, let ξ1, ..., ξn be a basis of the
Hilbert space H and eij the corresponding matrix units of B(H) i.e. eijξk = δjkξi. Let
U ∈ B(H)⊗ C(G) be

∑
i,j eij ⊗ aij with aij ∈ C(G). Then

(id⊗∆)(U) = U12U13 =

(∑

i,j

eij ⊗ aij ⊗ 1

)(∑

k,l

ekl ⊗ 1⊗ akl
)

=
∑

i,j,l

eil ⊗ aij ⊗ ajl,

which implies

∆(ail) =
∑

j

aij ⊗ ajl.

Hence, for a compact matrix pseudogroup the unitary u is a finite dimensional unitary
representation called the fundamental representation.

Two finite dimensional representations U ∈ B(HU)⊗C(G) and V ∈ B(HV )⊗C(G)
are unitary equivalent if there exists a unitary W : HU → HV such that (W ⊗ 1)U =
V (W⊗1). If U =

∑
i,j eij⊗uij and V =

∑
i,j eij⊗vij are unitary equivalent we have that

∆(uij) = ∆(vij) for all i, j. Since the comultiplication ∆ is uniquely determined for
compact matrix pseudogroups, u is the only finite dimensional unitary representation
up to unitary equivalence.

Let U :=
∑

i,j eij ⊗ uij, then the matrix coefficients are as follows:

(wξk,ξl ⊗ id)(U) =
∑

i,j

〈eijξk, ξl〉 ⊗ uij =
∑

i,j

〈δjkξi, ξl〉 ⊗ uij = 1⊗ ulk ∈ C⊗ C(G).
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3.2. Noncommutative principal bundles

Hence, the matrix coefficients are {uij, i, j = 1, ...n}.
For matrix pseudogroups, the counit and antipode are given as follows:

ε(uij) = δij, S(uij) = u∗ji.

Classical principal bundles in the algebraic framework Before providing the
description of a noncommutative principal bundle, we take a closer look at the classical
case. Let G→M →M/G be a compact principal bundle. Denote by O(M),O(M/G)
and O(G) the algebra of polynomial functions on the spaces M , M/G and G respec-
tively. By Example 3.2.8, O(G) is a Hopf algebra. Let ρO(G) be the restriction of ρC(G)

(see (3.5)) to O(G). Similarly, as in the case of continuous functions on M/G, we can
identify O(M/G) by the coinvariants

O(M)coO(G) := {a ∈ O(M)| ρO(G)(a) = a⊗ 1},

which is a subalgebra of O(M).
We can furthermore identify O(M ×M/G M) with the balanced tensor product

O(M)⊗O(M/G) O(M) by the map α : O(M)⊗O(M/G) O(M) → O(M ×M/G M) given
by

α(f ⊗ h)(x, y) = f(x)h(y)

for f ⊗ h ∈ O(M) ⊗O(M/G) O(M) and the elements x, y ∈ M in the same orbit. The
map is indeed well-defined, since for l ∈ O(M/G) we have

α(fl ⊗ h)(x, y) = f(x)l(x)h(y) = f(x)l(y)h(y) = α(f ⊗ lh)(x, y),

which follows since x and y are in the same orbit.
By the equivalent description of a free action, by the map FG

M in (3.2), the action
of G on M is free if and only if the map

O(M ×M/GM)→ O(M ×G), f 7→ f ◦ FG
M , (3.9)

is bijective. We have

(α(f ⊗ h)) ◦ FG
M(m, g) = f(m)h(mg) = f(m)ρO(G)(h)(m, g).

Hence, using the identifications O(M ×M/GM) ∼= O(M)⊗O(M/G) O(M) and O(M ×
G) ∼= O(M)⊗O(G) the map in (3.9) becomes

can : O(M)⊗O(M/G) O(M)→ O(M)⊗O(G), f ⊗ h 7→ (f ⊗ 1)ρO(G)(h), (3.10)

which we will refer to as the canonical Galois map. Hence, the action of G on M is
free if and only if the canonical Galois map is bijective.

Noncommutative principal bundles With the above in mind, we now provide
the description of a noncommutative principal bundle. Let (H,∆) be a Hopf algebra.
Then a right H-comodule is a vector space V with a map ρV : V → V ⊗H such that

(ρV ⊗ id) ◦ ρV = (id⊗∆) ◦ ρV and (id⊗ε) ◦ ρV = id .
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The map ρV is called a right coaction.
Let A be an algebra and equip A ⊗ H with the standard tensor product algebra

structure. Then A is called a right comodule algebra if it is a right H-comodule and
the coaction ρA is an algebra homomorphism. The coinvariant subalgebra is defined
as

AcoH := {a ∈ A|ρA(a) = a⊗ 1H}. (3.11)

We will from now on let B := AcoH . B is indeed a subalgebra of A since the coaction is
an algebra homomorphism. A is a left B-module by the restriction of the multiplication
map and B acts on A⊗H by multiplication in the left leg of the tensor product. Then
ρA becomes a left B-module homomorphism i.e. ρA(ba) = bρA(a) for all a ∈ A, b ∈ B.

Definition 3.2.11. Let H be a Hopf algebra and A a right H-comodule algebra with
coaction ρA : A → A ⊗H. We say that B ⊆ A is a Hopf-Galois extension if the left
A-module and right H-comodule map

can : A⊗B A→ A⊗H, a⊗ b 7→ (a⊗ 1)ρA(b), (3.12)

is bijective. The map can is called the canonical Galois map.

Note that the canonical Galois map is well-defined since ρA is a B-module homo-
morphism. Indeed, for all a, a′ ∈ A and b ∈ B we have

can(a⊗ ba′) = (a⊗ 1)ρA(ba′) = (a⊗ 1)(b⊗ 1)ρA(a′) = can(ab⊗ a′).

The motivation from the classical case indicates that the Hopf-Galois extension
property is equivalent to freeness of the action, see (3.10). In noncommutative ge-
ometry the Hopf-Galois extension condition is then a necessary condition to obtain a
principal bundle.

We need an extra condition on the Hopf-Galois extension to arrive at a principal
bundle which gives us the existence of a strong connection form. We will define strong
connections in the end of the section.

A is said to be faithfully flat as a left module over B if the following are equivalent:

(1) N1 → N2 → N3 is an exact sequence of right B-modules,

(2) N1 ⊗B A→ N2 ⊗B A→ N3 ⊗B A is an exact sequence.

Definition 3.2.12. Let H be a Hopf algebra with bijective antipode and A a right
H-comodule algebra. Let B := AcoH , A is called a principal comodule algebra if

(i) B ⊆ A is a Hopf-Galois extension,

(ii) A is faithfully flat as a left module over B.

Principal comodule algebras are well-established as a noncommutative analogue of
classical principal bundles. We will denote noncommutative principal bundles by H →
A→ B in which A is a principal H-comodule algebra.

Remark 3.2.13. If we start with a purely algebraic noncommutative principal bundle,
then we do not necessarily have a C∗-algebraic version when we consider the enveloping
C∗-algebras, if they indeed exist.
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To present a geometrical intuition of the condition (ii) we introduce strong connec-
tions and strong connection forms. We will not describe the relation to the classical
setting, here we refer to [BM93].

Let A be a principal H-comodule algebra. Then a strong connection is a unital
left B-linear right H-colinear splitting of the multiplication map B ⊗ A → A. See
[DGH01, Theorem 2.3] for equivalent descriptions of strong connections, which also
involves the universal differential calculus.

A strong connection form is a map l : H → A⊗ A such that

l(1H) = 1A ⊗ 1A,

mA ◦ l = 1A ◦ εH ,
(id⊗ρA) ◦ l = (l ⊗ id) ◦∆H ,

(λA ⊗ id) ◦ l = (id⊗l) ◦∆H ,

where mA : A⊗ A→ A is the multiplication map and λA = (S−1 ⊗ id) ◦ flip ◦ ρA is a
left H-coaction with flip(a⊗ b) = b⊗ a for all a, b ∈ A.

Let B ⊆ A be a principal H-extension, then there is a one-to-one correspondence
between strong connections and strong connection forms. We will not go more in
details with this correspondence, see [BH04, Lemma 2.3].

A right H-comodule algebra A is a principal comodule algebra B ⊆ A if and only
if there exists a strong connection form [DGH01, Corollary 2.4], [BS19b, Lemma 1.2].
This gives an efficient way to determine principality. Furthermore, the existence of a
strong connection also ensures that A becomes a projective left B-module by [DGH01,
Corollary 2.4].

Consider now a Hopf algebra H which admits a normalised left (or right) integral
on H i.e. a linear map % : H → C such that for all h ∈ H

∑
h(1)%(h(2)) = %(h)1H , %(1H) = 1,

where ∆H(h) =
∑
h(1)⊗h(2). Then by [BB08, Theorem 4] H admits a strong connec-

tion form. Every compact quantum group admits by Woronowicz [Wo87b, Theorem
4.2] such an integral, called the Haar measure. Hence, many of the interesting quan-
tum groups and their dense ∗-subalgebras will have such an integral, from which we
can construct a strong connection form.

3.2.4 Principal coalgebra extensions

The description of noncommutative principal bundles as principal comodule algebras
has been extended further. There are interesting examples which are not principal
comodule algebras but still have much in common. One such example is the quan-
tum instanton bundle by Bonechi, Ciccoli, Da̧browski and Tarlini [BCT02, BCDT04].
Hence, a wider class of extensions, called coalgebra Galois extensions, was presented
in [BM98, BH99] (see also [BH09]). The main idea is to replace the Hopf algebra in
the Hopf-Galois extension by a coalgebra and not require the coaction to be an algebra
homomorphism.
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A coalgebra (C,∆, ε) consists of a vector space C over a field k and linear maps
∆C : C → C ⊗k C and εC : C → k which satisfies (3.7) and (3.8) with C instead of H.

Let C be a coalgebra and P an algebra and a right C-comodule with coaction
ρP : P → P ⊗C. Let P coC act from the left on P ⊗C by multiplication in the left leg
of the tensor product. The subalgebra of coinvariants is now defined as follows:

P coC := {b ∈ P |∀a ∈ P : ρP (ba) = bρP (a)}

since there are no unit elements in a coalgebra. P coC is indeed a subalgebra of P since
for b, c ∈ P coC and a ∈ P we have

ρP (bca) = bρP (ca) = bcρP (a),

and 1 ∈ P coC . If ρP is an algebra homomorphism then the coinvariant subalgebra
agrees with the one defined in (3.11). The coaction ρP is not required to be an algebra
homomorphism but it is a left B-module homomorphism. Therefore the canonical
Galois map is still well-defined.

Let B := P coC , the extension B ⊆ P is called C-Galois (or coalgebra-Galois ) if
the canonical Galois map

can : P ⊗B P → P ⊗ C,
as defined in (3.12), is bijective.

Before we define a principal coalgebra extension we need to introduce the concept
of an extension being copointed and the canonical entwining map.

Definition 3.2.14. A C-Galois extension B ⊆ P is copointed (or e-copointed) if

ρP (1) = 1⊗ e

for a group like element e ∈ C i.e. ∆C(e) = e⊗ e.
If a C-Galois extension B ⊆ P is copointed then

P coC = P coC
e := {a ∈ P | ρP (a) = b⊗ e},

where P coC
e is called the space of e-coinvariants.

It was shown in [BH99, Theorem 2.7] that any C-Galois extension B ⊆ P admits a
unique map called the canonical entwining map, denoted ψ, which is defined as follows:

ψ : C ⊗ P → P ⊗ C, c⊗ a 7→ can(can−1(1⊗ c)a).

For a copointed C-Galois extension B ⊆ P we have

ψ(e⊗ a) = can(can−1(1⊗ e)a) = can(1⊗ a) = ρP (a).

Hence, ρP (a) = ψ(e ⊗ a) for all a ∈ P . If ψ is bijective we can then define a left
C-coaction on P as follows:

λP : P → C ⊗ P, a 7→ ψ−1(a⊗ e).

The e-coinvariants for the left coaction is defined in a similar way as for the right
coaction and is denoted by coCPe. Hence, the entwining map ψ makes it possible to
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turn P from a right C-comodule into a left C-comodule, such that the coinvariant
subalgebras are the same.

If the coalgebra C is a Hopf algebra H with a bijective antipode, then the canonical
entwining map and its inverse is given as follows:

ψ : h⊗ a 7→
∑

i

ai ⊗ hhi

where ρP (a) =
∑

i ai ⊗ hi. Since the antipode, S, is assumed to bijective we obtain

ψ−1 : a⊗ h 7→
∑

i

hS−1(hi)⊗ ai. (3.13)

Hence, bijectivity of the entwining map corresponds to bijectivity of the antipode.
We will not go more into details with the properties of the canonical entwining

map, since it is not needed for the purpose of this introduction. For more on the
canonical entwining map we refer to [BH99, BH09].

We now define a principal coalgebra extension. The class of Galois-extensions is
sufficiently wider to capture more interesting examples but still specific enough to
derive some interesting properties.

Definition 3.2.15 ([BH04, Definition 2.1]). A copointed C-Galois extension B ⊆ P
is a principal coalgebra extension if

(i) The canonical entwining map is bijective,

(ii) P is a C-equivariantly projective left B-module.

By (ii) is meant that there exists a left B-module and right C-comodule splitting
of the (restriction of the) multiplication map M : B ⊗ P → P i.e. there exists a map
σ : P → B⊗P such that M ◦ σ = idP . The condition in (ii) is under the assumptions
of Definition 3.2.15 equivalent to the existence of a strong connection [BH04, Lemma
2.2]. An important consequence of Definition 3.2.15 is that P becomes a projective
right and left B-module. Furthermore, P is faithfully flat as a left and right B-module
[BH04, Theorem 2.5].

3.3 The Quantum Instanton Bundle by Bonechi,

Ciccoli, Da̧browski and Tarlini

In this section we describe the construction of a noncommutative analogue of the
classical instanton bundle SU(2) → S7 → S4, as presented in [BCT02, BCDT04],
in the purely algebraic famework. The quantum version consists of the quantum 7-
sphere by Vaksman and Soibelman (see Example 1.2.15) as the total space with a
coaction of Woronowicz SUq(2) group (see Example 3.2.4). The coaction is not a
∗-homomorphism, and hence we arrive at a principal coalgebra extension.

The coaction of O(SUq(2)) on O(S7
q ) is defined as the restriction of a coaction

of O(SUq(2)) on a bigger algebra O(Uq(4)), which is the polynomial algebra of the
unitary group of degree 4.
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Let q ∈ (0, 1), O(Uq(4)) is the algebra generated by {tij}4
i,j=1 and the quantum

determinant D−1
q , subject to the following relations:

tiktjk = qtjktik, tkitkj = qtkjtki, i < j,

tiltjk = tjktil, i < j, k < l,

tiktjl − tjltik = (q − q−1)tjktil, i < j, k < l,

DqD
−1
q = D−1

q Dq = 1,

with
Dq =

∑

σ∈S4

(−q)I(σ)tσ(1)1 · · · tσ(4)4,

where I(σ) denotes the number of inversed pairs and S4 is the group of permutations
of 4 symbols. O(Uq(4)) becomes a Hopf ∗-algebra with the following comultiplication,
counit and antipode:

∆Uq(4)(tij) =
∑

k

tik ⊗ tkj, ∆Uq(4)(Dq) = Dq ⊗Dq,

εUq(4)(tij) = δij, εUq(4)(Dq) = 1,

SUq(4)(tij) = (−q)i−j
∑

σ∈S3

(−q)I(σ)tjσ(1)i1tjσ(2)i2tjσ(3)i3 ,

where {j1, j2, j3} = {1, . . . , j−1, j+1, . . . , 4} and {i1, i2, i3} = {1, . . . , i−1, i+1, . . . , 4}.
The involution is given by

t∗ij = S(tij), D∗q = D−1
q .

The ∗-subalgebra of O(Uq(4)) generated by {zi = t4i | i = 1, . . . , 4} is denoted by
O(S7

q ). The enveloping C∗-algebra of this ∗-algebra is the continuous functions on the
7-sphere by Vaksman and Soibelman.

In [BCT02] a coalgebra surjection

πSUq(2) : O(Uq(4))→ O(SUq(2))

is defined as follows: First we recall that a subspace I of a coalgebra C is a codeal if

∆C(I) ⊆ I ⊗ C + C ⊗ I, εC(I) = 0.

Let I ⊆ C be a coideal then the quotient space C/I is a coalgebra [Un15, Proposition
1.2.15] with comultiplication and counit given as follows:

∆C/I(c+ I) =
∑

(c(1) + I)⊗ (c(2) + I), εC/I(c+ I) = εC(c),

where ∆C(c) =
∑
c(1) ⊗ c(2).

Let
R := span{t13, t31, t14, t24, t42, t23, t32, t11 − t44, t12 + t43,

t21 + t34, t22 − t33, t11t22 − qt12t21 − 1}. (3.14)

Then M := RO(Uq(4)) is a right ideal and a coideal of O(Uq(4)). Let π denote the
quotient map of coalgebras

π : O(Uq(4)) 7→ O(Uq(4))/M.
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Proposition 3.3.1 ([BCT02, Proposition 4]). O(Uq(4))/M is isomorphic to O(SUq(2))
as coalgebras.

The isomorphism follows by identifying π(tij), i, j = 1, 2 with the entries of the
fundamental matrix of SUq(2) given in Example 3.2.4 as follows:

π(t11)↔ α, π(t22)↔ α∗, π(t12)↔ −qγ∗, π(t21)↔ γ.

We denote by πSUq(2) the map π composed with this isomorphism of coalgebras. The
quotient map π, and hence also πSUq(2), becomes a right coalgebra map and a right
O(Uq(4))-module map i.e. π(a) = π(b) implies π(ac) = π(bc) for all a, b, c ∈ O(Uq(4)).

An important fact to note is that π, and hence πSUq(2), is not a Hopf algebra map.
Indeed, using the fact that π is a right O(Uq(4))-module map we obtain:

π(t11t43) = π(t43t11 + (q − q−1)t41t31) = π(t43t11) = π(−t12t11)

π(t11)π(t43) = π(t11)π(−t12) = π(−t11t12)

but t11t12 = qt12t11. Hence, we conclude π(t11t43) 6= π(t11)π(t43) and π is not a ∗-
homomorphism.

We can now define a right O(SUq(2))-coaction on O(Uq(4)) by

ρUq(4) := (id⊗πSUq(2))∆Uq(4).

The coaction can be restricted to a right O(SUq(2))-coaction on O(S7
q ) denoted

ρS7
q

: O(S7
q )→ O(S7

q )⊗O(SUq(2)).

Since πSUq(2) is not a ∗-homomorphism the coaction ρS7
q

is also not a ∗-homomorphism.

We have then obtained a coaction ρS7
q

of O(SUq(2)) on O(S7
q ). Note that since

ρS7
q
(1) = 1⊗ 1

we are in the copointed case with e = 1. The base space is the coinvariant subalgebra
given by

O(S4
q ) = {u ∈ O(S7

q ) | ρS7
q
(u) = u⊗ 1},

which in [BCT02, Proposition 6] is proven to be the ∗-algebra generated by {a, b, R},
where

a = z1z
∗
4 − z2z

∗
3 , b = z1z3 + q−1z2z4, R = z1z

∗
1 + z2z

∗
2

subject to the following relations:

Ra = q−2aR, Rb = q2bR, ab = q3ba, ab∗ = q−1b∗a,

aa∗ + q2bb∗ = R(1− q2R), aa∗ = q2a∗a+ (1− q2)R2,

b∗b = q4bb∗ + (1− q2)R.

In [BCT02, Remark 9] it is shown that the enveloping C∗-algebra of O(S4
q ) is isomor-

phic to the minimal unitisation of the compacts. Note that in [BCT02] S4
q is denoted

by Σ4
q.
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It was shown in [BCDT04] that the canonical Galois map is bijective, and hence
O(S4

q ) ⊆ O(S7
q ) is aO(SUq(2))-Galois extension. Bijectivity of the canonical entwining

map follows since O(SUq(2)) is a Hopf algebra with bijective antipode, see (3.13). As
noted in [BS19c, Section 3.2], O(S7

q ) is O(SUq(2))-equivariantly projective as a left
O(S4

q )-module by [Br05, Theorem 4.6], since O(SUq(2)) admits a Haar measure, and
hence a strong connection form, see the end of Section 3.2.3.

We then obtain a principal coalgebra extension O(S4
q ) ⊆ O(S7

q ), and hence a
noncommutative analogue of the classical instanton bundle SU(2) → S7 → S4. We
denote the quantum instanton bundle by SUq(2)→ S7

q → S4
q .

3.4 An algebraic description of noncommutative

fibre bundles

In this section we present the work by Brzeziński and Szymański [BS19c] on an alge-
braic formulation of noncommutative fibre bundles with homogeneous fibres. In the
formulation of a noncommutative analogue of more general fibre bundles an important
difficulty is how to describe the fibre and local triviality, since they both refer to points
in an actual space. In the formulation by Brzeziński and Szymański this problem is
overcome by keeping a noncommutative principal bundle in the background. We will
not provide any proofs, here we refer to [BS19c].

Let G → M → B be a classical principal bundle and H a closed subgroup of G
then we can pass to a fibre bundle G/H →M/H → B as described in Example 3.1.3.
In the noncommutative setting we let B ⊆ P be a principal coalgebra C-extension
according to Definition 3.2.15. Containing a subgroup corresponds in the noncommu-
tative setting to having a coalgebra D for which there is a coalgebra morphism

π : C → D.

Let e ∈ C be a group like element then e := π(e) is a group like element of D. A right
coaction ρP of D on P is defined as follows:

ρP : P → P ⊗D, ρP = (id⊗π) ◦ ρP .
Define

A := P coD
e = {a ∈ P | ρP (a) = a⊗ e} (3.15)

and
X := CcoD

e = {x ∈ C| (id⊗π) ◦∆C(x) = x⊗ e}, (3.16)

which in the motivating example from the classical case corresponds to M/H and G/H
respectively. A is a left B-submodule of P that contains B. Note that in general A
and X are not algebras, we will come back to this in Remark 3.4.3.

To state the main theorems of [BS19c] we recall the dual version of the tensor
product of modules. As a motivation, let M and N be vector spaces and A an algebra.
The balanced tensor product M ⊗A N can be defined by the exact sequence

M ⊗ A⊗N wA−−→M ⊗N →M ⊗A N → 0,
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where wA : m⊗ a⊗ n 7→ ⊗ma⊗ n−m⊗ an. As a dual version consider a coalgebra
C and let M be a right C-comodule with coaction ρM and N a left C-comodule with
coaction ρN , then the cotensor product is defined by the exact sequence

0 7→M�CN →M ⊗N wC−−→M ⊗ C ⊗N

where wC = ρM ⊗ idN − idM ⊗ρN .
Since X is a left C coideal i.e. ∆C(X) ⊆ C ⊗X, ∆C defines a left coaction on X

and (π⊗ id)◦∆C defines a left coaction of D on X. We can then consider the cotensor
products given as follows:

P�CX :=

{∑

i

pi ⊗ xi ∈ P ⊗X|
∑

i

ρP (pi)⊗ xi =
∑

i

pi ⊗∆C(xi)

}

P�DX :=

{∑

i

pi ⊗ xi ∈ P ⊗X|
∑

i

ρP (pi)⊗ xi =
∑

i

pi ⊗ ((π ⊗ id) ◦∆C(xi)

}
.

It can moreover be seen that the left action of the subalgebra of coinvariants B on
P ⊗X restricts to a left action on P�CX and P�DX.

We will now state the main theorem in the formulation of noncommutative fi-
bre bundles by Brzeziński and Szymański. Afterwards we will comment on how the
statements can be interpreted in terms of a noncommutative fibre bundle.

Theorem 3.4.1 ([BS19c, Theorem 2.3]). Let B ⊆ P be a principal coalgebra C-
extension. Let π : C → D be a coalgebra morphisms and A and X as in (3.15) and
(3.16) respectively. Then

(1) The coaction ρP restricts to the isomorphism of left B-modules

A ∼= P�CX.

(2) A is a projective left B-module.

(3) The canonical map can : P ⊗B P → P ⊗ C restricts to the isomorphism of left
P -modules

P ⊗B A ∼= P ⊗X. (3.17)

(4) The canonical map can : P ⊗B P → P ⊗ C restricts to the isomorphism

A⊗B A ∼=coD (P ⊗X)e, (3.18)

where

A = {a ∈ P |(π ⊗ id) ◦ λ(a) = e⊗ a},
which is not in general an algebra. The e-coinvariants on the right hand side of
(3.18) are calculated with respect to the left coaction

Λ : P ⊗X → D ⊗ P ⊗X, Λ = (π ⊗ id⊗ id) ◦ (ψ−1 ⊗ id) ◦ (id⊗∆C).
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As a motivation for the interpretation of the first statement of Theorem 3.4.1 we
consider the following result from classical geometry.

Theorem 3.4.2 ([BHMS07, Theorem 3.3]). Let G be a compact group acting on a
compact Hausdorff space M . Let ρ be a representation of G on a finite dimensional
vector space V , which gives a right action of G on V . Denote by V → E

πV−→ B the
associated bundle to the principal bundle G→M

π−→ B. Then

Γ(E) ∼= C(M)�O(G)V

as C(B)-modules, where C(M) := {p ∈ C(M)| ρC(G)(p) ∈ C(M) ⊗ O(G)}. The left
coaction of C(G) on V is given by v 7→ vj(ρ( .−1)(v))⊗ vj, where {vi} is a basis of V
and vj a basis of the dual space of V .

With Theorem 3.4.2 in mind we see how X and A are related in the cotensor
product. We then interpret A as sections of a fibre bundle with fibre X, associated
to the noncommutative principal bundle C → P → B. Furthermore, by the second
statement of Theorem 3.4.1, the associated fibre bundle can indeed be interpreted as
a fibre bundle over B.

To summarize, we can informally interpret A as the module of sections of a fibre
bundle over B associated to C → P → B, with X as the fibre. This together with
projectivity heuristically gives a replacement of local triviality.

The last two statements serve as a starting point to remove the underlying principal
bundle as described in [BS19c]. By removing the underlying principal bundle we see
in (3.17) that C plays no role and can be replaced by X. For the last statement, A is
not isomorphic to A in general, but they both contain B as a submodule. Brzeziński
and Szymański made a comment that since both A and A appear on the left hand
side of 3.18 it seems to suggest that in the noncommutative setting the total space
perhaps should be represented by a pair of closely related modules. They also pointed
out that the interpretation of the right hand side is not that clear.

Remark 3.4.3. In the setting of Theorem 3.4.1 A is an algebra if the canonical Galois
map for the extension P coD ⊆ P is injective. Similarly, if C has algebra structure, X
is an algebra if the canonical Galois map for the extension CcoD ⊆ C is injective. In
[BS19c, Remark 2.6] more comments on this are given.

If we add some extra structure, in the form of an underlying Hopf algebra, then A
becomes an algebra, which follows by the following theorem.

Theorem 3.4.4 ([BS19c, Theorem 2.4]). Assume we are in the same setting as in
Theorem 3.4.1, furthermore assume that H is a Hopf algebra with bijective antipode
such that

(a) P is a right H-comodule algebra with coaction δ : P → P ⊗H.

(b) C is a right H-module coalgebra i.e. there is a right H-action on C such that
for all h ∈ H and c ∈ C,

∆C(ch) = ∆C(c)∆H(h), εC(ch) = εC(c)εH(h).
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(c) D is a right H-module and π a right H-module homomorphism.

(d) The canonical Galois map is a right P -module homomorphism, when P ⊗ C is
equipped with the P -action

(p⊗ c)q = (p⊗ c)δ(q),

for all p, q ∈ P and c ∈ C.

Then

(1) A is a subalgebra of P containing B.

(2) The canonical Galois map restricts to the isomorphism

A⊗B A ∼= P�DX.

In [BS19c] two interesting examples were given. The first is the noncommutative
flag manifold described as the total space of the noncommutative bundle O(CP 1

q,s)→
O(FMq,s) → O(CP 2

q ). The fibre is the generic Podleś sphere, the total space is
a two parameter version of the standard flag manifold, SUq(3)/T2, and the base is
the quantum complex projective 2-space. The case where there is no dependence on
the parameter s we obtain the noncommutative bundle O(CP 1

q )→ O(SUq(3)/T2)→
O(CP 2

q ) investigated in [BS19a, BS19b]. We will not describe this example further, for
a complete description we refer to [BS19c, Section 3.1]. Instead, we would like to point
out that in this example H = C in Theorem 3.4.4. The coaction of the underlying
principal bundle is then an algebra homomorphism.

The second example is the quantum twistor bundle, which we will now describe in
details following [BS19c, Section 3.2].

Example 3.4.5 (The quantum twistor bundle). We take as our starting point the
quantum instanton bundle by Bonechi, Ciccoli, Da̧browski and Tarlini which is a
principal coalgebra extension as described in Section 3.3.

Using the notation in Theorem 3.4.4, we have H = O(Uq(4)), P = O(S7
q ), C =

O(SUq(2)), B = O(S4
q ) and D = O(U(1)).

Let u be the standard unitary generator of O(U(1)). We arrive at a right U(1)
coaction on O(S7

q ) by the following map. Let πU(1) : O(SUq(2))→ O(U(1)) be defined
on the generators α and γ of O(SUq(2)) by

πU(1)(α) = u, πU(1)(γ) = 0.

Then πU(1) is a Hopf ∗-algebra surjection and we obtain a right coaction ρS7
q

of O(U(1))

on O(S7
q ) as follows:

ρS7
q

: O(S7
q )→ O(S7

q )⊗O(U(1)), ρS7
q

= (id⊗πU(1)) ◦ ρS7
q
.

All the assumptions in Theorem 3.4.1 are now satisfied. Since we have an underlying
Hopf algebra, we will show that the assumptions of Theorem 3.4.4 are also satisfied.
First we prove that ρS7

q
is a ∗-homomorphism even though this is not the case for
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ρS7
q
. The idea is to show that ρS7

q
can be expressed in another way which indeed is a

∗-homomorphism.
Let µ : O(Uq(4))→ O(U(1)) be the map

µ(tij) =





u if i = j ∈ {1, 4}
u∗ if i = j ∈ {2, 3}
0 if i 6= j

which can be shown to be a ∗-homomorphism by considering the relations of the
generators. Consider the subalgebra of O(Uq(4)) generated by tij, i, j = 1, 2. Recall
that M is the right ideal of O(Uq(4)) generated by the elements in (3.14).

For each x ∈ O(Uq(4)) there exists a y ∈ E and m ∈ M such that x = y + m.
It follows since the only generators of O(Uq(4)) which are not in M , are precisely
tij, i, j = 1, 2. Note that M is in the kernel of µ by definition and we have

πU(1) ◦ πSUq(2)(t11) = πU(1)(α) = u = µ(t11),

πU(1) ◦ πSUq(2)(t12) = πU(1)(−qγ∗) = 0 = µ(t12),

πU(1) ◦ πSUq(2)(t22) = πU(1)(α
∗) = u∗ = µ(t22),

πU(1) ◦ πSUq(2)(t21) = πU(1)(γ) = 0 = µ(t21).

Hence, πU(1) ◦ πSUq(2) and µ coincide on E. Then

πU(1) ◦ πSUq(2)(x) = πU(1) ◦ πSUq(2)(y) = µ(y) = µ(x).

Since µ is a ∗-homomorphism, we obtain that πU(1) ◦ πSUq(2) is a ∗-homomorphism. It
follows that ρS7

q
is indeed a ∗-homomorphism and

A := O(S7
q )
coO(U(1)
1 = {a ∈ O(S7

q )| ρS7
q
(a) = a⊗ 1}

is then a ∗-subalgebra of O(S7
q ) which clearly contains O(S4

q ).

The above proves part (1) of Theorem 3.4.4 without verifying assumption (a)−(d).
We will now show that (a)− (d) are indeed satisfied. Note that this is stated without
a proof in [BS19c].

In assumption (a) we let δ := ∆Uq(4) restricted to O(S7
q ). This indeed defines a

coaction of O(Uq(4)) on O(S7
q ) since

∆Uq(4)(t4i) =
∑

k

t4k ⊗ tki ∈ O(S7
q )⊗O(Uq(4)).

Recall that O(SUq(2)) is isomorphic as a coalgebra to the quotient O(Uq(4))/M .
For the statement in (b), we have that O(Uq(4))/M is a right O(Uq(4))-module by the
right action

π(a) · b = π(ab), a, b ∈ O(Uq(4)).
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Let ∆Uq(4)(ab) =
∑

(ab)(1)⊗(ab)(2) in the Sweedler notation. Note that since ∆Uq(4)

is an algebra map we obtain the following:

∆Uq(4)(ab) = ∆Uq(4)(a)∆Uq(4)(b) =
∑

a(1)⊗a(2)

∑
b(1)⊗b(2) =

∑∑
a(1)b(1)⊗a(2)b(2).

It now follows that

∆Uq(4)/M(π(a) · b) = ∆Uq(4)/M(π(ab))

=
∑

(π((ab)(1)))⊗ (π((ab)(2)))

=
∑∑

π(a(1)b(1))⊗ π(a(2)b(2))

=
∑∑

π(a(1)) · b(1) ⊗ π(a(2)) · b(2)

= ∆Uq(4)/M(π(a)) ·∆Uq(4)(b).

Furthermore, we have

εUq(4)/M(π(a) · b) = εUq(4)(ab)

= εUq(4)(a)εUq(4)(b)

= εUq(4)/M(π(a))εUq(4)(b).

The statement in (b) is then satisfied.

We obtain that O(U(1)) is a right O(Uq(4)) module by the ∗-homomorphism πU(1)◦
πSUq(2). The map πU(1) is then clearly a right O(Uq(4))-module homomorphism since
for all c ∈ O(SUq(2)) and a ∈ O(Uq(4)) we have

πU(1)(c · a) = πU(1)(cπSUq(2)(a)) = πU(1)(c) · a.

Hence, statement (c) is satisfied.

Statement (d) follows by the following calculation. For all a, b ∈ O(S7
q ) and c ∈

O(SUq(2)) we have:

can((a⊗ c) · b) = can(a⊗ cb) = (a⊗ 1)ρS7
q
(cb)

= (a⊗ 1)(id⊗πSUq(2))∆Uq(4)(cb)

= (a⊗ 1)(id⊗πSUq(2))∆Uq(4)(c)∆Uq(4)(b)

= (a⊗ 1)ρS7
q
(c)δ(b)

= (a⊗ 1)ρS7
q
(c) · b

= can(a⊗ c) · b.

By the above the quantum twistor bundle satisfies all the assumptions in Theorem
3.4.1 and 3.4.4. Hence, we obtain a noncommutative fibre bundle

O(SUq(2))
coO(U(1))
1 → O(S7

q )
coO(U(1)
1 → O(S4

q )

in the algebraic framework, which we call the quantum twistor bundle.
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Chapter 3. Noncommutative bundles

3.5 C∗-algebraic aspects of the quantum

twistor bundle

In this section we present the C∗-algebraic aspects of the quantum twistor bundle
as investigated in [MS20]. We provide a summary of the main results presented in
[MS20], in which the theorems and their proofs can be found.

We take as our starting point the quantum instanton bundle, O(SUq(2))→ O(S7
q )→

O(S4
q ), described in Section 3.3 and consider the enveloping C∗-algebras of the involved

∗-algebras. Recall that the enveloping C∗-algebra of the total space is the C∗-algebra
of the 7-sphere by Vaksman and Soibelman and the one of the base space is isomor-
phic to the minimal unitisation of the compact operators. Note that all the involved
C∗-algebras are graph C∗-algebras.

Remark 3.5.1. The quantum twistor bundle in [MS20] was studied at the C∗-algebraic
framework while the algebraic framework of noncommutative fibre bundles in [BS19c]
was developed. The motivation for the twistor bundle at the C∗-algebraic level comes,
similarly as for the algebraic formulation, from Example 3.1.3. With this in mind we
define a U(1)-action on C(S7

q ) which preserves C(S4
q ). We then create the quantum

twistor bundle at the C∗-algebraic level by passing to the fixed point algebras for this
U(1) action.

Define a U(1) action µ on C(S7
q ) given on the generators by

µw(zj) =

{
wzj, j = 1, 4

wzj, j = 2, 3
(3.19)

for all w ∈ U(1). Let C(CP 3,µ
q ) := C(S7

q )
µ be the fixed-point algebra for this action

and let O(CP 3,µ
q ) := C(CP 3,µ

q ) ∩ O(S7
q ). By the construction of the action µ we have

C(S4
q ) ⊆ C(CP 3,µ

q ) and O(S4
q ) ⊆ O(CP 3,µ

q ).
For the fibre we notice that there is an isomorphism from C(S7

q ) to C(SUq(2)) by

z4 7→ α∗, z3 → γ, z2 7→ 0, z1 7→ 0. (3.20)

Then the action µ on C(SUq(2)) becomes

µw(α) = wα, µw(γ) = wγ, w ∈ U(1).

The fixed point algebra of C(SUq(2)) by µ is then the continuous functions of the
quantum complex projective 1-space C(CP 1

q ), defined in Example 1.2.16. Hence, it is
a graph C∗-algebra, which is isomorphic to the minimal unitisation of the compacts
by Example 1.2.18.

Remark 3.5.2. In the paper [MS20] the fixed point algebra C(S7
q )
µ is denoted by

C(CP 3
q ). To avoid confusing with the quantum projection 3-space by Vaksman and

Soibelman from Example 1.2.16 we have changed the notation to C(CP 3,µ
q ).

We will show that passing to the polynomial dense ∗-subalgebras of the C∗-algebras
we indeed obtain the quantum twistor bundle as described at the algebraic level in
Example 3.4.5.

80



3.5. C∗-algebraic aspects of the quantum twistor bundle

Proposition 3.5.3. The ∗-algebra O(S7
q )
coO(U(1))
1 coincide with O(CP 3,µ

q ) and the ∗-
algebra O(SUq(2))

coO(U(1))
1 coincide with O(CP 1

q ).

Proof. By considering ρS7
q

on the generators of O(S7
q ) we obtain the following:

ρS7
q
(z1) = ρS7

q
(t41) =t41 ⊗ πU(1) ◦ πSUq(2)(t11) + t42 ⊗ πU(1) ◦ πSUq(2)(t21)

+ t43 ⊗ πU(1) ◦ πSUq(2)(t31) + t44 ⊗ πU(1) ◦ πSUq(2)(t41)

= t41 ⊗ u = z1 ⊗ u,
ρS7

q
(z2) = ρS7

q
(t42) =t41 ⊗ πU(1) ◦ πSUq(2)(t12) + t42 ⊗ πU(1) ◦ πSUq(2)(t22)

+ t43 ⊗ πU(1) ◦ πSUq(2)(t32) + t44 ⊗ πU(1) ◦ πSUq(2)(t42)

= t42 ⊗ u∗ = z2 ⊗ u∗,
ρS7

q
(z3) = ρS7

q
(t43) =t41 ⊗ πU(1) ◦ πSUq(2)(t13) + t42 ⊗ πU(1) ◦ πSUq(2)(t23)

+ t43 ⊗ πU(1) ◦ πSUq(2)(t33) + t44 ⊗ πU(1) ◦ πSUq(2)(t43)

= t43 ⊗ u∗ = z3 ⊗ u∗,
ρS7

q
(z4) = ρS7

q
(t44) =t41 ⊗ πU(1) ◦ πSUq(2)(t14) + t42 ⊗ πU(1) ◦ πSUq(2)(t24)

+ t43 ⊗ πU(1) ◦ πSUq(2)(t34) + t44 ⊗ πU(1) ◦ πSUq(2)(t44)

= t42 ⊗ u = z4 ⊗ u.
A vector space basis of O(S7

q ) is given as follows: By an easy application of the
Diamond Lemma, [Be78], (otherwise see [Wo87a] for the case of O(SUq(2)) = O(S3

q )),
one shows that the following vectors form a basis of O(S7

q ),

zk4
4 z

k3
3 z

k2
2 z

k1
1 (z∗2)m2(z∗3)m3(z∗4)m4 , zk4

4 z
k3
3 z

k2
2 (z∗1)n1(z∗2)m2(z∗3)m3(z∗4)m4 , (3.21)

with kj,mj arbitrary non-negative integers and n1 a positive integer. Here we let
z0
j = (z∗j )

0 = 1.
Hence, on the basis elements of O(S7

q ) we have

ρS7
q
(zk4

4 z
k3
3 z

k2
2 z

k1
1 (z∗2)m2(z∗3)m3(z∗4)m4)

= zk4
4 z

k3
3 z

k2
2 z

k1
1 (z∗2)m2(z∗3)m3(z∗4)m4 ⊗ uk1+k4+m2+m3u∗k2+k3+m4 ,

ρS7
q
(zk4

4 z
k3
3 z

k2
2 (z∗1)n1(z∗2)m2(z∗3)m3(z∗4)m4)

= zk4
4 z

k3
3 z

k2
2 (z∗1)n1(z∗2)m2(z∗3)m3(z∗4)m4)⊗ uk4+m2+m3u∗k2+k3+n1+m4 .

Then
zk4

4 z
k3
3 z

k2
2 z

k1
1 (z∗2)m2(z∗3)m3(z∗4)m4 ∈ O(S7

q )
coO(U(1))
1

if and only if k1 + k4 +m2 +m3 = k2 + k3 +m4 and

zk4
4 z

k3
3 z

k2
2 (z∗1)n1(z∗2)m2(z∗3)m3(z∗4)m4 ∈ O(S7

q )
coO(U(1))
1

if and only if k4 + m2 + m3 = k2 + k3 + n1 + m4. It can easily bee seen that these
elements corresponds exactly to the basis elements of O(S7

q ) which are fixed by the

action µ, hence O(S7
q )
coO(U(1))
1 = O(CP 3,µ

q ).
By similar calculations as the ones for O(S7

q ), it can be shown that the fibre of the

quantum twistor bundle O(SUq(2))
coO(U(1))
1 is indeed the polynomial algebra O(CP 1

q )
of the Podleś sphere.
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Chapter 3. Noncommutative bundles

It follows that

O(CP 1
q )→ O(CP 3,µ

q )→ O(S4
q )

is precisely the quantum twistor bundle from Example 3.4.5.

The C∗-algebra C(CP 3,µ
q )

The enveloping C∗-algebra of the fibre and the base space of the quantum twistor
bundle are both known to be isomorphic to the minimal unitisation of the compacts.
By the following theorem we obtain that the enveloping C∗-algebra of the total space
is also a graph C∗-algebra.

Theorem 3.5.4 ([MS20, Theorem 2.3]). The C∗-algebra C(CP 3,µ
q ) is isomorphic to

the graph C∗-algebra C∗(G) for the following graph.

G
v1 v2 v3 v4

(∞) (∞)(∞)

(∞) (∞)

(∞)

Remark 3.5.5. The quantum projective 3-sphere by Vaksman and Soibelman, see
Example 1.2.16, is also isomorphic to the graph C∗-algebra C∗(G). Hence, C(CP 3,µ

q )
is the quantum projective 3-sphere by Vaksman and Soibelman. Note that their poly-
nomial ∗-subalgebras are not the same.

To prove Theorem 3.5.4, we first investigate ideals and quotients of C(CP 3,µ
q ). For

k = 1, 2, 3, let Jk be the closed 2-sided ideal of C(CP 3,µ
q ) generated by z1z

∗
1 , ..., zkz

∗
k.

First we clearly have that C(CP 3,µ
q )/J3

∼= C. Consider C(CP 3,µ
q )/J2, which coincide

with taking the fixed point algebra under µ of the quotient of C(S7
q ) by the ideal

generated by z1 and z2. By the isomorphism in (3.20) we have that the quotient of
C(S7

q ) by this ideal is C(SUq(2)), hence C(CP 3,µ
q )/J2 is C(CP 1

q ).

We now investigate the quotient C(CP 3,µ
q )/J1 and the ideal J1. Taking the quotient

of C(S7
q ) by the ideal generated by z1, we obtain the C∗-algebra of the quantum 5-

sphere by Vaksman and Soibelman. The quotient C(CP 3,µ
q )/J1 is then isomorphic to

the fixed point algebra of C(S5
q ) under µ. By Example 1.2.15, C(S5

q ) is isomorphic to
the graph C∗-algebra C∗(L5).

L5

v1 v2 v3e12 e23

e13

e11 e22 e33
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3.5. C∗-algebraic aspects of the quantum twistor bundle

Under the isomorphism of C(S5
q ) and C∗(L5), the action µ on C∗(L5) becomes

µw(Seij) =

{
wSeij i = 1

wSeij i = 2, 3
, µw(Pvi) = Pvi, i = 1, 2, 3

for all w ∈ U(1). Hence, C(CP 3,µ
q )/J1 is isomorphic to the fixed point algebra C∗(L5)µ

and we obtain the following result.

Theorem 3.5.6 ([MS20, Theorem 2.1]). C(CP 3,µ
q )/J1 is isomorphic to the graph C∗-

algebra C∗(F ).

F
(∞) (∞)

(∞)

The proof follows by constructing an explicit isomorphism between C∗(L5)µ and
C∗(F ). The main idea is to consider all the paths α and β in the graph L5 such that
SαS

∗
β is invariant under µ.
Note that the graph F is the graph F2 from Example 1.2.16. Hence, the quotient

C(CP 3,µ
q )/J1 is isomorphic to the C∗-algebra of the quantum complex projective 2-

space by Vaksman and Soibelman.

Moreover, by a long calculation of all irreducible representations of J1, it is shown
in [MS20] that J1 admits only one irreducible representation up to unitary equivalence.
It was shown in [Na48] that all irreducible representations of the compact operators
on a Hilbert space are equivalent to the identity representation. Hence, the space
of compact operators only admits one irreducible representation up to unitary equiv-
alence. On the other hand it was shown in [Ro53] that the only C∗-algebra which
admits precisely one irreducible representation up to unitary equivalence is the space
of compact operators. We then obtain the following result.

Theorem 3.5.7 ([MS20, Theorem 2.2]). The ideal J1 in C(CP 3,µ
q ) generated by z1z

∗
1

is isomorphic to the space of compact operators on a separable Hilbert space.

Outline of the proof of Theorem 3.5.4 By the above results we obtain a short
exact sequence of C∗-algebras

0→ K → C(CP 3,µ
q )→ C∗(F )→ 0. (3.22)

The compact operators on any Hilbert space is an AF algebra, since C∗(F ) does not
contain any cycles it is also AF by Proposition 1.2.14. Since the ideal and the quotient
of the short exact sequence in (3.22) are AF algebras, it follows that C(CP 3,µ

q ) is an
AF-algebra. Hence, K1(C(CP 3,µ

q )) = 0 and by the six term exact sequence of K-theory
we obtain a short exact sequence of groups

0→ K0(K)→ K0(CP 3,µ
q )→ K0(C∗(F ))→ 0. (3.23)
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By Example 1.5.1, K0(C∗(F )) ∼= Z3, hence it is a free module over Z and therefore
projective. It follows that the short exact sequence in (3.23) splits. Since K0(K) ∼= Z
we obtain K0(C(CP 3,µ

q )) ∼= Z⊕ Z3 ∼= Z4.
The C∗-algebras C(CP 3,µ

q ) and C∗(G) are both AF-algebras and they have the
same K-theory. The proof of Theorem 3.5.4 follows now by an application of El-
liot’s classification theorem of unital AF algebras [Ei76]. The theorem states that
if the triples (K0(C(CP 3,µ

q )), K0(C(CP 3,µ
q ))+, [1]0) and (K0(C∗(G)), K0(C∗(G))+, [1]0)

are isomorphic as ordered groups then C(CP 3,µ
q ) is isomorphic to C∗(G).

We have already obtained that the K0-groups are the same. For the proof of the
positive cones being isomorphic and the class of the unit being preserved we refer to
[MS20, Theorem 2.3].

Polynomial projections In [MS20, Section 3] a recursive way of constructing pro-
jections in matrices with entries in O(CP 3,µ

q ) was given. The approach follows the one
of [DL10, Lemma 3.2] in which K-theory and K-homology of the quantum complex
projective space by Vaksman and Soibelman was studied.

In [BCT02, Proposition 7, Proposition 10] a non-trivial polynomial generator [G] ∈
K0(C(S4

q )) is constructed. Letting P1 = 1, P2 = G and P3, P4 be the first two nontrivial
projections constructed in the recursive way, we obtain a set of elements [Pi]0, i =
1, 2, 3, 4 in K0(C(CP 3,µ

q )) which satisfies:

(i) [P1]0, [G]0 generated K0(C(S4
q )).

(ii) Let π : C(CP 3,µ
q ) → C(CP 1

q ) be the ∗-homomorphism mapping z1, z2 to 0 and
z3, z4 to themselves. Then [π(P3)]0 and [π(P4)]0 generates K0(C(CP 1

q )).

(iii) [π(P1)]0 = [π(P2)]0 = [1]0.

We would like to investigate if these projections generate the K-theory, since this
provides a connection between the K-theory of the total space with the K-theory
of the fibre and base space. Unfortunately, we can not adapt the construction of the
Fredholm modules from [DL10] to obtain 1-summable Fredholm modules, which would
give a complete index pairing with the K-theory. This is still ongoing work. For more
on Fredholm modules and the index pairing we refer to Example 4.3.5.

3.6 The quantum symplectic sphere

The quantum twistor bundle, constructed in the algebraic framework in Example 3.4.5
and analysed at the C∗-algebraic level in Section 3.5, is obtained by the quantum
instanton bundle by Bonechi, Ciccoli, Da̧browski and Tarlini. Another formulation
of a noncommutative version of the classical instanton bundle is defined by Landi,
Pagani and Reina in [LPR06]. Here, the total space is not the well-known 7-sphere by
Vaksman and Soibelman but instead the quantum symplectic 7-sphere.

The quantum instanton bundle by Landi, Pagani and Reina has the advantage
that the coaction is a honest ∗-homomorphism. Hence, it is a noncommutative bundle
in the sense of a Hopf-Galois extension. On the other hand, it was shown in [MS20]
that the C∗-algebra of the quantum symplectic 7-sphere behaves in an unexpected
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way. Indeed, by analysing irreducible ∗-representations it is shown that one of the
generators are zero inside the C∗-algebra. Moreover, a vector space basis of O(S7

q ) is
constructed, from which it follows that all the generators are non-zero in O(S7

q ).
In this section we present the results from [MS20, Section 4] in greater generality,

since the results have been generalised to the quantum symplectic (4n− 1)-sphere in
[DL21] and [Mi21b]. Furthermore, we present the main result of [Mi21a], where the
C∗-algebra of the quantum symplectic (4n − 1)-sphere is described as a graph C∗-
algebra.

The quantum symplectic sphere is defined in [LPR06] as a subalgebra of the
quantum symplectic group O(SPq(n)), which is given by the symplectic R-matrix in
[FRT90]. Let q ∈ (0, 1). Then the quantum symplectic (4n−1)-sphere for n ∈ N, n ≥ 1
is given as follows:

Definition 3.6.1. C(S4n−1
q ) is the universal C∗-algebra generated by the elements

{xi, yi}ni=1 and their adjoints, subject to the relations:

xixj = q−1xjxi ∀i < j, yiyj = q−1yjyi ∀i > j, xiyj = q−1yjxi ∀i 6= j,

yixi = q2xiyi + (q2 − 1)
i−1∑

k=1

qi−kxkyk, xix
∗
i = x∗ixi + (1− q2)

i−1∑

k=1

x∗kxk,

yiy
∗
i = y∗i yi + (1− q2)

(
q2(n+1−i)x∗ixi +

n∑

k=1

x∗kxk +
n∑

k=i+1

y∗kyk

)
,

xiy
∗
i = q2y∗i xi, xix

∗
j = qx∗jxi ∀u 6= j, yiy

∗
j = qy∗j yi − (q2 − 1)q2n+2−i−jx∗ixj ∀i 6= j,

xiy
∗
j = qy∗jxi ∀i < j, xiy

∗
j = qy∗jxi + (q2 − 1)qi−jy∗i xj ∀i > j,

and the sphere relation
n∑

i=1

(x∗ixi + y∗i yi) = 1.

The dense polynomial ∗-subalgebra of C(S4n−1
q ) is denoted O(S4n−1

q ).

3.6.1 The C∗-algebra

In [MS20, Theorem 4.2] it was shown that the generator x1 inside the C∗-algebra C(S7
q )

is zero. The proof follows by an investigation of the irreducible ∗-representations of
C(S7

q ). It is shown that for any irreducible ∗-representation π of C(S7
q ), the defining

relations in Definition 3.6.1 forces π(x1) = 0. The proof uses the concept of the joint
spectrum of two commuting operators and relies heavily on positivity of the operators.

D’Andrea and Landi investigated in [DL21] irreducible ∗-representations of the
quantum symplectic sphere C(S4n−1

q ), for all n ≥ 2. By an approach, similar to the
one used in [MS20], they obtained the following result.

Theorem 3.6.2 ([DL21, Theorem 1]). Let π be any bounded ∗-representation of
O(S4n−1

q ) then π(xi) = 0 for i = 1, ..., n− 1.
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Remark 3.6.3. It is important to emphasise that in the polynomial dense ∗-subalgebra
O(S4n−1

q ) these generators need not to be zero. In [MS20] it is shown, by constructing
a vector space basis, that x1 is indeed non-zero inside O(S7

q ). We will come back to
this for general n in Section 3.6.2. Hence, there is no problem in the construction of
the quantum instanton bundle by Landi, Pagani and Reina at the algebraic level.

We can now conclude that xi = 0 for i = 1, ..., n − 1 in C(S4n−1
q ). Let yn+1 := xn

and xi = 0 for i = 1, ..., n− 1 in the relations from Definition 3.6.1. Then by Theorem
3.6.2, C(S4n−1

q ) is the universal C∗-algebra generated by yi, i = 1, ..., n + 1 subject to
the relations:

yn+1y
∗
n+1 = y∗n+1yn+1,

yiyj = q−1yjyi,∀i > j, i, j 6= n, n+ 1,

y∗i yj = q−1yjy
∗
i ,∀i 6= j, i, j 6= n, n+ 1,

yn+1yn = q−2ynyn+1, y
∗
n+1yn = q−2yny

∗
n+1,

(3.24)

yiy
∗
i = y∗i yi + (1− q2)

n+1∑

k=i+1

y∗kyk,

yny
∗
n = y∗nyn + (1− q4)y∗n+1yn+1,

(3.25)

n+1∑

i=1

y∗i yi = 1. (3.26)

All irreducible ∗-representations of C(S4n−1
q ) was furthermore determined in [DL21,

Proposition 7, Theorem 2] as follows: For every λ ∈ U(1), an irreducible bounded ∗-
representation πλ of C(S4n−1

q ) on `2(Nn) is given on the generators by

πλ(y
∗
n+1) |k1, ..., kn〉 = λqk1+...+kn−1+2kn |k1, ..., kn〉 ,

πλ(y
∗
n) |k1, ..., kn,m〉 = qk1+...+kn−1

√
1− q4(kn+1) |k1..., , kn + 1〉 ,

πλ(y
∗
i ) |k1, ..., kn〉 = qk1+···+ki−1

√
1− q2(ki+1) |k1, ..., ki−1, ki + 1, ki+1, ..., kn〉 ,

for i = 1, ..., n− 1 and k1, ..., kn+1 ∈ N.
The faithful ∗-representation π1 becomes crucial in proving that C(S4n−1

q ) is a
graph C∗-algebra. We now state the main theorem of [Mi21a], for the proof we refer
to the paper.

Theorem 3.6.4 ([Mi21a, Theorem 3.4]). The C∗-algebra of the quantum symplectic
sphere C(S4n−1

q ), n ≥ 1 is isomorphic to the graph C∗-algebra C∗(L2(n+1)−1), where
L2(n+1)−1 is the graph defined in Example 1.2.15.

Hence, C(S4n−1
q ) is isomorphic to the well-known quantum sphere C(S

2(n+1)−1
q ) by

Vaksman and Soibelman. Furthermore, knowing that C(S4n−1
q ) is a graph C∗-algebra

we obtain useful information of its structure, see Example 1.3.11, 1.4.5 and 1.5.2.

The proof of Theorem 3.6.4 follows by construction an explicit isomorphism similar
to the one used in [HS02] to show that the quantum sphere by Vaksman and Soibelman
is a graph C∗-algebra. By the faithful irreducible ∗-representation π1 of C(S4n−1

q ) we
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obtain a faithful ∗-representation π : C(S4n−1
q ) → `2(Nn × Z) as given in [Mi21a,

Lemma 3.1]. Furthermore, we have a faithful ∗-representation ρ : C∗(L2(n+1)−1) →
`2(Nn × Z) by [HS02].

In the proof of Theorem 3.6.4 it is shown that φ = ρ−1 ◦ π is a ∗-isomorphism.
Universality of both C∗-algebras is crucial in the proof. Moreover, it requires an
analysis of the spectrum of the operators y∗i yi as given in [Mi21a, Lemma 3.2].

3.6.2 A vector space basis of the polynomial algebra

In [MS20] the following elements was shown to form a vector space basis of O(S7
q ):

y∗1
m1y∗2

m2x∗1
k1x∗2

k2xs11 y
t2
2 y

t1
1 ,

y∗1
m1y∗2

m2x∗1
k1xs22 x

s1
1 y

t2
2 y

t1
1 ,

(3.27)

with mj, kj, sj, tj ≥ 0, y0
j = y∗j

0 = x0
j = x∗j

0 = 1, The vector space basis is constructed
by a non-trivial application of the Diamond Lemma by Bergman [Be78]. As men-
tioned in Remark 3.6.3, the construction is motivated by the result that x1 is zero in
the C∗-algebra of the quantum symplectic 7-sphere. From the basis we obtain that x1

is non-zero inside O(S7
q ). Furthermore, it gives us a useful basis consisting of mono-

mials when working with O(S7
q ).

In [Mi21b] the following conjecture is stated.

Conjecture 3.6.5. The following elements

y∗1
m1 · · · y∗nmnx∗1k1 · · ·x∗nknxsn−1

n−1 · · ·xs11 y
tn
n · · · yt11 ,

y∗1
m1 · · · y∗nmnx∗1k1 · · ·x∗n−1

kn−1xn
sn · · ·xs11 y

tn
n · · · yt11 ,

(3.28)

with mj, kj, sj, tj ≥ 0, y0
j = y∗j

0 = x0
j = x∗j

0 = 1, form a vector space basis for O(S4n−1
q ).

We will now describe the initiation of a proof of the conjecture and discuss the
difficulties we are faced with, which we will overcome by computer calculations. For
more details and proofs we refer to [Mi21b].

We briefly describe the set-up for the Diamond Lemma in the setting of O(S4n−1
q ).

A detailed description in the general case can be found in [Mi21b, Section 2].
Let X = {x1, ..., xn, x

∗
1, ..., x

∗
n, y1, ..., yn, y

∗
1, ..., y

∗
n} and 〈X〉 be the free unital simi-

group generated by X with unit denoted 1. Denote by C 〈X〉 the free associated
algebra.

A reduction system, denoted S, on 〈X〉 consists of elements σ ∈ S where σ =
(wσ, fσ), wσ ∈ 〈X〉 , fσ ∈ C 〈X〉. In the setting of O(S4n−1

q ), an element (wσ, fσ) is
contained in S if and only if wσ is the left hand side of one of the relations below and
fσ is the corresponding element on the right hand side e.g. (x1y

∗
1, q

2y∗1x1) ∈ S.

xixj = q−1xjxi, i < j,

yiyj = qyjyi, i < j,

yjxi = qxiyj, i 6= j,
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yixi = q2xiyi + (q2 − 1)
i−1∑

k=1

qi−kxkyk,

xix
∗
i = x∗ixi + (1− q2)

i−1∑

k=1

x∗kxk,

yiy
∗
i = y∗i yi + (1− q2)

(
q2(n+1−i)x∗ixi +

n∑

k=1

x∗kxk +
n∑

k=i+1

y∗kyk

)
,

xiy
∗
i = q2y∗i xi,

xix
∗
j = qx∗jxi, i 6= j,

yiy
∗
j = qy∗j yi − (q2 − 1)q2n+2−i−jx∗ixj, i 6= j

xiy
∗
j = qy∗jxi, i < j,

xiy
∗
j = qy∗jxi + (q2 − 1)qi−jy∗i xj, i > j,

x∗nxn = 1−
n−1∑

i=1

x∗ixi −
n∑

i=1

y∗i yi.

Let I be the two sided ideal of 〈X〉 generated by wσ− fσ for all σ ∈ S, then O(S4n−1
q )

equals the quotient C 〈X〉 /I.
For σ ∈ S and a, b ∈ 〈X〉 we define a reduction to be an endomorphism raσb :

C 〈X〉 → C 〈X〉 which fixes all elements of 〈X〉 except awσb which is mapped to afσb.
An element x ∈ 〈X〉 is irreducible if x involves no monomials of the form awσb for
a, b ∈ 〈X〉 and σ ∈ S. We denote by C 〈X〉iir the set of irreducible elements. The set
of irreducible elements is in the Diamond Lemma shown to form a vector space basis
of C 〈X〉 /I, and hence of O(S4n−1

q ), under some conditions which we will discuss now.

To apply the Diamond Lemma we define a partial order on 〈X〉. For u, v ∈ 〈X〉,
we let u < v if we can write v as a sum

∑
j αjaj with aj ∈ 〈X〉 , αj ∈ C by using a

finite number of the above relations such that u = aj for some j.
Note that by definition we have that if b < b′ then abc < ab′c for a, b, b′, c ∈ 〈X〉.

The partial order is also compatible with the reduction system i.e. if (wσ, fσ) ∈ S is
such that fσ =

∑
αjaj, aj ∈ 〈X〉 , αj ∈ C then aj < wσ.

That the order is reflexive and transitive follows by definition. To show it is an-
tisymmetric requires more work. The main idea is to associate some numbers to
each monomial in 〈X〉. We will not present the numbers here, for details we refer
to [Mi21b]. The structure of the numbers furthermore gives an algorithm of how to
reduce a monomial in an efficiently way. We can also conclude that the reduction
process will terminate, hence the descending chain condition is satisfied.

To finally arrive at an application of the Diamond Lemma we need the notion of
an (overlap) ambiguity of S. An ambiguity is a 5-tuple (σ, τ, a, b, c) where σ, τ ∈ S
and a, b, c ∈ 〈X〉 with a, b, c 6= 1 such that wσ = ab and wτ = bc e.g. x∗1y

∗
2y
∗
1 is an

ambiguity for all n. An overlap ambiguity is resolvable if fσc and afτ can be reduced
to a common expression using compositions of reduction maps. The concept of an
ambiguity is illustrated in Figure 3.1. The arrows in the top indicates the application
of the reduction σ and τ . The arrows denoted by r and r′ indicates the composition of
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3.6. The quantum symplectic sphere

reduction maps we have to apply to obtain a common expression denoted z ∈ C 〈X〉.
This also explains why it is called the Diamond Lemma.

abc
σ

↙
τ

↘
fσc afτ

↘
r

↙
r′

z

Figure 3.1: Overlap ambiguity

The Diamond Lemma is stated as follows:

Theorem 3.6.6 ([Be78, Theorem 1.2]). Let ≤ be a partial order on 〈X〉 with the
descending chain condition. If S is a reduction system on C 〈X〉 compatible with ≤
such that all ambiguities are resolvable, then a vector space basis for C 〈X〉 /I is given
by C 〈X〉irr.

It can easily be seen that the elements in (3.28) are all the irreducible elements.
Hence, by Theorem 3.6.6 and the above discussion, Conjecture 3.6.5 is true if we can
show that all the ambiguities are resolvable.

The ambiguities are found as follows: Consider the sequence

y∗1y
∗
2 · · · y∗nx∗1x∗2 · · ·x∗nxn · · ·x2x1yn · · · y2y1.

For n > 2 we first take y∗3, then pick an element to the left of y∗3 in the above sequence,
say y∗2. Pick now an element to the left of y∗2 i.e. y∗1. Then y∗3y

∗
2y
∗
1 is an ambiguity.

If n = 2 we start with x∗1 instead of y∗3. Continuing like this for each element in the
above sequence, we produce all ambiguities except the following ones:

ax∗nxn, a ∈ {x2, ..., x1, yn, ...y1},
x∗nxnb, b ∈ {y∗1, ..., y∗n, x∗1, ..., x∗n}.

In [Mi21b] the total number of ambiguities for a specific n was calculated to be
8
3
(4n3 − 3n2 + 2n). Hence, the number of ambiguities increases drastically when n

increases. In [MS20] it was shown that the 64 ambiguities are resolvable for n = 2 us-
ing computations by hand. This becomes extremely time consuming when n increases,
already when n = 3 we have 232 ambiguites to check.

The difficulties is overcome by writing a computer program in Python Version 3.9.5
using the library SymPy, see Appendix B. The program contains the following parts:

(1) The input is a specific n, for which one is interest in proving whether Conjecture
3.6.5 is true or not.

(2) The program lists all the generators and relations in the reduction system S.

(3) An algorithm which reduce a given monomial until it is irreducible.
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Chapter 3. Noncommutative bundles

(4) All ambiguities are determined while the algorithm in (3) is used to check if the
given ambiguity is resolvable or not.

(5) The outcome is either true or false depending on whether all the ambiguities are
resolvable or not.

The program has been executed for n = 1, , ..., 8 for which it is concluded that all the
ambiguities are resolvable. Hence, for at least n = 1, ..., 8 Conjecture 3.6.5 is indeed
true. The number of ambiguities and the practical running time1 is collected in Table
3.1. By making a simple regression it is observed that the running time is likely to
grow polynomially as a function of n.

n 1 2 3 4 5 6 7 8

Number of
ambiguities 8 64 232 576 1160 2048 3304 4992

Running time 4.80 82.29 509.76 1917.51 5417.61 12944.70 27948.76 51751.18
in seconds (1.37 minutes) (8.50 minutes) (32.00 minutes) (1.50 hour) (3.60 hours) (7.76 hours) (14.38 hours)

Table 3.1: Number of ambiguities and running time in seconds.

For interest in a vector space basis for O(S4n−1
q ) it is then possible by the program,

to determine if the elements in (3.28) forms a vector space basis. This provides a useful
basis when working with O(S4n−1

q ). Furthermore, it follows that if the Conjecture is
true then xi, i = 1, ..., n − 1 are non-zero inside O(S4n−1

q ) even though they are zero
inside the C∗-algebra of the quantum symplectic sphere.

3.7 Outlook and applications

In collaboration with Jeong Hee Hong and Wojciech Szymański we are currently work-
ing on producing examples of quantum lens bundles. Recall that quantum lens spaces
was defined in Chapter 2 and furthermore described as graph C∗-algebras.

Let θ be a generator of Zr, the main idea is to restrict the U(1)-action µ, see (3.19),
on C(S7

q ) by Vaksman and Soibelman to an action of Zr as follows:

z1 7→ θz1, z2 7→ θr−1z2, z3 7→ θr−1z3, z4 7→ θz4,

since θ = θr−1. This corresponds to the action of Zr on C(S7
q ) with the weights

(1, r− 1, r− 1, 1) defining a quantum lens space. Hence, the fixed point algebra under
this action is precisely the quantum lens space C(Lq(r; (1, r− 1, r− 1, 1))). Note that
by Corollary 2.3.3 C(Lq(r; (1, r − 1, r − 1, 1))) is isomorphic to the C∗-algebra of the
quantum lens space for the weights (1, 1, 1, 1).

We can then pass to the fixed point algebra for the Zr action rather than the U(1)
action of the quantum instanton bundle described in Section 3.3. Then we produce a

1The running times has been collected by running the program on a standard laptop.
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quantum lens bundle as follows:

Lq(r; (1, r − 1)) // Lq(r; (1, r − 1, r − 1, 1))

��
S4
q

Investigations of both the algebraic and C∗-algebraic aspects of this bundle is ongoing
work. This has potential to produce more interesting examples of noncommutative
fibre bundles.
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Chapter 4

KK-theory

In this chapter we present an overview on Kasparov’s bivariant KK-theory. We first
define Hilbert C∗-modules and adjointable operators between them. Then we move on
with the definition of KK-theory, the Kasparov product and KK-equivalence. We will
not provide any proofs, for details we refer to our main references [Bl98, JT91, La95].

We conclude the chapter by presenting the main result of [AM21] in which a split-
ting of the exact sequence in Example 1.3.10 is constructed. From the splitting we
construct an explicit KK-equivalence between the quantum complex projective space
C(CP n

q ) and Cn+1.

4.1 Hilbert C∗-modules

Hilbert C∗-modules are generalisations of Hilbert spaces where the field of complex
numbers is replaced by a C∗-algebra. They were first introduced by Kaplansky in
[Ka53] for commutative unital C∗-algebras. Later the theory was generalised to arbi-
trary C∗-algebras by Paschke in [Pa73].

Definition 4.1.1. Let B be a C∗-algebra. A pre-Hilbert module over B is a linear
space E which is a right B-module with a map 〈·, ·〉B : E × E → B satisfying

(1) 〈·, ·〉B is a sesquilinear map i.e. for α, β ∈ C, ξ, η, ν ∈ E we have

〈ξ, αη + βν〉B = α 〈ξ, η〉B + β 〈ξ, ν〉B .

(2) 〈ξ, ηb〉B = 〈ξ, η〉B b for all ξ, η ∈ E, b ∈ B.

(3) 〈ξ, η〉B = 〈η, ξ〉∗B for all ξ, η ∈ E.

(4) 〈ξ, ξ〉B ≥ 0 for all ξ ∈ E.

(5) If 〈ξ, ξ〉 = 0 then ξ = 0.

The map 〈·, ·〉B is referred to as a B-valued inner product.

Note that we use the convention of linearity in the second entry, which is not the
usual convention for Hilbert spaces. Moreover, we will always consider right modules.
The above definition can also be adapted to left modules. When it is clear from the
context we write 〈·, ·〉 instead of 〈·, ·〉B.
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Chapter 4. KK-theory

Let E be a pre-Hilbert module over B, then a scalar-valued norm ‖·‖ on E is
defined by applying the C∗-norm on B as follows:

‖ξ‖2 = ‖〈ξ, ξ〉B‖B . (4.1)

Definition 4.1.2. A Hilbert module (or C∗-module) over B is a pre-Hilbert module
E that is complete in the norm (4.1).

Examples 4.1.3.

(1) A Hilbert module over C is a Hilbert space which is linear in the second entry.

(2) Every C∗-algebra A is a Hilbert A-module with A-valued inner product given
by 〈a, b〉 = a∗b for a, b ∈ A. More general, for any natural number n, we let An

consists of n-tuples of elements in A. Multiplication is defined component-wise.
Then An becomes a Hilbert A-module by the A-valued inner-product

〈a, b〉A =
n∑

i=1

a∗i bi,

with a = (ai) and b = (bi) in An.

(3) We can generalise the previous example by letting {Ei}ni=1 be a finite family of
Hilbert B-modules. Then

⊕n
i=1 Ei becomes a Hilbert B-module with B-valued

inner product as follows:

〈ξ, η〉B =
n∑

i=1

〈ξi, ηi〉B

for ξ = (ξi), η = (ηi) ∈
⊕n

i=1Ei. Note that the B-valued inner-product in the
sum depends on the i and are therefore not necessarily the same.

Let {Ei}i∈I be an infinite family of Hilbert B-modules. Define
⊕

i∈I Ei to be all
infinite sequences (ξi), ξi ∈ Ei such that

∑
i∈I 〈ξi, ξi〉B converges. Then it can be

shown that the inner product

〈ξ, η〉B =
∑

i∈I
〈ξi, ηi〉B

is well-defined and the module
⊕

i∈I Ei is complete in the norm defined by the
inner product. Hence,

⊕
i∈I Ei is a Hilbert module over B.

(4) Let B be a C∗-algebra. As a special case of the previous example we let HB

denote the Hilbert B-module
⊕

i∈NB.

Operators on Hilbert modules

Definition 4.1.4. Let E and F be two Hilbert modules over a C∗-algebra B. A
map T : E → F is said to be an adjointable operator if there exists another map
T ∗ : F → E such that

〈Tξ, η〉 = 〈ξ, T ∗η〉
for all ξ ∈ E and η ∈ F .
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4.1. Hilbert C∗-modules

The map T ∗ is unique and T ∗∗ = T . T ∗ is called the adjoint of T . It follows
that every adjointable operator is automatically linear and bounded [La95, Chapter
1]. Furthermore, we have that an adjointable map T : E → F is a module map.
Indeed, let ξ ∈ E, b ∈ B then we have

〈T (ξb), η〉 = 〈ξb, T ∗(η)〉 = b∗ 〈ξ, T ∗(η)〉 = b∗ 〈T (ξ), η〉 = 〈T (ξ)b, η〉

for all η ∈ E. Then 〈T (ξb)− T (ξ)b, η〉 = 0 for all η ∈ E, hence by Definition 4.1.1(5)
we obtain T (ξb) = T (ξ)b for all ξ ∈ E, b ∈ B.

Note that a bounded linear map between Hilbert modules is not necessarily ad-
jointable. E.g. let A be a unital C∗-algebra, I a proper ideal of A and ι : I → A the
inclusion map. Then ι is indeed a bounded linear map but if ι has an adjoint then
ι∗(1A) = 1A. This contradicts the fact that I is a proper ideal.

Definition 4.1.5. Let E and F be Hilbert modules over B. We define LB(E,F ) as
the set of all adjointable maps from E to F .

When it is clear from the context we denote LB(E,F ) by L(E,F ). If F = E
then we denote LB(E,E) by LB(E) which is a C∗-algebra in the operator norm [La95,
Chapter 1].

Inside LB(E,F ) lies a class of operators which generalises the class of finite rank
operators on Hilbert spaces. Let ξ ∈ F and η ∈ E, define a map θξ,η : E → F as
follows:

θξ,η(ζ) = ξ 〈η, ζ〉 for ζ ∈ E.

The map θξ,η is adjointable with θ∗ξ,η = θη,ξ. Let

KB(E,F ) := span{θξ,η| ξ ∈ F, η ∈ E}.

We refer to KB(E,F ) as the set of compact adjointable operators from E to F and
denote KB(E,E) by KB(E). Let ξ1, ξ2, η1, η2 ∈ E then

(i) θξ1,η1θξ2,η2 = θξ1〈η1,ξ2〉,η2 ,

(ii) aθξ1,η1 = θaξ1,η1 for a ∈ LB(E),

(iii) θξ1,η1a = θξ1,a∗η1 for a ∈ LB(E),

from which is follows that KB(E) is a closed 2-sided ideal in the C∗-algebra LB(E).

Let E be a Hilbert module over C i.e. E is a Hilbert space. Note that, even though
KB(E) is constructed as a generalisation of the compact operators on a Hilbert space,
we do not have that every operator in KC(E) is a compact operator on a Hilbert space.
Indeed, since 1E = θ1,1 we have 1E ∈ KC(E) but 1E is not a compact operator on the
Hilbert space E if E is infinite-dimensional.

We furthermore note that for any C∗-algebra B we have KB(B) ∼= B by identifying
θa,b, a, b ∈ B with left multiplication of ab∗ on B.
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The interior tensor product

To define Kasparov’s KK-theory we need to introduce the notion of the interior tensor
product. Let E1 be a Hilbert A-module, E2 a Hilbert B-module and φ : A→ LB(E2)
a ∗-homomorphism. Then E2 becomes a left A-module by the action a · ξ = φ(a)ξ for
ξ ∈ E2, a ∈ A. We can then form the balanced tensor product, denoted E1 ⊗A E2. It
is defined as the quotient of the tensor product of E1 and E2, as vector spaces, by the
elements

ξa⊗ η − ξ ⊗ φ(a)η

for all ξ ∈ E1, η ∈ E2, a ∈ A. The balanced tensor product E1 ⊗A E2 is a right
B-module by the action

(ξ ⊗ η)b = ξ ⊗ (ηb)

for all ξ ∈ E1, η ∈ E2, b ∈ B.
The following inner product turns E1 ⊗A E2 into a Hilbert B-module:

〈ξ1 ⊗ η1, ξ2 ⊗ η2〉 = 〈η1, φ(〈ξ1, ξ2〉)η2〉

for all ξ1, ξ2 ∈ E1, η1, η2 ∈ E2 [La95, Proposition 4.5].

Definition 4.1.6. Let E1 be a Hilbert A-module, E2 a Hilbert B-module and φ : A→
LB(E2) a ∗-homomorphism. Then the interior tensor product, denoted E1 ⊗φ E2, is
the completion of the inner product B-module E1 ⊗A E2.

4.2 Introduction to KK-theory

In this section we present the definition of KK-theory. For this we first introduce the
notion of graded C∗-algebras, Hilbert modules, ∗-homomorphisms and tensor products.
We let M(A) denote the multiplier algebra of a C∗-algebra A. For an introduction to
the Multiplier algebra we refer to [La95, Chapter 2].

Graded C∗-algebras and Hilbert modules

Definition 4.2.1. A Z2-grading on a C∗-algebra A is a decomposition of A into a
direct sum of A(0) and A(1), which are self-adjoint and closed linear subspaces of A,
such that if x ∈ A(n), y ∈ A(m) then xy ∈ A(n+m). Here n+m is calculated modulo 2.

A grading on A is called an even grading if there exists a self-adjoint unitary
g ∈M(A) such that

A(n) = {a ∈ A| g∗ag = (−1)na}.
The operator g is called a grading operator.

Note that a grading on A corresponds to the existence of an automorphism of A,
denoted αA, for which α2

A = idA. Then

A(0) = {a ∈ A|αA(a) = a} and A(1) = {a ∈ a|αA(a) = −a}.

The map αA is called the grading automorphism for A.
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If A(1) = 0 the grading is called trivial. Note that we can always let a C∗-algebra
be graded using the trivial grading. An element a ∈ A(n) is said to be homogeneous of
degree n and the degree of a is denoted ∂a. The graded commutator of a1, a2 ∈ A is
defined as [a1, a2] := a1a2 − (−1)∂a1·∂a2a2a1.

Definition 4.2.2. Let φ : A→ B be a ∗-homomorphism and A,B graded C∗-algebras.
Then φ is said to be a graded homomorphism if φ(A(n)) ⊆ B(n) for n = 0, 1.

Definition 4.2.3. Let B be a graded C∗-algebra and E a Hilbert C∗-module over B.
Then E is said to be a graded Hilbert module if it decomposes into a direct sum of
subspaces E(0) and E(1) such that

E(n)B(m) ⊆ E(n+m) and
〈
E(n), E(m)

〉
⊆ B(n+m).

We can equally define a graded Hilbert C∗-module by the existence of a linear
bijection γE : E → E, called the grading operator, which satisfies that γ2 = id and

γE(ξb) = γE(ξ)αB(b), 〈γE(ξ), γE(η)〉 = αB(〈ξ, η〉)
for all ξ, η ∈ E, b ∈ B. We induce a grading on the C∗-algebra LB(E) by the grading
automorphism T 7→ γETγ

−1
E , T ∈ LB(E). An operator T ∈ LB(E) is then of degree 1

if for all ξ ∈ E(n) we have T (ξ) ∈ E(n+1). It is of degree 0 if for all ξ ∈ E(n) we have
T (ξ) ∈ E(n).

For a graded Hilbert B-module E we denote by Eop the Hilbert B-module E for
which a grading is obtained by interchanging E(0) and E(1).

Example 4.2.4. Let A be a trivial graded C∗-algebra. Then we define a grading
on M2(A) where M2(A)(0) consists of all diagonal matrices and M2(A)(1) contains all
matrices with zero diagonal. By an easy computation we have that diag(1,−1) is a
grading operator. The grading is called the standard even grading on M2(A).

Let E be a Hilbert B-module which is trivially graded i.e. E = E(0). Then the
grading on Eop is given by (Eop)(1) = Eop. The grading induced by E ⊕ Eop on
LB(E⊕Eop) ∼= M2(LB(E)) is then the standard even grading on M2(LB(E)). Indeed,
let ξ ∈ E and a, b ∈ LB(E) then (ξ, 0) ∈ (E ⊕ Eop)(0) and (0, ξ) ∈ (E ⊕ Eop)(1). Then

(
a 0
0 b

)(
ξ
0

)
=

(
aξ
0

)
,

(
a 0
0 b

)(
0
ξ

)
=

(
0
bξ

)
,

hence the diagonal matrices in M2(LB(E)) maps degree zero elements to degree zero
and degree one to degree one. For the matrices with zero diagonal we have

(
0 a
b 0

)(
ξ
0

)
=

(
0
bξ

)
,

(
0 a
b 0

)(
0
ξ

)
=

(
aξ
0

)
.

Then degree zero elements are mapped to degree one elements and vice versa. Hence,
we obtain the standard even grading on M2(LB(E)).

Finally we introduce graded tensor products of Hilbert modules.

Definition 4.2.5. Let E1 be a graded Hilbert A-module, E2 a graded Hilbert B-
module and φ : A → LB(E2) a graded ∗-homomorphism. Define E1⊗̂φE2 to be the
interior tensor product E1 ⊗φ E2 where the degree of ξ⊗̂η is given by

∂(ξ⊗̂η) = ∂(ξ) + ∂(η).
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Kasparov modules and KK-theory

To define Kasparov modules we introduce the notion of a graded C∗-correspondence.

Definition 4.2.6. Let A and B be C∗-algebras. A C∗-correspondence (E, φ) from A
to B consists of a right Hilbert B-module E and a ∗-homomorphism φ : A→ LB(E).

The map φ makes it possible to turn the Hilbert C∗-module E into a left A-module
by the action

a · ξ = φ(a)(ξ)

for all a ∈ A, ξ ∈ E.

Let A and B be C∗-algebras, if they are not graded we use the trivial grading to
obtain graded C∗-algebras. A C∗-correspondence (E, φ) from A to B is graded if E is
a graded Hilbert module and φ is a graded ∗-homomorphism.

Definition 4.2.7. Let A and B be C∗-algebras. Define E(A,B) to be the set of all
triples (E, φ, F ), where (E, φ) is a countably generated (A,B)-correspondence with
grading γE : E → E. The element F ∈ LB(E) is an operator of degree one such that
the operators

[F, φ(a)], (F 2 − 1)φ(a), (F − F ∗)φ(a)

are in KB(E) for all a ∈ A.

Note that the commutator [F, φ(a)] is graded. The elements of E(A,B) are called
Kasparov modules. The set of degenerate Kasparov modules, denoted D(A,B), consists
of the Kasparov modules for which [F, φ(a)], (F 2 − 1)φ(a), (F − F ∗)φ(a) are zero for
all a ∈ A.

Examples 4.2.8.

(1) Let A and B be C∗-algebras and φ : A → B a graded ∗-homomorphism. Then
(B, φ, 0) ∈ E(A,B).

(2) Let (Ei, φi, Fi) for i = 1, 2 be Kasparov (Ai, B)-modules then

(E1 ⊕ E2, φ1 ⊕ φ2, F1 ⊕ F2) ∈ E(A1 ⊕ A2, B),

where (φ1 ⊕ φ2)(a1, a2) = φ1(a1)⊕ φ2(a2) for all ai ∈ Ai, i = 1, 2.

If (Ei, φ, Fi), i = 1, 2 are Kasparov (A,Bi)-modules we can make Ei into a Hilbert
B1 ⊕B2-module where the other algebra acts trivially. Then

(E1 ⊕ E2, φ1 ⊕ φ2, F1 ⊕ F2) ∈ E(A,B1 ⊕B2),

where (φ1 ⊕ φ2)(a) = φ1(a)⊕ φ2(a) for all a ∈ A.

We now introduce equivalence relations on E(A,B).
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Definition 4.2.9. Two Kasparov modules (E1, φ1, F1) and (E2, φ2, F ) in E(A,B) are
unitarily equivalent if there exists a unitary U in LB(E1, E2) such that

γE2 ◦ U = U ◦ γE1 ,

F2 ◦ U = U ◦ F1,

U ◦ φ1(a) = φ2(a) ◦ U

for all a ∈ A. In this case we write (E1, φ1, F1) ≈u (E2, φ2, F ).

We denote by evt : C([0, 1], B) → B the evaluation map i.e. evt(f) = f(t) for
f ∈ C([0, 1], B). Let A and B be C∗-algebras and (E, φ, F ) ∈ E(A,C([0, 1], B)).

Any operator T ∈ LB(E) induces an operator T ⊗̂evt1 ∈ L(E⊗̂evtB), by 1 we mean
the identity operator on B. This provides a graded ∗-homomorphism from LB(E) to
L(E⊗̂evtB) by [La95, Chapter 4]. We then define a ∗-homomorphism φ⊗̂evt1 : A →
L(E⊗̂evtB) as follows:

(φ⊗̂evt1)(a) = φ(a)⊗̂evt1

for all a ∈ A.
We obtain a grading on E⊗̂evtB by the grading operator γE ⊗ 1. It follows that

(E⊗̂evtB, φ⊗̂evt1, F ⊗̂evt1) ∈ E(A,B)

for all t ∈ [0, 1]. Indeed, since evt(C([0, 1], B)) = B ∼= KB(B) we have KB(E) ⊗ 1 ⊆
KB(E ⊗evt B) by [La95, Proposition 4.7].

Definition 4.2.10. Two Kasparov modules (E1, φ1, F1) and (E2, φ2, F ) in E(A,B) are
homotopy equivalent if there exists a Kasparov module (E, φ, F ) ∈ E(A,C([0, 1], B))
such that

(E⊗̂eviB, φ⊗̂evi1, F ⊗̂evi1) ≈u (Ei, φi, Fi)

for i = 0, 1. In this case we write (E1, φ1, F1) ∼h (E2, φ2, F2).

To show that ∼h is indeed an equivalence relation is non-trivial, see for instance
[JT91, Lemma 2.1.12].

Definition 4.2.11. The KK-theory from A to B consists of equivalence classes of
E(A,B) under homotopy equivalence. KK-theory from A to B is denoted KK(A,B)
(sometimes it is also denoted by KK0(A,B)).

We define addition on KK(A,B) which will turn it into a group. Let (E1, φ1, F1),
(E2, φ2, F ) ∈ E(A,B). Then E1 ⊕ E2 is a Hilbert B-module as described in Example
4.1.3(3). We define a grading operator on E1 ⊕ E2 as follows:

γE((ξ1, ξ2)) = (γE1(ξ1), γE2(ξ2))

where γE1 and γE2 are the grading operator for E1 and E2 respectively. Then E1⊕E2

becomes a graded Hilbert B-module.
For Ti ∈ LB(Ei), i = 1, 2 we let

(T1 ⊕ T2)(ξ1, ξ2) = (T1ξ1, T2ξ2)
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for all ξ1 ∈ E1 and ξ2 ∈ E2. Then T1 ⊕ T2 ∈ LB(E1 ⊕ E2). Furthermore, T1 ⊕ T2 ∈
KB(E1 ⊕ E2) if and only if Ti ∈ KB(Ei) for i = 1, 2. Let φ1 ⊕ φ2 : A→ LB(E1 ⊕ E2)
be defined by

(φ1 ⊕ φ2)(a) = φ1(a)⊕ φ2(a)

for all a ∈ A. It follows that

(E1, φ1, F1)⊕ (E2, φ2, F2) := (E1 ⊕ E2, φ1 ⊕ φ2, F1 ⊕ F2) ∈ E(A,B),

and we define addition of Kasparov modules by:

[(E1, φ1, F1)] + [(E2, φ2, F )] := [(E1 ⊕ E2, φ1 ⊕ φ2, F1 ⊕ F2)] ∈ KK(A,B). (4.2)

The degenerate elements of E(A,B) are all homotopic to (0, 0, 0) ∈ E(A,B) by [Bl98,
Proposition 17.2.3.]. Hence, the equivalence class of the elements in D(A,B) all equals
the zero element of KK(A,B).

Proposition 4.2.12 ([Bl98, 17.3.3.]). KK(A,B) is an abelian group under the addi-
tion defined in (4.2).

Remark 4.2.13. Let (E, φ, F ) and (E, φ, F ′) be Kasparov modules in E(A,B) then
(E, φ, F ′) is a compact perturbation of (E, φ, F ) if (F −F ′)φ(a) ∈ KB(E) for all a ∈ A.

Define ∼cp to be the equivalence relation on E(A,B) generated by unitary equiva-
lence, compact perturbation and addition of degenerate elements.

Furthermore, we can define a stabilized version of∼cp as follows: Let (E1, φ1, F1) ∼c
(E2, φ2, F2) if and only if there exist Kasparov modules (E ′1, ψ1, G1) and (E ′2, ψ2, G2)
in E(A,B) such that

(E1, φ1, F1)⊕ (E ′1, ψ1, G1) ∼cp (E2, φ2, F2)⊕ (E ′2, ψ2, G2).

If A is separable and B is σ-unital then ∼c coincides with ∼h by [CS86, Theorem 3.7].
Let KKc(A,B) = E(A,B)/ ∼c then KKc(A,B) ∼= KK(A,B) in this setting.

We can also define a group KK1(A,B) := KK(A,B⊗̂C1) where C1 is C⊕C with
grading (C⊕ C)(0) = {(λ, λ)| λ ∈ C}, (C⊕ C)(1) = {(λ,−λ)| λ ∈ C}. C1 is called the
Clifford algebra.

K-theory is incorporated in KK-theory as follows:

Proposition 4.2.14 ([Bl98, Proposition 17.5.5. and 17.5.6.]). Let B be a trvially
graded σ-unital C∗-algebra, then

KK(C, B) ∼= K0(B) and KK1(B,C) ∼= K1(B).

It can furthermore be shown that for a fixed C∗-algebraB, KK(·, C) is a contravari-
ant functor and KK(C, ·) is a covariant functor from the category of C∗-algebras to
the category of abelian groups [Bl98, Section 17.8]. Let A and B be C∗-algebras.
For a graded ∗-homomorphism f : A → B we can for any C∗-algebra C induce two
∗-homomorphisms as follows:

f ∗ : KK(B,C)→ KK(A,C), f ∗([(E, φ, F ]) = [(E, φ ◦ f, F )]

and
f∗ : KK(C,A)→ KK(C,B), f∗([E, φ, F ]) = [(E⊗̂fB, φ⊗̂1, F ⊗̂1)].
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4.3 The Kasparov product

Let A,B,C be graded C∗-algebras. The Kasparov product is a bilinear map

⊗̂B : KK(A,B)×KK(B,C)→ KK(A,C).

The Kasparov product is also called the intersection product. We will not go into
details with the technical proof of the existence of the product, instead we provide a
brief overview and examples.

Let (E1, φ1, F1) ∈ E(A,B) and (E2, φ2, F2) ∈ E(B,C), then wish to obtain a
Kasparov module (E, φ, F ) ∈ E(A,C). We can immediately let E := E1⊗̂φ2E2 and
φ := φ1⊗̂1. It is not that obvious how to define F since F1⊗̂BF2 has degree 0. We
then need the notion of a connection.

Let x ∈ E1 and define Tx ∈ LC(E2, E) such that Tx(y) = x⊗̂y for all y ∈ E2. Then
T ∗x (z⊗̂y) = φ2(〈x, z〉)y for all y ∈ E2, z ∈ E1. Furthermore, we let

T̃x =

(
0 T ∗x
Tx 0

)
.

Definition 4.3.1. In the setting as above an element F ∈ LC(E) is called an F2-
connection for E1 if for any homogeneous element x ∈ E1 we have [T̃x, F2 ⊕ F ] ∈
KC(E2 ⊕ E).

Since the commutator is graded, the condition [T̃x, F2 ⊕ F ] ∈ KC(E2, E) translates
to

Tx ◦ F2 − (−1)∂x·∂F2F ◦ Tx ∈ KC(E2, E),

F2 ◦ T ∗x − (−1)∂x·∂F2T ∗x ◦ F ∈ KC(E,E2)

for all homogeneous elements x ∈ E1.

Definition 4.3.2. In the setting above, (E, φ, F ) is a Kasparov product for (E1, φ1, F1)
and (E2, φ2, F2) if the following are satisfied:

(i) (E, φ, F ) is a Kasparov (A,C)-module.

(ii) F is an F2-connection for E1.

(iii) For all a ∈ A we have

φ(a)[F1⊗̂1, F ]φ(a)∗ ≥ 0 mod KC(E).

If A is separable and B is σ-unital then the Kasparov product exists and it is unique
up to operator homotopy [Bl98, Theorem 18.4.3.]. Moreover, let A and B1 be separable
C∗-algebras and B2 σ-unital. If x ∈ KK(A,B1), y ∈ KK(B1, B2), z ∈ KK(B2, C)
then

x⊗̂B1(y⊗̂B2z) = (x⊗̂B1y)⊗̂B2z.

Hence, the product is associative [Bl98, Theorem 18.6.1.]. It furthermore satisfies the
following properties.

101



Chapter 4. KK-theory

Proposition 4.3.3 ([Bl98, Proposition 18.7.1]). Let A,A′, B,B′, C and C ′ be graded
C∗-algebras where A,A′ are separable and C,C ′ σ-unital. Let f : A′ → A, g : B → B′,
h : C → C ′ be graded ∗-homomorphisms. For x ∈ KK(A,C), y ∈ KK(C,B) and
z ∈ KK(C ′, B) we have

(i) f ∗(x⊗̂Cy) = f ∗(x)⊗̂Cy.

(ii) h∗(x)⊗̂C′z = x⊗̂Ch∗(z).

(iii) g∗(x⊗̂Cy) = x⊗̂Cg∗(y).

(iv) Let [1A] ∈ KK(A,A) be the class of the Kasparov module (A, idA, 0). Then

[1A]⊗̂Ax = x = x⊗̂C [1C ].

We now provide some useful examples of the Kasparov product.

Examples 4.3.4.

(1) Let A,B be C∗-algebras and f : A→ B a ∗-homomorphism. Let (E2, φ2, F2) ∈
E(B,C) with φ2 essential i.e. φ2(B) contains an approximate unit for LC(E2)
which implies φ2(B)E2

∼= E2. Then

[(B, f, 0)]⊗̂B[(E2, φ2, F2)] = [(E2, φ2 ◦ f, F2)].

The above follows since B⊗̂φ2E2 is isomorphic to the closed right ideal φ2(B)E2

and F2 is a F2-connection for B. Note that by Proposition 18.3.6 of [Bl98] we
can for any Kasparov module (E, φ, F ) in E(A,B), when A is separable, always
assume that φ is essential.
Moreover, we have f ∗([E2, φ2, F2]) = [(B, f, 0)]⊗̂B[(E2, φ2, F2)].

(2) Let (E1, φ1, F1) ∈ E(A,B) and g : B → C be a ∗-homomorphism. Then

[(E1, φ1, F1)]⊗̂B[(C, g, 0)] = [(E1⊗̂gC, φ1⊗̂1, F1⊗̂1)].

Note that g∗([(E1, φ1, F1)]) = [(E1, φ1, F1)]⊗̂B[(C, g, 0)].

Example 4.3.5 (The index pairing). A Kasparov module in E(A,C) is called a Fred-
holm module. Hence, a Fredholm module is a tuple (A,H, π, F, γ) where A is a C∗-
algebra, H a Hilbert space and π a ∗-representation of A on H. F is an operator of
degree 1 in B(H) such that the operators

(F 2 − I)π(a), (F − F ∗)π(a), [F, π(a)]

are in K(H) for all a ∈ A. γ denotes the grading operator on H. KK(A,C) is called
the K-homology group and is denoted K0(A).

A 1-summable Fredholm module is a Fredholm module (A,H, π, F, γ) such that
[F, π(a)] is trace class for all a ∈ A.

Let (A,H, π, F ) be a 1-summable Fredholm module for which

F =

(
0 1
1 0

)
, π =

(
π+ 0
0 π−

)
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with respect to the graded decomposition H = H+ ⊕H−.
Let P ∈Mn(A) be such that P = P 2 = P ∗ then we have [(An, ψ, 0)] ∈ KK(C, A) ∼=

K0(A) where ψ(1) = P . The Kasparov product is then

[(An, ψ, 0)]⊗̂A[(A,H+ ⊕H−, π, F )] = TrH(π+ − π−)(Tr(P )) ∈ Z (4.3)

where Tr(P ) is the operator trace and TrH is the trace on the Hilbert space. The
product in (4.3) is precisely the index pairing between K-theory and K-homology in
the case of 1-summable Fredholm modules, see for instance the textbook [HR00] and
[MN08].

For a C∗-algebra A, the index pairing can be a useful tool to show if a given set
of projections and Fredholm modules generates K0(A) and K0(A) respectively. More
specific, let A = (aij) be the matrix such that aij is the index paring between the i′th
projection and j′th Fredholm module. If the matrix A is invertible then the set of
projections and Fredholm modules are indeed generators.

4.4 KK-equivalence

Definition 4.4.1. Let A and B be separable C∗-algebras. An element x ∈ KK(A,B)
is a KK-equivalence between A and B if there exists a y ∈ KK(B,A) such that

x⊗̂By = [1A] and y⊗̂Ax = [1B].

A and B are KK-equivalent if there exists a KK-equivalence in KK(A,B).

If A and B are KK-equivalent then their KK-theory is isomorphic for any C∗-
algebra. Indeed, let x ∈ KK(A,B) be a KK-equivalence with inverse y ∈ KK(B,A).
Then for any separable C∗-algebra C we obtain two isomorphisms as follows:

x⊗̂B(·) : KK(B,C)→ KK(A,C), (·)⊗̂Ax : KK(C,A)→ KK(C,B).

The inverses are given by

y⊗̂A(·) : KK(A,C)→ KK(B,C), (·)⊗̂By : KK(C,B)→ KK(C,A)

respectively. This follows by associativity of the product and the fact that for any
z ∈ KK(A,C) we have z⊗̂C [1C ] = [1A]⊗A z = z.

Examples 4.4.2.

(1) Let [`2(N)] := [(l2(N), ι, 0)] ∈ KK(K,C) where ι : K ↪→ B(`2(N)) is the inclu-
sion. Then [`2(N)] is a KK-equivalence between K and C. It follows by the fact
that K and C are Morita equivalent in the sense of Rieffel, and Morita equiva-
lence implies KK-equivalence (see for instance [Ro12]). We will not provide the
definition of Morita equivalence, instead we refer to the textbook [RW98] for a
good introduction.

The inverse of [`2(N)] is constructed explicitly as follows: let ϕ : C → K(`2(N))
be the ∗-homomorphism given by ϕ(1) = e where e is a rank-one projection.
Then [ϕ] := [(K, ϕ, 0)] ∈ KK(C,K) and it is an inverse of [`2(N)] (see [DL08]).
Note that different choices of the rank-one projections gives the same class in
KK-theory.
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(2) For any C∗-algebra A, A is KK-equivalent to Mn(A) and A⊗̂K [Bl98, Corollary
17.8.8].

(3) Let 0 → J → E → B → 0 be a split exact sequence of C∗-algebras, then
E is KK-equivalent to J ⊕ B [Bl98, Exercise 19.9.1]. We will describe how to
construct the KK-equivalence explicitly and provide a proof in Section 4.6.

It was proven by Rosenberg and Schocket in [RS87] that for a specific class of
C∗-algebras the KK-theory is completely determined by their K-theory. This class of
C∗-algebras consists of the ones satisfying the Universal Coeffcient Theorem (UCT)
defined as follows:

Definition 4.4.3. A separable C∗-algebra A is in the UCT class if for any separable
C∗-algebra B the following is a short exact sequence

0→ Ext1
Z(K∗(A), K∗(B))

δ−→ KK∗(A,B)
γ−→ Hom(K∗(A), K∗(B)) −→ 0

where
K∗(A) := K0(A)⊕K1(A),

KK∗(A,B) := KK(A,B)⊕KK1(A,B).

and Ext1
Z(K∗(A), K∗(B)) is the Ext1

Z-group of homological algebra, for a definition we
refer to the textbook [We94].

Let N be the smallest class of separable nuclear C∗-algebras with the properties:

(N1) N contains C.

(N2) N is closed under countable inductive limits.

(N3) If 0→ A→ B → C → 0 is an exact sequence for which two of the terms are in
N , then the third is also in N .

(N4) N is closed under KK-equivalence.

It was proven in [RS87] that any C∗-algebra in the class N is in the UCT class.
Moreover, it is shown that a separable C∗-algebra A is in the UCT class if and only if
it is KK-equivalent to a commutative C∗-algebra.

Theorem 4.4.4 ([RS87, Corollary 7.5] (see also [Bl98, Corollary 23.10.2]). Let A and
B be separable C∗-algebras in the UCT class. If K0(A) ∼= K0(B) and K1(A) ∼= K1(B),
then A and B are KK-equivalent.

We will not go further into details on the UCT since this goes beyond the scope of
this thesis. For more on this topic we refer to [RS87] and [Bl98, Chapter 23]. Instead,
we take a closer look at the quantum projective spaces (see Example 1.2.16) for which
KK-equivalence is investigated in [AM21].

By [HS02] (see Example 1.3.10) we have short exact sequence of C∗-algebras as
follows:

0 // K // C(CP 1
q ) // C // 0 . (4.4)
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and for for each n ≥ 2

0 // K // C(CP n
q ) // C(CP n−1

q ) // 0 . (4.5)

Note that the exact sequence in (4.4) is split exact. Since the complex numbers and
the compact operators are contained in N , it follows by (N3) and the exact sequence
in (4.4) that C(CP 1

q ) is also in the UCT class. Thanks to the exact sequence in (4.5)
we obtain by induction on n that C(CP n

q ) is in the UCT class.
For each n ≥ 1 the K0- and K1-groups of C(CP n

q ) and Cn+1 are the same (see Ex-
ample 1.5.1). Hence, by Theorem 4.4.4 we obtain that C(CP n

q ) and Cn+1 are indeed
KK-equivalent but it does not provide an explicit KK-equivalence.

It follows by Lemma 4.1 of [AM21] that there exists a splitting of the exact se-
quence in (4.5) but it does give us an explicit splitting. In the following sections we
first describe Example 4.4.2(3) in more details in the Cuntz picture, which will be
introduced in Section 4.5. We then construct a splitting of the exact sequence in (4.5),
which to our knowledge has not been described before. From the splitting we obtain
an explicit KK-equivalence between C(CP n

q ) and K ⊕ C(CP n−1
q ).

We show in Section 4.7, by induction on n, how to obtain an explicit KK-equivalence
between C(CP n

q ) and Kn ⊕ C using the splitting.

4.5 The Cuntz picture

All C∗-algebras in this section are assumed to be σ-unital and trivially graded. We
describe an equivalent picture of KK-theory introduced by Cuntz in [Cu87] using
quasi-homomorphisms. The main reference for this section is [JT91, Chapter 4] and
[Hi87].

Definition 4.5.1. [JT91, Definition 4.1.1.] A KKh(A,B)-cycle is a pair (φ+, φ−) of
∗-homomorphisms from A to M(K ⊗B), such that

φ+(a)− φ−(a) ∈ K ⊗B.

The set of KKh(A,B)-cycles will be denoted by F(A,B).

A KKh(A,B)-cycle (φ+, φ−) is also called a quasi-homomorphism from A to K⊗B.

Example 4.5.2. Let A,B be C∗-algebras and φ : A → B a ∗-homomorphism. An
immediate example of a KKh(A,B)-cycle is as follows: Let e be a minimal projection
in K then (e⊗ φ, 0) ∈ Kh(A,B) where (e⊗ φ)(a) = e⊗ φ(a).

Definition 4.5.3. [JT91, Definition 4.1.2.] Two KKh-cycles (φ+, φ−), (ψ+, ψ−) ∈
F(A,B) are said to be homotopic if there is a path (λt+, λ

t
−) in F(A,B) with t ∈ [0, 1]

such that:

(i) (λ0
+, λ

0
−) = (φ+, φ−) and (λ1

+, λ
1
−) = (ψ+, ψ−).

(ii) The maps
t 7→ λt+(a) and t 7→ λt−(a)

from [0, 1] to M(K ⊗B) are strictly continuous for any a ∈ A.
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(iii) The map
t 7→ λt+(a)− λt−(a)

from [0, 1] to K ⊗B is continuous in norm for each a ∈ A.

If (φ+, φ−) and (ψ+, ψ−) are homotopic we write (φ+, φ−) ∼ (ψ+, ψ−).

Definition 4.5.4. KKh(A,B) is defined as F(A,B)/ ∼. The homotopy class of
(φ+, φ−) ∈ F(A,B) is denoted [φ+, φ−].

KKh(A,B) is an abelian group [JT91, Proposition 4.1.5] with addition defined as
follows: By [JT91, Lemma 1.3.9] we obtain an inner ∗-isomorphism

ΘB : M2(M(K ⊗B))→M(K ⊗B).

There exists isometries w1, w2 ∈M(K⊗B) such that w∗iwj = 0, i 6= j, w1w
∗
1+w2w

∗
2 = 1

and

ΘB({aij}) =
2∑

i,j=1

wiaijw
∗
j , {aij} ∈M2(M(K ⊗B)).

Then addition is defined by

[φ+, φ−] + [ψ+, ψ−] =

[
ΘB ◦

(
φ+ 0
0 ψ+

)
,ΘB ◦

(
φ− 0
0 ψ−

)]
∈ KKh(A,B).

The zero element is represented by (0, 0). The inverse element is given by

−[φ+, φ−] = [φ−, φ+].

Theorem 4.5.5 ([Hi87] (see also [JT91, Theorem 4.1.8])). Let A and B be trivial
graded C∗-algebras. Then KKh(A,B) is isomorphic to KK(A,B) by the isomorphism
µ : KKh(A,B)→ KK(A,B) defined as follows:

µ[φ+, φ−] =

[(
ĤB,

(
ΨB ◦ φ+ 0

0 ΨB ◦ φ−

)
,

(
0 1
1 0

))]
∈ KK0(A,B)

where ĤB = HB ⊕ Hop
B and ΨB is a ∗-homomorphism from M(K ⊗ B) to LB(HB)

such that
ΨB(eij ⊗ bc∗) = θb̃i,c̃j , i, j ∈ N, b, c ∈ B.

Here b̃i is the element (0, 0, ..., 0, b, 0, 0...) with b on the i′th coordinate and {eij} is a
set of matrix units in K.

Let f : A→ B be a ∗-homomorphism. Similarly to the end of Section 4.2 we define
two group homomorphisms f ∗ and f∗ [JT91, Proposition 4.1.15] in the Cuntz picture
such that

µ ◦ g∗ = g∗ ◦ µ, µ ◦ f ∗ = f ∗ ◦ µ. (4.6)

For any C∗-algebra C the group homomorphism f ∗ : KKh(B,C) → KKh(C,A) is
given by

f ∗[φ+, φ−] = [φ+ ◦ f, φ− ◦ f ]
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with (φ+, φ−) ∈ F(B,C).
Let g : K ⊗ A → K ⊗ B be a quasi-unital ∗-homomorphism i.e. there exists a

projection p ∈M(K⊗A) such that g(K ⊗ A)(K ⊗B) = p(K⊗B). Since g is a quasi-
unital ∗-homomorphism there exists a strictly continuous extension g :M(K ⊗ A)→
M(K ⊗B) by [JT91, Corollary 1.1.15].

Let {ui} be an approximate unit for K⊗A. IdentifyM(K⊗B) with LK⊗B(K⊗B).
Then for each m ∈M(K ⊗ A) the map

g(m) : K ⊗ A→ K⊗B

is given by
g(m)(a) = lim

i
g(uim)(a) = lim

i
g(mui)(a)

for all a ∈ K ⊗ B. For any C∗-algebra C a ∗-homomorphism is by [JT91, Lemma
4.1.11] defined as follows:

g∗ : KKh(C,A)→ KKh(C,B),

g∗[φ+, φ−] = [g ◦ φ+, g ◦ φ−]

with (φ+, φ−) ∈ F(C,A). Note that if g : A → B is a ∗-homomorphism, then we can
construct g∗ by considering idK⊗g : K ⊗ A→ K⊗B.

Then KKh(·, C) is a contravariant functor and KKh(C, ·) is a covariant functor
from the category of C∗-algebras to the category of abelian groups.

Remark 4.5.6. Note that the Kasparov product for KK-theory as described in Section
4.3, can be translated into the setting of KKh-theory by applying the isomorphism
µ (see [JT91, Theorem 4.2.1]). We will denote the Kasparov product by ⊗ in the
Cuntz-picture. By (4.6) we can then translate the properties in Proposition 4.3.3 into
the Cuntz picture.

4.6 KK-equivalence induced by a split

exact sequence

In this section we provide a proof of the following theorem, using the Cuntz picture,
which is stated as an exercise in [Bl98].

Theorem 4.6.1 ([Bl98, Exercise 19.9.1]). For any split exact sequence of graded sep-
arable C∗-algebras

0 // J
j // E q

// B //
suu

0

the element [j]⊕ [s] ∈ KK(J ⊕B,E) is a KK-equivalence.

To describe an explicit KK-equivalence we first introduce some notation. Let

eE : E → K⊗ E, eE(b) = e⊗ b

where e is a minimal projection in K and let 1E := [eE, 0].
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Define a map
rJ :M(K ⊗ E)→M(K ⊗ J)

by
rJ(T )(x) := (idK ⊗ j−1)(m(idK ⊗ j)(x))

for all x ∈ K ⊗ J , m ∈ M(K ⊗ E), where j−1 is the inverse when we restrict to the
image of j, [JT91, Exercise 1.1.9]. Then for any m ∈ M(K ⊗ E) and x ∈ K ⊗ J we
have

(idK⊗j)(rJ(m)x) = m(idK⊗j)(x).

We then obtain the class

[π] := [(rJ ◦ eE, rJ ◦ eE ◦ s ◦ q)] ∈ KKh(E, J).

Indeed,
(1− s ◦ q)(a) ∈ Ker(q) = Im(j)

for all a ∈ E. Then (1− s ◦ q)(a) = j(b) for b ∈ J . For k ⊗ x ∈ K ⊗ J we have

rJ ◦ eE((1− s ◦ q)(a)(k ⊗ x)) = rJ(e⊗ j(b))(k ⊗ x)

= (idK ⊗ j−1)((e⊗ j(b))(idK ⊗ j)(k ⊗ x))

= (idK ⊗ j−1)(ek ⊗ j(bx))

= ek ⊗ bx = (e⊗ b)(k ⊗ x)

(4.7)

Hence, rJ ◦ eE((1− s ◦ q)(a)) ∈ K ⊗ J for all a ∈ E.
The proof of the following proposition essentially follows by ideas used in the proofs

of [JT91, Proposition 4.2.5, 4.2.6].

Proposition 4.6.2. For every split exact sequence of C∗- algebras

0 // J
j // E q

// B //
suu

0

we have
j∗([π]) + s∗ ◦ q∗(1E) = 1E, (4.8)

(j∗ + s∗)([π] + q∗(1B)) = 1J + 1B = 1J⊕B. (4.9)

Proof. First observe that

eE(1− s ◦ q)(a) ∈ K ⊗ j(J)

for any a ∈ E. Then by [JT91, Lemma 4.2.3] it follows

j∗([π]) = j∗[rJ ◦ eE, rJ ◦ eE ◦ s ◦ q] = [eE, eE ◦ s ◦ p]

By Lemma [JT91, Lemma 4.2.4] we obtain

j∗([π]) = 1E − s∗ ◦ q∗(1E).

and (4.8) follows.
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We have

s∗([π]) = [rJ ◦ eE ◦ s, rJ ◦ eE ◦ s ◦ q ◦ s] = [rJ ◦ eE ◦ s, rJ ◦ eE ◦ s] = 0 ∈ KKh(B, J),

s∗(q∗(1B)) = [eB ◦ q ◦ s, 0]] = 1B.

Furthermore,

j∗([π]) = [rJ ◦ eE ◦ j, rJ ◦ eE ◦ s ◦ q ◦ j] = [rJ ◦ eE ◦ j, 0].

Let a ∈ J, k ∈ K and x ∈ J then by the same calculation as in (4.7) we obtain

(rJ ◦ eE ◦ j(b))(k ⊗ x) = (e⊗ b)(k ⊗ x).

Hence, rJ ◦ eE ◦ j = eJ and j∗(π) = 1J . Finally we have

j∗(q∗(1B)) = [eE ◦ q ◦ j, 0] = 0 ∈ KKh(J,B),

and we have obtained (4.9).

By Remark 4.5.6 and Example 4.3.4 we obtain that (4.8) and (4.9) are precisely

[π]⊗J [j] + (1E ⊗E [q])⊗B [s] = [π]⊗J [j] + [q]⊗B [s] = 1E ∈ KKh(E,E),

[j]⊗E [π] + [s]⊗E (([q]⊗B 1B) = [j]⊗E [π] + [s]⊗E [q] = 1J⊕B ∈ KKh(J ⊕B, J ⊕B).
(4.10)

respectively.
We denote by [j]⊕[s] the class of j⊕s ∈ E(J⊕B,E) as defined in Example 4.2.8(2).

Similarly we let [π]⊕[q] be the class of π⊕q ∈ E(E, J⊕B). Then by (4.10) we have that
[j]⊕ [s] ∈ KKh(J⊕B,E) is a KK-equivalence with inverse [π]⊕ [q] ∈ KKh(E, J⊕B),
which proves Theorem 4.6.1.

4.7 Split extensions and KK-equivalences

for quantum projective spaces

In this section we present the main results of [AM21], for proofs we refer to the paper.

Split exactness for quantum complex projective spaces

We construct a splitting of the exact sequence in (4.11) for all n ≥ 2, from which we
will construct an explicit KK-equivalence between C(CP n

q ) and Kn⊕C. As mentioned
previously, we know that such a splitting indeed exists but in general it may be hard to
construct it explicitly. It turns out that by considering C(CP n

q ) as a graph C∗-algebra
makes it easier to unravel the structure of the splitting.

The exact sequence

0 // K
jn
// C(CP n

q ) qn
// C(CP n−1

q ) // 0 (4.11)

is obtained by the hereditary and saturated subsetH := {vn+1} in C∗(Fn), see Example
1.3.10.

We now present the construction of a splitting of (4.11), for a proof we refer [AM21,
Theorem 4.2]. Consider the following graphs:
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Fn−1

v1 v2 vn−1 vn
em12 em(n−1)n

em1(n−1) em2n

em1n

Fn
w1 w2 wn wn+1

fm12
fmn(n+1)

fm1n fm2(n+1)

fm1(n+1)

Then C(CP n−1
q ) is isomorphic to the universal C∗-algebra, C∗(Fn−1), generated

by the projections Pvi , i = 1, ..., n and partial isometries Semij , 1 ≤ i ≤ j, j = 2, ..., n,
m ∈ N, subject to the relations:

PviPvj = 0, i 6= j,

S∗emijSe
m
kl

= 0, (i, j) 6= (k, l),

S∗emikSe
m
ik

= Pvk , k = 2, ..., n, i = 1, ..., k − 1,

SemkiS
∗
emki
≤ Pvk , k = 1, ..., n− 1, i = k + 1, ..., n.

Similarly, C(CP n
q ) is isomorphic to the universal C∗-algebra, C∗(Fn), generated by

projections Pwi , i = 1, ..., n + 1 and partial isometries Sfmij , 1 ≤ i ≤ j, j = 2, ..., n + 1,
m ∈ N subject to the relations:

PwiPwj = 0, i 6= j,

S∗fmij Sf
m
kl

= 0, (i, j) 6= (k, l),

S∗fmikSf
m
ik

= Pwk , k = 2, ..., n+ 1, i = 1, ..., k − 1,

SfmkiS
∗
fmki
≤ Pwk , k = 1, ..., n, i = k + 1, ..., n+ 1.

Consider the split exact sequence in (4.11). The quotient map qn is in the above
notation given by:

Pwn+1 7→ 0,

Pwi 7→ Pvi , i = 1, ..., n,

Sfmi,n+1
7→ 0, i = 1, ..., n,

Sfmij 7→ Semij , 1 ≤ i ≤ j, j = 2, ..., n.

A splitting is now constructed as follows:

Theorem 4.7.1 ([AM21, Theorem 4.2]). The map sn : C(CP n−1
q )→ C(CP n

q ) defined
on generators by

Pvi 7→ Pwi , i = 1, 2, ..., n− 1,

Pvn 7→ Pwn + Pwn+1 ,

Semij 7→ Sfmij , j 6= n,

Semi,n 7→ Sfmi,n + Sfmi,n+1
, i = 1, ..., n− 1,

is a splitting for the short exact sequence in (4.11).
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An explicit KK-equivalence between C(CP n
q ) and Cn+1

Let
rnK :M(K ⊗ C(CP n

q ))→M(K ⊗K)

be the map from Section 4.6 which is given by

rnK(m)(x) := (idK⊗jn−1)(m(idK⊗jn)(x))

for all x ∈ K ⊗K, m ∈M(K ⊗ C(CP n
q )). Let

[πn] = [(rnK ◦ eC(CPnq ), r
n
K ◦ eC(CPnq ) ◦ sn ◦ qn)]

be the class in KKh(C(CP n
q ),K) from Proposition 4.6.2 such that

[jn]⊕ [sn] ∈ KKh(K ⊕ C(CP n−1
q ), C(CP n

q ))

is a KK-equivalence with inverse

[πn]⊕ [qn] ∈ KKh(C(CP n
q ),K ⊕ C(CP n−1

q )).

Let I1 := [j1]⊕ [s1] and Π1 := [π1]⊕ [q1], then it follows immediately by Proposition
4.6.2 that

I1 ⊗C(CP 1
q ) Π1 = 1K⊕C Π1 ⊗K⊕C I1 = 1C(CP 1

q ).

We can now state the main theorem of [AM21].

Theorem 4.7.2 ([AM21, Theorem 6.1]). For n ≥ 2 we define

Πn :=[πn]⊕ ([qn]⊗C(CPn−1
q ) [πn−1])⊕ ([qn−1 ◦ qn]⊗C(CPn−2

q ) [πn−2])

⊕ · · · · · · ⊕ ([q2 ◦ · · · ◦ qn−1 ◦ qn]⊗C(CP 1
q ) [π1])⊕ [q1 ◦ q2 ◦ · · · ◦ qn]

and

In := [jn]⊕[sn◦jn−1]⊕[sn◦sn−1◦jn−2]⊕· · · · · ·⊕[sn◦sn−1◦· · ·◦s2◦j1]⊕[sn◦sn−1◦· · ·◦s1].

Then Πn ∈ KKh(C(CP n
q ),Kn ⊕C) is a KK-equivalence with inverse In ∈ KKh(Kn ⊕

C, C(CP n
q )).

The main idea of the proof is to use induction on n and apply Proposition 4.6.2.
To make it clear how to understand the Kasparov product of Πn and In, we present
here the induction step. For the rest of the proof we refer to [AM21]. For n = 2 we
obtain by (4.10) the following:

I2 ⊗C(CP 2
q ) Π2 = [j2]⊗C(CP 2

q ) [π2] + [s2 ◦ j1]⊗C(CP 2
q ) ([q2]⊗C(CP 1

q ) [π1])

+ [s2 ◦ s1]⊗C(CP 2
q ) [q1 ◦ q2]

= 1K + [j1]⊗C(CP 1
q ) ([s2]⊗C(CP 2

q ) [q2])⊗C(CP 1
q ) [π1] + [q1 ◦ q2 ◦ s2 ◦ s1]

= 1K + [j1]⊗C(CP 1
q ) 1C(CP 1

q ) ⊗C(CP 1
q ) [π1] + [q1 ◦ idC(CP 1

q ) ◦s1]

= 1K + 1K + 1C = 1K2⊕C.
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On the other hand we have:

Π2 ⊗K2⊕C I2 = [π2]⊗K [j2] + ([q2]⊗C(CP 1
q ) [π1])⊗K [s2 ◦ j1] + [q1 ◦ q2]⊗C [s2 ◦ s1]

= [π2]⊗K [j2] + ([q2]⊗C(CP 1
q ) [π1])⊗K ([j1]⊗C(CP 1

q ) [s2])

+ ([q2]⊗C(CP 1
q ) [q1])⊗C ([s1]⊗C(CP 1

q ) [s2])

= [π2]⊗K [j2] + [q2]⊗C(CP 1
q )

(
[π1]⊗K [j1] + [q1]⊗C [s1]

)
⊗C(CP 1

q ) [s2]

= [π2]⊗K [j2] + [q2]⊗C(CP 1
q ) 1C(CP 1

q ) ⊗C(CP 1
q ) [s2]

= [π2]⊗K [j2] + [q2]⊗C(CP 1
q ) [s2] = 1C(CP 2

q ).

By Theorem 4.7.2 we have obtained an explicit KK-equivalence between C(CP n
q )

and Kn ⊕ C. Let [`2(N)] ∈ KK(K,C) denote the KK-equivalence between K and C
from Example 4.4.2(1). When we translate it into the Cuntz picture we also denote
it by [`2(N)]. Let [ϕ] be as in Example 4.4.2(1). We then obtain an explicit KK-
equivalence between C(CP n

q ) and Cn+1 as follows:

Πn⊗̂Kn⊕C
(⊕

n

[`2(N)]⊕ [1C]
)
∈ KKh(C(CP n

q ),Cn+1)

with inverse (⊕

n

[ϕ]⊕ [1C]
)
⊗̂Kn⊕CIn ∈ KKh(Cn+1, C(CP n

q )).

In Section 7 of [AM21] we furthermore relate the elements [jn], [sn ◦ sn−1 ◦ · · · ◦
sn−k ◦jn−k−1] ∈ KKh(K, C(CP n

q )) to classes of projections in C(CP n
q ) which generates

K0(C(CP n
q )). To understand this relation the proofs become important, hence we will

not describe this further, instead we refer to the paper.

4.8 Outlook and applications

In [AM21, Remark 3.1] a note on the K-theory of the commutative C∗-algebra C(CP n)
is given, from which it follows that

K0(C(CP n)) ' Zn+1, K1(C(CP n)) ∼= 0.

Since C(CP n) is commutative it is indeed contained in the UCT-class, hence C(CP n)
is KK-equivalent to Cn+1. Moreover, it follows that C(CP n

q ) is KK-equivalent to its
commutative counterpart, but we do not have an explicit KK-equivalence between
them. If one could obtain an explicit KK-equivalence between C(CP n) and Cn+1,
then combining it with the KK-equivalence from Theorem 4.7.2, we might obtain an
explicit KK-equivalence between C(CP n

q ) and C(CP n).
In [BS19a] Brzeziński and Szymański described the quantum flag manifold as the

total space of a noncommutative sphere bundle with fibre C(CP 1
q ) and base space

C(CP 2
q ). If the quantum flag manifold and its commutative counterpart are indeed

KK-equivalent, then it might become interesting in future work to investigate if one
can construct an explicit KK-equivalence using the KK-equivalences coming from the
fibre and the base space.
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Abstract. We investigate quantum lens spaces, C(L2n+1
q (r;m)), introduced by Brzeziński-

Szymański as graph C∗-algebras. For n ≤ 3, we give a number-theoretic invariant, when
all but one weight are coprime to the order of the acting group r. This builds upon the
work of Eilers, Restorff, Ruiz and Sørensen.

0. Introduction

In [10] Hong and Szymański gave a description of quantum lens spaces as graph C∗-
algebras. This description was extended in [4] by Brzeziński and Szymański to also include
weights which are not necessarily coprime with the order of the acting finite cyclic group.
In noncommutative geometry quantum lens spaces are objects of increasing interest, [3,
1, 5] where noncommutative line bundles with quantum lens spaces as total spaces are
investigated.

In the present paper we deal with classification of quantum lens spaces of dimension
at most 7, with certain conditions on their weights. It is not sufficient to determine
isomorphism of quantum lens spaces by only considering their K-groups and the order,
[6, Remark 7.10]. In [6] Eilers, Restorff, Ruiz and Sørensen came with an important
classification result of finite graph C∗-algebras using the reduced filtered K-theory. As
opposed to the classification of Cuntz-Krieger algebras given by Restorff in [12], which the
result in [6] is based on, quantum lens spaces fall within the scope of this classification. As
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Key words and phrases. Graph C∗-algebras, Classification, Quantum lens spaces.
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an application of the classification result, Eilers, Restorff, Ruiz and Sørensen investigated
7-dimensional quantum lens spaces for which all the weights are coprime with the order of
the acting cyclic group Zr. They managed to reduce the classification result to elementary
matrix algebras using SLP-equivalence and to prove that the lowest dimension for which
we get different quantum lens spaces is dimension 7. Here they showed that there exist
two different quantum lens spaces when r is a multiple of 3, and precisely one when this
is not the case.

Further investigation of quantum lens spaces, as defined in [10], was conducted in [11]
by Jensen, Klausen and Rasmussen using SLP-equivalence. For a fixed r they showed
how large the dimension of the quantum lens space C(Lq(r;m1, ...mn)) must be to obtain
non-isomorphic quantum lens spaces. The work is based on computer experiments by
Eilers, who came up with a suggestion for a number s such that for n < s the quantum
lens spaces are all isomorphic.

In this paper we will extend the result by Eilers, Restorff, Ruiz and Sørensen to quan-
tum lens spaces of dimension less than or equal to 7 for which gcd(mi, r) 6= 1 for one and
only one i. The work builds on computer experiments, which were made in collaboration
with Søren Eilers. We use a program written by Eilers in Maple 2019a, which has been op-
timised slightly by the present authors. Concretely, the program computes the adjacency
matrices and isomorphism classes given the order r and the set {gcd(mi, r) : i = 1, . . . 4}.
By considering various combinations of the values of r and the weights, we came up with a
suggestion for an invariant, depending on which weight that is not coprime with the order
of the acting group. In this way, experiments have played a crucial role in determining
the statement of the presented theorems.

The procedure to prove this experimental observation follows by first constructing the
adjacency matrices, which are presented in section 3. Afterwards we calculate an invariant
using SLP-equivalence which involves some long calculations. Therefore the proofs are
postponed to section 4, and the main theorems (Theorem 2.2 & 2.1) are stated in section 2.

Acknowledgements The authors would like to thank Søren Eilers for helpful discus-
sions as well as providing a program which has been crucial to the investigation. The
authors also gratefully acknowledge helpful comments and suggestions from Wojciech
Szymański and James Gabe.

1. Preliminaries

We recall first some concepts of graph C∗-algebras which are needed in this paper. For
the definition of a graph C∗-algebra we refer to [2, 8]. Let E be a directed graph, we
denote by AE the adjacency matrix for E and BE := AE − I. A graph is called finite if
it has finitely many edges and vertices.

For a directed graph E = (E0, E1, r, s), we recall that a vertex is regular if s−1(v) =
{e ∈ E1| s(e) = v} is finite and nonempty, it is called singular if this is not the case. If
the graph has finitely many vertices, we say that a nonempty subset S ⊆ E0 is strongly
connected if for any pair of vertices v, w ∈ S there exists a path from v to w. We let ΓE be
the set of all strongly connected components and all singletons of singular vertices which

aMaplesoft, a division of Waterloo Maple Inc., Waterloo, Ontario.
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are not the base of a cycle. The structure of ΓE will become crucial in the definition of
SLP-equivalence.

1.1. Quantum Lens spaces. The quantum (2n+1)-sphere by Vaksman and Soibelman,
denoted C(S2n+1

q ), is the universal C∗-algebra generated by z0, z1, ..., zn with the following
relations:

zizj = qzjzi, for i < j, ziz
∗
j = qz∗j zi, for i 6= j,

ziz
∗
i = z∗i zi + (q−2 − 1)

n∑

j=i+1

zjz
∗
j ,

n∑

j=1

zjz
∗
j = 1,

where q ∈ (0, 1), see [13]. Let m = (m0,m1, ...,mn) be a sequence of positive integers.
The C∗-algebra C(S2n+1

q ) admits, by universality, an action of Zr for any r ∈ N, given by

zi 7→ θmizi,

where θ is a generator of Zr. The quantum lens space C(L2n+1
q (r;m)) is defined as the

fixed point algebra of C(S2n+1
q ) under this action.

It was proven in [4] that C(L2n+1
q (r;m)) is isomorphic to the graph C∗-algebra C∗(Lr;m2n+1).

The graph Lr;m2n+1 is constructed using the skew product graph L2n+1×mZr, which has ver-
tices (vi, k), i = 0, ..., n, k = 0, ..., r−1 and edges (eij, k), i, j = 0, ..., n, i ≤ j, k = 0, ..., r−1,
with source (vi, k −mi (mod r)) and range (vj, k). The graph Lr;m2n+1 is constructed using
the notion of admissible paths which is defined in [4] as follows:

Definition 1.1. A path from (vi, s) to (vj, t) in L2n+1×mZr is called admissible if it does
not pass through any (vl, k) for which l = i+ 1, ..., j − 1 and k = 0, ..., gcd(ml, r)− 1.

Remark 1.2. Comparing with the notion of 0-simple paths from [6, Definition 7.4], it
is clear that the 0-simple paths are exactly the admissible paths when all weights are
coprime to the order of the acting group.

The graph Lr;m2n+1 has vertices vbi , i = 0, ..., n, b = 0, ..., gcd(mi, r) − 1. There are edges
estij;a with source vsi and range vtj labelled by a = 1, ..., nstij , where nstij is the number of
admissible paths from (vi, s) to (vj, t).

We will in this paper investigate quantum lens spaces C(L7
q(r,m)) for which gcd(ml, r) =

n for a single l ∈ {0, 1, 2, 3} and the remaining weights are coprime to r. In the process of
finding an invariant for 7-dimensional quantum lens spaces we will also be able to calcu-
late one for quantum lens spaces of dimension 5. We will in the following therefore have
our focus on 7-dimensional quantum lens spaces.

Under the above assumptions on the weights the skew product graph L7×mZr consists
of four levels, labeled by level 0,1,2 and 3, with edges going from level i to j if i < j.
At the level on which gcd(ml, r) = K we have K cycles based on each of the vertices
(vl, k), k = 0, 1, ..., K − 1. The graph Lr;m7 consists of four levels as before and K + 3
vertices, which are all the base of a loop. There is one vertex in each level except for level
i where gcd(mi, r) = K 6= 1, here we have K vertices. There is at least one edge going
from a lower level to a higher one, but there are no edges between vertices at the same
level. We will denote the vertices by vi, i = 1, ..., K + 3 as indicated in Figure 1.
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Figure 1. The graph Lr;m7

v`

v`+1 v`+Kv`+2

v`+K+1

v1

vK+3

Level 0

Level `

Level 3

1.2. SLP-equivalence. In [6, Theorem 6.1] a classification result of graph C∗-algebras
over finite graphs is given using the reduced filtered K-theory. It was also shown that for
type I/postliminal C∗-algebras, we can give a classification working with SLP-equivalence
instead of working directly with the reduced filtered K-theory.

We give a description of SLP-equivalence by considering the ideal structure of C∗(Lr;m7 )
when gcd(mi, r) 6= 1 for one and only one i. There exists by [6, Lemma 3.16] an order
preserving homeomorphism between the set of strongly connected components of Lr;m7 ,
denoted ΓLr;m

7
, and the set of all proper ideals of C∗(Lr;m7 ) that are prime and gauge

invariant, denoted Primeγ(C
∗(Lr;m7 )). It can easily be seen that ΓLr;m

7
is exactly equal

to the collection of singleton sets of vertices. We write γi := {vi} for each such set, and
consequently we have ΓLr;m

7
= {γi|i = 1, ..., K + 3}.

It follows immediately that |Primeγ(C
∗(Lr;m7 ))| = K + 3. We therefore get non isomor-

phic quantum lens spaces for different values of K. The partial order on ΓLr;m
7

is given as
follows: γj ≤ γi if there is a path from vi to vj. The set ΓLr;m

7
can be illustrated by its

component graphs, which are depicted in Figure 2. In these graphs, an arrow from γi to
γj indicates that γi ≥ γj.

Figure 2. Component graphs of 7-dimensional quantum lens spaces.

γ1 γ2 · · · γK
↘ ↓ ↙

γK+1

↓
γK+2

↓
γK+3

γ1
↙ ↓ ↘

γ2 γ3 · · · γK+1

↘ ↓ ↙
γK+2

↓
γK+3

γ1
↓
γ2

↙ ↓ ↘
γ3 γ4 · · · γK+2

↘ ↓ ↙
γK+3

γ1
↓
γ2
↓
γ3

↙ ↓ ↘
γ4 γ5 · · · γK+3

gcd(m0,r)=K gcd(m1,r)=K gcd(m2,r)=K gcd(m3,r)=K

Let P = {1, 2, ..., K + 3} and ` be such that gcd(m`−1, r) = K. We define a partial
order, �, on P by:

• `− 1 � ... � 1,
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• i � `− 1 for i = `, ..,K + `− 1,
• K + ` � i for i = `, ...,K + `− 1,
• K + 3 � ... � K + `.

The partial order satisfies that if i � j then i ≤ j which is the required assumption [6,
Assumption 4.3]. It can easily be seen that there exists an order reversing isomorphism
γB

L
r;m
7

: P → ΓLr;m
7

mapping i to γi.

SLP(1,Z) is defined as the set of upper triangular matrices, A, with 1 on the diagonal
and which satisfies

aij 6= 0⇒ i � j.

SLP-equivalence simplifies in this case, since the block structure consists of 1×1 matri-
ces. Hence working with SLP-equivalence becomes a linear problem. Note that SLP(1,Z)
is a group under matrix multiplication.

1.3. A classification result. For a fixed K we get four different classes of quantum
lens spaces, one for each i = 0, 1, 2, 3 for which gcd(mi, r) = K. By the discussion
above Primeγ(C

∗(Lr;m7 )) and Primeγ(C
∗(Lr;n7 )) cannot be homeomorphic if gcd(mi, r) 6=

gcd(ni, r) for an i, since the structure of the ideals will be different. We will in this
paper determine when two quantum lens spaces inside each of these four classes are
isomorphic. Similarly we have three different classes of quantum lens spaces of dimension
5 to investigate.

To determine whether two quantum lens spaces in the same class are isomorphic we
will make use of [6, Theorem 7.1]. Since we are dealing with type I/postliminal graph
C∗-algebras i.e. no vertex supports two distinct return paths, [6, Lemma 7.1], we can use
the following classification result:

Theorem 1.3. [6, Theorem 7.1] Let E and F be finite graphs which have no vertices
supporting two distinct return paths. If (BE, BF ) is in standard form, then C∗(E) and
C∗(F ) are stably isomorphic if and only if there exist matrices U, V ∈ SLP(1,Z) such
that UBEfV = BFf.

BEf is obtained from the graph, where a loop has been added to all sinks in E. (BE, BF )
being in standard form means that the adjacency matrices have the same size and block
structure, moreover they must also have the same temperatures, see [6, Definition. 4.22]
for a precise definition. When (BE, BF ) is in standard form we can work with SLP-
equivalence instead of working directly with the reduced filtered K-theory, which is often
more complicated to determine. For the quantum lens spaces we are investigating, the
block structure consists of 1×1-matrices, hence (BL

r;m
7
, BL

r;n
7

) is in standard form for two
quantum lens spaces in the same class.

Since Lr;m2n+1 contains no sinks and two quantum lens spaces are stably isomorphic if and
only if they are isomorphic by [7, Proposition 14.8], the above theorem boils down to:

Corollary 1.4. If gcd(mi, r) = gcd(ni, r) for each i = 0, 1, 2, 3 then C∗(Lr;m7 ) and
C∗(Lr;n7 ) are isomorphic if and only if there exists matrices U, V ∈ SLP(1,Z) such that
UBL

r;m
7
V = BL

r;n
7

.
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For dimension 5 we have a similar result by letting P = {1, 2, ..., K + 2} and defining
the order in a similar way as the one for dimension 7.

Eilers, Restorff, Ruiz and Sørensen used Corollary 1.4, with P = {1, 2, 3, 4} ordered
linearly to completely classify the simplest case:

Theorem 1.5. [6, Theorem 7.8] Let r ∈ N, r ≥ 2 and let m = (m0,m1,m2,m3) and n =

(n0, n1, n2, n3) be in N4 such that gcd(mi, r) = gcd(ni, r) = 1 for all i. Then C∗(L(r,m)
7 ) ∼=

C∗(L(r,n
7 )) if and only if

(n−12 n1 −m−12 m1)
r(r − 1)(r − 2)

3
≡ 0 (mod r).

From the above they concluded:

Corollary 1.6. [6, Corollary 7.9] If 3 does not divide r then

C∗(L(r,m)
7 ) ∼= C∗(L(r,(1,1,1,1))

7 )

for all m ∈ N4 with gcd(mi, r) = 1.
If 3 divides r and m = (m0,m1,m2,m3) ∈ N4 with gcd(mi, r) = 1 then

(i) C∗(L(r,m)
7 ) ∼= C∗(L(r,(1,1,1,1))

7 ) if and only if m1 ≡ m2 (mod 3),

(ii) C∗(L(r,m)
7 ) ∼= C∗(L(r,(1,1,r−1,1))

7 ) if and only if m1 6≡ m2 (mod 3).

For dimension less than 7, Eilers, Restorff, Ruiz and Sørensen observed that the adja-
cency matrices are independent of the weights, hence all quantum lens spaces are isomor-
phic. We will see that this is not always the case when one of the weights is not coprime
with r.

2. Classification of C(L2n+1(r;m)), n ≤ 3

For a fixed value of the order of the acting group, r, quantum lens spaces of dimension
3, with one and only one weight coprime with r, will be the same for any choice of weights.
See remark 3.4. For dimension 5 we obtain the following:

Theorem 2.1. Let r ∈ N, r ≥ 2 and let m = (m0,m1,m2) and n = (n0, n1, n2) be in N3

such that gcd(r,m`) = gcd(r, n`) = K for one 0 ≤ ` ≤ 2, and gcd(r,mi) = gcd(r, ni) = 1
whenever i 6= `. Then

(i) For ` = 1, C∗(L(r,m)
5 ) ∼= C∗(L(r,n)

5 ),

(ii) For ` = 0 or ` = 2, C∗(L(r,m)
5 ) ∼= C∗(L(r,n)

5 ) if and only if m1 ≡ n1 (mod K).

We will now state our main theorem for quantum lens spaces of dimension 7, which is
an extension of Theorem 1.5.

Theorem 2.2. Let r ∈ N, r ≥ 2 and let m = (m0,m1,m2,m3) and n = (n0, n1, n2, n3)
be in N4 such that gcd(r,m`) = gcd(r, n`) = K for one 0 ≤ ` ≤ 3, and gcd(r,mi) =

gcd(r, ni) = 1 whenever i 6= `. Then C∗(L(r,m)
7 ) is isomorphic to C∗(L(r,n)

7 ) if and only if

(1)
(
n−12 n1 −m−12 m1

) r(r−1)(r−2)
3

≡ 0 (mod r) and mj ≡ nj (mod K), j = 1, 2 if ` = 0
or ` = 3,
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(2)
(
n−12 n1 −m−12 m1

) r(r−1)(r−2)
3

≡ 0 (mod r) and m2 ≡ n2 (mod K) if ` = 1,

(3)
(
n−11 n2 −m−11 m2

) r(r−1)(r−2)
3

≡ 0 (mod r) and m1 ≡ n1 (mod K) if ` = 2.

The proof is postponed to section 4. From Theorem 2.2, we may derive the following
result. It is in particular interesting for computational purposes, and gives a precise
determination of how many different spaces we obtain of each type.

Corollary 2.3. Let UK and Ur be the groups of units in ZK and Zr respectively.

(1) Let gcd(mi, r) = K for i = 0 or i = 2 then

C∗(L(r;(m0,m1,m2)
5 )) ∼= C∗(L(r;(K,k1,1))

5 )

or
C∗(L(r;(m0,m1,m2)

5 )) ∼= C∗(L(r;(1,k1,K))
5 )

respectively, where m1 ≡ k1 (mod K) with k1 ∈ Ur, and there are exactly |UK |
isomorphism classes of quantum lens spaces.

(2) If 3 does not divide r and gcd(mi, r) = K for i = 0 or i = 3 then

C∗(L(r;(m0,m1,m2,m3)
7 )) ∼= C∗(L(r;(K,k1,k2,1))

7 )

and
C∗(L(r;(m0,m1,m2,m3)

7 )) ∼= C∗(L(r;(1,k1,k2,K))
7 )

respectively, where mi ≡ ki (mod K) with ki ∈ Ur, and there are exactly |UK |2
isomorphism classes of quantum lens spaces.

If 3 divides r we furthermore require that the ki satisfy
• k1 ≡ k2 (mod 3) if m1 ≡ m2 (mod 3)
• k1 6≡ k2 (mod 3) if m1 6≡ m2 (mod 3).

In particular, there are 2|UK |2 isomorphism classes if 3 divides r but not K and
|UK |2 isomorphism classes otherwise.

(3) If 3 does not divide r and gcd(m1, r) = K then

C∗(L(r;(m0,m1,m2,m3)
7 )) ∼= C∗(L(r;(1,K,k2,1))

7 )

where m2 ≡ k2 (mod K) with k2 ∈ Ur, and there are exactly |UK | isomorphism
classes.

If 3 divides r we furthermore require:
• k2 ≡ K (mod 3) if m1 ≡ m2 (mod 3)
• k2 6≡ K (mod 3) if m1 6≡ m2 (mod 3).

In particular, there are 2|UK | isomorphism classes if 3 divides r but not K and
|UK | isomorphism classes otherwise.

(4) If 3 does not divide r and gcd(m2, r) = K then

C∗(L(r;(m0,m1,m2,m3)
7 )) ∼= C∗(L(r;(1,k1,K,1))

7 )

where m1 ≡ k1 (mod K) with k1 ∈ Ur, and there are exactly |UK | isomorphism
classes.

If 3 divides r we furthermore require
• k1 ≡ K (mod 3) if m1 ≡ m2 (mod 3)
• k1 6≡ K (mod 3) if m1 6≡ m2 (mod 3).
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In particular, there are 2|UK | isomorphism classes if 3 divides r but not K and
|UK | isomorphism classes otherwise.

Proof. We only address the proof of (2) since the remaining follow by a similar approach.
If 3 does not divide r we notice that we by Theorem 2.2 only need to consider the condition
mi ≡ ni (mod K). It is clear that if gcd(mi, r) 6= 1, then this is also true for any integer
equivalent to mi (mod K). It suffices to show that if [k]K ∈ UK , then [k]K contains
an element, k′, such that gcd(k′, r) = 1. Indeed, consider such a k. We set p to be
the product of 1 and all prime factors of r which are factors of neither k nor K. Now
set k′ := Kp + k ≡ k (mod K) and assume that gcd(k′, r) 6= 1. Assume there exists a
common prime factor q of r and k′. Since q divides k′ but only divides exactly one of Kp
and k by construction, we have a contradiction, and gcd(k′, r) = 1 as desired.

If 3 divides r then we also need to consider the first part of the invariant. We observe
the congruence

r(r − 1)(r − 2)

3
≡ 2r

3
(mod r).

Hence 3 must divide k−12 k1−m−12 m1 to get isomorphic quantum lens spaces. Also notice,
that it follows by a computation m1 ≡ m2 (mod 3) if and only if k1 ≡ k2 (mod 3), from
which the second claim follows.

In order to count the number of isomorphism classes, consider first the case where 3
does not divide K. The assertion follows in this case if for i = 1, 2, the class [mi]K contains
a `i satisfying gcd(`i, r) = 1 and mi 6≡ `i (mod 3). This is satisfied by choosing either
`i := mi + r

3d
or `i := mi + 2r

3d
, where d is the multiplicity of 3 as a prime factor of r.

Thus we obtain 2|UK |2 equivalence classes in thus case. If 3 does divide K then such `i
cannot be obtained since `i ∈ [mi]K implies `i ≡ mi (mod 3), and hence the first part of
the invariant does not give rise to any additional isomorphism classes in this case. �

3. Adjacency matrices

For each i = 0, ..., n let (L2n+1 ×m Zr) 〈i〉 be the subgraph of L2n+1 ×m Zr with vertex
set {vi} × Zr and edges {eii} × Zr.

Definition 3.1. [6, Definition 7.4] We call an admissible path (ei1,j1 , h1) · · · (eil,jl , hl) in
L2n+1 ×m Zr k-step if there exists integers 0 < t1 < t2 < · · · < tk+1 such that t1 = i1 and
tk+1 = jl and for each 2 ≤ α ≤ k we have

{r((eis,js , hs))|1 ≤ s ≤ l} ∩ ((L2n+1 ×m Zr) 〈tα〉)0 6= ∅,
and

{r((eis,js , hs))|1 ≤ s ≤ l} ⊆
k+1⋃

i=1

((L2n+1 ×m Zr) 〈ti〉)0.

Intuitively an admissible path is k-step if it touches vertices from precisely k−1 different
levels not including the level the path starts at and ends in. Below, we give formulae for
the number of 1-step, 2-step and 3-step admissible paths in each relevant case. For paths
that only touch levels for which the corresponding weights are coprime to the order of the
acting group, we refer to [6, Lemma 7.6], which describes this case to completion.
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We will in the following, when they exist, let m−1i denote the fixed representative
multiplicative inverse of mi in Zr for which 0 ≤ m−1i ≤ r − 1, and ai to denote a fixed
representative of the multiplicative inverse of mi in ZK for which 0 ≤ ai ≤ K − 1.

Lemma 3.2. 1-step admissible paths Let r ∈ N, r ≥ 2 and let m = (m0,m1,m2,m3) ∈
N4 be such that for a single ` ∈ {0, 1, 2, 3}, gcd(m`, r) = K and gcd(mi, r) = 1 for i 6= `.
Let t ∈ {0, . . . , K − 1} then

(1) For i < `, there are r
K

1-step admissible paths from (vi, 0) to (v`, t).
(2) For i > `, there are r

K
1-step admissible paths from (v`, t) to (vi, 0).

Proof. This follows since at the `’th level we have K loops each going through only one
of the (vl, i), i = 0, 1, ..., K − 1. �

Lemma 3.3. 2-step admissible paths Let r ∈ N, r ≥ 2 and let m = (m0,m1,m2,m3) ∈
N4 be such that for a single ` ∈ {0, 1, 2, 3}, gcd(m`, r) = K and gcd(mi, r) = 1 for i 6= `.
Let t ∈ {0, . . . , K − 1}.

(1) If i < k < ` − 1, there are r(r−K)
2K

+ (ak · t− 1 + qtK) r
K

2-step admissible paths
from (vi, 0) to (v`, t) passing through the k’th level for some qt ∈ Z if t 6= 0 and
r(r+K−2)

2K
if t = 0;

(2) If i > k > ` − 1, there are r(r−K)
2K

− (ak · t− 1 + qtK) r
K

2-step admissible paths
from (v`, t) to (vi, 0) passing through the k’th level for some qt ∈ Z if t 6= 0 and
r(r−K)

2K
if t = 0;

(3) If i < ` < j, there are r(r−K)
2K

paths from (vi, 0) to (vj, 0) passing through the `’th
level.

Proof. (1) First note that there is only one path from (vi, 0) to (vk, smk) for s = 1, 2, ..., r−
1 not coming back to (vi, 0) and not going through any vertices at the k-th level. We have
an edge from (vk, smk) into the cycle containing (v`, t) if and only if

mk(s+ 1) ≡ t (mod K).

Equivalently, s ≡ akt − 1 (mod K). Let qt ∈ Z be such that st := akt − 1 + qtK is an
integer between 0 and K − 1. Hence (vk, stmk) is the first vertex in level k which has
a path ending in the cycle containing (v`, t). The number of paths from (vk, smk) for
s = 1, 2, ..., r − 1 to (v`, t) is then

r − (s− h)

K
, if s ≡ h = 0, ..., st (mod K),

r − (s− h)

K
− 1, if s ≡ h = st + 1, ..., K − 1 (mod K).
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The number of 2-step admissible paths then becomes

st∑

h=0

r−1∑

s=1,
s≡h (mod K)

r − (s− h)

K
+

K−1∑

h=st+1

r−1∑

s=1,
s≡h (mod K)

(
r − (s− h)

K
− 1

)

=
K−1∑

h=0

r−1∑

s=1,
s≡h (mod K)

r − (s− h)

K
−

K−1∑

h=st+1

r−1∑

s=1,
s≡h (mod K)

1

=

r−K
K∑

j=1

n
r − jK
K

+ (K − 1)
r

K
− (K − 1− st)

r

K

=
r(r −K)

2K
+ (akt− 1 + qtK)

r

K
.

If t = 0 then q0 = 1 hence the number of 2-step admissible paths becomes

r(r −K)

2K
+ (n− 1)

r

K
=
r2 − rK + 2Kr − 2r

2K
=
r(r +K − 2)

2K
.

(2) Let t > 0. First, we have precisely one edge from (v`, t) to (vk,mkh) if and only if
mkh ≡ t (mod K) for h = 1, 2, . . . , r − 1. The number of paths from (vk,mkh) to (vi, 0)
is r − h. Hence the total number of admissible 2-step paths is

r−1∑

h=1,
h≡akt (mod K)

(r − h) =

r−K
K∑

j=0

(r − (akt+ qtK + jK)) =
r(r +K)

2K
− (akt+ qtK)

r

K

=
r(r −K)

2K
+

r

K
− (akt+ qtK)

r

K
=
r(r −K)

2K
− (akt− 1 + qtK)

r

K
,

where qt ∈ Z is such that 0 < akt + qtK < K. If t = 0 then the number of 2-step
admissible paths becomes

r−K
K∑

j=1

(r − jK) =
r(r −K)

2K
.

(3) Note that for each t ∈ {1, . . . , K − 1} and for each h ∈ {1, . . . , r
K
− 1}, there is

precisely one edge from (vi, 0) to (v`, t+m`h), and the number of admissible paths from
(v`, t+m`h) to (vj, 0) is r

K
− h. Thus the number of admissible 2-step paths is

K−1∑

t=0

r
K
−1∑

h=1

r

K
− h =

r(r −K)

2K
.

�
Remark 3.4. For quantum lens spaces of dimension 3, we see immediately by Lemma
3.3 that the adjacency matrices for a fixed r and K, will all be the same. For quantum
lens spaces of dimension 5 the adjacency matrices are given by the following:
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gcd(m0, r) = K gcd(m1, r) = K gcd(m2, r) = K




r
K

y0

In
...

...
r
K
yK−1

0 ... 0 1 r
0 ... 0 0 1







1 r
K

r
K

... r
K

r(r+K)
2K

0 r
K

0 r
K

0 In
...

... r
K

0 0 0 ... 0 1







1 r z0 ··· ··· zK−1

0 1 r/K ··· ··· r/K
0 0
...

... In
0 0
0 0




y0 = r
K

+ r(r−K)
2K

, z0 = r(r+K)
2K

,

yt = r(r−K)
2K

− r
K

(a1t− 2)− qtr zt = r(r−K)
2K

+ r
K
a1t+ qtr

We will now calculate the adjacency matrices for 7-dimensional quantum lens spaces.

Lemma 3.5. Let r ∈ N, r ≥ 2 and let m = (m0,m1,m2,m3) be such that gcd(r,m3) = K
and gcd(r,mi) = 1, i 6= 3. Then we may for each 0 ≤ l < r − 1 and each 0 ≤ t ≤ K − 1
find kl, st ∈ Z such that

AL7
q(r;m) =




1 r
r(r+1)

2
x0 ··· ··· xK−1

0 1 r y0 ··· ··· yK−1

0 0 1 r/K ··· ··· r/K
0 0 0
...

...
... IK

0 0 0
0 0 0




where

y0 =
r(r +K)

2K
and

x0 ≡ −m−12 m1
r(r − 2)(r − 1)

3K
+

r−2∑

l=1

l
r(1− kl)

K
+

K−1∑

h=0

r−2∑

l=1
l≡m2a1h−1 (mod K)

lh

K
− r

K
(mod r).

For t ≥ 1 we have

yt =
r(r −K)

2K
+ a2t

r

K
+ rqt

and

xt ≡ −m−12 m1
r(r − 2)(r − 1)

3K
+

r−2∑

l=1

l
r(1− kl)

K

+
K−1∑

h=0

r−2∑

l=1
l≡m2a1h−1 (mod K)

lh

K
−

K−1∑

h=st+1

r−2∑

l=1

l≡m2a1h−1 (mod K)

l +
r

K
(a2t+ a1t− 1) (mod r)

Proof. We will now calculate the number of 3-step admissible paths from (v0, 0) to (v3, t)
for t = 0, 1, 2, 3. First notice that there are exactly l paths from (v0, 0) to (v1, lm1) not
coming back to (v0, 0), and exactly one edge from (v1, lm1) to (v2, (l + 1)m1), hence we
wish to find the number of paths from (v2, (l + 1)m1) to (v3, t), denoted Pl. Then the
total number of 3-step admissible paths will be

∑r−2
l=1 lPl.
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We can express (v2, (l + 1)m1) as (v2, sm2), where 0 < s ≤ r satisfies m2s ≡ (l +
1)m1 (mod r). As in the proof of Lemma 3.3(1), we let st denote a representative of
the class [a2t − 1]K which lies between 0 and K − 1, and let kl be an integer such that
0 < m−12 m1(l + 1) + rkl < r. By reasoning as in Lemma 3.3 (1) we have

Pl =
r − (m−12 m1(l + 1) + rkl − h)

K

if s ≡ h = 0, ..., st (mod K) i.e. l ≡ m2a1h− 1 (mod K) and

Pl =
r − (m−12 m1(l + 1) + rkl − h)

K
− 1

if s ≡ h = st + 1, ..., K − 1 (mod K). The number of 3-step admissible paths becomes

r−2∑

l=1

lPl =
st∑

h=0

r−2∑

l=1
l≡m2a1h−1 (mod K)

l
r − (m−12 m1(l + 1) + klr − h)

K
+

K−1∑

h=st+1

r−2∑

l=1
l≡m2a1h−1 (mod K)

l

(
r − (m−12 m1(l + 1) + klr − h)

K
− 1

)

=
K−1∑

h=0

r−2∑

l=1
l≡m2a1h−1 (mod K)

l
r − (m−12 m1(l + 1) + klr − h)

K
−

K−1∑

h=st+1

r−2∑

l=1
l≡m2a1h−1 (mod K)

l

= −
K−1∑

h=0

r−2∑

l=1
l≡m2a1h−1 (mod K)

m−12 m1(l + 1)l

K
+

K−1∑

h=0

r−2∑

l=1
l≡m2a1h−1 (mod K)

l
r(1− kl)

K
+

n−1∑

h=0

r−2∑

l=1
l≡m2a1h−1 (mod K)

lh

K
−

K−1∑

h=st+1

r−2∑

l=1

l≡m2a1h−1 (mod K)

l

= −
r−2∑

l=1

m−12 m1(l + 1)l

K
+

r−2∑

l=1

l
r(1− kl)

K
+

K−1∑

h=0

r−2∑

l=1
l≡m2a1h−1 (mod K)

lh

K
−

K−1∑

h=st+1

r−2∑

l=1

l≡m2a1h−1 (mod K)

l

= −m−12 m1
r(r − 2)(r − 1)

3K
+

r−2∑

l=1

l
r(1− kl)

K
+

K−1∑

h=0

r−2∑

l=1
l≡m2a1h−1 (mod K)

lh

K
−

K−1∑

h=st+1

r−2∑

l=1

l≡m2a1h−1 (mod K)

l.

Adding up the 1-step, 2-step and 3-step admissible paths we arrive at the above adjacency
matrix, here we also make use of [6, Lemma 7.6 (i), (ii)]. �

Lemma 3.6. Let r ∈ N, r ≥ 2 and let m = (m0,m1,m2,m3) be such that gcd(m0, r) = K
and gcd(mi, r) = 1, i 6= 0. Then we may for each 0 ≤ l < r − 1 and each 0 ≤ t ≤ K − 1
find kl, ct, qt ∈ Z such that

AL7
q(r;m) =




r
n

y0 x0

In
...

...
...

r
K
yK−1 xK−1

0 ... 0 1 r
r(r+1)

2
0 ... 0 0 1 r
0 ... 0 0 0 1




where

y0 =
r(r −K)

2K
+

r

K
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and

x0 ≡ −m−12 m1
r(r − 2)(r − 1)

3K
+

r−2∑

l=0

l
r(1− kl)

K

−
K−1∑

h=0

r−2∑

l=1
l≡a1h (mod K)

a1h+Kqh
K

(
r −m−12 m1(l + 1)− rkl

)
(mod r).

For t ≥ 1 we have

yt =
r(r −K)

2K
− r

K
(a1t− 2)− rqt

and

xt ≡ −m−12 m1
r(r − 2)(r − 1)

3K
+

r−2∑

l=0

l
r(1− kl)

K
−

K−1∑

h=0

r−2∑

l=1
l≡a1h (mod K)

a1h+Kqh
n

(
r −m−12 m1(l + 1)− rkl

)

+
K−1∑

h=ct

r−2∑

l=1
l≡a1h (mod K)

(
r −m−12 m1(l + 1)− rkl

)
− r

K
(a2t+ a1t− 3) (mod r).

Proof. We will now calculate the number of 3-step admissible paths from (v0, t) to (v3, 0).
There is an edge from from (v0, t) to (v1,m1l) only if lm1 ≡ t (mod K). Let ct be such
that (v1, ctm1) is the first vertex in the 1st level which is connected to the cycle coming
from (v0, t). For 0 ≤ h < K let qh be an integer such that 0 < a1h + Kqh < K. Then
ct = a1t+Kqt and the number of paths from (v0, t) to (v1, lm1) is given by

l − (a1h+Kqh)

K

if lm1 ≡ h (mod K) for 0 ≤ h < ct and

l − (a1h+Kqh)

K
+ 1

if lm1 ≡ h (mod K) for ct ≤ h < K. There is precisely one edge from (v1, lm1) to
(v2,m1(l+ 1)). We can express (v2, l(m1 + 1)) as (v2, sm2) i.e. m1(l+ 1) ≡ sm2 (mod r).
Let kl be such that 0 < m−12 m1(l+1)+rkl < K. Then the number of paths from (v1, lm1)
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to (v3, 0) is r−(m−12 m1(l+1)+rkl). The total number of 3-step admissible paths becomes:

ct−1∑

h=0

r−2∑

l=1
l≡a1h (mod K)

l − (a1h+Kqh)

K

(
r −m−12 m1(l + 1)− rkl

)

+
K−1∑

h=ct

r−2∑

l=1
l≡a1h (mod K)

(
l − (a1h+Kqh)

K
+ 1

)(
r −m−12 m1(l + 1)− rkl

)

= −m−12 m1
r(r − 2)(r − 1)

3K
+

r−2∑

l=0

l
r(1− kl)

K

−
K−1∑

h=0

r−2∑

l=1
l≡a1h (mod K)

a1h+Kqh
K

(
r −m−12 m1(l + 1)− rkl

)
+

K−1∑

h=ct

r−2∑

l=1
l≡a1h (mod K)

(
r −m−12 m1(l + 1)− rkl

)

For t = 0 we have ct = n hence the number of 3-step admissible paths is

−m−12 m1
r(r − 2)(r − 1)

3K
+

r−2∑

l=0

l
r(1− kl)

K
−

K−1∑

h=0

r−2∑

l=1
l≡a1h (mod K)

a1h+Kqh
K

(
r −m−12 m1(l + 1)− rkl

)
.

�

Lemma 3.7. Let r ∈ N, r ≥ 2 and let m = (m0,m1,m2,m3) be such that gcd(m2, r) = K
and gcd(mi, r) = 1, i 6= 2. Then

AL7
q(r;m) =




1 r
r(r+n)

2K
r(r−n)

2K
+a1

r
K

...
r(r−K)

2K
+a1(K−1) r

K
x

0 1 r
K

r
K

... r
K

r(r+K)
2K

0 0 r
K

...
... IK

...
0 0 r

K
0 0 0 0 ··· 0 1




where

x ≡ −m−11 m2
r(2r −K)(r −K)

6K2
+m−11

r(r −K)(n− 1)

4K
+
r(r − 1)

2
(mod r).

Proof. We will now calculate the number of 3-step admissible paths from (v0, 0) to (v0, 3).
First we have m−11 m2l − 1 + tm−11 + rst paths from (v0, 0) to each (v1, lm2 −m1 + t) for
t = 0, .., K − 1, where sl is such that 0 < m−12 m1l− 1 + tm−11 + rsl < r. (v1, lm2−m1 + t)
is connected to (v2, lm2 + t) by a single edge and there are r

K
− l paths from (v2, lm2 + t)
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to (v3, 0). The total number of 3-step admissible paths becomes

K−1∑

t=0

r−K
K∑

l=1

(
m−11 m2l − 1 + tm−11 + rsl

) ( r
K
− l
)

≡ K

r−K
K∑

l=1

−l
(
m−11 m2l − 1

)
+

K−1∑

t=0

r−K
K∑

l=1

tm−11

( r
K
− l
)

(mod r)

≡ −m−11 m2
r(2r −K)(r −K)

6K2
+
r(r −K)

2K
+

K−1∑

t=0

tm−11

r(r −K)

2K2
(mod r)

≡ −m−11 m2
r(2r −K)(r −K)

6K2
+
r(r −K)

2K
+m−11

r(r −K)(K − 1)

4K
(mod r).

�
We state the final case without proof, as the proof is similar to that of Lemma 3.7.

Lemma 3.8. Let r ∈ N, r ≥ 2 and let m = (m0,m1,m2,m3) be such that gcd(m1, r) = K
and gcd(mi, r) = 1, i 6= 1. Then

AL7
q(r;m) =




1 r
K

r
K

... r
K

r(r+K)
2K

x

0 r
K

r(r−n)
2K

+ r
K

0 r
K

r(r−K)
2K

− r
K
a2+

r
K

0 IK
...

...
... r

K
r(r−n)

2K
− r

K
a2(K−1)+ r

K
0 0 0 ... 0 1 r
0 0 0 0 ··· 0 1




where

x ≡ −m−12 m1
r(2r −K)(r −K)

6K2
+m−12

r(r −K)(K − 1)

4K
+
r(r − 1)

2
(mod r).

4. The invariant

We are now ready to proof Theorem 2.2. The proof of Theorem 2.1 follows by a similar
but much easier approach.

Proof of Theorem 2.2 (1). We will prove the result in the case where ` = 3, the proof for
` = 0 follows by a similar approach.

Assume that the C∗-algebras coming from the weights m = (m0,m1,m2,m3) and n =
(n0, n1, n2, n3) are isomorphic. We denote by x0, ..., xK−1, y0, ..., yK−1 and x′0, ..., x

′
K−1,

y′0, ..., y
′
K−1 the elements xi and yi coming from Lemma 3.6 corresponding to m and n

respectively. Then by [6, Theorem 7.1] there exists U, V ∈ SLP(1,Z) such that UBmV =
Bn where P = {1, 2, ...., , K,K + 1, K + 2, K + 3} with the order 3 > 2 > 1, 4 + i > 3 for
i = 0, 1, ..., K − 1. We then get the following equations

y′j ≡ yj + u23
r

K
+ rv3,j+4, x′j ≡ xj + u12yj + v3,j+4

r(r + 1)

2
+ u13

r

K
(mod r), (4.1)

for j = 0, 1, ..., K − 1 where ulm, vlm ∈ Z are the entries of U and V respectively.
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Since y0 = y′0, K divides u23. Let a2 = m−12 (mod K), a′2 = n−12 (mod K), a1 =
m−11 (mod K) and a′1 = n−11 (mod K). Then by (4.1)

a′2
r

K
≡ a2

r

K
+ u23

r

K
(mod r),

hence there exists a k ∈ Z such that

(a′2 − a2)
r

K
= u23

r

K
+ kr.

Then
a′2−a2
K
∈ Z and a′2 = a2 which implies that m2 ≡ n2 (mod K).

We now consider the sum of all the x′is. We have

x0 + x1 + ...+ xK−1 ≡ −m−12 m1
r(r − 2)(r − 1)

3
+ n

K−1∑

h=0

r−2∑

l=1
l≡m2a1h−1 (mod K)

lh

K

−
K−1∑

t=1

K−1∑

h=st+1

r−2∑

l=1
l≡m2a1t−1 (mod K)

l +
K−1∑

t=1

r

K
(a1t+ a2t)) (mod r)

≡ −m−12 m1
r(r − 2)(r − 1)

3
+

K−1∑

h=0

r−2∑

l=1
l≡m2a1h−1 (mod K)

lh

−
K−1∑

t=1

K−1∑

h=st+1

r−2∑

l=1
l≡m2a1t−1 (mod K)

l +
r(K − 1)

2
(a1 + a2) (mod r).

The last term is always congruent to 0 modulo r, indeed if K is odd we are done, if K is
even then a1 + a2 is even.

Since each st corresponds uniquely to a number between 0 and K−1, we may reiterate
the penultimate sum accordingly:

K−1∑

t=1

K−1∑

h=st+1

r−2∑

l=1

l≡m2a1h−1 (mod K)

l =
K−1∑

t=1

K−1∑

h=t

r−2∑

l=1
l≡m2a1h−1 (mod K)

l =
K−1∑

h=1

r−2∑

l=1
l≡m2a1h−1 (mod K)

hl.

Hence

x0 + x1 + ...+ xK−1 ≡ −m−12 m1
r(r − 2)(r − 1)

3
(mod r).

Using (4.1) and the fact that (a2 − 1) r(K−1)
2
≡ 0 (mod r), we have
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(x′0 + x′1 + ...+ x′K−1)− (x0 + x1 + ...+ xK−1) ≡ u12(y0 + y1 + ...+ yK−1)

+Ku13
r

K
+ (v34 + v35 + ...+ v3,K+3)

r(r + 1)

2
(mod r)

≡ u12

(
r(r +K)

2K
+ (K − 1)

r(r −K)

2n
+ a2

r

K

K−1∑

t=1

t

)
+ (v34 + v35 + ...+ v3,K+3)

r(r + 1)

2
(mod r)

≡ u12
r(r + 1)

2
+ (v34 + v35 + ...+ v3,K+3)

r(r + 1)

2
(mod r)

≡ (v34 + v35 + ...+ v3,K+3)
r(r + 1)

2
(mod r) ≡ 0 (mod r).

The last congruence follows by [6, the proof of Theorem 7.8]. Hence

(
m−12 m1 − n−12 n1

) r(r − 1)(r − 2)

3
≡ 0 (mod r).

We now wish to compute the last part of the invariant which is m1 ≡ n1 (mod K) i.e.
a1 = a′1. For h = st + 1, ..., K − 1 let ph ∈ Z be such that 0 < m2a1h − 1 + Kph < K.
First we need to expand the following sum:

K−1∑

h=st+1

r−2∑

l=1

l≡m2a1h−1 (mod K)

l =
K−1∑

h=st+1

r−K
K∑

k=0

(m2a1h− 1 +Kph +Kk) =
K−1∑

h=st+1

(
r

K
(m2a1h− 1) + rph +

r(r −K)

2K

)

≡ r

K
m2a1

(
K(K − 1)

2
+
a2t(1− a2t)

2

)
+

r

K
(a2t−K) + (K − a2t)

r(r −K)

2K
(mod r).

We will now find an expression for (x′0−x′t)− (x0−xt) and then consider the expressions
for t = 1 and t = K − 1. From the above we have

(x′0 − x′t)− (x0 − xt) ≡
K−1∑

h=st+1

r−2∑

l=1

l≡m2a′1h−1 (mod K)

l −
K−1∑

h=st+1

r−2∑

l=1

l≡m2a1h−1 (mod K)

l +
r

K
(a1 − a′1)t (mod r)

≡ r

K

(
K(K − 1)

2
− a2t(a2t− 1)

2

)
m2(a

′
1 − a1) +

r

K
(a1 − a′1)t (mod r).

On the other hand by (4.1) we have

(x′0 − x′t)− (x0 − xt) ≡ u12(y0 − yt) + (v34 − v3,t+4)
r(r + 1)

2
(mod r)

≡ −u12a2t
r

K
(mod r),

which follows since v34 = −u23
K

. Indeed, we have y′0 = y0 and

r(r −K)

2K
+ a′2t

r

K
= y′t = rv3,t+4 + yt + u23

r

K
= rv3,t+4 +

r(r −K)

2K
+ a2t

r

K
+ u23

r

K

hence rv3,t+4 + u23
r
K

= (a′2 − a2)t rK = 0 and v3,t+4 = −u23
K

.
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Combining the two expressions for (x′0 − x′t)− (x0 − xt) we get

r

K

(
K(K − 1)

2
− a2t(a2t− 1)

2

)
m2(a

′
1 − a1) +

r

K
(a1 − a′1)t+ u12a2t

r

K
≡ 0 (mod r).

Note that

r

K

(
K(K − 1)

2

)
m2(a1 − a′1) = r

(
K − 1

2

)
m2(a1 − a′1) ≡ 0 mod r,

since if K is even then 2 divides a1 − a′1 and if K is odd 2 divides K − 1. Thus we have
(
r

K

a2t(a2t− 1)

2
m2 + t

)
(a1 − a′1) + u12a2t

r

K
≡ 0 (mod r). (4.2)

By taking the sum of the expressions in (4.2) where we choose t = 1 and t = K − 1, we
arrive at

r

K
a22m2(a1 − a′1) ≡ 0 (mod r).

Then r
K
a22m2(a1 − a′1) = rk for some k ∈ Z hence K divides a22m2(a1 − a′1). Since a2 and

m2 are both relatively prime to K, we conclude that a1 = a′1.
For the other direction we will make use of [6, Proposition 2.14] a number of times. As-

sume mi ≡ ni (mod K), i = 1, 2 and
(
m−12 m1 − n−12 n1

) r(r−1)(r−2)
3

(mod r) ≡ 0 (mod r),
then the entries, yt, in the second row of the adjacency matrices are identical, and, it
suffices to show for each t,

x′t − xt ≡
(
m−12 m1 − n−12 n1

) r(r − 1)(r − 2)

3K
+

r−2∑

l=1

l
r

K
(k′l − kl) (mod r)

is an integer multiple of r
K

. For the second term this is obvious. Additionally, it is obvious
that this is also true for the first term, whenever r is not a multiple of 3. If 3|r, then one
finds that 3|m−12 m1 − n−12 n1, and the claim follows.

The adjacency matrices of each set of weights will then be identical after adding the
third row to the first, and the first column to the t’th column in each an appropriate
number of times.

(3). Proceeding as in part (1), we consider C∗-algebras coming from the weights m =
(m0,m1,m2,m3) and n = (n0, n1, n2, n3) that are isomorphic. We denote by x and x′

the elements coming from the top-right corner of the adjacency matrix as written in
Lemma 3.8 corresponding to m and n respectively. In a similar manner, it follows from
[6, Theorem 7.1], and a computation that

a′1r

K
≡ a1r

K
(mod r),

from which it follows that m1 ≡ n1 (mod K). Moreover, we obtain from the adjacency
matrices that

x′−x ≡
(
n−12 n1 −m−12 m1

) r(2r −K)(r −K)

6K2
+
(
n−11 −m−11

) r(r −K)(K − 1)

4K
(mod r),
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and using [6, Theorem 7.1], we obtain k0, k1 ∈ Z such that

x′ − x ≡ r(r +K)

2K
k0 +

r

K
k1 (mod r).

Consequently,
(
n−12 n1 −m−12 m1

)
r(2r−K)(r−K)

6K2 +
(
n−11 −m−11

)
r(r−K)(K−1)

4K
≡ r(r+K)

2K
k0 + r

K
k1 (mod r).

Multiplying both sides by 2K yields

(
n−12 n1 −m−12 m1

) r(2r −K)(r −K)

3K
+
(
n−11 −m−11

) r(r −K)(K − 1)

2
≡ 0 (mod r).

Now, it is easy to check that the second term is always congruent to zero (mod r), so we
conclude that

(
n−12 n1 −m−12 m1

) r(2r −K)(r −K)

3K
≡ 0 (mod r).

Conversely, assuming that

(
n−12 n1 −m−12 m1

) r(2r −K)(r −K)

3K
= t · r, (4.3)

we may argue as in the previous part, by showing that x− x′ is an integer multiple of r
K

.
It follows by a computation that

x− x′ = r

K

(
2t+ (m−11 − n−11 )(r −K)(K − 1)

4

)
.

Since (m−11 − n−11 )(r −K)(K − 1) is necessarily divisible by 4 (recall that the only valid
cases are the ones where r and K are both odd or both even, or r is even and K is odd,
and that m−11 and n−11 are both odd if r is even), it suffices to show that t is even. If r
and K are both odd, or both even, then this follows immediately by inspecting (4.3). If
r is even and K is odd, it follows that n2 and m2 are odd, and we may again conclude
that t is even.

It remains to be shown that
(
n−12 n1 −m−12 m1

)
r(2r−K)(r−K)

3K
≡ 0 (mod r) if and only if(

n−12 n1 −m−12 m1

) r(r−1)(r−2)
3

≡ 0 (mod r). It is routine to show that if 3 does not divide r,
then 3 divides either 2r−K or r−K. Consequently, if 3 does not divide r, then the claim

is trivial. If
(
n−12 n1 −m−12 m1

) r(r−1)(r−2)
3

≡ 0 (mod r) and 3|r, then 3|
(
n−12 n1 −m−12 m1

)

and one direction follows. The converse follows, remarking that 3|
(
n−12 n1 −m−12 m1

)
if(

n−12 n1 −m−12 m1

)
r(2r−K)(r−K)

3K
≡ 0 (mod r).

The proof of (2) is identical to that of (3) remarking that the adjacency matrix cor-
responding to the system of weights m := (m0,m1,m2,m3) with gcd(m1, r) = K and
gcd(mi, r) = 1 if i 6= 2 is the anti-transpose of the adjacency matrix corresponding to the
system m′ := (m0,m2,m1,m3). By [9, Definition 1.7], the adjacency matrices are related
by the identity

AL7
q(r;m) = JATL7

q(r;m
′)J,

where J is the involutory matrix whose entries are 1 on the second diagonal and 0 else-
where. �



20 THOMAS GOTFREDSEN AND SOPHIE EMMA MIKKELSEN

Remark 4.1. In this paper we have only dealt with the case there a single weight is
coprime to the order of the acting group, r. There is however no clear reason why a similar
result should be unobtainable in a more general setting. In particular, if we consider a
list of weights (m0,m1,m2,m3), then the methods for computing the adjacency matrices
of the corresponding graph, could very likely be identical or similar, albeit more tedious,
to the ones used above if at least one of m1 or m2 is coprime to r. If both weights are
coprime, it is likely that an entirely different approach to counting is necessary since all
methods employed so far have required one of them to be a unit of Zr.
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[4] T. Brzeziński and W. Szymański, The C∗-algebras of quantum lens and weighted projective spaces,

J. Noncommut. Geom. 12 (2018), no. 1, 195-215.
[5] F. D’Andrea and G. Landi, Quantum weighted projective and lens spaces, Comm. Math. Phys. 340

(2015), no. 1, 325–353.
[6] S. Eilers, G. Restorff, E. Ruiz and A.P. Sørensen, Geometric classification of graph C∗-algebras over

finite graphs,Canad. J. Math. 70 (2018), no. 2, 294–353.
[7] S. Eilers, G. Restorff, E. Ruiz and A.P. Sørensen, The complete classification of unital graph C∗-

algebras: Geometric and strong, arXiv:1611.07120v1.
[8] N.J. Fowler, M. Laca and I. Raeburn, The C∗-algebras of infinite graphs, Proc. Amer. Math. Soc.

128 (2000), no. 8, 2319–2327.
[9] V. Golyshev and J. Steinstra, Fuchsian Equations of type DN,Commun. Number Theory Phys. 1

(2007), 323–346.
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Appendix B

Program - Vector space basis for the quantum

symplectic sphere

#Sophie Emma Mikkelsen

#Department of Mathematics and Computer Science ,

#University of Southern Denmark ,

#Campusvej 55, 5230 Odense M, Denmark

#mikkelsen@imada.sdu.dk

#We import the library sympy to be able to work with symbols

from sympy import *

q=symbols(’q’)

import time

start_time = time.time()

#To run the program for O(S_q^{4n-1}) one have to change the number 3

below to n+1.

#Below the generators of O(S_q^{4n -1}) are collected into a set

denoted X and afterwards made into

a list.

#The generators are denoted xi,yi for i=1,...n

#The adjoint of xi and yi are denoted axi and ayi respectively.

X=var(’x(1:3) ax(1:3) y(1:3) ay(1:3)’ , commutative=False)

list=list(X)

#Change n below to the one according to the algebra O(S_q^{4n -1}) you

wish to investigate.

n=2

#Now the program is ready to be executed for the indicated n.

#We divide "list" into smaller pieces which containes the generators

xi , axi , yi , ayi respectively.

xlist=list[:n]

axlist=list[n:2*n]

ylist=list[2*n:3*n]

aylist=list[3*n:4*n]

#An empty list is made which will be filled with all the commutation

relations below.

relations=[]
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#A commutation relation is added to the list "relations" as a list

itself , which contains two

elements.

#The first is the one on the left hand side of the relation and the

second the one on the right hand

side.

#The relations are computed in the order corresponding to the numbers

N_1 ,N_2 ,N_(3,i), N_4 ,N_5 and N_6.

########################################

#Inverted pairs containing an xi or yi and an axi or ayi. This

corresponds to the number N_1.

for i in range(1,n+1):

summ=0

for k in range(0, i-1):

summ=summ+axlist[k]*xlist[k]

relations.append([xlist[i-1]*axlist[i-1],axlist[i-1]*xlist[i-1]+(

1-q** (2))*summ])

summ1=0

for k in range(0, n):

summ1=summ1+axlist[k]*xlist[k]

for i in range(1,n+1):

summ2=0

for k in range(i, n):

summ2=summ2+aylist[k]*ylist[k]

relations.append([ylist[i-1]*aylist[i-1],aylist[i-1]*ylist[i-1]+(

1-q** (2))*(q ** (2*(n+1-i))*

axlist[i-1]*xlist[i-1]+summ1+

summ2)])

for i in range(0,n):

relations.append([xlist[i]*aylist[i],q **(2)*aylist[i]*xlist[i]])

relations.append([ylist[i]*axlist[i],q **(2)*axlist[i]*ylist[i]])

for i in range(0,n):

for j in range(0,n):

if i is not j:

relations.append([xlist[i]*axlist[j],q*axlist[j]*xlist[i]

])

for i in range(0,n):

for j in range(0,n):

if i is not j:

relations.append([ylist[i]*aylist[j],q*aylist[j]*ylist[i]

-(q **(2)-1)*q **(2*n+2-

(i+1)-(j+1))*axlist[i]

*xlist[j]])

for i in range(0,n):

for j in range (0,n):
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if i<j:

relations.append([xlist[i]*aylist[j],q*aylist[j]*xlist[i]

])

for i in range(0,n):

for j in range (0,n):

if i<j:

relations.append([ylist[j]*axlist[i],q*axlist[i]*ylist[j]

])

for i in range (0,n):

for j in range (0,n):

if i>j:

relations.append([xlist[i]*aylist[j],q*aylist[j]*xlist[i]

+(q **(2)-1)*q **(i-j)*

aylist[i]*xlist[j]])

for i in range (0,n):

for j in range (0,n):

if i>j:

relations.append([ylist[j]*axlist[i],q*axlist[i]*ylist[j]

+(q **(2)-1)*q **(i-j)*

axlist[j]*ylist[i]])

#The sphere relation. This corresponds to the number N_2.

summ3=0

for k in range(0, n-1):

summ3=summ3+axlist[k]*xlist[k]

summ4=0

for k in range(0, n):

summ4=summ4+aylist[k]*ylist[k]

relations.append([axlist[n-1]*xlist[n-1],1-summ3-summ4])

#Number of inverted pairs xi,yi and the number of inverted pairs axi ,

ayi. This corresponds to the

number N_(3,i).

for i in range(1,n+1):

summ=0

for k in range(0, n-(i-1)-1):

summ=summ+(q **(n-(i-1)-1-k)*xlist[k]*ylist[k])

relations.append([ylist[n-(i-1)-1]*xlist[n-(i-1)-1],q **(2)*xlist[

n-(i-1)-1]*ylist[n-(i-1)-1]+(q

**(2)-1)*summ])

for i in range(1,n+1):

summ=0

for k in range(0, n-(i-1)-1):

summ=summ+(q **(n-(i-1)-1-k)*aylist[k]*axlist[k])

relations.append([axlist[n-(i-1)-1]*aylist[n-(i-1)-1],q **(2)*

aylist[n-(i-1)-1]*axlist[n-(i-

1)-1]+(q** (2)-1)*summ])
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#Inverted pairs involving xi,yi or axi , ayj , i not j. This

corresponds to the number N_4.

for i in range(0,n):

for j in range(0,n):

if i is not j:

relations.append([ylist[j]*xlist[i],q*xlist[i]*ylist[j]])

relations.append([axlist[j]*aylist[i],q*aylist[i]*axlist[

j]])

#Inverted pairs involving yi, ayj and inverted pars involving xi, axj

where i and j are different. This

corresponds to the number N_5 and

N_6.

for j in range(0,n):

for i in range(0,n):

if 0<=i<j:

relations.append([xlist[i]*xlist[j],q **(-1)*xlist[j]*

xlist[i]])

relations.append([ylist[i]*ylist[j],q*ylist[j]*ylist[i]])

for i in range(0,n):

for j in range(0,n):

if 0<=j<i:

relations.append([axlist[i]*axlist[j],q **(-1)*axlist[j]*

axlist[i]])

relations.append([aylist[i]*aylist[j],q*aylist[j]*aylist[

i]])

########################################

# reduce_algebra(expr) takes as an input a monomial. For every

element [a,b] in the list "

relation" it checks whether it

contains an a and then replace it

by b.

#This is done using "expr.subs()".

def reduce_algebra(expr):

old_expr = None

while old_expr is None or not expr.equals(old_expr):

old_expr = expr

for x in relations:

expr = expr.subs(x[0], x[1]).expand ()

return expr

#the_same(k,l,m) takes tree elements k,l,m in the set {xi,axi ,yi,ayi|

i=1,...n}. Then it reduces the

monomial kl and lm.

#In the end it checks whether the two reduced expressions are the

same.

def the_same(k,l,m):
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dexpr1=k*l

for x in relations:

dexpr1 = dexpr1.subs(x[0], x[1]).expand ()

dexpr2=l*m

for x in relations:

dexpr2= dexpr2.subs(x[0], x[1]).expand ()

expr1 = expand(dexpr1*m)

expr2 = expand(k*dexpr2)

reduce_expr1=reduce_algebra(expr1)

reduce_expr2=reduce_algebra(expr2)

return reduce_expr1==reduce_expr2

#We now list the generators in the correct order in according to the

basis in the Conjecture

#ie. ay1 ,ay2 ,...,ayn ,ax1 ,ax2 ,...,axn ,xn ,...,x2,x1,yn ,...,y2,y1. The

list is denoted "g".

g=[*aylist , *axlist]

for i in range(0,n):

g.append(xlist[n-1-i])

for i in range(0,n):

g.append(ylist[n-1-i])

#We print the list g

print(g)

#At once we determine the ambiguites and use the function the_same ()

to determine if the ambiguites are

resolvable.

#For every ambiguity the result True or False is included in the list

"s".

#The list m includes the numbers from 0 to the number of elements in

g minus 1.

#This makes it possible to subtract the elements from the list "g"

depending on where they are places

in "g".

m=[]

for i in range(0,len(g)):

m.append(i)

s=[]

for i in m:

for j in m:

for k in m:

if 0<j<i:

if 0<=k<j:

s.append(the_same(g[i],g[j],g[k]))

#The following prints the ambiguity.

#If the program runs for a large n this could be

omitted.

print (g[i],g[j],g[k])
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#Below all the ambiguities involving an axn*xn is determined and we

check whether they are resolvable.

z=int(len(g)/2)

for i in range(0,z):

s.append(the_same(axlist[n-1],xlist[n-1],g[i]))

#The following prints the ambiguity.

#If the program runs for a large n this could be omitted.

print(axlist[n-1],xlist[n-1],g[i])

for i in range(z, len(g)):

s.append(the_same(g[i],axlist[n-1],xlist[n-1]))

#The following prints the ambiguity.

#If the program runs for a large n this could be omitted.

print(g[i],axlist[n-1],xlist[n-1])

#We print the number of ambiguities.

print(len(s))

#We now check if any of the ambiguities are not resolvable.

if False in s:

print(False)

else:

print(True)

#If the program respond True in the end , then there is no False in

the list "s", hence all the

ambiguities are resolvable.

#Running time:

print("--- %s seconds ---" % (time.time() - start_time))
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outer automorphism group of the Cuntz algebra, Proc. Royal Soc. Edinburgh
145 (2015), 269-279.

[CK80] J. Cuntz and W. Krieger, A class of C∗ -algebras and topological Markov
chains, Invent. Math. 56 (1980), 251-268.

[Co94] A. Connes, Noncommutative Geometry, Academic Press, San Diego, CA,
(1994), ISBN: 0-12-185860-X.

[Cr08] T. Crisp, Corners of graph algebras, J. Operator Theory 60 (2008), 253–271.

140



Bibliography

[CS86] J. Cuntz and G. Skandalis, Mapping cones and exact sequences in KK-theory,
J. Operator Theory 15 (1986), 163–180.

[Cu77] J. Cuntz, Simple C∗ -algebras generated by isometries, Comm. Math. Phys.
57 (1977), 173-185.

[Cu80] J. Cuntz, Automorphisms of certain simple C∗-algebras, Quantum fields-
algebras-processes, Springer, (1980), 187–196.

[Cu87] J. Cuntz, A new look at KK-theory, K-Theory 1 (1987), 31–51.

[CQ95] J. Cuntz and D. Quillen, Algebra extensions and nonsingularity, J. Amer.
Math. Soc. 8 (1995), 251–289.

[DGH01] L. Da̧browski, H. Grosse and P.M. Hajac, Strong connections and Chern-
Connes pairing in the Hopf-Galois theory, Comm. Math. Phys. 220, (2001),
301–331.

[DHS03] K. Deicke, J. H. Hong and W. Szymański, Stable rank of graph algebras. Type
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SPLIT EXTENSIONS AND KK-EQUIVALENCES FOR QUANTUM PROJECTIVE

SPACES

FRANCESCA ARICI, SOPHIE EMMA MIKKELSEN

Abstract. We study the noncommutative topology of the C∗-algebras C(CPn
q ) of the quantum pro-

jective spaces within the framework of Kasparov’s bivariant K-theory. In particular, we construct an
explicit KK-equivalence with the commutative algebra Cn+1. Our construction relies on showing that

the extension of C∗-algebras relating two quantum projective spaces of successive dimensions admits a

splitting, which we can describe explicitly using graph algebra techniques.

1. Introduction

Gelfand duality, which lies at the base of noncommutative geometry, establishes an equivalence of
categories between commutative C∗-algebras and locally compact Hausdorff spaces. For this reason,
when studying general noncommutative C∗-algebras, even though there is no longer an underlying space,
one often thinks of them as algebras of continuous functions on a non-existing virtual space.

This approach is particularly effective when working with so-called quantum deformations of spaces:
many classical topological spaces have a q-deformed analogues, obtained from quantum groups and their
homogeneous spaces.

The C∗-algebra of the quantum (2n + 1)-sphere by Vaksman and Soibelman [22], denoted C(S2n+1
q ),

is perhaps one of the most studied noncommutative spaces within this class. It is constructed as a
quantum homogeneous space for the special unitary group, and can also be proven to be isomorphic to a
universal C∗-algebra in (n + 1) generators subject to a set of commutation relations. In those relations,
a parameter q ∈ (0,1) plays a central role, making the resulting C∗-algebra noncommutative. When
writing C(S2n+1

q ) for the C∗-algebra of the quantum sphere, one often thinks of S2n+1
q as a virtual space.

If one lets the parameter q = 1, then the C∗-algebra C(S2n+1
1 ) is commutative and isomorphic to the

C∗-algebra C(S2n+1) of continuous functions on the (2n + 1)-sphere.
Like their classical counterparts, the odd quantum spheres are endowed with a canonical U(1)-action,

allowing one to define, in total analogy with the commutative setting, the quantum complex projective
space C(CPnq ) as the fixed point algebra for that action. In [13], Hong and Szymański showed that both

C(S2n+1
q ) and C(CPnq ) are graph C∗-algebras. Through the graph-algebraic picture, one can obtain

useful information about the structure of those C∗-algebra, including topological invariants, by only
considering properties of the underlying graph. In particular, using graph C∗-algebra techniques, the
K-theory groups of C(CPnq ) can be found to agree with the ones of their classical counterparts:

K0(C(CPnq )) ≅ Zn+1, K1(C(CPnq )) ≅ {0}.
In [13], the authors show that for n ≥ 1, the algebras of two projective spaces of successive dimension

fit into an extension of C∗-algebras of the from

0 // K // C(CPnq ) // C(CPn−1
q ) // 0 , (1)

with the convention that C(CPn−1
q ) ≃ C. It is worth stressing that the exact sequence for n = 1,

0 // K // C(CP 1
q ) // C // 0 , (2)

is known to split, which implies that the algebra C(CP 1
q ) is isomorphic to the minimal unitisation of

the compacts. Note also that one can also compute the K-theory groups of quantum projective spaces
inductively, using the above exact sequence (1).

Date: August 25, 2021.
2020 Mathematics Subject Classification. 19K35, 46L85, 46L65, 58B34.

Key words and phrases. Quantum projective space, KK-theory, KK-equivalence, Graph algebras.
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In the present work, we bring the analysis of the topological invariants of quantum projective spaces
further and study these algebras within the framework of Kasparov’s bivariant K-theory [17]. In partic-
ular, we construct an explicit KK-equivalence between the algebras C(CPnq ) and Cn+1.

Since the two C∗-algebras have the same K-theory, such a KK-equivalence follows provided C(CPnq ) is
contained in the class of C∗-algebras that satisfy the Universal Coefficient Theorem (UCT) of Rosenberg
and Schochet. Indeed, by [20, Corollary 7.5] (see also, [5, Corollary 23.10.2]), two C∗-algebras in the
UCT class are KK-equivalent if and only if they have isomorphic K-theory groups.

To see that the algebra C(CPnq ) is in the UCT class, one observes that the UCT class is closed under
extensions and contains the algebra of compact operators and the complex numbers. Hence, one can
first conclude that C(CP 1

q ) is in the UCT class, and by induction this yields that C(CPnq ) is in the UCT
class for any n, by virtue of the exact sequences (1).

Our strategy for obtaining an explicit KK-equivalence between C(CPnq ) and Cn+1 consists of proving
that (1) splits. For any split exact sequence one obtains a KK-class implementing the desired KK-
equivalence through the so-called splitting homomorphism (see, for instance, [5, Exercise 19.9.1]).

The existence of a splitting is, once more, a direct consequence of the Universal Coefficient Theorem
[20]. Knowing that a splitting exists is however not enough for practical applications, and, in general,
constructing such a splitting explicitly is a non-trivial task. When considering C(CPnq ) as a graph
C∗-algebra, the structure of the graph makes it easier to unravel the form of such a splitting. To our
knowledge, such a splitting has not been described in the literature before.

The structure of the paper is as follows: In Section 2 we recall definitions and results on graph C∗-
algebras, focusing on K-theory and ideal structure, which we then specialise to quantum projective spaces
in Section 3. Section 4 contains the construction of a splitting for the extension (1). We then recall how
one obtains explicit KK-equivalences from split extensions in Section 5, and then proceed to the proof
of our KK-equivalence result in Section 6. Finally, in Section 7 we relate the classes in KK(C,C(CPnq ))
obtained from the splitting to classes of projections in C(CPnq ) which generate K0(C(CPnq )).
Acknowledgements. We would like to thank our colleagues Bram Mesland and Wojciech Szymański
for inspiring conversations on KK-theory and on graph C∗-algebras. This work is part of the research
programme VENI with project number 016.192.237, which is (partly) financed by the Dutch Research
Council (NWO). The second author was supported by the DFF-Research Project 2 on ‘Automorphisms
and invariants of operator algebras’, Nr. 7014–00145B.

2. Preliminaries on graph algebras

2.1. Graph C∗-algebras. We start out by recalling the definition of the C∗-algebra associated to a
directed graph [11], together with results about its K-theory and ideal structure.

A directed graph E = (E0,E1, r, s) consists of a countable set E0 of vertices, a countable set E1 of
edges and two maps r, s ∶ E1 → E0 called the range map and the source map respectively. For an edge
e ∈ E1 from v to w we have s(e) = v and r(e) = w. A path α in a graph is a finite sequence α = e1e2⋯en
of edges satisfying r(ei) = s(ei+1) for i = 1, ..., n − 1.

A vertex v ∈ E0 is called regular if the set s−1(v) ∶= {e ∈ E1∣ s(e) = v} is finite and nonempty. A vertex
v is called a sink if it emits no edges i.e. s−1(v) is empty. A graph E is row-finite if every vertex in E0

is either regular or a sink.

Definition 2.1. Let E = (E0,E1, r, s) be a directed graph. The graph C∗-algebra C∗(E) is the universal
C∗-algebra generated by families of projections {Pv ∣ v ∈ E0} and partial isometries {Se∣ e ∈ E1} satisfying,
for all v,w ∈ E0 and e, f ∈ E1, the relations

(i) PvPw = 0, for v ≠ w;
(ii) S∗eSf = 0, for e ≠ f ;
(iii) S∗eSe = Pr(e);
(iv) SeS

∗
e ≤ Ps(e);

(v) Pv = ∑
s(e)=vSeS

∗
e , for every v ∈ E0 regular.

The conditions (iii)-(v) are known as the Cuntz–Krieger relations.

By universality, we can define a circle action on C∗(E), called the gauge action γ ∶ T→ Aut(C∗(E)),
for which

γz(Pv) = Pv and γz(Se) = zSe
for all v ∈ E0, e ∈ E1 and z ∈ T.
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2.1.1. K-theory. The K-theory of graph C∗-algebras has over the time been been described under various
assumptions on the graph: first for Cuntz–Krieger algebras in [18], then in the case of row-finite graphs
[19]. We present here the description of the K-theory groups for a general graph E from [10].

Let VE ⊆ E0 denote the collection of all the regular vertices. Let ZVE and ZE0 be the free abelian
groups on free generators VE and E0, respectively. We define a map KE ∶ ZVE → ZE0 as follows

KE(v) = ⎛⎝ ∑
e∈E1∶ s(e)=v r(e)

⎞⎠ − v. (3)

Then [10, Theorem 3.1] (see also [21, Proposition 2]) yields

K0(C∗(E)) ≅ coker(KE), K1(C∗(E)) ≅ ker(KE). (4)

If E is a row finite graph with no sinks, the above corresponds to taking the cokernel and the kernel of
ATE − 1, where AE is the adjacency matrix of the graph, see [19, Theorem 3.2].

2.1.2. Gauge-invariant ideals. The ideal structure of a graph C∗-algebra can also be read off from the
underlying graph. We will now describe the gauge-invariant ideals of C∗(E) which arise from hereditary
and saturated subsets. A subset H ⊆ E0 is called hereditary and saturated if the following two conditions
are satisfied, respectively:

(1) If v ∈H and w ∈ E0 is such that there exists a path from v to w then w ∈H.
(2) If w ∈ E0 with 0 < ∣s−1(w)∣ <∞ and for each e ∈ E1, for which s(e) = w, we have r(e) ∈ H, then

w ∈H.

It was shown in [4] that gauge-invariant ideals of the C∗-algebra correspond to hereditary and saturated
subsets of the vertex set. Let ΣE denote the collection of all hereditary and saturated subset H ⊆ E0. For
any H ∈ ΣE we obtain a gauge-invariant ideal: the ideal generated by {Pv ∣ v ∈H}. We denote this ideal
by IH . Given a row-finite graph E, [4, Theorem 4.1] establishes a one-to-one correspondence between
ΣE and the gauge-invariant ideals of C∗(E). The correspondence is given by the following maps:

H z→ IH , J z→ {v ∈ E0∣ Pv ∈ J},
for H ∈ ΣE and J a gauge-invariant ideal. A word of caution is needed here: if some of the vertices
in the graph emit infinitely many edges, not every gauge-invariant ideal need to take the form IH for a
H ∈ ΣE . This phenomenon is thoroughly described in [3, Theorem 3.6], where the authors also provide
a complete description of all gauge-invariant ideals of an infinite graph.

Moreover, if E is row-finite and H ∈ ΣE , then the quotient C∗-algebra C∗(E)/IH is a graph algebra,
isomorphic to C∗(F ), where F is the directed graph defined by setting

F 0 = E0 ∖H, F 1 ∶= {e ∈ E1∣ r(e) ∉H},
and with range and source maps obtained from the ones from the graph E [4, Theorem 4.1].

For graph C∗-algebras that are not row-finite, like the quantum complex projective spaces, one needs
the more advanced description of the quotient C∗(E)/IH as a graph C∗-algebra from [3]. Let H ∈ ΣE
and define

Hfin∞ ∶= {v ∈ E0 ∖H ∶ ∣s−1(v)∣ =∞ and 0 < ∣s−1(v) ∩ r−1(E0 ∖H)∣ <∞} .
Let E/H be the directed graph for which

(E/H)0 = (E0 ∖H) ∪ {β(v)∣ v ∈Hfin∞ },
(E/H)1 = r−1(E0 ∖H) ∪ {β(e)∣ e ∈ E1, r(e) ∈Hfin∞ },

where the symbols β(v) and β(e) denote the vertices and edges which have been added to the graph F
from before. Note that all β(v) will be sinks. The range and the source maps are extended from E by
setting s(β(e)) = s(e) and r(β(e)) = β(r(e)). If E is row-finite, then Hfin∞ = ∅, and we get F = E/H, as
above. By [3, Corollary 3.5] we have that C∗(E)/IH is isomorphic to C∗(E/H).

This has the important consequence that for any H ∈ ΣE , one gets a short exact sequence of C∗-
algebras:

0 // IH // C∗(E) // C∗(E/H) // 0.

As we will describe in the next Section, exactness of the sequence (1) follows from considerations of this
kind.
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3. Quantum complex projective spaces

We will now introduce our main object of study, namely the C∗-algebras of quantum projective spaces,
and describe their K-theory and ideal structure.

For q ∈ (0,1), the quantum (2n + 1)-sphere C(S2n+1
q ) of Vaksman and Soibelman [22] is defined as

universal C∗-algebra generated by z0, z1, ..., zn subject to the following relations:

zizj = q−1zjzi, for i < j, ziz
∗
j = qz∗j zi, for i ≠ j,

z∗i zi = ziz∗i + (1 − q2) n∑
j=i+1

zjz
∗
j , for i = 0, . . . , n,

n∑
j=0

zjz
∗
j = 1.

(5)

The complex projective space C(CPnq ) is obtained as the fixed point algebra under the circle action on

C(S2n+1
q ) given on generators by zi ↦ wzi,w ∈ U(1), and extended by universality. The fixed point

algebra is generated by elements pij ∶= z∗i zj for i, j = 0,1, . . . , n, which satisfy commutation relations that
can be obtained from those of the quantum sphere C(S2n+1

q ):
pijpkl = qsign(k−i)+sign(j−l) pklpij if i ≠ l and j ≠ k ,N (6)

pijpjk = qsign(j−i)+sign(j−k)+1 pjkpij − (1 − q2)∑l>j pilplk if i ≠ k ,N (7)

pijpji = q2sign(j−i)pjipij + (1 − q2) (∑l>i q2sign(j−i)pjlplj −∑l>j pilpli) if i ≠ j , (8)

with sign(0) ∶= 0. The elements pij are the matrix entries of an (n + 1) × (n + 1) projection P = (pij),
and satifsy ∑nj=0 pijpjk = pik and p∗ij = pji.
3.1. Quantum sphere and complex projective spaces as graph C∗-algebras. In this subsection,
we will recall the main results from [13] and describe how odd quantum spheres and projective spaces
can be studied within the framework of graph C∗-algebras. Let L2n+1 be the directed graph with n + 1
vertices, denoted {v1, v2, ..., vn+1}, and edges

n+1⋃
i=1

{eij ∣ j = i, ..., n + 1}.
The source and the range maps are given by

s(eij) = vi, r(eij) = vj .
As an example, if n = 2, the graph L5 will be as follows.

L5

v1 v2 v3e12 e23

e13

e11 e22 e33

By [13, Theorem 4.4], C(S2n+1
q ) is isomorphic to the graph C∗-algebra C∗(L2n+1).

Under the isomorphism of C(S2n+1
q ) and C∗(L2n+1), the U(1)-action on C(S2n+1

q ) defining C(CPnq )
becomes

Seij ↦ wSeij Pvi ↦ Pvi , w ∈ U(1),
which is precisely the gauge action, γ, on the graph C∗-algebra C∗(L2n+1).

In order to realise C(CPnq ) as a graph C∗-algebra, consider the directed graph Fn with vertices{w1, ...,wn+1} and infinitely many edges from wi to wj if i < j for i, j = 1, ..., n + 1.
4



Fn
w1 w2 wn wn+1

(∞) fm12
(∞) fmn(n+1)

(∞) fm1n (∞) fm2(n+1)

(∞)
fm1(n+1)

Figure 1. The graph Fn such that C(CPnq ) ≅ C∗(Fn). The symbol (∞) indicates that
there are infinitely many edges between the vertices.

Then, as stated in [13], we have

C(CPnq ) ≅ C∗(L2n+1)γ ≅ C∗(Fn).
The proof essentially relies on considering all the paths α and β in the graph L2n+1 such that SαS

∗
β is

invariant under the gauge action γ.

3.1.1. Representations of C(S2n+1
q ) and C(CPnq ). A faithful representation of the Vaksman and Soibel-

man C(S2n+1
q ) is obtained in [22],

π ∶ C(S2n+1
q )→ B(l2(Nn))

given on the generators by:

π(z0)ξ(k1, ..., kn) = √
1 − q2(k1+1)ξ(k1 + 1, ..., kn),

π(zj)ξ(k1, ..., kn) = qk1+⋯+kj√1 − q2(kj+1+1)ξ(k1, ..., kj , kj+1 + 1, kj+2, ..., kn),
π(zn)ξ(k1, ..., kn) = qk1+⋯+knξ(k1, ..., kn),

(9)

for j = 1, ..., n and k1, ..., kn ∈ N.

A faithful representation of the corresponding graph C∗-algebra C∗(L2n+1) is given in [14] by

ρ ∶ C∗(L2n+1)→ B(l2(Nn))
such that

ρ(Pvn+1)ξ(k1, ..., kn) = δk1,0⋯δkn,0ξ(k1, ..., kn),
ρ(Pvj)ξ(k1, ..., kn) = δk1,0⋯δkj ,0(1 − δkj+1,0)ξ(k1, ..., kn),

ρ(Sen+1,n+1)ξ(k1, ..., kn) = δk1,0⋯δkn,0ξ(k1, ..., kn),
ρ(Sej,n+1)ξ(k1, ..., kn) = δk1,0⋯δkn,0ξ(k1, ..., kj , kj+1 + 1, kj+2, ..., kn),
ρ(Si,j)ξ(k1, ..., kn) = δk1,0⋯δkj ,0(1 − δkj+1,0)ξ(k1, ..., ki, ki+1 + 1, ki+2, ..., kn),

(10)

for j = 1, ..., n, i = 1, ...j and k1, ..., kn ∈ N. Here δ is the Kronecker symbol.
We then obtain faithful representations of C(CPnq ) and C∗(Fn) by restricting the representations π

and ρ respectively. Later in Section 7, we will show how these two representation relate to each-other and
use this fact to construct a different basis of generators for the K-theory of quantum projective spaces.

3.2. Ideal structure and extensions. We will now exploit the description of the ideal structure of a
graph C∗-algebra in terms of hereditary and saturated subsets presented in Subsection 2.1.2, to obtain
the C∗-algebra extension (1).

In Fn, we consider the hereditary and saturated subset H ∶= {wn+1}. In this case Hfin∞ = ∅ since wn+1

is a sink. Then C∗(Fn)/IH ≅ C∗(Fn/{wn+1}) which is C∗(Fn−1). The ideal I{wn+1} is isomorphic to K.
Indeed, by [3, Lemma 3.2] we have

I{wn+1} = span{sαs∗β ∣ α,β ∈ E∗, r(α) = r(β) = wn+1}.
It can be shown that fα,β ∶= sαs∗β for α,β ∈ E∗, r(α) = r(β) = wn+1 forms a set of matrix units I{wn+1}.
Hence I{wn+1} ≅ K(l2({α ∈ E∗∣ r(α) = wn+1})).

We then obtain a short exact sequence:

0 // K
jn
// C(CPnq ) qn

// C(CPn−1
q ) // 0 . (11)
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In Section 4 we will prove that the exact sequence is split exact. This is a crucial step in our
construction of an explicit KK-equivalence between C(CPnq ) and Cn+1.

3.3. K-theory and K-homology of quantum projective spaces. As mentioned in the introduction,
the K-theory groups for the C∗-algebras of quantum projective spaces C(CPnq ) are given by

K0(C(CPnq )) ≅ Zn+1, K1(C(CPnq )) ≅ {0}.
This fact can be proved by viewing the C∗-algebra C(CPnq ) as the graph C∗-algebra C∗(Fn). Since

VFn = ∅, using (4) and (3), we obtain KFn ∶ {0}→ Zn+1 which has cokernel Zn+1 and the kernel is 0.
The dual result for the K-homology of quantum projective spaces is obtained similarly and leads to

K0(C(CPnq )) ≃ Zn+1, K1(C(CPnq )) ≃ {0}.
Remark 3.1. One should compare those results with their analogues in the commutative case, where
one also has a KK-equivalence between the algebras C(CPn) and Cn+1. Let CPn−1 and CPn denote the
complex projective space of Cn and Cn+1, respectively. Since CPn−1 is a closed subspace of the compact
topological space CPn, the corresponding C∗-algebras of continuous functions fit into an extension of
the form

0 // C0(Cn) // C(CPn) // C(CPn−1) // 0 , (12)

which induces a corresponding six-term exact sequence in K-theory generalising the relative K-theory
exact sequence in topological K-theory [16, Corollary II.3.23]. It follows that the K-groups of all C(CPn)
can be computed inductively, obtaining that they are equal to those of Cn+1. A crucial step in the
computation is the observation that by Bott periodicity Ki(C0(Cn)) ≃ Ki(C) for i = 0,1. Here again,
the KK-equivalence follows from the fact that all commutative C∗-algebras are in the UCT class.

As described in the introduction C(CPnq ) is in the UCT class and hence C(CPnq ) is KK-equivalent to

Cn+1. Remark 3.1 then implies that it is also KK-equivalent to its commutative counterpart C(CPn).
4. A splitting for the defining extension of quantum projective spaces

In this section, we construct a splitting of the exact sequence (11) from which we will obtain an explicit
KK-equivalence between C(CPnq ) and C(CPn−1

q )⊕K. By induction, and up to Morita equivalence, this

will allow us to obtain the desired KK-equivalence between C(CPnq ) and Cn+1.
As mentioned in the Introduction, the existence of such a splitting is a direct consequence of the

Universal Coefficient Theorem [20]. While this observation is certainly well-known to the experts, we
restate it here for the sake of completeness.

Lemma 4.1. Let A be a separable C∗-algebra in the UCT-class, with K0(A) free abelian and vanishing
K1(A). Let m ≥ 1 and denote by K the algebra of compact operators. Then any extension of A by K⊕m
splits.

Proof. Extensions of the form

0 // K⊕m // E // A // 0 ,

are classified by the Kasparov group KK1(A,K⊕m) ≃KK1(A,K)⊕m, which we can describe in terms of
the K-groups of A thanks to the UCT and the Morita equivalence between K and C.

Since K0(A) is a free abelian group, the group Ext1Z(K0(A),Z) vanishes, yielding

KK1(A,Km) ≃ HomZ(K1(A),Z)⊕m ⊕HomZ(K0(A),{0})⊕m ≃ {0},
by virtue of our assumption on K1(A). It follows that there are no non-trivial extension of the form
above, that is, all such extensions must necessarily split. �

As a consequence, all the defining extensions for quantum projective spaces split. This is also true
for a class of weighted projective spaces satisfying a suitable assumption on the weight vector, like those
studied in [7] and [1], but we shall postpone the treatment of that case to later work, as the question
regarding which graphs underlie such algebras has not been settled yet. It is worth noting that an explicit
KK-equivalence in the one-dimensional case, that is for quantum teardrops, can be found in [2].

We will now describe our splitting explicitly in the graph algebra picture. Since we have to consider
two complex projective spaces at once, we will denote vertices and edges of their graphs with different
letters. We label the vertices of Fn with w and the edges with f , like in Figure 1, while for the graph
Fn−1 we chose the label vi for i = 1, ..., n for the vertices and emij ,1 ≤ i ≤ j, j = 2, ..., n, and m ∈ N for the
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edges. Then C(CPn−1
q ) is isomorphic to the universal C∗-algebra C∗(Fn−1), generated by projections

Pvi , i = 1, ..., n and partial isometries Semij ,1 ≤ i ≤ j, j = 2, ..., n, and m ∈ N, subject to the relations

PviPvj = 0, i ≠ j, (13)

S∗emijSemkl
= 0, (i, j) ≠ (k, l), (14)

S∗em
ik
Sem

ik
= Pvk , k = 2, ..., n, i = 1, ..., k − 1, (15)

Sem
ki
S∗em

ki
≤ Pvk , k = 1, ..., n − 1, i = k + 1, ..., n. (16)

Similarly, C(CPnq ) is isomorphic to the universal C∗-algebra, C∗(Fn), generated by projections Pwi , i =
1, ..., n + 1 and partial isometries Sfm

ij
,1 ≤ i ≤ j, j = 2, ..., n + 1, m ∈ N subject to the relations

PwiPwj = 0, i ≠ j,
S∗fm

ij
Sfm

kl
= 0, (i, j) ≠ (k, l),

S∗fm
ik
Sfm

ik
= Pwk

, k = 2, ..., n + 1, i = 1, ..., k − 1,

Sfm
ki
S∗fm

ki
≤ Pwk

, k = 1, ..., n, i = k + 1, ..., n + 1.

Let us now look at the exact sequence in (11), which wen know to be split exact by virtue of Lemma 4.1.
In this setting, and following the convention described above, the quotient map qn is given by

Pwn+1 ↦ 0,

Pwi ↦ Pvi , i = 1, ..., n,

Sfm
i,n+1 ↦ 0, i = 1, ..., n,

Sfm
ij
↦ Semij ,1 ≤ i ≤ j, j = 2, ..., n.

Theorem 4.2. The map sn ∶ C(CPn−1
q )→ C(CPnq ) defined on generators by

Pvi ↦ Pwi , i = 1,2, ..., n − 1,

Pvn ↦ Pwn + Pwn+1 ,
Semij ↦ Sfm

ij
, j ≠ n,

Semi,n ↦ Sfm
i,n

+ Sfm
i,n+1 , i = 1, ..., n − 1

is a splitting for the short exact sequence in (11)

Proof. To prove that sn is a ∗-homomorphism we will show that its target elements satisfy the graph
algebra relations (13)-(16). It will then follow by universality that sn is a ∗-homomorphism.

First, we clearly have that Pvi are all mapped to mutually orthogonal projections, that the unit of
C∗(Fn−1) is mapped to the unit of C∗(Fn), and that relation (14) is satisfied. It is also clear that the
partial isometries Semij are all mapped to partial isometries in C∗(Fn) when j ≠ n. When j = n we have

that Sfm
i,n

+ Sfm
i,n+1 is indeed a partial isometry since

(Sfm
i,n

+ Sfm
i,n+1)(Sfm

i,n
+ Sfm

i,n+1)∗(Sfm
i,n

+ Sfm
i,n+1)= (Sfm

i,n
+ Sfm

i,n+1)(S∗fm
i,n
Sfm

i,n
+ S∗fm

i,n+1Sfm
i,n+1)= (Sfm

i,n
+ Sfm

i,n+1)(Pwn + Pwn+1)= (Sfm
i,n
Pwn + Sfm

i,n+1Pwn+1)(Pwn + Pwn+1)= (Sfm
i,n

+ Sfm
i,n+1).

Relation (15) is clearly satisfied for all Sfm
ij

with j ≠ n. For j = n we have

S∗eminSemin ↦ (Sfm
i,n

+ Sfm
i,n+1)∗(Sfm

i,n
+ Sfm

i,n+1) = Pwn + Pwn+1 ↤ Pvn

and relation (15) is then satisfied in this case.
Relation(16) is also clearly obtained for all Sfm

ij
with j ≠ n. For j = n we have

Pwi ↤ Pvi ≥ SeminS∗emin ↦ (Sfm
i,n

+ Sfm
i,n+1)(Sfm

i,n
+ Sfm

i,n+1)∗.
Hence we have to show

Bi ∶= (Sfm
i,n

+ Sfm
i,n+1)(Sfm

i,n
+ Sfm

i,n+1)∗ ≤ Pwi .

We have (Pwi −Bi)(Pwi −Bi) = Pwi − PwiBi −BiPwi +Bi
7



and

PwiBi = Pwi(Sfm
i,n
S∗fm

i,n
Sfm

i,n
+ Sfm

i,n+1S
∗
fm
i,n+1Sfm

i,n+1)(Sfm
i,n

+ Sfm
i,n+1)∗ = Bi

since Sfm
i,n
S∗fm

i,n
≤ Pwi and Sfm

i,n+1S
∗
fm
i,n+1 ≤ Pwi . Similar BiPwi = Bi. Then

(Pwi −Bi)(Pwi −Bi) = Pwi −Bi
hence Pwi −Bi ≥ 0 and we obtain Pwi ≥ Bi.

It follows from an easy computation that qn ○ sn is the identity on the generators of C∗(Fn−1) and
therefore qn ○ sn = idC∗(Fn−1). �

To summarise our result, for every n ≥ 1, we have a split exact sequence

0 // K
jn
// C(CPnq ) qn

// C(CPn−1
q ) //

snqq
0 . (17)

Remark 4.1. In the rest of this work, especially in Section 6, we will mostly be working with the graph
C∗-algebra picture. We choose to identify C(CPnq ) with C∗(Fn), and use the former notation.

5. KK-equivalences for split exact sequences

We will now recall how any split extension of C∗-algebras gives a KK-equivalence between the algebra
in the middle and the C∗-algebraic direct sum of the other two. This relies on the following result, which
in [5] is stated as an exercise.

Theorem 5.1 ([5, Exercise 19.9.1]). For any split exact sequence of graded separable C∗-algebras

0 // J
j // E q

// B //
suu

0

the element [j]⊕ [s] ∈KK(J ⊕B,E) is a KK-equivalence.

An explicit inverse to the class [j]⊕[s] ∈KK(J⊕B,E) is also provided in [5], through a construction
known as the splitting homomorphism. We will illustrate this result using Cuntz’s quasi-homomorphism
picture of KK-theory [8], in which all the involved C∗-algebras are assumed to be trivial graded and
σ-unital. Our main references are the article [12] and the monograph [15].

5.1. KKh-theory. For the sake of simplicity, we will further assume all C∗-algebras to be separable.

Definition 5.1 ([15, Def. 4.1.1.]). A KKh(A,B)-cycle is a pair (φ+, φ−) of ∗-homomorphisms from A
to M(K ⊗B), such that

φ+(a) − φ−(a) ∈ K ⊗B.
The set of KKh(A,B)-cycles will be denoted by F(A,B).

Note that a pair of ∗-homomorphisms (φ+, φ−) satisfying the condition above is also called a quasi-
homomorphism from A to B.

Homotopy of KKh-cyles can be defined in a similar way as homotopy of Kasparov modules, see [15,
Def. 4.1.2.]. Then KKh(A,B) is defined as the homotopy classes of KKh(A,B)-cycles. Likewise, one
can endow KKh(A,B) with the structure of an abelian group, as described in [15, Proposition 4.1.5].

In [12], Higson proved that the KKh(A,B) group is isomorphic to the orginal Kasparov group
KK0(A,B), whenever A and B are considered as trivially graded C∗algebras (see also [15, Theorem
4.1.8]).

The KK groups are functorial: if f ∶ A′ → A and g ∶ B → B′ are homomorphisms of C∗-algebras,
one has corresponding maps f∗ ∶ F(A,B) → F(A′,B) and a map g∗ ∶ F(A,B) → F(A,B′) at the level of
cycles. Both maps pass to the quotient KKh.

Last but not least, there is a bilinear pairing, known as the Kasparov product,

⊗ ∶KKh(A,B) ×KKh(B,C)→KKh(A,C)
satisfying the conditions of Theorem 4.2.1 in [15].
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5.2. The splitting homomorphism. Let us consider a split exact sequence of C∗-algebras

0 // J
j // E q

// B //
suu

0

We will now recall how to construct an inverse to the class [j]⊕ [s] ∈KKh(J ⊕B,E).
First of all, consider the *-homomorphism

eE ∶ E → K ⊗E, eE(b) = e⊗ b
where e is a minimal projection in K.

Denote by rJ the canonical map given by

rJ ∶M(K ⊗E)→M(K ⊗ J)
rJ(T )(x) ∶= (idK ⊗ j−1)(m(idK ⊗ j)(x)) (18)

for all x ∈ K⊗J , m ∈M(K⊗E), where j−1 is the inverse when we restrict to the image of j, [15, Exercise
1.1.9]. The map satisfies (idK⊗j)(rJ(m)x) =m(idK⊗j)(x)
for all m ∈M(K ⊗E) and x ∈ K ⊗ J .

Denote by [π] ∈ KKh(E,J) the class of the quasi-homomorphism (1, s ○ q), which we rewrite as[π] ∶= [(rJ ○ eE , rJ ○ eE ○ s ○ q)] (see also [12, Lemma 2.13]).
Then we have

j∗(π) + s∗ ○ q∗(1E) = 1E ,(j∗ + s∗)([π] + q∗(1B)) = 1J + 1B = 1J⊕B .
By [5, Proposition 18.7.2.], we conclude that [j]⊕ [s] ∈KKh(J ⊕B,E) is a KK-equivalence with inverse[π]⊕ [q] ∈KKh(E,J ⊕B).

6. An explicit KK-equivalence between C(CPnq ) and Cn+1

We will now apply Theorem 5.1 to construct an explicit KK-equivalence between C(CPnq ) and Cn+1

up to Morita equivalence.
Consider the split exact sequence in (17). For each n ∈ N we have the following KKh-classes:

[jn] ∈KKh(K,C(CPnq )), [qn] ∈KKh(C(CPnq ),C(CPn−1
q )), [sn] ∈KKh(C(CPn−1

q ),C(CPnq ))
[πn] = [(1, sn ○ qn)] ∈KKh(C(CPnq ),K).

If we now apply Theorem 5.1 to our setting, we obtain that [jn]⊕[sn] ∈KKh(K⊕C(CPn−1
q ),C(CPnq ))

is a KK-equivalence with inverse [πn]⊕ [qn] ∈KKh(C(CPnq ),K⊕C(CPn−1
q )). More concretely, for n = 1

we have [j1]⊗C(CP 1
q ) [π1] = 1K, [s1]⊗C(CP 1

q ) [q1] = 1C,[π1]⊗K [j1] + [q1]⊗C [s1] = 1C(CP 1
q ).

(19)

and for n ≥ 2 [jn]⊗C(CPn
q ) [πn] = 1K, [sn]⊗C(CPn

q ) [qn] = 1C(CPn−1
q )[πn]⊗K [jn] + [qn]⊗C(CPn−1

q ) [sn] = 1C(CPn
q ).

(20)

We are now ready to prove our KK-equivalence result. First note that if we let I1 ∶= [j1] ⊕ [s1] and
Π1 ∶= [π1]⊕ [q1] then

I1 ⊗C(CP 1
q ) Π1 = 1K⊕C Π1 ⊗K⊕C I1 = 1C(CP 1

q ),
which follows directly by Theorem 5.1 and is already well-known.

Theorem 6.1. For n ≥ 2 we define

Πn ∶=[πn]⊕ ([qn]⊗C(CPn−1
q ) [πn−1])⊕ ([qn−1 ○ qn]⊗C(CPn−2

q ) [πn−2])⊕⋯⋯⊕ ([q2 ○ ⋯ ○ qn−1 ○ qn]⊗C(CP 1
q ) [π1])⊕ [q1 ○ q2 ○ ⋯ ○ qn]

and

In ∶= [jn]⊕ [sn ○ jn−1]⊕ [sn ○ sn−1 ○ jn−2]⊕⋯⋯⊕ [sn ○ sn−1 ○ ⋯ ○ s2 ○ j1]⊕ [sn ○ sn−1 ○ ⋯ ○ s1].
Then Πn ∈KKh(C(CPnq ),Kn ⊕C) is a KK-equivalence with inverse In ∈KKh(Kn ⊕C,C(CPnq )).
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Proof. The proof follows by induction on n. For n = 2 we obtain the following by (20):

I2 ⊗C(CP 2
q ) Π2 = [j2]⊗C(CP 2

q ) [π2] + [s2 ○ j1]⊗C(CP 2
q ) ([q2]⊗C(CP 1

q ) [π1]) + [s2 ○ s1]⊗C(CP 2
q ) [q1 ○ q2]= 1K + [j1]⊗C(CP 1

q ) ([s2]⊗C(CP 2
q ) [q2])⊗C(CP 1

q ) [π1] + [q1 ○ q2 ○ s2 ○ s1]= 1K + [j1]⊗C(CP 1
q ) 1C(CP 1

q ) ⊗C(CP 1
q ) [π1] + [q1 ○ idC(CP 1

q ) ○s1]= 1K + 1K + 1C= 1K2⊕C.
When taking the product in the other direction we obtain

Π2 ⊗K2⊕C I2 = [π2]⊗K [j2] + ([q2]⊗C(CP 1
q ) [π1])⊗K [s2 ○ j1] + [q1 ○ q2]⊗C [s2 ○ s1]= [π2]⊗K [j2] + ([q2]⊗C(CP 1
q ) [π1])⊗K ([j1]⊗C(CP 1

q ) [s2])+ ([q2]⊗C(CP 1
q ) [q1])⊗C ([s1]⊗C(CP 1

q ) [s2])
= [π2]⊗K [j2] + [q2]⊗C(CP 1

q ) ([π1]⊗K [j1] + [q1]⊗C [s1])⊗C(CP 1
q ) [s2]

= [π2]⊗K [j2] + [q2]⊗C(CP 1
q ) 1C(CP 1

q ) ⊗C(CP 1
q ) [s2]= [π2]⊗K [j2] + [q2]⊗C(CP 1

q ) [s2]= 1C(CP 2
q ).

Let us assume that the statement is true for n − 1, i.e.,

In−1 ⊗C(CPn−1
q ) Πn−1 = 1Kn−1⊕C, Πn−1 ⊗Kn−1⊕C In−1 = 1C(CPn−1

q ). (21)

Then we can rewrite

In ⊗C(CPn
q ) Πn = [jn]⊗C(CPn

q ) [πn] + [sn ○ jn−1]⊗C(CPn
q ) ([qn]⊗C(CPn−1

q ) [πn−1])+ [sn ○ sn−1 ○ jn−2]⊗C(CPn
q ) ([qn−1 ○ qn]⊗C(CPn−2

q ) [πn−2])+⋯ + [sn ○ sn−1 ○ ⋯ ○ s2 ○ j1]⊗C(CPn
q ) ([q2 ○ ⋯ ○ qn−1 ○ qn]⊗C(CP 1

q ) [π1])+ [sn ○ sn−1 ○ ⋯ ○ s1]⊗C(CPn
q ) [q1 ○ q2 ○ ⋯ ○ qn]= [jn]⊗C(CPn

q ) [πn] + [jn−1]⊗C(CPn−1
q ) ([sn]⊗C(CPn

q ) [qn])⊗C(CPn−1
q ) [πn−1]+ [jn−2]⊗C(CPn−2

q ) ([sn ○ sn−1]⊗C(CPn
q ) [qn−1 ○ qn])⊗C(CPn−2

q ) [πn−2])+⋯ + [j1]⊗C(CP 1
q ) ([sn ○ sn−1 ○ ⋯ ○ s2]⊗C(CPn

q ) [q2 ○ ⋯ ○ qn−1 ○ qn])⊗C(CP 1
q ) [π1])+ [sn ○ sn−1 ○ ⋯ ○ s1]⊗C(CPn

q ) [q1 ○ q2 ○ ⋯ ○ qn]
= n∑
m=1

[jm]⊗C(CPm
q ) [πm] + 1C

= 1Kn⊕C.
On the other hand by the induction hypothesis in (21) we have

Πn ⊗Kn⊕C In = [πn]⊗K [jn] + ([qn]⊗C(CPn−1
q ) [πn−1])⊗K [sn ○ jn−1]+ ([qn−1 ○ qn]⊗C(CPn−2

q ) [πn−2])⊗K [sn ○ sn−1 ○ jn−2]+⋯ + ([q2 ○ ⋯ ○ qn−1 ○ qn]⊗C(CP 1
q ) [π1])⊗K [sn ○ sn−1 ○ ⋯ ○ s2 ○ j1]+ [q1 ○ q2 ○ ⋯ ○ qn]⊗C [sn ○ sn−1 ○ ⋯ ○ s1]

= [πn]⊗K [jn] + [qn]⊗C(CPn−1
q ) +([πn−1]⊗K [jn−1]

+ ([qn−1]⊗C(CPn−2
q ) [πn−2])⊗K [sn−1 ○ jn−2]

+⋯ + ([q2 ○ ⋯ ○ qn−1]⊗C(CP 1
q ) [π1])⊗K [sn−1 ○ ⋯ ○ s2 ○ j1])⊗C(CPn−1

q ) [sn]
= [πn]⊗K [jn] + [qn]⊗C(CPn−1

q ) (Πn−1 ⊗Kn−1⊕C In−1)⊗C(CPn−1
q ) [sn]

= [πn]⊗K [jn] + [qn]⊗C(CPn−1
q ) [sn]= 1C(CPn

q ).
Then C(CPnq ) and Kn ⊗C are KK-equivalent by the explicit KK-equivalence Πn with inverse In. �
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Remark 6.1. Let [`2(N0)] ∈ KK(K,C) denote the class of the natural Morita equivalence. Let ϕ ∶
C → K(`2(N0)) the ∗-homomorphism given by the choice of a rank-one projection, and denote by [ϕ]
the corresponding class in KK(C,K). Note that different choices of rank-one projection yield the same
class in KK-theory. The two classes are known inverse to each-other. This allows us to write an explicit
KK-equivalence between C(CPnq ) and Cn+1 by

[Πn]⊗Kn⊕C (⊕
n

[`2(N0)]⊕ [1C]) ∈KK(C(CPnq ),Cn+1),
with inverse (⊕

n

[ϕ]⊕ [1C])⊗Kn⊕C [In] ∈KK(Cn+1,C(CPnq )).
7. Splittings and projections

In this last section we relate the elements [jn], [sn○sn−1○⋯○sn−k○jn−k−1] ∈KK(K,C(CPnq )) from our
Theorem 6.1, to classes of projections in C(CPnq ) which generate the group K0(C(CPnq )). To show that
the projections are generators of the K-theory, we apply the index pairing with the Fredholm modules
defined in [9]:

µk = (A(CPnq ), H(k), π(k), γ(k), F(k)) , for 0 ≤ k ≤ n ,
which are known to be generators of the K-homology group K0(CPnq ).
Theorem 7.1. Let P0 = 1, there exists projections Pl, l = 1, , , , , n in C(CPnq ) such that

π
(n)
k (Pl) = 0, k < l
π
(n)
k (Pl) = The projection onto the subspace spanned by {∣0, ...,0,ml+1, ...,mn⟩} ∩ V nk ,

where the representation π
(n)
k and the subspace V nk is as defined in [9]. The classes of the projections Pl,

l = 0,1, ..., n form a basis K0(C(CPnq )).

Proof. We first want to show existence of the projections, they are obtained in a similar way as in [6] as
limits

q−2m
m∏
r=1

q2π
(n)
k (zlz∗l + zl+1z

∗
l+1 +⋯ + znz∗n) − q2(r+1)

1 − q2r

m→∞ÐÐÐ→ πnk (Pl).
It is clear that if k < l then π

(n)
k (zlz∗l + zl+1z

∗
l+1 +⋯ + znz∗n) = 0. For k ≥ l we have

π
(n)
k (zlz∗l + zl+1z

∗
l+1 +⋯ + znz∗n) ∣m1, ...,mn⟩

= (qml(1 − q2(ml+1−ml)) +⋯ + q2(mk−1)(1 − q2(mk−mk−1)) + q2mk) ∣m1, ...,mn⟩= q2ml ∣m1, ...,mn⟩
when ∣m1, ...,mn⟩ ∈ V nk otherwise 0. Then

q−2m
m∏
r=1

q2π
(n)
k (zlz∗l + zl+1z

∗
l+1 +⋯ + znz∗n) − q2(r+1)

1 − q2r
∣m1, ...,mn⟩

= q−2m
m∏
r=1

q2(ml+1) − q2(r+1)
1 − q2r

∣m1, ...,mn⟩
m→∞ÐÐÐ→ ⎧⎪⎪⎨⎪⎪⎩

∣m1, ...,mn⟩ , ml = 0 and ∣m1, ...,mn⟩ ∈ V nk
0, otherwise

.

Since ∣m1, ...,mn⟩ ∈ V nk we have 0 ≤m1 ≤m2 ≤ ⋯ ≤mk but since k ≥ l we have mi = 0 for i ≤ l and we get
the projections Pl, l = 1,2, ..., n.

This allows us to calculate the index pairing between the K-theory and the K-homology. Each projec-
tion gives a class in the K-theory given by [Pl] = [(C(CPnq ), ψl,0)] ∈KK(C,C(CPnq )) where ψl(1) = Pl.
We now wish to pair these with the classes [πt] ∈ KK(C(CPnq ),C), t = 0,1, ..., n in [9]. The product is
given by [Pl]⊗C(CPn

q ) [πt] = [(l2(Nt0)+ ⊕ l2(Nt0)−, π(t) ○ ψl, F, γ)].
If t < l then π(t) ○ψl(1) = 0 since π

(t)
i (Pl) = 0, i ≤ t hence the product is 0. If l < t then [π(t) ○ψl(1), F ] = 0

since ∑
0≤k≤t,k even

π
(t)
k (Pl) − ∑

0≤k≤t,k odd

π
(t)
k (Pl) = ∑

l≤k≤t,k even

π
(t)
k (Pl) − ∑

l≤k≤t,k odd

π
(t)
k (Pl) = 0
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which follows since for every π
(t)
k there are two other representation namely π

(t)
k−1 and π

(t)
k+1 defined on

orthogonal subspaces which are also nonzero on some part of V nk . We then get a degenerated module
hence the product is 0. For l = t and l even we have

[Pl]⊗C(CPn
q ) [πl] = [(l2(Nl0)+ ⊕ l2(Nl0)−, π(l) ○ ψl, F, γ)]

= [π(l)l (Pl)l2(Nl0)⊕ 0,MC, F, γ)]= [(C, idC,0)] = [1C]
we get a similar result if l is odd. Hence [Pl]⊗C(CPn

q ) [πt] = [1C] if l = t otherwise it is 0. Since the matrix

with entries alt = [Pl]⊗C(CPn
q ) [πt] is the identity matrix and is then invertible we get that Pl, l = 0,1, ...n

generate the K-theory. �

Remark 7.1. We remark that the projections constructed here are very similar in fashion to the faithful
irreducible representations of quantum teardrop presented in [6, Section 2]. Those were later used in [2,
Section 7.4] to prove an explicit KK-equivalence result.

Proposition 7.2. Let π ∶ C(S2n+1
q ) → B(l2(Nn)) be the irreducible representation of the Vaksman–

Soibelman sphere defined in (9), and ρ ∶ C∗(L2n+1)→ B(l2(Nn)) the faithful graph algebra representation
in (10). The projections Pn−k−1 satisfy

π(Pn−k−1) = ρ(Pwn−k + Pwn−k+1 + Pwn−k+2 +⋯ + Pwn+1), (22)

for k = 0,1, ..., n − 1. Moreover, up to Morita equivalence, they define the same classes in KK-theory as[sn ○ sn−1 ○⋯ ○ sn−k ○ jn−k−1]. In other words, if ϕ ∶ C→ K is the ∗-homomorphism from Remark 6.1, we
have the following equalities of classes in KK(C,CPnq ):

[Pn] = [ϕ]⊗K [jn], and

[Pn−k−1] = [ϕ]⊗K [sn ○ sn−1 ○ ⋯ ○ sn−k ○ jn−k−1], k = 0, . . . , n − 1.
(23)

Proof. We start our proof by recalling our labelling convention on the graph Fn underlying the algebra
C(CPnq ): vertices will be denoted by w, and edges by f . We will do so independently of the dimension
n of the space.

Let 0 ≤ k < n, we denote by I{wn−k} the 2-sided closed ideal generate by the projection Pwn−k . Then

jn−k−1 ∶ I{wn−k} → C∗(Fn−k−1)
and

sn ○ sn−1 ○ ⋯ ○ sn−k ○ jn−k−1(Pwn−k) = sn ○ sn−1 ○ ⋯ ○ sn−k−1(Pwn−k + Pwn−k+1)= sn ○ sn−1 ○ ⋯ ○ sn−k−2(Pwn−k + Pwn−k+1 + Pwn−k+2)= Pwn−k + Pwn−k+1 + Pwn−k+2 +⋯ + Pwn+1 ∈ C(CPnq ),
Any element in I{wn−k} takes the form SαS

∗
β where α and β are finite paths in Fn−k−1 such that r(α) =

r(β) = wn−k by [3, Lemma 3.2].
By the structure of the graph and the splitting in (11), we have

sn−k(SαS∗β) = sn−k(Sα′Pwn−kS∗β′) = Sα′(wvn−k + Pwn−k+1)S∗β′
where α = α′fm1

i1,n−k, β = β′fm2

i2,n−k. Then the image of I{wn−k} under sn−k consists of all SµS
∗
ν such

that r(µ) = r(ν) ∈ {wn−k,wn−k+1} which is precisely the ideal generated by the sum Pwn−k + Pwn−k+1 in
C(CPn−kq ) by [3, Lemma 3.2]. Continuing like this we obtain that the image of I{wn−k} under sn ○ sn−1 ○⋯ ○ sn−k ○ jn−k−1 is the ideal generated by Pwn−k + Pwn−k+1 + Pwn−k+2 +⋯ + Pwn+1 in C(CPnq ).

Consider the projections Pl, l = 0, ..., n in the representation π of C(S2n+1
q ), restricted to C(CPnq ).

Then

q−2n
n∏
r=1

q2π(zlz∗l + zk+1z
∗
k+1 +⋯ + znz∗n) − q2(r+1)
1 − q2r

ξ(k1, ..., kn) = q2q2(k1+⋯+kl) − q2(r+1)
1 − q2r

ξ(k1, ..., kn)
= ⎧⎪⎪⎨⎪⎪⎩

ξ(k1, ..., kn−1) if k1 +⋯ + kl = 0

0 otherwise

(24)

Then π(Pl) is the projection onto the subspace spanned by {ξ(0,0...,0, kl+1, ..., kn)∣ ki ∈ N}. On the
other hand, under the representation ρ of the graph C∗-algebra C∗(L2n+1), which descends to C∗(Fn),
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we have

ρ(1 − (Pw1 + Pw2 +⋯ + Pwl
)ξ(k1, ..., kn) = (1 − ((1 − δk1,0) + δk1,0(1 − δk2,0) + δk1,0δk2,0(1 − δk3,0)+⋯ + δk1,0δk2,0⋯δkk−1,0(1 − δkl,0)))ξ(k1, ..., kn)= δk1,0δk2,0δkl,0ξ(k1, ..., kn).

Hence ρ(1 − (Pw1 + Pw2 +⋯ + Pwl
)) = π(Pl) and

ρ(Pwn−k + Pwn−k+1 + Pwn−k+2 +⋯ + Pwn+1) = ρ(1 − (Pw1 +⋯ + Pwn−k−1) = π(Pn−k−1).
In order to prove (23) for Pn, we note that Pwn+1 ∈ C∗(Fn) is a rank one projection by considering

the representation ρ in (10). Hence we can set ϕ(1) = Pwn+1 since, as mentioned earlier, the choice of
rank-one projection does not affect the class in KK-theory. Moreover, by (22), we have

ρ(jn ○ ϕ(1)) = ρ(Pwn+1) = π(Pn).
Since [ϕ]⊗K [jn] = [(C(CPnq ), jn ○ ϕ,0)] ∈KK(C,C(CPnq )) we obtain (23).

Similarly we have that Pwn−k is a rank one projection in C∗(Fn−k−1). Hence for each k = 0,1, ..., n− 1
we can set ϕ(1) = Pwn−k . Then

ρ(sn ○ sn−1 ○ ⋯ ○ sn−k ○ jn−k−1 ○ ϕ(1)) = ρ(Pwn−k + Pwn−k+1 + Pwn−k+2 +⋯ + Pwn+1) = π(Pn−k−1)
by (22). Hence

[ϕ]⊗K [sn ○ sn−1 ○ ⋯ ○ sn−k ○ jn−k−1] = [sn ○ sn−1 ○ ⋯ ○ sn−k ○ jn−k−1 ○ ϕ] = [Pn−k−1],
as desired. �

Note that it follows directly from the identification in (22), that Pl, l = 0,1, ..., n generatesK0(C(CPnq ))
which was shown in Theorem 7.1 using the index pairing with Fredholm modules.
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On Conjugacy of Subalgebras of Graph
C∗-Algebras
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Abstract. The problem of inner vs outer conjugacy of subalgebras of cer-
tain graph C∗-algebras is investigated. For a large class of finite graphs
E, we show that whenever α is a vertex-fixing quasi-free automorphism
of the corresponding graph C∗-algebra C∗(E) such that α(DE) 6= DE ,
where DE is the canonical MASA in C∗(E), then α(DE) 6= wDEw

∗ for
all unitaries w ∈ C∗(E). That is, the two MASAs DE and α(DE) of
C∗(E) are outer but not inner conjugate. For the Cuntz algebras On,
we find a criterion which guarantees that a polynomial automorphism
moves the canonical UHF subalgebra to a non-inner conjugate UHF
subalgebra. The criterion is phrased in terms of rescaling of trace on
diagonal projections.
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1. Introduction

Maximal abelian subalgebras (MASAs) have played very important role in
the study of von Neumann algebras from the very beginning, and their theory
is quite well developed by now. Theory of MASAs of C∗-algebras is somewhat
less advanced, several nice attempts in this direction notwithstanding. Our
particular interest lies in classification of MASAs in purely infinite simple
C∗-algebras, and especially in Kirchberg algebras. In addition to its intrinsic
interest, better understanding of MASAs in Kirchberg algebras could have
significant consequences for the classification of automorphisms and group ac-
tions on these algebras. In this context, we would like to single out the recent
work of Barlak and Li, [2], where a connection between the outstanding UCT
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problem for crossed products and existence of invariant Cartan subalgebras
is investigated.

It is a very difficult problem if two outer conjugate MASAs (that is, two
MASAs A and B for which there exists an automorphism σ of the ambient
algebra such that σ(A) = B) of a purely infinite simple C∗-algebra are inner
conjugate as well (that is, if there exists a unitary w such that wAw∗ = B).
This question was answered to the negative in [7, Theorem 3.7] for quasi-free
automorphisms of the Cuntz algebras On.

In the present paper, we extend the main result of [7] to the case of
purely infinite simple graph C∗-algebras C∗(E) corresponding to finite graphs
E. Namely, we show in Theorem 2 below that every quasi-free automorphism
of C∗(E) either leaves the canonical MASA DE globally invariant or moves it
to another MASA of C∗(E) which is not inner conjugate to DE . Although our
Theorem 2 is stated for quasi-free automorphisms only, it is in fact applicable
to some other automorphisms as well. This is due to the fact that passing
from one graph E to another F with the isomorphic algebra C∗(F ) ∼= C∗(E)
will often not preserve the property of an automorphism to be quasi-free. To
make the present paper self-contained, we recall the necessary background
on graph C∗-algebras and their endomorphisms in the preliminaries.

The problem of conjugacy of subalgebras has been mostly investigated
in the context of MASAs. However, it is very interesting for other types of
subalgebras as well. In the present paper, we initiate systematic investigations
of the outer vs inner conjugacy for the canonical UHF-subalgebra Fn of the
Cuntz algebra On. More specifically, we address the question if Fn may be
inner conjugate to λu(Fn), where λu is a polynomial automorphism of On,
building on the first observations in this direction made in [5]. Our results
have clear potential for shedding more light on the mysterious structure of
the outer automorphism group of On.

2. Preliminaries

2.1. Finite directed graphs and their C∗-algebras

Let E = (E0, E1, r, s) be a directed graph, where E0 and E1 are finite
sets of vertices and edges, respectively, and r, s : E1 → E0 are range and
source maps, respectively. A path µ of length |µ| = k ≥ 1 is a sequence
µ = (µ1, . . . , µk) of k edges µj such that r(µj) = s(µj+1) for j = 1, . . . , k− 1.
We view the vertices as paths of length 0. The set of all paths of length k is
denoted Ek, and E∗ denotes the collection of all finite paths (including paths
of length zero). The range and source maps naturally extend from edges E1

to paths Ek. A sink is a vertex v which emits no edges, i.e. s−1(v) = ∅. By
a cycle we mean a path µ of length |µ| ≥ 1 such that s(µ) = r(µ). A cycle
µ = (µ1, . . . , µk) has an exit if there is a j such that s(µj) emits at least
two distinct edges. Graph E is transitive if for any two vertices v, w there
exists a path µ ∈ E∗ from v to w of non-zero length. Thus a transitive graph
does not contain any sinks or sources. Given a graph E, we will denote by
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A = [A(v, w)]v,w∈E0 its adjacency matrix. That is, A is a matrix with rows
and columns indexed by the vertices of E, such that A(v, w) is the number
of edges with source v and range w.

The C∗-algebra C∗(E) corresponding to a graph E is by definition,
[16] and [15], the universal C∗-algebra generated by mutually orthogonal
projections Pv, v ∈ E0, and partial isometries Se, e ∈ E1, subject to the
following two relations:

(GA1) S∗eSe = Pr(e),

(GA2) Pv =
∑
s(e)=v SeS

∗
e if v ∈ E0 emits at least one edge.

For a path µ = (µ1, . . . , µk) we denote by Sµ = Sµ1
· · ·Sµk the corresponding

partial isometry in C∗(E). We agree to write Sv = Pv for a v ∈ E0. Each Sµ
is non-zero with the domain projection Pr(µ). Then C∗(E) is the closed span
of {SµS∗ν : µ, ν ∈ E∗}. Note that SµS

∗
ν is non-zero if and only if r(µ) = r(ν).

In that case, SµS
∗
ν is a partial isometry with domain and range projections

equal to SνS
∗
ν and SµS

∗
µ, respectively.

The range projections Pµ = SµS
∗
µ of all partial isometries Sµ mutually

commute, and the abelian C∗-subalgebra of C∗(E) generated by all of them is
called the diagonal subalgebra and denoted DE . We set D0

E = span{Pv : v ∈
E0} and, more generally, DkE = span{Pµ : µ ∈ Ek} for k ≥ 0. C∗-algebra DE
coincides with the closed linear span of

⋃∞
k=0DkE . If E does not contain sinks

and all cycles have exits then DE is a MASA (maximal abelian subalgebra) in
C∗(E) by [14, Theorem 5.2]. Throughout this paper, we make the following

standing assumption: all graphs we consider are transitive and all cycles in
these graphs admit exits.

There exists a strongly continuous action γ of the circle group U(1) on
C∗(E), called the gauge action, such that γz(Se) = zSe and γz(Pv) = Pv for
all e ∈ E1, v ∈ E0 and z ∈ U(1) ⊆ C. The fixed-point algebra C∗(E)γ for the
gauge action is an AF-algebra, denoted FE and called the core AF-subalgebra
of C∗(E). FE is the closed span of {SµS∗ν : µ, ν ∈ E∗, |µ| = |ν|}. For k ∈
N = {0, 1, 2, . . .} we denote by FkE the linear span of {SµS∗ν : µ, ν ∈ E∗, |µ| =
|ν| = k}. C∗-algebra FE coincides with the norm closure of

⋃∞
k=0 FkE .

We consider the usual shift on C∗(E), [13], given by

ϕ(x) =
∑

e∈E1

SexS
∗
e , x ∈ C∗(E). (1)

In general, for finite graphs without sinks and sources, the shift is a unital,
completely positive map. However, it is an injective ∗-homomorphism when
restricted to the relative commutant (D0

E)′ ∩ C∗(E).

We observe that for each v ∈ E0 projection ϕk(Pv) is minimal in the
center of FkE . The C∗-algebra FkEϕk(Pv) is the linear span of partial isometries
SµS

∗
ν with |µ| = |ν| = k and r(µ) = r(ν) = v. It is isomorphic to the

full matrix algebra of size
∑
w∈E0 Ak(w, v). The multiplicity of FkEϕk(Pv) in

Fk+1
E ϕk+1(Pw) is A(v, w), so the Bratteli diagram for FE is induced from
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the graph E, see [13], [16] or [3]. We also note that the relative commutant

of FkE in Fk+1
E is isomorphic to

⊕
v,w∈E0 MA(v,w)(C).

For an integer m ∈ Z, we denote by C∗(E)(m) the spectral subspace of
the gauge action corresponding to m. That is,

C∗(E)(m) := {x ∈ C∗(E) | γz(x) = zmx, ∀z ∈ U(1)}.
In particular, C∗(E)(0) = C∗(E)γ . There exist faithful conditional expecta-
tions ΦF : C∗(E) → FE and ΦD : C∗(E) → DE such that ΦF (SµS

∗
ν) = 0

for |µ| 6= |ν| and ΦD(SµS
∗
ν) = 0 for µ 6= ν. Combining ΦF with a faithful

conditional expectation from FE onto FkE , we obtain a faithful conditional
expectation ΦkF : C∗(E) → FkE . Furthermore, for each m ∈ Z there is a

unital, contractive and completely bounded map Φm : C∗(E) → C∗(E)(m)

given by

Φm(x) =

∫

z∈U(1)

z−mγz(x)dz. (2)

In particular, Φ0 = ΦF . We have Φm(x) = x for all x ∈ C∗(E)(m). If x ∈
C∗(E) and Φm(x) = 0 for all m ∈ Z then x = 0.

2.2. Endomorphisms determined by unitaries

Cuntz’s classical approach to the study of endomorphisms of On, [12], has re-
cently been extended to graph C∗-algebras in [7] and [1]. In this subsection, we
recall a few most essential definitions and facts about such endomorphisms.

We denote by UE the collection of all those unitaries in C∗(E) which
commute with all vertex projections Pv, v ∈ E0. That is

UE := U((D0
E)′ ∩ C∗(E)). (3)

If u ∈ UE then uSe, e ∈ E1, are partial isometries in C∗(E) which together
with projections Pv, v ∈ E0, satisfy (GA1) and (GA2). Thus, by the univer-
sality of C∗(E), there exists a unital ∗-homomorphism λu : C∗(E)→ C∗(E)
such that1

λu(Se) = uSe and λu(Pv) = Pv, for e ∈ E1, v ∈ E0. (4)

The mapping u 7→ λu establishes a bijective correspondence between UE and
the semigroup of those unital endomomorphisms of C∗(E) which fix all Pv,
v ∈ E0. As observed in [6, Proposition 2.1], if u ∈ UE ∩ FE then λu is
automatically injective. We say λu is invertible if λu is an automorphism of
C∗(E). We denote

B := (D0
E)′ ∩ F1

E . (5)

That is, B is the linear span of elements SeS
∗
f , e, f ∈ E1, with s(e) = s(f)

and r(e) = r(f). We note that B is contained in the multiplicative domain
of ϕ and we have D1

E ⊆ B ⊆ F1
E . If u ∈ U(B) then λu is automatically

invertible with inverse λu∗ and the map

U(B) 3 u 7→ λu ∈ Aut(C∗(E)) (6)

1The reader should be aware that in some papers (e.g. in [12]) a different convention is
used, namely λu(Se) = u∗Se.
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is a group homomorphism with range inside the subgroup of quasi-free au-
tomorphisms of C∗(E), see [17]. Note that this group is almost never trivial
and it is non-commutative if graph E contains two edges e, f ∈ E1 such that
s(e) = s(f) and r(e) = r(f).

The shift ϕ globally preserves UE , FE and DE . For k ≥ 1 we denote

uk := uϕ(u) · · ·ϕk−1(u). (7)

For each u ∈ UE and all e ∈ E1 we have Seu = ϕ(u)Se, and thus

λu(SµS
∗
ν) = u|µ|SµS

∗
νu
∗
|ν| (8)

for any two paths µ, ν ∈ E∗.

3. Quasi-free automorphisms

In this section, we extend the main result of [7], applicable to the Cuntz
algebras, to a much wider class of graph C∗-algebras.

For the proof of Lemma 1, below, we recall from Lemma 3.2 and Remark
3.3 in [7] that if x ∈ C∗(E), x ≥ 0, and xDE = DEx then x ∈ DE .

Lemma 1. Let u ∈ U(B) be such that uD1
Eu
∗ 6= D1

E, and let x ∈ FE be
arbitrary. If xλu(DE) = DEx then x = 0.

Proof. Suppose x ∈ FE is such that ||x|| = 1 and xλu(DE) = DEx. From
this we will derive a contradiction.

Since uD1
Eu
∗ 6= D1

E , there exists a vertex v ∈ E0 such that uD1
Eu
∗Pv 6=

D1
EPv. Thus, since uD1

EPvu
∗ = uD1

Eu
∗Pv, we can take a projection p ∈ D1

EPv
satisfying δ := inf{||upu∗ − q|| | q ∈ D1

E} > 0. Since Φ1
F (q′) ∈ D1

E , for all
q′ ∈ DE we get

||upu∗ − q′|| ≥ ||Φ1
F (upu∗ − q′)|| = ||upu∗ − Φ1

F (q′)|| ≥ δ.
By assumption, for each k ∈ N there is a qk ∈ DE such that

xλu(ϕk(p)) = qkx. (9)

Since uk ∈ FkE and ϕk(upu∗) ∈ ϕk(B) = (FkE)′ ∩ Fk+1
E , we have

λu(ϕk(p)) = ukϕ
k(λu(p))u∗k = ukϕ

k(upu∗))u∗k = ϕk(upu∗). (10)

Identities (9) and (10) combined yield 0 = xλu(ϕk(p))− qkx = xϕk(upu∗)−
qkx. Since upu∗ ∈ B, the sequence {ϕk(upu∗)}∞k=1 is central in FE . Therefore
we have limk→∞(ϕk(upu∗) − qk)xx∗ = 0. It follows from the assumption on
x that xx∗DE = DExx∗, and thus we may conclude that xx∗ ∈ DE .

Now, take an arbitrary ε > 0. For a sufficiently large m ∈ N, we have

lim sup
k→∞

||(ϕk(upu∗)− qk)ΦmF (xx∗)|| ≤ ε and ||ΦmF (xx∗)|| ≥ 1− ε.

Thus we can find a projection d ∈ DmE such that lim supk→∞ ||(ϕk(upu∗) −
qk)d|| ≤ ε

1−ε .
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Since graph E is transitive, for a sufficiently large k ∈ N we can find a
path µ ∈ Ek such that r(µ) = v and SµS

∗
µ ≤ d. But now we see that

3ε ≥ ||(ϕk(upu∗)−qk)d|| ≥ ||(ϕk(upu∗)−qk)SµS
∗
µ|| = ||upu∗Pv−S∗µqkSµ|| ≥ δ.

Since ε can be arbitrarily small, this is the desired contradiction. �

Now, we are ready to prove our main result.

Theorem 2. Let u ∈ U(B) be such that uD1
Eu
∗ 6= D1

E. Then there is no non-
zero element x ∈ C∗(E) satisfying xλu(DE) = DEx. In particular, there is
no unitary w ∈ C∗(E) such that wDEw∗ = λu(DE).

Proof. Let x ∈ C∗(E) be such that xλu(DE) = DEx. To verify that x = 0,
it suffices to show that Φm(x) = 0 for all m ∈ Z.

We have S∗µDESµ = Pr(µ)DE for each µ ∈ E∗. Thus Pr(µ)xλu(DE) =
Pr(µ)DEx = S∗µDESµx, and hence Sµxλu(DE) = DESµx. Therefore by
Lemma 1, we get

ΦF (Sµx) = 0 for all µ ∈ E∗.
Let m ∈ N. For a vertex v ∈ E0 take a path µ ∈ Em with r(µ) = v. Then
0 = ΦF (Sµx) = SµΦ−m(x). Thus PvΦ

−m(x) = 0, and summing over all
v ∈ E0 we see that Φ−m(x) = 0 for all m ∈ N.

Now, taking adjoints of both sides of the identity xλu(DE) = DEx
and then applying λu∗ = λ−1u , we get λu∗(x

∗)λu∗(DE) = DEλu∗(x∗). Since
u∗ ∈ U(B) and u∗D1

Eu 6= D1
E , applying the preceding argument, we get

Φ−m(λu∗(x
∗)) = 0 for all m ∈ N. But Φ−m(λu∗(x

∗)) = λu∗(Φ
−m(x∗)) =

λu∗(Φ
m(x)). Thus Φm(x) = 0 for all m ∈ N, and the proof is complete. �

Corollary 3. Let u, v ∈ U(B) be such that uD1
Eu
∗ 6= vD1

Ev
∗. Then there is

no unitary w ∈ C∗(E) such that wλu(DE)w∗ = λv(DE).

4. Conjugacy by polynomial automorphisms of the
UHF-subalgebra of the Cuntz algebra

In this section we give a condition for inner conjugacy by polynomial auto-
morphism of the core UHF-subalgebra of the Cuntz algebra On, using the
unique normalized trace on Fn which will be denoted by τ .

Let W k
n be the set of tuples µ = (µ1, ..., µk) where µi ∈ {1, ..., n},

and define Wn =
⋃∞
k=0W

k
n where W 0

n = {0}. We denote by Sn the group of
unitaries inOn which can be written as finite sums of words. Hence an element
u ∈ Sn is of the form u =

∑
(α,β)∈J SαS

∗
β , where J is a finite collection of

pairs (α, β) with α, β ∈ Wn. In the following we denote by P (Dn) the set of
projections in Dn.

Theorem 4. Let u ∈ Sn with λu ∈ Aut(On). If there exists a sequence {Pn}
in P (Dn) such that

τ(λu(Pn))

τ(Pn)
→∞ or 0, (11)
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then for all w ∈ U(On) and v ∈ U(Fn) we have λu 6= Adwλv. This implies
in particular that Fn and λu(Fn) are not inner conjugate.

For the proof of Theorem 4 we need the following result.

Lemma 5. If u ∈ U(On) such that uDnu∗ ⊆ Fn then u has a finite Fourier
series.

Proof. Let u have the Fourier series
∑
k∈Z uk, uk := Φk(u). Let P ∈ Dn and

fix k ∈ Z then

uPu∗uk =

∫

U(1)

z−kγz(uPu
∗u)dz =

∫

U(1)

z−kγz(uP )dt = ukP.

Where we have used that uDnu∗ ⊆ Fn to write uPu∗γz(u) = γz(uPu
∗u).

It follows that P (u∗uk) = (u∗uk)P for P ∈ Dn. Hence u∗uk ∈ D′n ∩On
and since Dn is a MASA there exists a dk ∈ Dn such that uk = udk. Now we
have

uk =

∫

U(1)

z−kγz(uk)dz =

∫

U(1)

z−kγz(udk)dz = ukdk.

Hence udk = udkdk and dk = d2k, which shows that dk is a projection in Dn.
For k,m ∈ Z with k 6= m we have

0 =

∫

U(1)

γz(u
∗
kum)dz =

∫

U(1)

γz(d
∗
kdm)dz = dkdm.

Hence {dk} are mutually orthogonal projections in Dn.
There exists an element of the form w =

∑
j tjSαjS

∗
βj

(finite sum)

tj ∈ C, such that ||u−w|| < ε. Also, there exists N ∈ Z such that for k > N
we have Φk(w) = 0, since w has a finite Fourier series. Then

‖uk‖ = ||Φk(u)|| = ||Φk(u− w)|| ≤ ||u− w|| < ε, for k > N.

Hence ‖uk‖ → 0 and thus ‖dk‖ → 0. Since dk are all projections the series
{dk} is finite, concluding that u has a finite Fourier series since uk = udk. �
Proof of Theorem 4. We recall that if α ∈ Aut(On) then Fn and α(Fn) are
inner conjugate if and only if there exists w ∈ U(On) such that α(Fn) =
Adw(Fn). This is equivalent to that Ad(w∗)α(Fn) = Fn. If we have an
automorphism which globally preserves Fn then Ad(w∗)α is equal λv for
some v ∈ U(Fn) [12, Proposition 1.2(b)], [10, Proposition 3.3] therefore α =
Adwλv. Hence Fn and α(Fn) are inner conjugate if and only if there exist
w ∈ U(On) and v ∈ U(Fn) s.t. α = Adwλv.

Assume that λu = Adwλv for w ∈ U(On) and v ∈ U(Fn). We will
assume w /∈ Fn otherwise Adw is trace preserving which contradicts (11)
since λv is also trace preserving. We wish to proof that there are no sequence
of projection such that we get (11).

Since λu ∈ Aut(On) we have λv ∈ Aut(On) and Adw∗ = λvλ
−1
u . There-

fore Adw∗(Dn) ⊆ Fn [10, Proposition 3.3]. We wish to show that there exists
M > 0 such that

τ(w∗Pw)

τ(P )
≤M, for P ∈ P (Dn). (12)
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By Lemma 5, w∗ has a finite Fourier series and we can write w∗ =
∑k
j=1 S

∗
v
jx−j+

x0 +
∑k
j=1 xjS

j
v, with v ∈ {1, 2, ..., n} and x0, x±j ∈ Fn.

For any word µ with |µ| > k and 1 ≤ j ≤ k, we can write µ = νjµj such

that |νj | = j. Then τ(Pµ) =
1

n|µ|
=

1

nj
τ(Pµj ) ≥

1

nk
τ(Pµj ).

The only parts contributing to τ(w∗Pw) are

k∑

j=1

S∗v
jx−jPx

∗
−jS

j
v,

k∑

j=1

xjS
j
vPS

∗
v
jx∗j , x0Px

∗
0.

We have S∗v
jx−jSνj ∈ Fn because |vj | = j. Hence

τ(S∗v
jx−jPµx

∗
−jS

j
v) = τ((S∗νjx

∗
−jS

j
vS
∗
v
jx−jSνj )Pµj ).

Note that Sjv
∗
x−j is contractive since Φ−j(w∗) = Sjv

∗
x−j and Φj is con-

tractive. By the Cauchy-Schwarz inequality we get τ(S∗v
jx−jPµx∗−jS

j
v) ≤

τ(Pµj ) ≤ nkτ(Pµ). On the other hand, using that Φj(w∗) = xjS
j
v is contrac-

tive and the Cauchy-Schwarz inequality we have

τ(xjS
j
vPµS

∗
v
jx∗j ) = τ((xjS

j
vS

j
v

∗
)(SjvPµS

∗
v
j)(SjvS

j
v

∗
x∗j ))

≤ τ(SjvPµS
∗
v
j) ≤ τ(Pµ).

We also have τ(x∗0Pµx0) = τ(x0x
∗
0Pµ) ≤ τ(Pµ) since Φ0(w∗) = x0 which

is contractive. Hence there exists a constant M > 0 satisfying τ(w∗Pµw) ≤
Mτ(Pµ) for any word µ with |µ| > k. If |µ| ≤ k we can extend the length until
it is greater than k using that

∑n
i=1 SiS

∗
i = 1. Hence τ(w∗Pw) ≤Mτ(P ) for

any P ∈ P (Dn). Since λv is trace preserving we have

τ(Adw∗λu(P ))

τ(P )
=
τ(λv(P ))

τ(P )
= 1, for P ∈ P (Dn). (13)

Hence 1
M ≤

τ(λu(P ))
τ(P ) for P ∈ P (Dn) since τ(P )

τ(λu(P )) = τ(Adw∗(λu(P ))
τ(λu(P )) ≤ M for

P ∈ P (Dn).

Then there are no sequence of projections {Pn} such that τ(λu(Pn))
τ(Pn)

tends to 0. To show that it has no sequence of projections such that the
limit is infinity we use that λu(Fn) is inner conjugate to Fn if and only if
λ−1u (Fn) is inner conjugate to Fn. Indeed, if λu(Fn) = wFnw∗ then Fn =
λ−1u (w)λ−1u (Fn)λ−1u (w∗).

Now, assume that there exists a sequence {Pn} such that τ(λu(Pn))
τ(Pn)

→
∞, then τ(Qn)

τ(λ−1
u (Qn))

→∞ where Qn = λu(Pn). But then {Qn} is a sequence

of projections such that
τ(λ−1

u (Qn))
τ(Qn)

→ 0. Since for u ∈ Sn we have λ−1u = λv
for some v ∈ Sn, [9, Theorem 2.1], we can use the same argument as above

to show that there exists M ′ > 0 such that 1
M ′ ≤

τ(λ−1
u (P ))
τ(P ) for P ∈ P (Dn).

The claim follows. �
Example 6. Let w = S22S

∗
212 + S212S

∗
22 + P211 + P1 ∈ S2 then

λw(S1) = S1, λw(S2) = S2(S2S
∗
12 + S12S

∗
2 + P11).
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Let u = S2S
∗
12 + S12S

∗
2 + P11 ∈ S2, note that u ∈ U(C∗(S1)). Let αu be

defined by αu(S1) = S1 and αu(S2) = S2u, then αu is an automorphism with
inverse αu∗ and λw = αu. Hence λw is an automorphism of O2. Consider
βk = (22...2), which is a word of length k only containing 2′s and let γk =
(21212...12) be a word of length 2k − 1 then

λw(Pβk) = S2uS2uS2u · · ·S2uu
∗S∗2u

∗S∗2 · · ·u∗S∗2 = Pγk

since uS2 = S12. We then have
τ(λw(Pβk ))

τ(Pλk )
= 1

2k−1 which tends to 0 as k →
∞. Hence F2 and λw(F2) are not inner conjugate by Theorem 4 using the
sequence {Pβk}.
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6. R. Conti, J. H. Hong and W. Szymański, Endomorphisms of graph algebras, J.
Funct. Anal. 263 (2012), 2529–2554.

7. R. Conti, J. H. Hong and W. Szymański, On conjugacy of MASAs and the
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THE C∗-ALGEBRA OF THE QUANTUM SYMPLECTIC SPHERE

SOPHIE EMMA MIKKELSEN

Abstract. The faithful irreducible ∗-representations of the C∗-algebra of the quantum
symplectic sphere S4n−1

q , n ≥ 2, have been investigated by D’Andrea and Landi. They

proved that the first n − 1 generators are all zero inside C∗(S4n−1
q ), for n ≥ 2. The

result is a generalisation of the case where n = 2, which was shown by Mikkelsen and
Szymański.

We will show that C∗(S4n−1
q ), n ≥ 2 is isomorphic to a graph C∗-algebra. From here

it follows that C∗(S4n−1
q ) is isomorphic to the quantum (2(n+1)−1)-sphere by Vaksman

and Soibelman.

0. Introduction

The quantum sphere by Vaksman and Soibelman [8] is well-known in noncommutative
geometry and is an object of interest in several applications. In [5] another quantum
version of the classical sphere was presented, called the quantum symplectic (4n − 1)-
sphere, which is denoted by S4n−1

q . The ∗-algebra, O(S4n−1
q ), of the quantum symplectic

sphere, is defined by a given set of generators and relations. The parameter q ∈ (0, 1)
makes O(S4n−1

q ) noncommutative, from which the name quantum follows.

The algebra of the quantum symplectic 7-sphere, O(S7
q ), was described as the total

space of a noncommutative principal bundle in [5]. In [7] the topological aspects of the
bundle were of main interest. Hence, an attempt to understand the ambient C∗-algebra
C(S7

q ) of the total space O(S7
q ) was made. More precisely, bounded ∗-representations

of C(S7
q ) were investigated, and it was shown that there exist no faithful irreducible ∗-

representations of C(S7
q ) [7, Theorem 4.2]. In particular, one can show that one of the

generators is zero inside C(S7
q ). Motivated by this result, a vector space basis of O(S7

q )
was constructed by a non-trivial use of the Diamond Lemma [7, Theorem 4.3]. From the
vector space basis it follows that all the generators are non-zero in the ∗-algebra O(S7

q )
even though it is not the case inside its ambient C∗-algebra.

D’Andrea and Landi investigated in [1] the quantum symplectic sphere S4n−1
q , for all

n ≥ 2. By an approach similar to the one used in [7], it was proven that the first n − 1
generators are zero in any irreducible ∗-representations of C(S4n−1

q ). In [6, Conjecture

3.1] a candidate for a vector space basis of O(S4n−1
q ), generalising the one for n = 2,

Date: July 7, 2021.
2010 Mathematics Subject Classification. 46L65; 58B34.
Key words and phrases. Noncommutative manifold, C∗-algebra of functions.
This work was supported by the DFF-Research Project 2 on ‘Automorphisms and invariants of operator

algebras’, Nr. 7014–00145B..
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is constructed. The conjecture is supported by computer experiments for n = 1, 2, ..., 8.
The computer program makes it possible, for a specific n, to determine if the conjecture
is indeed true. This provides a useful vector space basis consisting of monomials. From
the vector space basis it follows that the first n− 1 generators are non-zero in O(S4n−1

q ).

We wish to obtain more information about the structure of the C∗-algebra C(S4n−1
q ).

In the present paper, we show that C(S4n−1
q ) is isomorphic to a graph C∗-algebra, by

constructing an explicit isomorphism. The result implies that C(S4n−1
q ) is isomorphic to

the quantum sphere, C(S
(2(n+1)−1)
q ), by Vaksman and Soibelman.

Hence, we first recall the definition of the quantum sphere by Vaksman and Soibelman
which was shown to be a graph C∗-algebra by Hong and Szymański [4]. Being a graph
C∗-algebra provides several useful informations about the structure of the C∗-algebra by
only considering the structure of the corresponding graph. In [4] the ideal structure,
primitive ideal space and K-theory of the quantum sphere by Vaksman and Soibelman
were described, using the corresponding graph. Hence, by proving that C(S4n−1

q ) is iso-
morphic to the same graph C∗-algebra as Vaksman and Soibelman (2(n+ 1)− 1)-sphere,
we furthermore obtain useful informations about the structure of the C∗-algebra.

1. Preliminaries

1.1. Graph C∗-algebras. We recall the definition of a graph C∗-algebra corresponding
to a directed graph [3]. A directed graph E = (E0, E1, r, s) consists of a countable set E0

of vertices, a countable set E1 of edges and two maps r, s : E1 → E0 called the range map
and the source map respectively. For an edge e ∈ E1 from v to w we have s(e) = v and
r(e) = w.

A path α in a graph is a finite sequence α = e1e2 · · · en of edges satisfying r(ei) = s(ei+1)
for i = 1, ..., n − 1. The range and the source maps are extended to a path by letting
s(α) = s(e1) and r(α) = r(en). A loop is a single edge, α = e, such that r(e) = s(e). If α
is a loop we say that it is based at s(α).

Definition 1.1. The graph C∗-algebra, denoted C∗(E), is the universal C∗-algebra gen-
erated by families of projections {Pv| v ∈ E0} and partial isometries {Se| e ∈ E1} subject
to the relations:

(i) PvPw = 0, v 6= w
(ii) S∗eSf = 0, e 6= f

(iii) S∗eSe = Pr(e)

(iv) SeS
∗
e ≤ Ps(e)

(v) Pv =
∑

s(e)=v

SeS
∗
e , if {e ∈ E1| s(e) = v} is finite and nonempty.

A graph C∗-algebra admits a circle action called the gauge action γ : T→ Aut(C∗(E)).
The action is given by γw(Pv) = Pv and γw(Se) = wSe for all v ∈ E0, e ∈ E1 and w ∈ T.
Existence of the gauge action follows by universality of the graph C∗-algebra.
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1.2. The quantum sphere by Vaksman and Soibelman. We recall the quantum
sphere by Vaksman and Soibelman as presented in [8]. Let q ∈ (0, 1), the C∗-algebra
of the quantum (2n − 1)-sphere, denoted C(S2n−1

q ), by Vaksman and Soibelman is the
universal C∗-algebra generated by z1, ..., zn subject to the following relations:

zizj = q−1zjzi, for i < j, ziz
∗
j = qz∗j zi, for i 6= j,

z∗i zi = ziz
∗
i + (1− q2)

n∑

j>i

zjz
∗
j , i = 1, ..., n

n∑

j=1

zjz
∗
j = 1.

Note that if q = 1 we get a commutative C∗-algebra, which is the continuous functions
on the classical (2n− 1)-sphere.

We define the graph for which C∗(S2n−1
q ) is isomorphic to the corresponding graph C∗-

algebra. The graph plays a crucial role in the present paper, since we will show that the
quantum symplectic sphere can also be described as a graph C∗-algebra of this graph.

Definition 1.2. Let L2n−1 be a directed graph with vertices {v1, v2, ..., vn} and edges

n⋃

i=1

{eij| j = i, ..., n}.

The source and the range maps are given by

s(eij) = vi, r(eij) = vj.

As an example, if n = 3, the graph L5 will be as follows.

L5

v1 v2 v3e12 e23

e13

e11 e22 e33

When n increases we get more vertices, which are all the base of a loop. The edges will
always go from the left to the right, when we draw the graph as above.

By [4, Theorem 4.4], C(S2n−1
q ) by Vaksman and Soibelman is isomorphic to the graph

C∗-algebra C∗(L2n−1). The result follows by the construction of an explicit isomorphism.

2. The quantum symplectic sphere

Let q ∈ (0, 1). The following defines the quantum symplectic (4n − 1)-sphere for
n ∈ N, n ≥ 1, [5], which is associated to the quantum symplectic group O(SPq(n)). The
algebra O(SPq(n)) is defined by the symplectic R-matrix in [2].
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Definition 2.1. C(S4n−1
q ) is the universal C∗-algebra generated by the elements {xi, yi}ni=1

and their adjoints, subject to the relations:

xixj = q−1xjxi ∀i < j, yiyj = q−1yjyi ∀i > j, xiyj = q−1yjxi ∀i 6= j,

yixi = q2xiyi + (q2 − 1)
i−1∑

k=1

qi−kxkyk, xix
∗
i = x∗ixi + (1− q2)

i−1∑

k=1

x∗kxk,

yiy
∗
i = y∗i yi + (1− q2)

(
q2(n+1−i)x∗ixi +

n∑

k=1

x∗kxk +
n∑

k=i+1

y∗kyk

)
,

xiy
∗
i = q2y∗i xi, xix

∗
j = qx∗jxi ∀u 6= j, yiy

∗
j = qy∗j yi − (q2 − 1)q2n+2−i−jx∗ixj ∀i 6= j,

xiy
∗
j = qy∗jxi ∀i < j, xiy

∗
j = qy∗jxi + (q2 − 1)qi−jy∗i xj ∀i > j,

and the sphere relation
n∑

i=1

(x∗ixi + y∗i yi) = 1.

The dense polynomial ∗-subalgebra of C(S4n−1
q ) is denoted O(S4n−1

q ).

If n = 1 then C(S3
q ) is the same as C(SUq2(2)) defined by Woronowicz [9], which is

known to be isomorphic to the quantum 3-sphere by Vaksman and Soibelman.

Remark 2.2. Our notation differs from the notation used in [5]. We can pass to that
notation, by denoting yi by x2n+1−i for i = 1, 2, ..., n and replacing q by q−1.

Let ψ be any bounded ∗-representaion of C(S4n−1
q ). By [1, Theorem 1] ψ(xi) = 0 for

1 ≤ i < n. Hence the generators xi, i = 1, ...n− 1 are all zero in C(S4n−1
q ).

Let yn+1 := xn. Then, by letting xi = 0 for i = 1, ..., n−1 in the relations from Definition
2.1, we obtain that C(S4n−1

q ) is the universal C∗-algebra generated by yi, i = 1, ..., n + 1
subject to the relations:

yn+1y
∗
n+1 = y∗n+1yn+1,

yiyj = q−1yjyi,∀i > j, i, j 6= n, n+ 1,

y∗i yj = q−1yjy
∗
i ,∀i 6= j, i, j 6= n, n+ 1,

yn+1yn = q−2ynyn+1, y
∗
n+1yn = q−2yny

∗
n+1,

(2.1)

yiy
∗
i = y∗i yi + (1− q2)

n+1∑

k=i+1

y∗kyk,

yny
∗
n = y∗nyn + (1− q4)y∗n+1yn+1,

(2.2)

n+1∑

i=1

y∗i yi = 1. (2.3)
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Remark 2.3. To not be confused by the notation, we remark that the quantum sphere by
Vaksman and Soibelman is denoted S2n−1

q , and the quantum symplectic sphere is S4n−1
q .

From now on we will only consider the quantum symplectic sphere.

3. The C∗-algebra of the quantum symplectic (4n− 1)-sphere

We wish to follow a similar procedure as in [4], which was used to show that C(S2n−1
q ) by

Vaksman and Soibelman is isomorphic to the graph C∗-algebra C∗(L2n−1). By modifying
the proof we will show (Theorem 3.4) that the quantum symplectic C(S4n−1

q ) is isomorphic
to C∗(L2(n+1)−1).

Using the irreducible representations of the quantum symplectic (4n − 1)-sphere, cal-
culated in [1, Proposition 7] with λ = 1, we obtain the following faithful ∗-representation.

Lemma 3.1. Let q ∈ (0, 1) and l2(Nn × Z) be a Hilbert space with orthonormal basis
{|k1, ..., kn,m〉 |ki ∈ N,m ∈ Z}. Then there exists a faithful ∗-representation

π : C(S4n+1
q )→ B(l2(Nn × Z))

such that

π(y∗n+1) |k1, ..., kn,m〉 = qk1+...+kn−1+2kn |k1, ..., kn,m+ 1〉 ,
π(y∗n) |k1, ..., kn,m〉 = qk1+...+kn−1

√
1− q4(kn+1) |k1..., , kn + 1,m〉 ,

π(y∗i ) |k1, ..., kn,m〉 = qk1+···+ki−1

√
1− q2(ki+1) |k1, ..., ki−1, ki + 1, ki+1, ..., kn,m〉 .

for i = 1, ..., n− 1 and k1, ..., kn+1 ∈ N,m ∈ Z.

Let δ denote the Kronecker symbol. By [4] there exists a faithful ∗-representation

ρ : C∗(L2(n+1)−1)→ B(l2(Nn × Z))

such that

ρ(Pvn+1) |k1, ..., kn,m〉 = δk1,0 · · · δkn,0 |k1, ..., kn,m〉 ,
ρ(Pvi) |k1, ..., kn,m〉 = δk1,0 · · · δki−1,0(1− δki,0) |k1, ..., kn,m〉 ,
ρ(Sen+1,n+1) |k1, ..., kn,m〉 = δk1,0 · · · δkn,0 |k1, ..., kn,m+ 1〉 ,
ρ(Sej,n+1

) |k1, ..., kn,m〉 = δk1,0 · · · δkn,0 |k1, ..., kj−1, kj + 1, kj+1, ..., kn,m〉 ,
ρ(Sei,j) |k1, ..., kn,m〉 = δk1,0 · · · δkj−1,0(1− δkj ,0) |k1, ..., ki−1, ki + 1, ki+1, ..., kn,m〉

for j = 1, ..., n, i = 1, ..., j and k1, ..., kn+1 ∈ N,m ∈ Z.

The construction of the isomorphism requires an analysis of the joint spectrum of
π(y∗1y1), ..., π(y∗n+1yn+1). The joint spectrum between two commuting elements A and B in
a C∗-algebra, denoted σ(A,B), is the collection of (w(A), w(B)) for all characters w of the
commutative C∗-algebra generated by A and B. Since we are considering n+1 commuting
self-adjoint operators, the joint spectrum will be contained in Rn+1. Furthermore, by the
sphere relation (2.3), the joint spectrum is contained in [0, 1]n+1.
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Lemma 3.2. The joint spectrum of π(y∗1y1), ..., π(y∗n+1yn+1) is given by (1, 0, ...., 0) ∈
[0, 1]n+1 and all those (s1, ..., sn+1) ∈ [0, 1]n+1 which take the form

s1 = 1− q2k1 ,
si = q2(k1+...+ki−1)(1− q2ki), i = 2, ...,m− 1,

sm = q2(k1+...+km−1),

sr = 0, r = m+ 1, ..., n+ 1,

(3.1)

for m ∈ {2, ..., n} and k1, ..., km−1 ∈ N. Furthermore, it also contains (t1, ..., tn+1) ∈
[0, 1]n+1 where

t1 = 1− q2k1 ,
ti = q2(k1+...+ki−1)(1− q2ki), i = 2, ..., n− 1,

tn = q2(k1+...+kn−1)(1− q4kn),

tn+1 = q2(k1+...+kn−1)+4kn ,

(3.2)

for k1, ..., kn ∈ N.

Proof. First note that the C∗-subalgebra of C(S4n−1
q ) generated by y∗i yi, i = 1, ..., n + 1

is abelian by (2.1). We let (s1, ..., sn+1) be an element in the joint spectrum where si ∈
σ(y∗i yi) and sn+1 = 0. We will now show that it is of the form as given in (3.1). The
spectrum of y∗1y1 is calculated in [1, Lemma 8] using the fact that σ(y∗1y1) ∪ {0} =
σ(y1y

∗
1) ∪ {0} and the relation

y1y
∗
1 = (1− q2) + q2y∗1y1,

which is obtained from (2.2) and (2.3). The spectrum is then

σ(y∗1y1) ⊆ {1− q2k1 |k1 ≥ 0} ∪ {1}.
If s1 = 1 we have si = 0, i = 2, ..., n+ 1 by (2.3). If s1 6= 0 then s1 = (1− q2k1) for k1 ∈ N.
Similar as before we have

y2y
∗
2 = (1− q2) + q2y∗2y2 − (1− q2)y∗1y1,

which follows from (2.2) and (2.3). Hence

σ(y∗2y2) ⊆ {q2k1(1− q2k2)|k1, k2 ≥ 0} ∪ {q2k1 |k1 ≥ 0}.
If s2 = q2k1 then by (2.3) we obtain si = 0, i = 3, ..., n+ 1. If not then we can continue as
before. More generally we have

yiy
∗
i = (1− q2) + q2y∗i yi − (1− q2)

i−1∑

k=1

yky
∗
k,

for i = 1, ..., n− 1. By induction we get

σ(y∗i yi) ⊆ {q2(k1+...+ki−1)(1− q2ki)|kj ≥ 0} ∪ {q2k1+...+ki−1|kj ≥ 0}
and (s1, ..., sn+1) is of the form as given in (3.1).
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Let (t1, ..., tn+1) be an element in the joint spectrum such that tn+1 6= 0. We wish to
show that it is of the same form as given in (3.2). By (2.2) and (2.3) we have

yny
∗
n = (1− q4) + q4y∗nyn − (1− q4)

n−1∑

k=1

y∗kyk

hence

σ(y∗nyn) ⊆ {q2(k1+...+kn−1)(1− q4kn)|kj ≥ 0} ∪ {q2(k1+...+kn−1)|kj ≥ 0}.
Finally, by (2.3) we obtain

σ(y∗n+1yn+1) ⊆ {q2(k1+...+kn−1)+4kn|kj ≥ 0}.
Hence if tn+1 6= 0 we must have tn = q2(k1+...+kn−1)(1− q4kn) and we get (3.2). �

Corollary 3.3. The spectrum of
∑n+1

k=i y
∗
kyk for i = 1, ..., n+ 1 all contains 1.

Proof. By lemma 3.2 we have

σ

(
n+1∑

k=j

y∗kyk

)
⊆ {q2(k1+···+kj−1)|ki ∈ N}.

Hence if k1 = · · · = kj−1 = 0 we obtain that 1 is in the spectrum. �

We can now state our main theorem.

Theorem 3.4. The C∗-algebra of the quantum sympletic sphere C(S4n−1
q ), n ≥ 1 is iso-

morphic to the graph C∗-algebra C∗(L2(n+1)−1) via the isomorphism

φ : C(S4n−1
q )→ C∗(L2(n+1)−1)

given on the generators as follows:

y∗n+1 7→
∑

b1,...,bn∈N
qb1+...+bn−1+2bnT (b1, ..., bn)Sen+1,n+1T (b1, ..., bn)∗,

y∗n 7→
∑

b1,...,bn∈N
qb1+···+bn−1(

√
1− q4(bn+1) −

√
1− q4bn)T (b1, ..., bn)(Sen,n + Sen,n+1)T (b1, ..., bn)∗,

y∗i 7→
∑

b1,...,bi∈N
qb1+···+bi−1(

√
1− q2(bi+1) −

√
1− q2bi)T (b1, ..., bi)

n+1∑

j=i

Sei,jT (b1, ..., bi)
∗,

for i = 1, ..., n− 1, where

T (b1, ..., bj) =

(
n+1∑

i=1

Se1,i

)b1 (n+1∑

i=2

Se2,i

)b2

· · ·
(

n+1∑

i=j

Sej,i

)bj

.

Let χ1 be the characteristic function of {1}. Then the inverse of φ,

φ−1 : C∗(L2(n+1)−1)→ C(S4n−1
q ),
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is defined on the generators as follows:

Pvn+1 7→ χ1(y
∗
n+1yn+1),

Pvj 7→ χ1

(
n+1∑

k=j

y∗kyk

)
− χ1

(
n+1∑

k=j+1

y∗kyk

)
,

Sen+1,n+1 7→ y∗n+1χ1(y
∗
n+1yn+1),

Sen,n+1 7→ (1− q4)−1/2y∗nχ1(y
∗
n+1yn+1),

Sej,n+1
7→ (1− q2)−1/2y∗jχ1(y

∗
n+1yn+1), j = 1, ..., n− 1,

Sei,j 7→ y∗i |y∗i |−1
(
χ1

(
n+1∑

k=j

y∗kyk

)
− χ1

(
n+1∑

k=j+1

y∗kyk

))
, j = 1, ..., n, i = 1, ..., j.

.

Proof. First note that φ−1 is indeed well-defined by Corollary 3.3 and the fact that |y∗i |
is invertible on

(
χ1

(∑n+1
k=j y

∗
kyk

)
− χ1

(∑n+1
k=j+1 y

∗
kyk

))
for i ≤ j. This follows by Lemma

3.2, since under the representation π we have

π(|y∗i |) |k1, ..., kn,m〉 =
(
q2(k1+···+ki−1)(1− q2(ki+1))

)1/2 |k1, ..., kn,m〉
for i = 1, ..., n− 1. The above is only invertible on the subspace {|0, · · · , 0, ki, ..., kn,m〉}.
By Corollary 3.3 we obtain

π

(
χ1

(
n+1∑

k=j

y∗kyk

)
− χ1

(
n+1∑

k=j+1

y∗kyk

))
= (δk1,0 · · · δkj−1,0)(1− δkj ,0),

which is non-zero precisely when kt = 0 for all t = 1, ..., j − 1. Since i < j, it follows that

|y∗i | is invertible when it is restricted to
(
χ1

(∑n+1
k=j y

∗
kyk

)
− χ1

(∑n+1
k=j+1 y

∗
kyk

))
.

For |y∗n| we have

π(|y∗n|) |k1, ..., kn,m〉 =
(
q2(k1+···+kn−1)(1− q4(kn+1))

)1/2 |k1, ..., kn,m〉 .
As before, |y∗n| is invertible if k1 = k2 = ... = kn−1 = 0. Hence |y∗n| will be invertible when
we restrict it to

(
χ1

(
y∗nyn + y∗n+1yn+1

)
− χ1

(
y∗n+1yn+1

))
.

The rest of the proof follows by the universal properties of C(S4n−1
q ) and C∗(L2(n+1)−1).

First, by applying the ∗-representation π on the image of φ−1, we obtain that these
elements correspond to applying the ∗-representation ρ on the generators of C∗(L2(n+1)−1).
Indeed,

• π(χ1(y
∗
n+1yn+1) |k1, ..., kn,m〉 = δk1,0 · · · δkn,0 |k1, ..., kn,m〉 = ρ(Pvn+1) |k1, ..., kn,m〉 ,

• π

(
χ1

(
n+1∑

k=1

y∗kyk

)
− χ1

(
n+1∑

k=j+1

y∗kyk

))
|k1, ..., kn,m〉

= (δk1,0 · · · δkj−1,0)(1− δkj ,0) |k1, ..., kn,m〉 = ρ(Pvj) |k1, ..., kn,m〉 ,
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• π(y∗n+1χ1(y
∗
n+1yn+1)) |k1, ..., kn,m〉 = qk1+···+kn−1+2knδk1,0 · · · δkn,0 |k1, ..., kn,m+ 1〉

= ρ(Sen+1,n+1) |k1, ..., kn,m〉 ,

• π((1− q4)−1/2y∗nχ1(y
∗
n+1yn+1)) |k1, ..., kn,m〉

= (1− q4)−1/2δk1,0 · · · δkn,0qk1+···+kn−1(1− q4)1/2 |k1, ..., kn + 1,m〉
= δk1,0 · · · δkn,0 |k1, ..., kn + 1,m〉 = ρ(Sn,n+1 |k1, ..., kn,m〉 .

Similarly we obtain for each i = 1, ..., n− 1 the following:

π((1− q2)−1/2y∗jχ1(y
∗
n+1yn+1)) |k1, ..., kn,m〉

= δk1,0 · · · δkn,0 |k1, ..., kj−1, kj + 1, kj+1, ..., kn,m〉 = ρ(Sej,n+1
) |k1, ..., kn,m〉 .

Finally for j = 1, ..., n, i = 1, ..., j we have

π

(
y∗i |y∗i |−1

(
χ1

(
n+1∑

k=j

y∗kyk

)
− χ1

(
n+1∑

k=j+1

y∗kyk

)))
|k1, ..., kn,m〉

= π(y∗i |y∗i |−1)δk1,0 · · · δkj−1,0(1− δkj ,0) |k1, ..., kn,m〉

= π(y∗i )(1− q2(kj+1))−1/2δk1,0 · · · δkj−1,0(1− δkj ,0) |k1, ..., kn,m〉

= qk1+···+kj−1δk1,0 · · · δkj−1,0(1− δkj ,0) |k1, ..., ki−1, ki + 1, ki+1, ..., kn,m〉

= δk1,0 · · · δkj−1,0(1− δkj ,0) |k1, ..., ki−1, ki + 1, ki+1, ..., kn,m〉 = ρ(Sei,j) |k1, ..., kn,m〉 .

Hence the image of φ−1 satisfies the defining relations of C∗(L2(n+1)−1). Then φ−1

is a ∗-homomorphism by universality. Furthermore, it follows that π ◦ φ−1 = ρ, hence
φ−1 = π−1 ◦ ρ.

To prove that φ is a ∗-homomorphism, we show that applying the ∗-representation ρ
on the image of φ, we obtain the generators of C(S4n−1

q ) in the ∗-representation π. First
we will make sense of the operator T (b1, ..., bj). We have

ρ

(
n+1∑

i=j

Sej,i

)
|k1, ..., kn,m〉 = ((δk1,0 · · · δkj−1,0)(1− δkj ,0) + (δk1,0 · · · δkj ,0)(1− δkj+1,0)

+ · · ·+ (δk1,0 · · · δkn,0) |k1, ..., kj−1, kj + 1, kj+1, ..., kn,m〉
= (δk1,0 · · · δkj−1,0) |k1, ..., kj−1, kj + 1, kj+1, ..., kn,m〉 .

Then we obtain

ρ

(
n+1∑

i=j

Sej,i

)bj

|k1, ..., kn,m〉 = (δk1,0 · · · δkj−1,0) |k1, ..., kj−1, kj + bj, kj+1, ..., kn,m〉
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and

ρ

(
n+1∑

i=j

S∗ej,i

)bj

|k1, ..., kn,m〉 = (δk1,0 · · · δkj−1,0) |k1, ..., kj−1, kj − bj, kj+1, ..., kn,m〉

if kj ≥ bj, otherwise it is 0. Hence,

ρ(T (b1, ..., bj)
∗) |k1, ..., kn,m〉 =

(
n+1∑

i=j

S∗ej,i

)bj

· · ·
(

n+1∑

i=2

S∗e2,i

)b2 (n+1∑

i=1

S∗e1,i

)b1

|k1, ..., kn,m〉

=

(
n+1∑

i=j

S∗ej,i

)bj

· · ·
(

n+1∑

i=2

S∗e2,i

)b2

|k1 − b1, k2, ..., kn,m〉

=

(
n+1∑

i=j

S∗ej,i

)bj

· · ·
(

n+1∑

i=3

S∗e3,i

)b3

δ(k1−b1),0 |k1 − b1, k2 − b2, ..., kn,m〉

= · · · = δ(k1−b1),0δ(k2−b2),0 · · · δ(kj−bj),0 |k1 − b1, k2 − b2, ..., kj − bj, kj+1, ..., kn,m〉

=

{
|0, 0, ..., 0, kj − bj, ..., kn,m〉 , bi = ki, i = 1, ..., j − 1 and bj ≤ kj

0, otherwise

We now apply the ∗-representation ρ on the image of y∗i , i = 1, ..., n + 1 under φ. For
i = n+ 1 we have:

ρ

( ∑

b1,...,bn∈N
qb1+...+bn−1+2bnT (b1, ..., bn)Sen+1,n+1T (b1, ..., bn)∗

)
|k1, ..., kn,m〉

=
∑

bn∈N,bn≤kn
ρ(qk1+...+kn−1+2bnT (k1, ..., kn)Sen+1,n+1) |0, ..., 0, kn − bn,m〉

=
∑

bn∈N,bn≤kn
qk1+...+kn−1+2bnρ(T (k1, ..., kn))δk1,0 · · · δ(kn−bn),0 |0, , ..., 0,m+ 1〉

= qk1+...+kn−1+2kn |k1, , ..., kn,m+ 1〉
= π(y∗n+1) |k1, ..., kn,m〉 .

For i = n we have:

ρ

(
qb1+···+bn−1

∑

b1,...,bn∈N
(
√

1− q4(bn+1)−
√

1− q4bn)T (b1, ..., bn)(Sen,n+Sen,n+1)T (b1, ..., bn)∗
)

|k1, ..., kn,m〉

=
∑

bn∈N,bn≤kn
(qk1+···+kn−1(

√
1− q4(bn+1)−

√
1− q4bn)ρ(T (k1, ..., kn−1, bn)(Sen,n +Sen,n+1))

|0, ...0, kn − bn,m〉)
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=
∑

bn∈N,bn≤kn
(qk1+···+kn−1(

√
1− q4(bn+1) −

√
1− q4bn)ρ(T (k1, ..., kn−1, bn))δk1,0 · · · δkn−1,0

|0, ...0, kn − bn + 1,m〉)

=
∑

bn∈N,bn≤kn
(qk1+···+kn−1(

√
1− q4(bn+1) −

√
1− q4bn) |k1, ...kn−1, kn + 1,m〉)

= qk1+···+kn−1

√
1− q4(kn+1) |k1, ...kn−1, kn + 1,m〉 = π(y∗n) |k1, ..., kn,m〉 .

Finally for i = 1, ..., n− 1 we obtain:

ρ

( ∑

b1,...,bi∈N
qb1+···+bi−1(

√
1− q2(bi+1) −

√
1− q2bi)T (b1, ..., bi)

n+1∑

j=i

Sei,jT (b1, ..., bi)
∗
)

|k1, ..., kn,m〉

= ρ

( ∑

bi∈N,bi≤ki
qk1+···+ki−1(

√
1− q2(bi+1) −

√
1− q2bi)T (b1, ..., bi)

n+1∑

j=i

Sei,j

)

|0, ..., 0, ki − bi, ..., kn,m〉

= ρ

( ∑

bi∈N,bi≤ki
qk1+···+ki−1(

√
1− q2(bi+1) −

√
1− q2bi)T (b1, ..., bi)

)
δk1,0 · · · δki−1,0

|0, ..., 0, ki − bi + 1, ..., kn,m〉

= ρ

( ∑

bi∈N,bi≤ki
qk1+···+ki−1(

√
1− q2(bi+1) −

√
1− q2bi)

)
|0, ..., 0, ki + 1, ..., kn,m〉

= qk1+···+ki−1

√
1− q2(ki+1) |0, ..., 0, ki + 1, ..., kn,m〉 = π(y∗i ) |k1, ..., kn,m〉 .

The above proves that the image of φ satisfies the defining relations of C(S4n−1
q ). Hence

φ is a ∗-homomorphism. Furthermore, we obtain ρ ◦ φ = π hence φ = ρ−1 ◦ π. Since
φ = ρ−1 ◦ π and φ−1 = π−1 ◦ ρ they are indeed inverses of one another. �
Corollary 3.5. The quantum symplectic sphere C∗(S4n−1

q ) is isomorphic to the quantum

sphere C(S
2(n+1)−1
q ) by Vaksman and Soibelman.
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A VECTOR SPACE BASIS OF
THE QUANTUM SYMPLECTIC SPHERE

SOPHIE EMMA MIKKELSEN

Abstract. We give a candidate of a vector space basis for the algebra O(S4n−1
q ) of

the quantum symplectic sphere for every n ≥ 1. The construction follows by a non-
trivial application of the Diamond Lemma. The conjecture is supported by computer
experiments for n = 1, 2, ..., 8. The work is motivated by a result of Landi and D’Andrea,
who proved that the first n − 1 generators of the C∗-algebra C(S4n−1

q ), n ≥ 2 are zero.
By finding a vector space basis, we can conclude that these generators are different from
zero in the corresponding algebra O(S4n−1

q ).

0. Introduction

In [7] the C∗-algebra of the quantum symplectic 7-sphere, C(S7
q ), by Landi, Pagani and

Reina, defined in [5], is investigated. C(S7
q ) is a universal C∗-algebra generated by a set

of elements {x1, x2, y1, y2} and their adjoints, subject to a set of relations. The precise
definition will be given in Section 1. It is shown that there exist no faithful bounded
∗-representations of C(S7

q ) on a Hilbert space [7, Theorem 4.2]. In particular one can

prove that the generator x1 must be zero in C(S7
q ).

Motivated by this result, a vector space basis for the dense polynomial ∗-subalgebra of
C(S7

q ), denoted O(S7
q ), is constructed in [7]. The vector space basis consists of monomials

and is constructed by a non-trivial application of the Diamond Lemma, given as follows:

Theorem 0.1 ([7, Theorem 4.3]). The elements

y∗1
m1y∗2

m2x∗1
k1x∗2

k2xs11 y
t2
2 y

t1
1 ,

y∗1
m1y∗2

m2x∗1
k1xs22 x

s1
1 y

t2
2 y

t1
1 ,

(0.1)

with mj, kj, sj, tj ≥ 0, y0j = y∗j
0 = x0j = x∗j

0 = 1, form a vector space basis for O(S7
q ).

From this result we conclude that the generator x1 is non-zero in O(S7
q ).

In [2] the C∗-algebra, C(S4n−1
q ), of the quantum symplectic (4n − 1)-sphere is inves-

tigated. By an approach similar to the one used in [7], it is proven that n − 1 of the
generators are zero inside C(S4n−1

q ) for n ≥ 2 [2, Theorem 1]. The C∗-algebra C(S4n−1
q )

is studied further in [6], in which it is proven that C(S4n−1
q ) is isomorphic to the quantum
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sphere C(S
(2(n+1)−1)
q ) by Vaksman and Soibelman [8].

In the present paper we present a candidate of a vector space basis for the polynomial
dense ∗-subalgebra of C(S4n−1

q ), denoted O(S4n−1
q ), which generalises Theorem 0.1, see

Conjecture 3.1.
The conjecture is supported by computer experiments for n = 1, 2, ..., 8. If the con-

jecture is indeed true for a given n, we obtain a useful vector space basis of O(S4n−1
q )

consisting of monomials. From the vector space basis we can furthermore conclude that
xi, i = 1, ...n−1 are non-zero in O(S4n−1

q ), even though this is not the case for the ambient

C∗-algebra C(S4n−1
q ).

An application of the Diamond Lemma requires a great amount of calculations in
showing that all ambiguities are resolvable. For n = 2, this was done by hand in [7].
An explicit formula shows that the number of ambiguities increases polynomially as a
function on n. This makes calculations by hand extremely time consuming.

We will show that the set-up to apply the Diamond Lemma can be extended from
n = 2 to an arbitrary n. The difficulty, coursed by the drastically increase of the number
of ambiguities, is overcome by writing a computer program. For a fixed n, the program
calculates all the ambiguities and determines whether they are resolvable or not. By ap-
plying the program, we conclude that Conjecture 3.1 is indeed true for n = 1, 2..., 8. From
these data the practical running time of the program is estimated to increase polynomially
as a function on n.

For interest in a particular n, it is possible, by the set-up given in the present paper
and the program, to determine if Conjecture 3.1 is indeed true.

Acknowledgment. I would like to thank Nikolai Nøjgaard for a very helpful guidance
in the process of writing the computer program. I also gratefully acknowledge helpful
comments and suggestions from Wojciech Szymański and Thomas Gotfredsen.

1. The Quantum symplectic (4n− 1)-sphere

In the present paper all algebras will be over the complex numbers. Let q ∈ (0, 1). The
following defines the quantum symplectic (4n − 1)-sphere for n ∈ N, n ≥ 1, [5], which
is associated to the algebra of the quantum symplectic group O(SPq(n)). The algebra
O(SPq(n)) is defined by the symplectic R-matrix in [3].

Definition 1.1. O(S4n−1
q ) is the ∗-algebra generated by the elements {xi, yi}ni=1 and their

adjoints, subject to the relations:

xixj = q−1xjxi ∀i < j, yiyj = q−1yjyi ∀i > j, xiyj = q−1yjxi ∀i 6= j,

yixi = q2xiyi + (q2 − 1)
i−1∑

k=1

qi−kxkyk, xix
∗
i = x∗ixi + (1− q2)

i−1∑

k=1

x∗kxk,

yiy
∗
i = y∗i yi + (1− q2)

(
q2(n+1−i)x∗ixi +

n∑

k=1

x∗kxk +
n∑

k=i+1

y∗kyk

)
,
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xiy
∗
i = q2y∗i xi, xix

∗
j = qx∗jxi ∀i 6= j, yiy

∗
j = qy∗j yi − (q2 − 1)q2n+2−i−jx∗ixj ∀i 6= j,

xiy
∗
j = qy∗jxi ∀i < j, xiy

∗
j = qy∗jxi + (q2 − 1)qi−jy∗i xj ∀i > j.

and the sphere relation
n∑

i=1

(x∗ixi + y∗i yi) = 1.

If n = 1 then O(S3
q ) is the same as O(SUq2(2)) defined by Woronowicz [9], for which a

vector space basis is already known [9, Theorem 1.2].

Remark 1.2. Our notation differs from the notation used in [5]. We can pass to that
notation, by denoting yi by x2n+1−i for i = 1, 2, ..., n and replacing q by q−1.

In [2, Theorem 1] it was shown that if π is any bounded ∗-representation of O(S4n−1
q )

on a Hilbert space, then π(xi) = 0 for i = 1, ..., n−1. Hence xi for i = 1, ..., n−1 are all 0
in C(S4n−1

q ) for n ≥ 2. An application of the vector space basis, given in Conjecture 3.1,
makes it possible to conclude that xi for i = 1, ..., n− 1 are all different from zero inside
O(S4n−1

q ).

2. The Diamond Lemma

We will state the Diamond Lemma as presented in [1] in the case where the commutative
associated ring is the complex numbers. Let X be a set and denote by 〈X〉 the free unital
semigroup generated by X with unit denoted 1. Denote by C 〈X〉 the free associated
algebra of C. We define a reduction system S as follows. An element σ ∈ S is a tuple
which we denote by (wσ, fσ) with wσ ∈ 〈X〉 and fσ ∈ C 〈X〉.

Let σ ∈ S and a, b ∈ 〈X〉. A reduction is an endomorphism raσb : C 〈X〉 → C 〈X〉
which fixes all elements of 〈X〉 except awσb which is mapped to afσb.

An (overlap) ambiguity of S is a 5-tuple (σ, τ, a, b, c) where σ, τ ∈ S and a, b, c ∈ 〈X〉
with a, b, c 6= 1 such that wσ = ab and wτ = bc. An overlap ambiguity is resolvable
if fσc and afτ can be reduced to a common expression using compositions of reduction
maps. This is illustrated in Figure 1. The arrows in the top indicates the application
of the reduction σ and τ . The arrows denoted by r and r′ indicates the composition of
reduction maps we have to apply to get a common expression denoted z ∈ C 〈X〉.

abc
σ

↙
τ

↘
fσc afτ

↘
r

↙
r′

z

Figure 1. Overlap ambiguity
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We wish to have a partial order on 〈X〉 such that if b < b′ then abc < ab′c for a, b, b′, c ∈
〈X〉. The partial order is compatible with the reduction system S, if for any σ = (wσ, fσ)
in S, with

fσ =
∑

αjaj, aj ∈ 〈X〉 , αj ∈ C,

we have aj < wσ for all j. A partial order has the descending chain condition if there are
no infinite descending chains.

An element x ∈ C 〈X〉 is called irreducible if x involves no monomials of the form awσb
with a, b ∈ 〈X〉 and σ ∈ S. The set of irreducible elements of C 〈X〉 is denoted C 〈X〉irr.

Let I be the 2-sided ideal of 〈X〉 generated by wσ− fσ for all σ ∈ S. We can then state
the Diamond Lemma.

Theorem 2.1 ([1, Theorem 1.2]). Let ≤ be a partial order on 〈X〉 with the descending
chain condition. If S is a reduction system on C 〈X〉 compatible with ≤ such that all
ambiguities are resolvable, then a vector space basis for C 〈X〉 /I is given by C 〈X〉irr.

3. A vector space basis for O(S4n−1
q )

We will now describe how to set up a proof of the following conjecture, using the
Diamond Lemma.

Conjecture 3.1. The following elements

y∗1
m1 · · · y∗nmnx∗1

k1 · · ·x∗nknxsn−1

n−1 · · ·xs11 ytnn · · · yt11 ,
y∗1
m1 · · · y∗nmnx∗1

k1 · · ·x∗n−1kn−1xn
sn · · ·xs11 ytnn · · · yt11 ,

(3.1)

with mj, kj, sj, tj ≥ 0, y0j = y∗j
0 = x0j = x∗j

0 = 1, form a vector space basis for O(S4n−1
q ).

We can set up the initiation of a proof for a general n, which generalises the case
n = 2 from [7]. When we have to show that all ambiguities are resolvable we will no
longer consider a general n. Instead, in Section 4, we perform computer experiments for
n = 1, 2, 3, ..., 8 supporting Conjecture 3.1.

In the following we describe a reduction system and a partial order which has the
required properties to apply the Diamond Lemma.

Let X = {x1, ..., xn, x∗1, ..., x∗n, y1, ..., yn, y∗1, ..., y∗n}. We define a reduction system, de-
noted S, by the following relations and their adjoints:

xixj = q−1xjxi, i < j,

yiyj = qyjyi, i < j,

yjxi = qxiyj, i 6= j,

yixi = q2xiyi + (q2 − 1)
i−1∑

k=1

qi−kxkyk, (3.2)
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xix
∗
i = x∗ixi + (1− q2)

i−1∑

k=1

x∗kxk,

yiy
∗
i = y∗i yi + (1− q2)

(
q2(n+1−i)x∗ixi +

n∑

k=1

x∗kxk +
n∑

k=i+1

y∗kyk

)
,

xiy
∗
i = q2y∗i xi,

xix
∗
j = qx∗jxi, i 6= j,

yiy
∗
j = qy∗j yi − (q2 − 1)q2n+2−i−jx∗ixj, i 6= j

xiy
∗
j = qy∗jxi, i < j,

xiy
∗
j = qy∗jxi + (q2 − 1)qi−jy∗i xj, i > j,

x∗nxn = 1−
n−1∑

i=1

x∗ixi −
n∑

i=1

y∗i yi.

An element in S is a tuple which contains the left and the right hand side of the above
relations e.g. (x1y3, q

−1y3x1) ∈ S. Let I be the 2-sided ideal of 〈X〉 generated by wσ − fσ
for all σ ∈ S. Then O(S4n−1

q ) equals C 〈X〉 /I. We can then obtain a vector space basis

for O(S4n−1
q ) if the assumptions of Theorem 2.1 are satisfied.

We begin showing that there exists a partial order on 〈X〉 which is compatible with the
reduction system. We can define a relation on 〈X〉 in the same way as in [7].

Definition 3.2. [7, Definition 4.4] For u, v ∈ 〈X〉, we let u < v if we can write v as a
sum

∑
j αjaj with aj ∈ 〈X〉 , αj ∈ C by using a finite number of the above relations and

u = aj for some j.

By construction the relation is compatible with the reduction system. Intuitively, u < v
if u requires less reductions to be of the form (3.1) than v. Note, it follows immediately
that if b < b′ then abc < ab′c for a, b, b′, c ∈ 〈X〉.

The relation < is by definition reflexive and transitive. To show it is antisymmetric we
will prove that u < v and v < u cannot happen for u, v ∈ 〈X〉. This will be done by
associating some numbers to each monomial.

Let u = a1a2 · · · ak be a monomial in 〈X〉 i.e. ai ∈ {xj, x∗j , yj, y∗j |j = 1, ..., n}. We say
that (as, at) is an inverted pair in u if as does not precede at in the list

y∗1y
∗
2 · · · y∗nx∗1x∗2 · · ·x∗nxn · · ·x2x1yn · · · y2y1. (3.3)

That is, if their order as factors of u is opposite that of their order in (3.3). For each
monomial u ∈ 〈X〉 we associate numbers as follows:

(1) N1(u) := the number of inverted pairs of the form (xi, x
∗
j), (xi, y

∗
j ) and (yj, y

∗
i ) for

i, j = 1, ..., n in u.
(2) N2(u) := minimum of the number of xn and the number of x∗n in u.
(3) For i = 1, ..., n let: N3,i(u) := the number of inverted pairs of the form (yi, xi) and

(x∗i , y
∗
i ) in u.

(4) N4(u) := the number of inverted pairs of the form (yj, xi) and (x∗i , y
∗
j ) for i, j =

1, ..., n, i 6= j in u.
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(5) N5(u) := the number of inverted pairs of the form (yi, yj) and (y∗j , y
∗
i ) for i =

1, ..., n− 1, j = i+ 1, ..., n in u.
(6) N6(u) := the number of inverted pairs of the form (xi, xj) and (x∗j , x

∗
i ) for i =

1, ..., n− 1, j = i+ 1, ..., n in u.

Example 3.3. Let n = 3. Consider the monomial

u = x3y3x3x
∗
1y1y1x

∗
3x1

then

N1(u) = 8, N2(u) = 1, N3,1(u) = 2, N3,2 = 0, N3,3 = 1, N4(u) = 4, N5(u) = 0, N6(u) = 2.

The inverted pairs counted by Nk, k = 1, 4, 5, 6 and N3,i, i = 1, ..., n are said to
be of type (k) and (3, i) respectively. For (wσ, fσ) ∈ S we say that wσ = ab, a, b ∈
{xi, yi, x∗i , y∗i | i = 1, ..., n} is of type (k) or (3, i) if (a, b) is of type (k) or (3, i) respectively.

Let σ = (wσ, fσ) ∈ S, then we have two different cases:

Case 1 : fσ is a scalar multiple of the given pair written in the switched order.
Case 2 : fσ is a linear combination of at least two monomials.

Let v ∈ 〈X〉, denote by u < v one of the polynomials occurring after a reduction. Let σ ∈
S with wσ of type (1). Both in case 1 and 2 we have N1(u) = N1(v)− 1. If we are in case
1, we furthermore have Nk(u) = Nk(v), k = 2, 4, 5, 6 and N3,i(u) = N3,i(v), i = 1, ..., n. In
case 2, it might happen that these numbers will increase.

If we continue using reductions of type (1), we will at some point arrive at N1 = 0. The
monomials will then be such that all x∗i , y

∗
j , i, j = 1, ..., n are on the left hand side and all

the xi, yj, i, j = 1, ..., n will be on the right hand side.
Consider now the number N2(v). When using the reduction

σ =

(
x∗nxn, 1−

n−1∑

i=1

x∗ixi −
n∑

i=1

y∗i yi

)
,

coming from the sphere relation, we get N2(u) = N2(v) − 1 and N1(u) = N1(v). In case
1 we furthermore have that all the other numbers will be the same for u and v. If we
apply reductions of this form until N2 = 0 we obtain a monomial which at most contains
a single xn or a single x∗n.

Let σ ∈ S be a reduction with wσ of type (3,m) i.e. coming from the relation in (3.2).
Then

N3,m(u) = N3,m(v)− 1, N3,i(u) = N3,i(v), i > m

since if wσ is of type (3,m) we will not create any new terms containing any xi, yi or x∗i , y
∗
i

with i > m. Note that it might happen that N3,i(u) > N3,i(v) if m > i.
Furthermore, we have

N1(u) = N1(v) and N2(u) = N2(v).

Finally, we let σ ∈ S be such that wσ is of type (i) for i = 4, 5, 6. Then

Ni(u) = Ni(v)− 1, Nl(u) = Nl(v), l 6= i
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and

N1(u) = N1(v), N2(u) = N2(v), N3,m(v) = N3,m(u),m = 1, ..., n.

If we reduce N4 to zero we will have ordered the monomials such that we first have all
the y∗i ’s then the x∗j ’s afterwards xs’s and in the end the yt’s. When we use reductions to
decrease N5 to zero we order all the yi’s and y∗i ’s into the order in (3.3). Similar for xi, x

∗
j

when reductions are applied to decrease N6 to zero.
This concludes that u < v and v < u can never occur for any pair u, v ∈ 〈X〉, since it

will contradict the properties of the numbers Nk and N3,i. The relation is then antisym-
metric and hence a partial order. From the above we also get that the reduction process
will terminate at some point. Hence the descending chain condition is satisfied.

If we can show that all the ambiguities are resolvable, we have by the Diamond Lemma
that the elements in (3.1) is a vector spaces for O(S4n−1

q ). In that case it follows that

x1, ..., xn−1 are non-zero in O(S4n−1
q ).

The relation can also be given an alternative description as follows: u < v if and only
if one of the following conditions are satisfied:

(1) There exists a k such that Nk(u) < Nk(v) and for all j < k we have Nj(u) = Nj(v).
Furthermore, if k = 4, 5, 6 we must have N3,i(u) = N3,i(v) for all i.

(2) There exists a m such that N3,m(u) < N3,m(v), N3,i(u) = N3,i(v) for i > m and
Nk(u) = Nk(v) for k = 1, 2.

This gives us an efficient algorithm for reducing a monomial into a linear combination of
elements of the form (3.1). Applying suitable relations we reduce the number of inverted
pairs of type (1). When there are no such inverted pairs (i.e. N1 is 0) we use reductions
until N2 is 0 for all the monomials. Then we reduce the number of inverted pairs of type
(3, n), afterwards (3, n− 1) and so on, until we have reduced the number of inverted pairs
of of type (3, 1). In the end we reduce the number of inverted pairs of type (4), (5) and
(6) respectively. Let n = 3, below is an example of how to use the algorithm. A different
color indicates that we have moved on to another step in the reduction.

y2y3x
∗
1x3 = qy2x

∗
1y3x3 = q2x∗1y2y3x3

= q4x∗1y2x3y3 + q4(q2 − 1)x∗1y2x1y1 + q3(q2 − 1)x∗1y2x2y2

= q4x∗1y2x3y3 + q4(q2 − 1)x∗1y2x1y1 + q5(q2 − 1)x∗1x2y2y2 + q4(q2 − 1)2x∗1x1y1y2

= q5x∗1x3y2y3 + q5(q2 − 1)x∗1x1y2y1 + q5(q2 − 1)x∗1x2y2y2 + q4(q2 − 1)2x∗1x1y1y2

= q6x∗1x3y3y2 + q5(q2 − 1)x∗1x1y2y1 + q5(q2 − 1)x∗1x2y2y2 + q5(q2 − 1)2x∗1x1y2y1

= q6x∗1x3y3y2 + (q9 − q7)x∗1x1y2y1 + q5(q2 − 1)x∗1x2y2y2

4. Ambiguities of the reduction system

In [7] it was for n = 2 possible to determine by hand that all the ambiguities are
resolvable. When n grows larger we get extremely many ambiguities, making it hard to
calculate by hand. When it comes to determine whether all the ambiguities are resolvable,
we will apply computer calculations. Another advantage using computer calculations is
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the precision of the calculations. It is not hard to imagine that one could make mistakes
when reducing monomials by hand.

The ambiguities can be found as follows. Consider the sequence

y∗1y
∗
2 · · · y∗nx∗1x∗2 · · ·x∗nxn · · ·x2x1yn · · · y2y1.

If n = 2, take first x∗1, then pick an element to the left of x∗1 in the above sequence, say
y∗2. Pick then an element to the left of y∗2, say y∗1. Then we have an ambiguity x∗1y

∗
2y
∗
1.

Take now x∗2, pick an element to the left, and then another element to the left of the just
chosen element. Continue like this for all the elements in the above sequence. For n > 2,
we start with y∗3 and follow the same procedure as before. Furthermore, we must include
the following ambiguities:

ax∗nxn, a ∈ {x2, ..., x1, yn, ...y1},
x∗nxnb, b ∈ {y∗1, ..., y∗n, x∗1, ..., x∗n}.

In all we get the following number of ambiguities for a specific n:
(

4n−2∑

i=1

i∑

k=1

k

)
+ 4n =

1

2

4n−2∑

i=1

i(i+ 1) + 4n

=
1

12
(4n− 2)(4n− 1)(2(4n− 2) + 1) +

1

4
(4n− 2)(4n− 1) + 4n

=
1

12
(4n− 2)(4n− 1)8n+ 4n =

8

3
(4n3 − 3n2 + 2n).

A computer program has been written by the author in Python Version 3.9.5 using the
library SymPy. The program contains the following parts:

(1) For a given n it lists all the generators and relations in the reduction systems.
(2) An algorithm to reduce a given monomial until it can not be reduced any more

by the reduction system.
(3) All the ambiguities are determined and the algorithm in (2) is applied to check if

the ambiguities are resolvable or not.

Note that the monomials in the process are reduced until all the involved terms are
irreducible. This is needed for the program to determine if the ambiguities are resolvable.
E.g. consider the ambiguity x∗1y

∗
2y1, then x∗1y

∗
2 and y∗2y1 are reduced until they contain only

irreducible parts, afterwards they are compared. Note that it is not needed in theory, since
it is enough to reduce until we get a common expression, which could contain reducible
parts.

For n = 1, 2, 3, ...., 8 we obtain, by the computer program, that all the ambiguities are
resolvable. Hence Conjecture 3.1 is indeed true for n = 1, 2, 3, ..., 8. In Table 1 the number
of ambiguities and the practical running time1 of the program is given.

1The running times has been collected by running the program on a standard laptop.
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n 1 2 3 4 5 6 7 8

Number of
ambiguities 8 64 232 576 1160 2048 3304 4992

Running time 4.80 82.29 509.76 1917.51 5417.61 12944.70 27948.76 51751.18
in seconds (1.37 minutes) (8.50 minutes) (32.00 minutes) (1.50 hour) (3.60 hours) (7.76 hours) (14.38 hours)

Table 1. Number of ambiguities and running time in seconds.

A regression on the above data has been made. This indicates that the growth of the
practical running time is likely to be polynomial.

We have then obtained computer experiments which supports Conjecture 3.1. For
interest in the vector space basis of O(S4n−1

q ) for a specific n, this is possible to determine
using the computer program, taking the running time into account. Furthermore, as
a part of the program, we can express a given monomial in the basis using computer
calculations.
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THE QUANTUM TWISTOR BUNDLE

SOPHIE EMMA MIKKELSEN AND WOJCIECH SZYMAŃSKI

Abstract. We investigate the quantum twistor bundle constructed as a U(1)-quotient
of the quantum instanton bundle of Bonechi, Ciccoli and Tarlini. It is an example of
a locally trivial noncommutative bundle fulfilling conditions of the framework recently
proposed by Brzeziński and Szymański. In particular, we give a detailed description
of the corresponding C∗-algebra of ‘continuous functions’ on its noncommutative total
space. Furthermore, we analyse a different construction of a quantum instanton bundle
due to Landi, Pagani and Reina, find a basis of its polynomial algebra and discover an
intriguing and unexpected feature of its enveloping C∗-algebra.

0. Introduction

Locally trivial bundles play a crucial role in classical Geometry and Topology, and not
surprisingly a great deal of effort has been extended by numerous researchers with the
aim of generalizing these classical concepts to the realm of Noncommutative Geometry.
Those efforts have been very successful with regard to compact principal bundles and
associated vector bundles, equipped with a quantum structure group. See for example
[25], [7] and [6] for development of the purely algebraic theory, and [13] for an excellent
treatment of freeness of actions of compact quantum groups on C∗-algebras. In the
noncommutative case, a principal bundle at the C∗-algebraic level consists of a unital
C∗-algebra A which plays the role of the total space, equipped with a free action of a
compact quantum structure group G. The corresponding fixed point algebra AG plays
the role of the base space. However, the general concept of a noncommutative fibre bundle
is far from understood. An obvious obstruction in imitating the classical approach is lack
of transition functions subordinated to a local trivialisation, and thus lack of a clear path
from the fibration to a group.

Recently, a general framework for understanding a large class of noncommutative, lo-
cally trivial fibre bundles has been proposed in [10]. The motivation for that work comes
from the following classical case. Given a compact principal bundle G → M → B and
a closed subgroup H ⊆ G, one may pass to a bundle G/H → M/H → B. In [10], the
discussion is carried out primarily on the purely algebraic level and at the high level of
generality allowing for G to be replaced by a coalgebra. However, it is important to keep
C∗-algebraic perspective as well and indeed, the most interesting examples described so
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far involve both purely algebraic as well as analytic components based on C∗-algebras.
Here we should mention the quantum flag manifold SUq(3)/T2 with fibres standard Po-
dleś spheres studied in [8] and [9], as well as the same quantum manifold but with fibres
generic Podleś spheres given in [10].

Yet another example briefly described in [10] on the purely algebraic level is a quantum
twistor bundle CP 1

q → CP 3
q → S4

q , derived from the principal quantum instanton bundle

SUq(2) → S7
q → S4

q constructed by Bonechi, Ciccoli and Tarlini, [4] and [5]. It should
be noted that the action of SUq(2) in this case is not an algebra homomorphism, which
makes the construction difficult and interesting at the same time. The first main objective
of the present paper is to provide a thorough analysis of the C∗-algebraic aspects of this
quantum twistor bundle, including explicit calculation of irreducible representations. We
should point out that the C∗-algebra of the total space of our twistor bundle is given
by generators satisfying quite different relations from those of the Vaksman-Soibelman
complex projective space. Nevertheless, we show that on the level of C∗-algebras these two
are isomorphic. We also take a look at the K-theory and provide a natural construction
of polynomial projectors.

There exist in the literature several different constructions of quantum instanton bun-
dles, in addition to the one by Bonechi, Ciccoli and Tarlini. In the last section of this
paper, we take a closer look at the one due to Landi, Pagani and Reina, [23]. It is a
very interesting construction, described in detail on the purely algebraic level therein, but
with references to the ambient C∗-algebras as well. In the present paper, we take a closer
look at both the polynomial algebra of the total space and its enveloping C∗-algebra.
In particular, with help of the Diamond Lemma we exhibit a basis for the polynomial
algebra. We also calculate all irreducible representations of the enveloping C∗-algebra.
Quite surprisingly, it turns out that all of them kill one of the generators to zero. That
is, the polynomial algebra does not embed into its enveloping C∗-algebra.

Acknowledgment. We are grateful to Francesco D’Andrea and Giovanni Landi for
useful comments on an earlier version of this paper.

1. The quantum instanton bundle

To begin with, we briefly recall the structure of a quantum analogue of the instanton
bundle SU(2) → S7 → S4, as given in [5] and [4]. In the next section we will construct
a quantum twistor bundle from this quantum instanton bundle. Let O(Uq(4)) be the
polynomial algebra of the quantum unitary group, with q ∈ (0, 1). This is a universal
algebra generated by {tij}4i,j=1 and D−1q , subject to the following relations:

tiktjk = qtjktik, tkitkj = qtkjtki, i < j

tiltjk = tjktil, i < j, k < l,

tiktjl − tjltik = (q − q−1)tjktil, i < j, k < l,

DqD
−1
q = D−1q Dq = 1.
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Here Dq is the quantum determinant, defined as

Dq =
∑

σ∈S4

(−q)I(σ)tσ(1)1 · · · tσ(4)4,

where I(σ) denotes the number of inversed pairs and S4 is the group of permutations of
4 symbols. This algebra equipped with the usual comultiplication ∆Uq(4), counit ε and
antipode SUq(4), see [22, p. 311–314], is a Hopf algebra:

∆Uq(4)(tij) =
∑

k

tik ⊗ tkj,

ε(tij) = δij,

SUq(4)(tij) = (−q)i−j
∑

σ∈S3

(−q)I(σ)tjσ(1)i1tjσ(2)i2tjσ(3)i3 .

Here {j1, j2, j3} = {1, . . . , j − 1, j + 1, . . . , 4} and {i1, i2, i3} = {1, . . . , i− 1, i + 1, . . . , 4}.
Define the adjoint operation on O(Uq(4)) by

t∗ij = SUq(4)(tji) and D∗q = D−1q .

Then O(Uq(4)) is a Hopf ∗-algebra and its enveloping C∗-algebra , C(Uq(4)), is the C∗-
algebra of continuous functions on the compact quantum group Uq(4). Note that con-
tinuous functions on Uq(4) must be understood in an abstract sense since there is no
underlying space.

Now let O(S7
q ) be the ∗-subalgebra of O(Uq(4)) generated by {zi = t4i | i = 1, . . . , 4}.

Its enveloping C∗-algebra, C(S7
q ), is the universal C∗-algebra with the following relations:

zizj = qzjzi, for i < j,

z∗j zi = qziz
∗
j , for i 6= j,

z∗kzk = zkz
∗
k + (1− q2)

∑

j<k

zjz
∗
j ,

4∑

k=1

zkz
∗
k = 1.

Thus, C(S7
q ) is the C∗-algebra of continuous functions on the Vaksman-Soibelman quan-

tum 7-sphere, [26], and in particular it is isomorphic to a graph C∗-algebra, [19]. Note
that the generator zi from [5] and [4] corresponds to the generator z5−i from [19].

A certain coalgebra surjection πSUq(2) : O(Uq(4)) → O(SUq(2)) is investigated in [5].
This map is not an algebra homomorphism but only a right O(Uq(4))-module map in the
sense that

πSUq(2)(a) = πSUq(2)(b) implies πSUq(2)(ac) = πSUq(2)(bc)

for all a, b, c ∈ O(Uq(4)). One has that

ρUq(4) = (id⊗πSUq(2))∆Uq(4)
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is a right O(SUq(2))-coaction on O(Uq(4)). Its restriction yields a right O(SUq(2))-
coaction on O(S7

q ), namely

ρS7
q

: O(S7
q )→ O(S7

q )⊗O(SUq(2)).

Note that ρS7
q

is not a ∗-homomorphism.

Now, let O(S4
q ) be the vector space of coinvariants with respect to ρS7

q
, i.e.

O(S4
q ) = {u ∈ O(S7

q ) | ρS7
q
(u) = u⊗ 1}.

It is shown in [5] that O(S4
q ) is a ∗-algebra generated by {a, b, R}, where

a = z1z
∗
4 − z2z∗3 , b = z1z3 + q−1z2z4, R = z1z

∗
1 + z2z

∗
2

satisfies the following relations:

Ra = q−2aR, Rb = q2bR, ab = q3ba, ab∗ = q−1b∗a,

aa∗ + q2bb∗ = R(1− q2R), aa∗ = q2a∗a+ (1− q2)R2,

b∗b = q4bb∗ + (1− q2)R.
As shown in [5], the C∗-algebra C(S4

q ) generated by O(S4
q ) is isomorphic to the minimal

unitisation of the compacts. On the other hand, it was shown in [4] that O(S4
q ) ⊆ O(S7

q )
is a coalgebra Galois extension. In this sense, a quantum instanton bundle

SUq(2)→ S7
q → S4

q

has been created. Note that by writing SUq(2) → S7
q → S4

q we mean that C(SUq(2)) →
C(S7

q ) → C(S4
q ) is a noncommutative principal bundle and the same for the polynomial

algebra.

2. The C∗-algebra of the quantum twistor bundle

We consider a U(1) action µ on C(S7
q ) defined on the generators by

µw(zj) =

{
wzj, j = 1, 4

wzj, j = 2, 3

for all w ∈ U(1). Let C(CP 3
q ) be the fixed-point algebra for this action, and let O(CP 3

q ) be

the intersection of C(CP 3
q ) with O(S7

q ). We have C(S4
q ) ⊆ C(CP 3

q ) and O(S4
q ) ⊆ O(CP 3

q ).

Let Jk be the closed 2-sided ideal of C(CP 3
q ) generated by z1z

∗
1 , ..., zkz

∗
k for k = 1, 2, 3.

We clearly have that C(CP 3
q )/J3 is the complex numbers.

We now want to consider C(CP 3
q )/J2. Taking the quotient of C(S7

q ) by the ideal
generated by z1 and z2 gives us the C∗-algebra generated by z3, z4, which is isomorphic
to C(SUq(2)) = C∗(α, γ) of Woronowicz, [27], by the isomorphism z4 7→ α∗, z3 7→ γ.
C(CP 3

q )/J2 is then the fixed point algebra of the U(1) action on C(SUq(2)), also denoted
µ, given on the generators by

µw(α) = wα, µw(γ) = wγ.

Hence C(CP 3
q )/J2 is the C∗-algebra of the quantum CP 1

q , [26] and [19], which is the
minimal unitisation of the compacts and a graph C∗-algebra.



THE QUANTUM TWISTOR BUNDLE 5

Now, we turn to the investigation of C(CP 3
q )/J1. Consider the C∗-algebra generated by

z2, z3, z4, which is isomorphic to C(S5
q ) of [19], by the renaming of the generators z2 7→ z3,

z2 7→ z2 and z4 7→ z1. It is shown in [19, Theorem 4.4] that C(S5
q ) is the graph C∗-algebra

C∗(E), corresponding to the following graph:

• • •

E
e1,1

e1,2

e2,2 e3,3

e2,3

e1,3

v1 v2 v3

.................................................................................................................................................................................................................................................................................................................................................. .............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

..............................................................................................................
............
.........
........
........
.......
.......
.......
.......
.......
.......
........
........
.........

............
.....................................................................................................................

.......
.......
.......
........
.........
...........

...................
...........................................................................................................................................................................................................

............
.........
........
.......
.......
.......
.......
. ..............................................................................................................

............
.........
........
........
.......
.......
.......
.......
.......
.......
.......
........
.........
...........

....................
............................................................................................

...........................................................................................................................................................................................................................................................................................................
..........................

....................
.................

...............
..............
.............
............
...........
...........
..........
..........
..........
................................................ ................... ......................................... ...................

.............................. ............................................................ ................... .............................. ...................

......................................... ...................

Then C(CP 3
q )/J1 is isomorphic to the fixed point algebra, C∗(E)µ, for the U(1) action

on C∗(E) given by

µw(Seij) =

{
wSeij i = 1

wSeij i = 2, 3.

Theorem 2.1. Let F be the graph

• • •
F

∞ ∞

∞

w1 w2 w3

.................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
..........................

....................
.................

...............
..............
.............
............
...........
...........
..........
..........
..........
................................................ ................... ......................................... ...................

......................................... ...................

with infinitely many edges from wi to wj whenever i < j. There exists a C∗-algebra
isomorphism

φ : C∗(F )→ C∗(E)µ ∼= C(CP 3
q )/J1

such that
Pwj 7→ Pvj , j = 1, 2, 3,

Sαn 7→ Sne11Se12S
n+1
e22

, n ≥ 0

Sβn,m 7→ Sne11Se12S
m
e22
Se23S

n−m
e33

, n ≥ m ≥ 0,

Sδn 7→ Sne11Se13S
n+1
e33

, n ≥ 0

Sγn 7→ Sne22Se23S
∗
e33

n+1, n ≥ 0,

where αn, βn,m, δn, γn are the following edges:
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• • •
F

αn γn

βn,m, δn

v1 v2 v3

.................................................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
..........................

....................
.................

...............
..............
.............
............
...........
...........
..........
..........
..........
................................................ ................... ......................................... ...................

......................................... ...................

Proof. The target elements belong to the fixed point algebra and they satisfy the Cuntz-
Krieger relations for the graph F . By universality of C∗(F ), there exists a ∗-homomorphism
φ : C∗(F )→ C∗(E) as above. Injectivity of φ follows from the Cuntz-Krieger uniqueness
theorem, [18, Theorem 2], since the graph F contains no loops and φ(Pwi) 6= 0 for all i.
It can be seen that C∗(E)µ is generated by the following elements, with n,m ≥ 0:

Sne11S
n
e11
∗, Sne11Se12S

n+1
e22

, Sne22Se23S
m
e33

(Sme22Se23S
n
e33

)∗, Sne11Se12S
m
e22
Se23S

n−m
e33

,m ≤ n

Sne22S
n
e22
∗, Sne11Se13S

n+1
e33

, Sne11Se12S
n
e22

(Sme11Se12S
m
e22

)∗, Sne11Se13S
m
e33

(Sne11Se13S
m
e33

)∗,

Sne33S
n
e33
∗, Sne22Se23S

∗
e33

n+1, Sne11Se12S
m
e22

(Sne11Se12S
m
e22

)∗, Sne11Se13S
n
e33

(Sme11Se13S
m
e33

)∗

Ske11S
n
e22
Se23S

m
e33

(Sle11S
s
e22
Se23S

t
e33

)∗, when k + s+ t = l + n+m.

It can be shown that all these generators can be expressed by the images under φ of the
generators for C∗(F ). Thus φ is surjective. �
Theorem 2.2. The ideal J1 in C(CP 3

q ) generated by z1z
∗
1 is isomorphic to the compact

operators K(H) on a separable Hilbert space H.

Proof. We assume that q ∈ (0, 1), the case q > 1 can be done in a similar way. Let ρ be
an irreducible representation of C(CP 3

q ) such that ρ|J1 6= 0. Then ρ is also an irreducible
representation of J1, [1, Theorem 1.3.4]. We have

z∗4z4 = q2z4z
∗
4 + (1− q2),

and hence z4z
∗
4 and z∗4z4 commute. Considering the joint spectrum and using the fact

that σ(z4z
∗
4) ∪ {0} = σ(z∗4z4) ∪ {0},[20, Proposition 3.2.8], we get

σ(z∗4z4) ⊆ {λn | n ≥ 1} ∪ {1}, σ(z4z
∗
4) ⊆ {λn | n ≥ 0} ∪ {1},

where λn := 1− q2n (cf. the proof of Theorem 4.2, below). In a similar way, we get

σ(z∗3z3) ⊆ {δn,m | n ≥ 0,m ≥ 1} ∪ {q2n | n ≥ 1} ∪ {0}
σ(z3z

∗
3) ⊆ {δn,m | n,m ≥ 0} ∪ {q2n | n ≥ 0},

σ(z∗2z2) ⊆ {γn,m,k | n,m ≥ 0, k ≥ 1} ∪ {q2(m+n) | n,m ≥ 0} ∪ {0},
σ(z2z

∗
2) ⊆ {γn,m,k | n,m, k ≥ 0} ∪ {q2(m+n) | n,m ≥ 0},

σ(z1z
∗
1) ⊆ {q2(n+m+k) | n,m, k ≥ 0} ∪ {0},

where δn,m := q2n(1− q2m) and γn,m,k := (1− q2k)q2(n+m).
Let Hλn denote the eigenspace of ρ(z4z

∗
4) for the eigenvalue λn, Hδn,m the eigenspace

of ρ(z3z
∗
3) for the eigenvalue δn,m, and Hγn,m,k the eigenspace of ρ(z2z

∗
2) for the eigenvalue

γn,m,k. Since ρ|J1 6= 0 there exists a vector ξ0,0,0 such that ρ(z1z
∗
1)ξ0,0,0 6= 0. We will assume
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that this vector is in Hγ0,0,0 and ‖ξ0,0,0‖ = 1, then ρ(z1z
∗
1)ξ0,0,0 = ξ0,0,0 and ρ(ziz

∗
i )ξ0,0,0 =

0, i = 2, 3, 4. We can assume that ξ0,0,0 ∈ Hγ0,0,0 since if ξ ∈ Hγn,m,k is such that ρ(z1z
∗
1)ξ 6=

0 then

ρ(z∗4
nz∗3

mz∗2
kz∗1

rzt1)ξ ∈ Hγ0,0,0 ,

where t, r are chosen so that k+m+ t = r+n. We can then choose ξ0,0,0 to be the above
vector after normalization. Indeed, we have

ρ(z2z
∗
2)ρ(z∗4

nz∗3
mz∗2

kz∗1
rzt1)ξ = q−2(n+m)ρ(z∗4

nz∗3
mz2z2

∗z∗2
kz∗1

rzt1)ξ

= q−2(m+n)
(
ρ(z∗4

nz∗3
mz2

∗z2z
∗
2
kz∗1

rzt1)− (1− q2)ρ(z∗4
nz∗3

mz1z1
∗z∗2

kz∗1
rzt1)

)
ξ

...

= q−2(m+n)
(
(1− q2k)q2(n+m) − q2(n+m+k)(1− q2)(q−2k + q−2(k−1) + · · ·+ q−2)

)

· ρ(z∗4
nz∗3

mz∗2
kz∗1

rzt1)ξ

=

(
(1− q2k)− (1− q2)q2k q

−2k(1− q2k)
1− q2

)
ρ(z∗4

nz∗3
mz∗2

kz∗1
rzt1)ξ = 0.

Hence ρ(z∗4
nz∗3

mz∗2
kz∗1

rzt1)ξ is an eigenvector for ρ(z2z
∗
2) with eigenvalue 0. Similarly, we

can show that ρ(z∗4
nz∗3

mz∗2
kz∗1

rzt1)ξ is an eigenvector for ρ(z3z
∗
3) and ρ(z4z

∗
4) with eigenvalue

0 for both. We also have

ρ(z1z
∗
1)ρ(z∗4

nz∗3
mz∗2

kz∗1
rzt1)ξ = q−2(n+m+k)ρ(z2z

∗
2)ρ(z∗4

nz∗3
mz∗2

kz∗1
rzt1z1z

∗
1)ξ

= q−2(n+m+k)q2(n+m+k)ρ(z2z
∗
2)ρ(z∗4

nz∗3
mz∗2

kz∗1
rzt1)ξ

= ρ(z∗4
nz∗3

mz∗2
kz∗1

rzt1)ξ.

Hence ρ(z∗4
nz∗3

mz∗2
kz∗1

rzt1)ξ is an eigenvector for ρ(z1z
∗
1) with eigenvalue 1. We then con-

clude that ρ(z∗4
nz∗3

mz∗2
kz∗1

rzt1)ξ ∈ Hγ0,0,0 .

Now, let

ξn,m,k = ρ(zr1z
∗
1
tzk2z

m
3 z

n
4 )ξ0,0,0, for k +m+ t = r + n.

Note that we need to determine r and t such that we can get all combinations of n,m, k ∈
N. There is only one way to choose r, k such that zr1z

∗
1
tzk2z

m
3 z

n
4 ∈ C(CP 3

q ), and that is why
ξn,m,k is not indexed by r and t. We want to show that ξn,m,k ∈ Hγn,m,k . First we have

ρ(z1z
∗
1)ξn,m,k = q2(k+m+n)ξn,m,k
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and hence ξn,m,k is an eigenvector for ρ(z1z
∗
1) with eigenvalue q2(k+m+n). We also have to

consider ρ(ziz
∗
i ) for i = 2, 3, 4 to conclude that ξn,m,k ∈ Hγn,m,k . For ρ(z2z

∗
2) we get

ρ(z2z
∗
2)ξn,m,k = ρ(zr1z

∗
1
tz2z

∗
2z

k
2z

m
3 z

n
4 )ξ0,0,0

= ρ(zr1z
∗
1
tz22z

∗
2z

k−1
2 zm3 z

n
4 )ξ0,0,0 + (1− q2)ρ(zr1z

∗
1
tz2z1z

∗
1z

k−1
2 zm3 z

n
4 )ξ0,0,0

= ρ(zr1z
∗
1
tz22z

∗
2z

k−1
2 zm3 z

n
4 )ξ0,0,0 + (1− q2)q2(k−1)q2(m+n)ρ(zr1z

∗
1
tzk2z

m
3 z

n
4 )ξ0,0,0

= ρ(zr1z
∗
1
tz32z

∗
2z

k−2
2 zm3 z

n
4 )ξ0,0,0 + (1− q2)q2(m+n)(q2(k−1) + q2(k−2))ρ(zr1z

∗
1
tzk2z

m
3 z

n
4 )ξ0,0,0

...

= ρ(zr1z
∗
1
tzk2z2z

∗
2z

m
3 z

n
4 )ξ0,0,0

+ (1− q2)q2(m+n)(q2(k−1) + q2(k−2) + . . .+ q2 + 1)ρ(zr1z
∗
1
tzk2z

m
3 z

n
4 )ξ0,0,0

= (1− q2)q2(m+n) q
2k − 1

q2 − 1
ρ(zr1z

∗
1
tzk2z

m
3 z

n
4 )ξ0,0,0

= (1− q2k)q2(m+n)ξn,m,k.

Hence ξn,m,k is an eigenvector for ρ(z2z
∗
2) with eigenvalue γn,k,m. In a similar way we can

show that ξn,m,k is an eigenvector for ρ(z3z
∗
3) and ρ(z4z

∗
4) with eigenvalues δn,m and λn

respectively. Hence ξn,m,k ∈ Hγn,m,k .
Using the relations for the generators of C(S7

q ), one can show that J1 ∩ O(CP 3
q ) is

linearly spanned by monomials of the form

z∗4
n4z∗3

n3z∗2
n2z∗1

n1zm1
1 zm2

2 zm3
3 zm4

4 ,

with n2 + n3 +m1 +m4 = n1 + n4 +m2 +m3, n1,m1 ≥ 1. We claim that

ρ(z∗4
n4z∗3

n3z∗2
n2z∗1

n1zm1
1 zm2

2 zm3
3 zm4

4 )ξn,m,k = K(ni,mi, n,m, k, r, t)ξm4+n−n4,m3+m−n3,m2+k−n2 ,

where m2 +k−n2,m3 +m−n3,m4 +n−n4 > 0 and K(ni,mi, n,m, k, r, t) is a numerical
value depending on the given parameters. To this end, we want to move all terms with
z4 and z∗4 to the ends and after that do the same for z3 and z2. We illustrate this process
by the calculation involving z4. Let

q′ := q−m4(r+t+k+m)qn4(n3+n2+n1+m1+m2+m3+r+t+k+m).
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Then

ρ(z∗4
n4z∗3

n3z∗2
n2z∗1

n1zm1
1 zm2

2 zm3
3 zm4

4 )ξn,m,k

= q′ρ(z∗3
n3z∗2

n2z∗1
n1zm1

1 zm2
2 zm3

3 zr1z
∗
1
tzk2z

m
3 z
∗
4
n4zm4+n

4 )ξ0,0,0

= q′ρ(z∗3
n3z∗2

n2z∗1
n1zm1

1 zm2
2 zm3

3 zr1z
∗
1
tzk2z

m
3 z
∗
4
n4−1z4z

∗
4z

m4+n−1
4 )ξ0,0,0

+ q′(1− q2)q2(m4+n−1)ρ(z∗3
n3z∗2

n2z∗1
n1zm1

1 zm2
2 zm3

3 zr1z
∗
1
tzk2z

m
3 z
∗
4
n4−1zm4+n−1

4 z1z
∗
1)ξ0,0,0

= q′ρ(z∗3
n3z∗2

n2z∗1
n1zm1

1 zm2
2 zm3

3 zr1z
∗
1
tzk2z

m
3 z
∗
4
n4−1z24z

∗
4z

m4+n−2
4 )ξ0,0,0

+ q′(1− q2)q2(m4+n−2)ρ(z∗3
n3z∗2

n2z∗1
n1zm1

1 zm2
2 zm3

3 zr1z
∗
1
tzk2z

m
3 z
∗
4
n4−1zm4+n−1

4 )ξ0,0,0

+ q′(1− q2)q2(m4+n−1)ρ(z∗3
n3z∗2

n2z∗1
n1zm1

1 zm2
2 zm3

3 zr1z
∗
1
tzk2z

m
3 z
∗
4
n4−1zm4+n−1

4 )ξ0,0,0
...

= q′(1− q2)(q2(m4+n−1) + . . .+ q2 + 1)ρ(z∗3
n3z∗2

n2z∗1
n1zm1

1 zm2
2 zm3

3 zr1z
∗
1
tzk2z

m
3 z
∗
4
n4−1zm4+n−1

4 )ξ0,0,0

= q′(1− q2(m4+n))ρ(z∗3
n3z∗2

n2z∗1
n1zm1

1 zm2
2 zm3

3 zr1z
∗
1
tzk2z

m
3 z
∗
4
n4−1zm4+n−1

4 )ξ0,0,0.

Continuing as above we get

ρ(z∗4
n4z∗3

n3z∗2
n2z∗1

n1zm1
1 zm2

2 zm3
3 zm4

4 )ξn,m,k

= q′(1− q2(m4+n))(1− q2(m4+n−1))(1− q2(m4+n−2)) · · · (1− q2(m4+n−n4+1))

ρ(z∗3
n3z∗2

n2z∗1
n1zm1

1 zm2
2 zm3

3 zr1z
∗
1
tzk2z

m
3 z

m4+n−n4
4 )ξ0,0,0.

Let

K1(ni,mi, n,m, k, r, t) = q−m4(r+t+k+m)qn4(n3+n2+n1+m1+m2+m3+r+t+k+m)

n4−1∏

i=0

(1− q2(m4+n−i))

K2(ni,mi, n,m, k, r, t) = q−m3(r+t+m)qn3(n2+n1+m1+m2+r+t+k)q2n3(m4+n−n4)

n3−1∏

i=0

(1− q2(m3+m−i))

K3(ni,mi, n,m, k, r, t) = q−m2(r+t)qn2(n1+m1)q2n2(m4+m−n4+m3+m−n3)

n2−1∏

i=0

(1− q2(m2+k−i))

and denote the product

K1(ni,mi, n,m, k, r, t)K2(ni,mi, n,m, k, r, t)K3(ni,mi, n,m, k, r, t)

by K(ni,mi, n,m, k, r, t). Then

ρ(z∗4
n4z∗3

n3z∗2
n2z∗1

n1zm1
1 zm2

2 zm3
3 zm4

4 )ξn,m,k = K(ni,mi, n,m, k, r, t)ξm4+n−n4,m3+m−n3,m2+k−n2 .
(2.1)

If m2 + k < n2, m3 +m < n3 or m4 + n < n4 then

ρ(z∗4
n4z∗3

n3z∗2
n2z∗1

n1zm1
1 zm2

2 zm3
3 zm4

4 )ξn,m,k = 0.

Indeed

‖ρ(z∗4
n4z∗3

n3z∗2
n2z∗1

n1zm1
1 zm2

2 zm3
3 zm4

4 )ξn,m,k‖2

= 〈ξn,m,k, ρ(z∗4
m4z∗3

m3z∗2
m2z∗1

m1zn1
1 z

n2
2 z

n3
3 z

n4
4 z
∗
4
n4z∗3

n3z∗2
n2z∗1

n1zm1
1 zm2

2 zm3
3 zm4

4 )ξn,m,k〉 .
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Moving z4 and z∗4 to the ends we get the following expression up to a constant

ρ(z∗3
m3z∗2

m2z∗1
m1zn1

1 z
n2
2 z

n3
3 z
∗
3
n3z∗2

n2z∗1
n1zm1

1 zm2
2 zm3

3 zk2z
m
3 z
∗
4
m4z4

n4z∗4
n4z4

m4+n)ξ0,0,0.

If n4 > m4 + n then performing a calculation similar to the above we get the following,
up to some constant

ρ(z∗3
m3z∗2

m2z∗1
m1zn1

1 z
n2
2 z

n3
3 z
∗
3
n3z∗2

n2z∗1
n1zm1

1 zm2
2 zm3

3 zk2z
m
3 z4

n4−m4z∗4
n4−(m4+n))ξ0,0,0

We can now reduce this to the following up to a constant

ρ(z∗3
m3z∗2

m2z∗1
m1zn1

1 z
n2
2 z

n3
3 z
∗
3
n3z∗2

n2z∗1
n1zm1

1 zm2
2 zm3

3 zk2z
m
3 z4

n+1z∗4)ξ0,0,0 = 0.

A similar calculation can be done when m2 + k < n2 or m3 +m < n3.

Note that Hγ0,0,0 is one dimensional since ρ is irreducible. Indeed, if η0,0,0 ∈ Hγ0,0,0 and
is orthogonal to ξ0,0,0 then we can use the same construction above for η0,0,0 instead of
ξ0,0,0. By the construction we get that ρ(C(C3

q))ξ0,0,0 and ρ(C(C3
q))η0,0,0 are orthogonal

dense subspaces of H which cannot be true.

We now want to normalize ξn,m,k. The norm is given by the following using equation
(2.1)

‖ξn,m,k‖2 =
〈
ξ0,0,0, ρ(z∗4

nz∗3
mz∗2

kz∗1
r+tzr+t1 zk2z

m
3 z

n
4 )ξ0,0,0

〉

= qn(2(m+k)+r+t)qm(2k+r+t)

n∏

i=1

(1− q2i)
m∏

i=1

(1− q2i)
k∏

i=1

(1− q2i) =: Nn,m,k.

With the normalization constant we get a basis for our Hilbert space, also denoted
ξn,m,k, given by

ξn,m,k := Nn,m,k
−1/2ρ(zr1z

∗
1
tzk2z

m
3 z

n
4 )ξ0,0,0,

with k +m+ t = r + n and n,m, k, r, t > 0.

Hence if ρ is an irreducible representation of C(CP 3
q )) then ρ restricted to the ideal J1

is given by the following for n2 + n3 +m1 +m4 = n1 + n4 +m2 +m3, n1,m1 ≥ 1

ρ(z∗4
n4z∗3

n3z∗2
n2z∗1

n1zm1
1 zm2

2 zm3
3 zm4

4 )ξn,m,k = C(ni,mi, n,m, k, r, t)ξm4+n−n4,m3+m−n3,m2+k−n2 ,

when m2 + k − n2,m3 +m− n3,m4 + n− n4 > 0 otherwise it is 0. Here

C(ni,mi, n,m, k, r, t) =K(ni,mi, n,m, k, r, t)q
(m3+m−n3)2(n2−m2)+(n3−m3)(2k+r+t)

· (q(m4+n−n4)2(n3−m3+n2−m2)+(2(m+k)+r+t)(n4−m4))−1/2

·
(

n∏

i=m4+n−n4+1

(1− q2i)
m∏

i=m4+m−n3+1

(1− q2i)
k∏

i=m2+k−n2+1

(1− q2i)
)−1/2

where the last part takes the normalisation into account .
Since all irreducible representations of J1 can be extended to C(CP 3

q ), [24, Theorem
5.5.1], and by the result above there only exists one irreducible representation, up to
unitary equivalence, of J1, hence J1 is compact.
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Note that ρ(z1z
∗
1) is trace class since

∑

n,m,k≥0
〈ρ(z1z

∗
1)ξn,m,k, ξn,m,k〉 =

∑

n,m,k≥0
q2(n+m+k)

which is finite because q ∈ (0, 1). Then ρ(J1) ⊆ K(H). By [21, Theorem 10.4.10] we get
K(H) ⊆ ρ(J1) hence ρ(J1) = K(H). �

We now have the following short exact sequence of C∗-algebras

0→ K(H)→ C(CP 3
q )→ C∗(F )→ 0.

The compact operators on any Hilbert space is an AF algebra and C∗(F ) is also AF
because it does not contain any cycles, [15, Corollary 2.13]. C(CP 3

q ) is AF since the ideal
and the quotient C∗-algebra both are AF. We note that the ideal K(H) is essential in
C(CP 3

q ), since it intersects non-trivially each non-zero ideal of C(CP 3
q ).

From the six term exact sequence of K-theory we get the following short exact sequence

0→ K0(K(H))→ K0(C(CP 3
q ))→ K0(C

∗(F ))→ 0.

We know that K0(K(H)) ∼= Z and K0(C
∗(F )) ∼= Z3, [19]. Z3 is a free module over Z

hence it is projective and the above short exact sequence splits. Thus K0(C(CP 3
q ))) ∼=

Z⊕ Z3 ∼= Z4.

Theorem 2.3. The C∗-algebra C(CP 3
q ) is isomorphic to the graph C∗-algebra C∗(G) for

the following graph.

• • • •
G

∞ ∞

∞

∞

∞
∞

v1 v2 v3 v4

.................................................................................................................................................................................................................................................................................................................................................. .......................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
..........................

....................
.................

...............
..............
.............
............
...........
...........
..........
..........
..........
..................................................................................................................................................................................................................................................................................................................

..........................
....................

.................
...............

..............
.............
............
...........
...........
..........
..........
..........
.......................................................................................................................................................................................................................................................................................................................................................................................................................................................................

.............................
.......................

...................
.................

................
..............
.............
.............
............
...........
...........
...........
..........
..........
..........
..........
.........
.........
.........
.........
.........
........
........
........
........
.............................................. ................... ......................................... ................... ......................................... ...................

......................................... ................... ......................................... ...................

......................................... ...................

Proof. The K-groups of C∗(G) are K0(C
∗(G)) ∼= Z4 and K1(C

∗(G)) = 0, [14, 19]. Hence
C(CP 3

q ) and C∗(G) have the the same K0-groups and they are both AF algebras. We want
to use Elliott’s classification theorem for unital AF algebras [17] , that is, we wish to show
that the triples (K0(C(CP 3

q )), K0(C(CP 3
q ))+, [1]0) and (K0(C

∗(G)), K0(C
∗(G))+, [1]0) are

isomorphic as ordered groups. First we will show that K0(C(CP 3
q ))+ and K0(C

∗(G))+

are the same.
A generating set for K0(C

∗(G)) is [1]0, [pv2 + pv3 + pv4 ]0, [pv3 + pv4 ]0 and [pv4 ]0. We see
that we can subtract the next generator from the previous one a number of times and
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still get a projection. Indeed, let Sv be a finite subset of s−1(v) then

[pv]0 = [pv −
∑

e∈Sv
ses
∗
e]0 +

∑

e∈Sv
[ses

∗
e]0 = [pv −

∑

e∈Sv
ses
∗
e]0 +

∑

e∈Sv
[s∗ese]0

= [pv −
∑

e∈Sv
ses
∗
e]0 +

∑

e∈Sv
[pr(e)]0.

Hence

[pv]0 −
∑

e∈Sv
[pr(e)]0 = [pv −

∑

e∈Sv
ses
∗
e]0 ∈ K0(C

∗(G))+.

Consider the following calculation which follows by the above

[1]0 − 3[pv2 + pv3 + pv4 ]0 = [pv1 ]− 2[pv2 + pv3 + pv4 ]0

= [pv1 −
∑

i=2,3,4

seis
∗
ei

]0 − [pv2 + pv3 + pv4 ]0

= [pv1 −
∑

i=2,3,4

seis
∗
ei

]0 − [
∑

i=2,3,4

s∗fisfi ]

= [pv1 −
∑

i=2,3,4

seis
∗
ei

]0 −
∑

i=2,3,4

[sfis
∗
fi

]

= [pv1 −
∑

i=2,3,4

seis
∗
ei
−
∑

i=2,3,4

sfis
∗
fi

]0

where ei, fi ∈ r−1(vi) ∩ s−1(v1), i = 2, 3, 4. Since s−1(vi) ∩ s−1(v1), i = 2, 3, 4 consists
of infinitely many edges we can subtract n[pv2 + pv3 + pv4 ]0 from [1]0 for all n ∈ N and
still get an element in K0(C

∗(G))+. By similar calculations we see that we can subtract
the next generator from the previous one a number of times and still get an element in
K0(C

∗(G))+.
Identifying [1]0 with (1, 0, 0, 0), [pv2 + pv3 + pv4 ]0 with (0, 1, 0, 0) and so on, we get that

an element (n1, n2, n3, n4) is positive if and only if we have one of the following four cases:

(1) ni ≥ 0, i = 1, 2, 3, 4, (2) n1 ≥ 1 and ni ∈ Z for i = 2, 3, 4,

(3) n1 ≥ 0, n2 ≥ 1 and n3, n4 ∈ Z, (4) n1 ≥ 0, n2 ≥ 0, n3 ≥ 1 and n4 ∈ Z.

We know that K0(C(CP 3
q )) ∼= K0(K(H))⊕K0(C

∗(F )). A generating set for K0(C
∗(F ))

is [1]0, [pv2 +pv3 ]0 and [pv3 ]0. Since the ideal J1 is AF all the projections in the quotient lift
to a projection, [16, Lemma 9.7], hence there exists projections q1, q2 and q3 in C(CP 3

q )
such that

[π(q1)]0 = [1]0, [π(q2)]0 = [pv2 + pv3 ]0, [π(q3)]0 = [pv3 ]0.

where π is the quotient map. Let q4 be the minimal projection in K(H), then the last
generator is [q4]0.

Consider an element n1[q1]0 + n2[q2]0 + n3[q3]0 + n4[q4]0 ∈ K0(C(CP 3
q )). We wish to

determine for which coefficients ni ∈ Z, i = 1, 2, 3, 4 the element is in K0(C(CP 3
q ))+.

We have

K0(π)(n1[q1]0 + n2[q2]0 + n3[q3]0 + n4[q4]0) = n1[1]0 + n2[pv2 + pv3 ]0 + n3[pv3 ]0.
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As for C∗(G) we have that n1[1]0 + n2[pv2 + pv3 ]0 + n3[pv3 ]0 ∈ K0(C
∗(F ))+ if and only if

one of the following three cases are satisfied:

(1) ni ≥ 0, i = 1, 2, 3, (2) n1 ≥ 1 and n2, n3 ∈ Z, (3) n1 ≥ 0, n2 ≥ 1 and n3 ∈ Z.

Hence

K0(π)(n1[q1]0 − n2[q2]0 − n3[q3]0 − n4[q4]0) = K0(π)([p]0)

for a projection p ∈ C(CP 3
q ) if and only if the coefficients satisfies one of the above

conditions. Then there must exist an m4 ∈ Z such that

n1[q1]0 + n2[q2]0 + n3[q3]0 + (m4 + n4)[q4]0 = [p]0 ∈ K0(C(CP 3
q ))+.

Identifying [qi]0 with (0, .., 1, ...0) where 1 is in the i′th entry we get that K0(C(CP 3
q ))+

and K0(C
∗(F ))+ are the same.

The unit [1]0 in both cases corresponds to (1, 0, 0, 0). By Elliot’s classification theorem
we have that K0(C(CP 3

q )) is isomorphic to C∗(G).
�

3. Projections in O(CP 3
q )

In applications, it is useful to have elements of K-theory represented by projections
not merely in matrices over the C∗-algebra C(CP 3

q ) but by matrices with entries in the

polynomial algebra O(CP 3
q ). Following the approach of [12, Lemma 3.2], we give a con-

struction of projections in matrices over O(CP 3
q ). The projections are constructed in a

recursive way. We will explicitly write down two of them. These two non trivial projec-
tions will serve as candidates for the generators of the K-theory together with the trivial
projection and the non-trivial polynomial generator of the K-theory of C(S4

q ), G, given
by [5, Proposition 7]

G =




q2R 0 qa q2b
0 q2R qb∗ −q3a∗
qa∗ qb 1−R 0
q2b∗ −q3a 0 1− q4R


 .

More specifically, for N ∈ N let

ψNj1,j2,j3,j4 =
√
cj1,j2,j3,j4(N)z∗4

j4zj33 z
j2
2 z
∗
1
j1

where j1 + j2 + j3 + j4 = N . Let AN be the square matrix with ψNj1,j2,j3,j4 as the elements

in the first column and zero elsewhere. Note that (AN
∗
AN)ij = 0 for i, j 6= 1. We wish

to find coefficients cj1,j2,j3,j4(N) such that (AN
∗
AN)11 = 1. Then PN = ANAN

∗
will be a

projection in matrices over O(CP 3
q ) for all N ∈ N.
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By the condition (AN
∗
AN)11 = 1 and using that q4z1z

∗
1 + q2z∗2z2 + z∗3z3 + z4z

∗
4 = 1 we

can calculate

1 =
∑

j1+j2+j3+j4=N+1

cj1,j2,j3,j4(N + 1)(zj11 z
∗
2
j2z∗3

j3zj44 )(zj11 z
∗
2
j2z∗3

j3zj44 )∗

=
∑

j1+j2+j3+j4=N+1

cj1,j2,j3,j4(N + 1)(zj11 z
∗
2
j2z∗3

j3zj44 )(q4z1z
∗
1 + q2z∗2z2 + z∗3z3 + z4z

∗
4)(zj11 z

∗
2
j2z∗3

j3zj44 )∗

=
∑

j1+j2+j3+j4=N+1

cj1,j2,j3,j4(N + 1)q4q2(j2+j3−j4)(zj1+1
1 z∗2

j2z∗3
j3zj44 )(zj1+1

1 z∗2
j2z∗3

j3zj44 )∗

+
∑

j1+j2+j3+j4=N+1

cj1,j2,j3,j4(N + 1)q2q2(j3−j4)(zj11 z
∗
2
j2+1z∗3

j3zj44 )(zj11 z
∗
2
j2+1z∗3

j3zj44 )∗

+
∑

j1+j2+j3+j4=N+1

cj1,j2,j3,j4(N + 1)q−2j4(zj11 z
∗
2
j2z∗3

j3+1zj44 )(zj11 z
∗
2
j2z∗3

j3+1zj44 )∗

+
∑

j1+j2+j3+j4=N+1

cj1,j2,j3,j4(N + 1)(zj11 z
∗
2
j2z∗3

j3zj4+1
4 )(zj11 z

∗
2
j2z∗3

j3zj4+1
4 )∗

=
∑

j1−1+j2+j3+j4=N
cj1−1,j2,j3,j4(N)q4q2(j2+j3−j4)(zj11 z

∗
2
j2z∗3

j3zj44 )(zj11 z
∗
2
j2z∗3

j3zj44 )∗

+
∑

j1+j2−1+j3+j4=N
cj1,j2−1,j3,j4(N)q2q2(j3−j4)(zj11 z

∗
2
j2z∗3

j3zj44 )(zj11 z
∗
2
j2z∗3

j3zj44 )∗

+
∑

j1+j2−1+j3+j4=N
cj1,j2,j3−1,j4(N)q−2j4(zj11 z

∗
2
j2z∗3

j3zj44 )(zj11 z
∗
2
j2z∗3

j3zj44 )∗

+
∑

j1+j2+j3+j4−1=N
cj1,j2,j3,j4−1(N)(zj11 z

∗
2
j2z∗3

j3zj44 )(zj11 z
∗
2
j2z∗3

j3zj44 )∗

Hence we get the following recursive equation:

cj1,j2,j3,j4(N + 1) = q4q2(j2+j3−j4)cj1−1,j2,j3,j4)(N) + q2q2(j3+j2)cj1,j2−1,j4,j5(N)

+ q−2j4cj1,j2,j3−1,j4(N) + cj1,j2,j3,j4−1(N).

Since c0,0,0,0(0) = 1, we have

c1,0,0,0(1) = q4, c0,1,0,0(1) = q2, c0,0,1,0(1) = 1, c0,0,0,1(1) = 1

and

P1 = A1A1∗ =




q4z∗1z1 q3z∗1z
∗
2 q2z∗1z

∗
3 q2z∗1z4

q3z2z1 q2z2z
∗
2 qz2z

∗
3 qz2z4

q2z3z1 qz3z
∗
2 z3z

∗
3 z3z4

q2z∗4z1 qz∗4z
∗
2 z∗4z

∗
3 z∗4z4


 .

For N = 2 the coefficients are

c1,1,0,0(2) = q6(1 + q2), c1,0,1,0(2) = q4(1 + q2), c1,0,0,1(2) = q4(1 + q−2)

c0,1,1,0(2) = q2(1 + q2), c0,1,0,1(2) = q2(1 + q−2), c0,0,1,1(2) = q−2 + 1

c2,0,0,0(2) = q8, c0,2,0,0(2) = q4, c0,0,2,0(2) = 1, c0,0,0,2(2) = 1.
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Let P2 = A2A2∗ which is a square matrix of size 10 where the column vector defining A2

is

(ψ2
j1,j2,j3,j4

)j1+j2+j3+j4=2 = (q3
√

1 + q2z2z
∗
1 , q

2
√

1 + q2z3z
∗
1 , q

2
√

1 + q−2z∗4z
∗
1 , q
√

1 + q2z3z2,

q
√

1 + q−2z∗4z2,
√

1 + q−2z∗4z3, q
4z∗1

2, q2z22 , z
2
3 , z
∗
4
2).

Consider the ∗-homomorphism

π : C(CP 3
q )→ C(CP 3

q )/J2 ∼= C(SUq(2))µ

where z1, z2 are mapped to 0 and z3, z4 to themselves. Note that π(C(S4
q )) = C · 1 and

K0(π)([1]0) = [1]0, K0(π)([G]0) = [1]0.
We have

K0(π)([P1]0) =

[(
z3z
∗
3 z3z4

z∗4z
∗
3 z∗4z4

)]

0

K0(π)([P2]0) =






(1 + q−2)z∗4z3z
∗
3z4 (1 + q−2)1/2z∗4z3z4

2 (1 + q−2)1/2z∗4z3z
∗
3
2

(1 + q−2)1/2z∗4
2z∗3z4 z∗4

2z24 z∗4
2z∗3

2

(1 + q−2)1/2z23z
∗
3z4 z23z

2
4 z23z

∗
3
2





0

.

Recall from the discussion in section 2.4 that C(CP 3
q )/J2 is isomorphic to C(SUq(2))µ

by the map z3 7→ γ, z4 7→ α∗. Hence C(SUq(2))µ is isomorphic to the quantum pro-
jective space C(CP 1

q ). By [11] we know the 1-summable Fredholm modules, µ0 and µ1

for C(CP 1
q ), where the corresponding Hilbert spaces are denoted by H0 and H1 respec-

tively. We can determine if these two projections generate the K-theory of C(CP 1
q ). By

the isomorphism, K0(π)([P1]0) and K0(π)([P2)]0) become the following two elements in
C(SUq(2))µ.

[P ′1]0 =

[(
γγ∗ γα∗

αγ∗ αα∗

)]

0

.

[P ′2]0 =






(1 + q−2)αγγ∗α∗ (1 + q−2)1/2αγα∗2 (1 + q−2)1/2αγγ∗2

(1 + q−2)1/2α2γ∗α∗ α2α∗2 α2γ∗2

(1 + q−2)1/2γ2γ∗α∗ γ2α∗2 γ2γ∗2





0

Translating this to the notation used in [11] we have α 7→ z∗0 , γ 7→ z1. Using the isomor-
phism z0 7→ z0, z1 7→ z∗1 of C(CP 1

q ) with itself, the above projections become the following

in C(CP 1
q ).

[P ′′1 ]0 =

[(
z∗1z1 z∗1z0
z∗0z1 z∗0z0.

)]

0

[P ′′2 ]0 =






(1 + q−2)z∗0z
∗
1z1z0 (1 + q−2)1/2z∗0z

∗
1z

2
0 (1 + q−2)1/2z∗0z

∗
1z1

2

(1 + q−2)1/2z∗0
2z∗1z0 z∗0

2z0
2 z∗0

2z1
2

(1 + q−2)1/2z∗1
2z1z0 z∗1

2z0
2 z∗1

2z1
2






0

The index paring gives us the following results.

[P ′′1 ]0 [P ′′2 ]0
[µ0] 1 1
[µ1] -1 -2
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Below is an example of one of these calculations. By geometric series we have

〈[µ1], [P
′′
2 ]0〉 = TrH1(π0 − π1)(Tr(P ′′2 ))

=
∞∑

m1

(
1− (2 + q−2 − q2)q2(m1+1)(1− q2(m1+1))− (1− q2(m1+1))2 − q4m1

)

= −(2 + q−2 − q2)q2
1− q2 +

(2 + q−2 − q2)q4
1− q4 − 1

1− q4 −
q4

1− q4 +
2q2

1− q2 = −2.

Since the matrix

(
1 1
−1 −2

)
is invertible in M2(Z) we have that [P ′′1 ] and [P ′′2 ] gen-

erate K0(C(CP 1
q )). Hence K0(π)([P1])0 and K0(π)([P2]0) are nontrivial generators of

K0(C(CP 3
q )/J2).

It would be useful to have a set of 1-summable Fredholm modules providing the full
pairing between the corresponding K-theory and K-homology. Unfortunately, the con-
struction from [11] is not directly applicable to our case, involving different and seemingly
more complicated relations between the generators. We hope to address this issue in a
separate paper.

4. On the Landi-Pagani-Reina quantum instanton bundle

We took as the starting point of our construction of a quantum twistor bundle the quan-
tum instanton bundle discovered by Bonechi, Ciccoli and Tarlini in [5]. However, in the
literature there exists other constructions of quantum instanton bundles, for example the
one described by Landi, Pagani and Reina in [23]. The bundle from [23] has the advantage
over the one from [5] insofar as the action of SUq(2) is by an honest ∗-homomorphism.
Unfortunately, the construction seems to work best only on the purely algebraic level
and certain unexpected features pop up when considering the ambient C∗-algebras. We
elaborate this point below. The following defines the quantum 7-sphere by Landi, Pagani
and Reina [23, relations (14), (15) and (16)].

Definition 4.1. O(S7
q ) is the algebra generated by x1, x2, x3, x4 with the relations

x1x2 = qx2x1, x1x3 = qx3x1, x2x4 = qx4x2, x3x4 = qx4x3

x4x1 = q−2x1x4, x3x2 = q−2x2x3 + q−2(q−1 − q)x1x4,
x1x

∗
1 = x∗1x1, x1x

∗
2 = q−1x∗2x1, x1x

∗
3 = q−1x∗3x1, x1x

∗
4 = q−2x∗4x1,

x2x
∗
2 = x∗2x2 + (1− q−2)x∗1x1, x2x∗3 = q−2x∗3x2,

x2x
∗
4 = q−1x∗4x2 + q−1(q−2 − 1)x∗3x1,

x3x
∗
3 = x∗3x3 + (1− q−2)(x∗1x1 + (1 + q−2)x∗2x2),

x3x
∗
4 = q−1x∗4x3 + (1− q−2)q−3x∗2x1,

x4x
∗
4 = x∗4x4 + (1− q−2)((1 + q−4)x∗1x1 + x∗2x2 + x∗3x3),

and
∑4

i=1 x
∗
ixi = 1.

We denote by C(S7
q ) the universal C∗-algebra of the quantum 7-sphere.
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Theorem 4.2. In C(S7
q ), we have x1 = 0.

Proof. We assume q > 1 and write t = q−2, so that t ∈ (0, 1). If q < 1 then a similar
argument applies, interchanging the roles of x4 and x∗4. Now, x1 is a normal element of
C(S7

q ) and the relations

x4x1 = tx1x4 and x4x
∗
1 = tx∗1x4 (4.1)

imply that x1 commutes with both x∗4x4 and x4x
∗
4. From

4∑

j=1

x∗jxj = 1 (4.2)

we calculate x∗2x2 + x∗3x3 and substitute to the relation

x4x
∗
4 = x∗4x4 + (1− t)[(1 + t2)x∗1x1 + x∗2x2 + x∗3x3] (4.3)

to obtain
x4x

∗
4 = (1− t) + tx∗4x4 + t2(1− t)x∗1x1. (4.4)

Hence x∗4x4 and x4x
∗
4 commute, and we have

x4x
∗
4 ≥ (1− t) + tx∗4x4. (4.5)

By (4.5), the joint spectrum σ(x∗4x4, x4x
∗
4) is contained in the triangle with vertices (1, 1),

(1, 0) and (1− t, 0), which is sketched below. At first we see that the rectangle (0, 1− t)×
[0, 1] is not contained in the joint spectrum, hence the red line segment is not in σ(x4x

∗
4).

Since σ(x4x
∗
4) ∪ {0} = σ(x∗4x4) ∪ {0}, the green line segment is not in σ(x∗4x4). Then the

blue line segment cannot be in σ(x4x
∗
4).

x∗4x4

x4x
∗
4

1− t

1

1

σ(x4x
∗
4, x
∗
4x4)

1− t2

1− t3
1− t4

1− t
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Applying this argument repeatedly we get

σ(x∗4x4) ⊆ {1− tn | n = 0, 1, . . .} ∪ {1},
σ(x4x

∗
4) ⊆ {1− tk | k = 1, 2, . . .} ∪ {1}.

Now, solving (4.4) for x∗1x1 we get

x∗1x1 =
x4x

∗
4 − (1− t)− tx∗4x4

t2(1− t) .

The possible eigenvalues are then

(1− tk)− (1− t)− t(1− tn)

t2(1− t) =
tn+1 − tk
t2(1− t) .

Since x1x
∗
1 is positive we need k ≥ n+ 1. Letting k = n+m,m ∈ {1, 2, ...} we obtain the

eigenvalues

λn,m :=
tn(1− tm−1)
t(1− t) , n = 0, 1, . . . ,m = 1, 2.

It is also possible that the spectrum contains the following values by considering 1 ∈
σ(x4x

∗
4) and 1− tn ∈ σ(x∗4x4), n ≥ 0:

δn :=
tn

t(1− t) , n = 0, 1, . . .

Note that δn is the limit of the eigenvalues λn,m when m→∞. Then

σ(x∗1x1) ⊆ {λn,m | n = 0, 1, . . . ,m = 1, 2, . . .} ∪ {δn | n = 0, 1, . . .} ∪ {0}. (4.6)

It is not clear yet if all the above listed possible spectral values for x∗1x1 actually occur or
not, since there are other constraints. For a start, we consider the eigenvalues λn,m. We
must have λn,m ≤ 1 by (4.2), and this puts restrictions on the possible combinations of n
and m. If m = 1 then all values of n are possible, but for m ≥ 2 some finite number of
smallest values of n must be removed. In particular, if m ≥ 2 then n = 0 is not allowed.

Now, suppose that ξ is an eigenvector for x∗1x1 with eigenvalue λn,m in some repre-
sentation of C(S7

q ). Then it follows from relations (4.1) that x∗4ξ is an eigenvector with

eigenvalue t2λn,m = λn+2,m, and x4ξ is either zero vector or an eigenvector with eigenvalue
t−2λn,m = λn−2,m.

We claim that x4ξ is zero iff n = 0 when m ≥ 2, indeed let x4ξ = 0 then

x4x
∗
4ξ = (1− t)ξ + tx∗4x4ξ + t2(1− t)x∗1x1ξ = (1− t+ tn+1(1− tm−1))ξ

Hence (1 − t) + tn+1(1 − tm−1) has to be an eigenvalue for x4x
∗
4. First note that we can

exclude the spectral value 1, since it is not possible for this to equal 1. Hence it must
take the form 1− tk for some k = 1, 2, .... This happens if and only if n = 0 where we get
1− tm. On the other hand if n = 0 then x∗4x4ξ = (1− t0) = 0 and it follows that x4ξ = 0.

Since x4ξ is zero iff n = 0 when m ≥ 2, we see that each λn,m eigenvector with m ≥ 2
must be moved by some power of x4 to a λ0,m eigenvector if n is even. If n is odd we first
move it to a λn+1,m eigenvector by x∗2 since x∗1x1x

∗
2 = tx∗2x

∗
1x1. However, if m ≥ 2 then

λ0,m ≥ λ0,2 =
1

t
> 1.
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Hence λ0,m eigenvectors exist only if m = 1 in which case λ0,1 = 0. We conclude that
m = 1 is the only possible case. Hence

σ(x∗1x1) ⊆ {δn | n = 0, 1, . . .} ∪ {0}. (4.7)

where δn, n = 0, 1, . . . are now isolated points in the spectrum and therefore eigenvalues.
First note that we need δn ≤ 1 which exclude some of the values. For all t it follows that
δ0 and δ1 cannot be in the spectrum. Let η be an eigenvector with eigenvalue δn. Like
before it follows that x∗4η is an eigenvector with eigenvalue δn+2 and x4η is either zero
vector or an eigenvector with eigenvalue δn−2. We claim that x4η = 0 iff n = 0. Indeed,
assume x4η = 0 then

x4x
∗
4η = (1− t)η + tx∗4x4η + t2(1− t)x∗1x1η = (1− t+ tn+1)η.

Then 1− t+ tn+1 must be an eigenvalue for x4x
∗
4. The only possible value in the spectrum

of x4x
∗
4 which satisfies this is the spectral value 1 when n = 0. On the other hand if n = 0

then it follows as before that x4η = 0.
We can then move any δn eigenvector by some power of x4 to a δ0 or δ1 eigenvector.
However,

δ0 =
1

t(1− t) > 1, δ1 =
1

1− t > 1.

Hence δn eigenvectors do not exists for any n.
This however means that σ(x∗1x1) = {0} and it follows that x1 = 0. �
Now, we turn to investigations of the polynomial ∗-algebra O(S7

q ). We will show that
x1 6= 0 in the algebraic case by finding a vector space basis.

Theorem 4.3. The following elements

x∗4
m4x∗3

m3x∗1
m1x∗2

m2xn1
1 x

n3
3 x

n4
4 ,

x∗4
m4x∗3

m3x∗1
m1xn2

2 x
n1
1 x

n3
3 x

n4
4 ,

(4.8)

with mj, nj ≥ 0, x0j = x∗j
0 = 1, form a vector space basis for O(S7

q ).

Proof. We use the Diamond Lemma technique from [3].
We put X = {x1, x2, x3, x4, x∗1, x∗2, x∗3, x∗4} and let 〈X〉 be the free unital semigroup

generated by X. Denote by C 〈X〉 the free associative algebra over C. Consider the
following relations, together with their adjoints:

x1x2 = qx2x1, x3x1 = q−1x1x3, x4x2 = q−1x2x4, x4x3 = q−1x3x4,

x4x1 = q−2x1x4, x1x
∗
2 = q−1x∗2x1, x1x

∗
3 = q−1x∗3x1, x2x

∗
3 = q−2x∗3x2,

x1x
∗
4 = q−2x∗4x1, x3x2 = q−2x2x3 + q−2(q−1 − q)x1x4,

x2x
∗
4 = q−1x∗4x2 + q−1(q−2 − 1)x∗3x1, x3x

∗
4 = q−1x∗4x3 + (1− q−2)q−3x∗2x1,

x∗1x1 = x1x
∗
1, x

∗
2x2 = 1− x∗1x1 − x∗3x3 − x∗4x4,

x2x
∗
2 = x∗2x2 + (1− q−2)x∗1x1,

x3x
∗
3 = x∗3x3 + (1− q−2)(x∗1x1 + (1 + q−2)x∗2x2),

x4x
∗
4 = x∗4x4 + (1− q−2)((1 + q−4)x∗1x1 + x∗2x2 + x∗3x3).
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A reduction system, denoted S, is given by the above relations. That is, every time we
have a monomial containing a term on the left hand side of the relation we can replace
it with the expression on the right hand side of the relation. An element in S is a tuple
which contains the left and the right hand side of the relation, e.g. (x2x1, q

−1x1x2) ∈ S.
If σ ∈ S we let σ = (wσ, fσ). Let I be the 2-sided ideal of 〈X〉 generated by wσ − fσ for
all σ ∈ S. Then, by definition, the polynomial algebra O(S7

q ) equals C 〈X〉 /I.
We begin by showing that there exists a partial order ≤ on 〈X〉 such that if B ≤ B′ then

ABC ≤ AB′C, for all A,B,B′, C ∈ 〈X〉. The partial order must also be compatible with
the reduction system, i.e. for all σ ∈ S the corresponding fσ must be a linear combination
of monomials strictly less than wσ.

Definition 4.4. Let u, v ∈ 〈X〉 and let u < v if we can write v as a sum
∑

j αjaj,

aj ∈ 〈X〉, αj ∈ C by using a finite number of the above relations and u = aj for some j.

In other words, u < v if u is ”closer” to being of the form (4.8) than v. The relation
< is transitive, by the very definition, but we must show that u < v and v < u cannot
happen for any given pair u, v ∈ 〈X〉. To this end we associate certain numbers to every
monomial. For a monomial u = xi1xi2 · · ·xin we say that xis and xit is an inverted pair if
xis does not precede xit in the list x∗4, x

∗
3, x

∗
1, x

∗
2, x2, x1, x3, x4. Now we define:

(1) N1(u) := the number of inverted pairs containing an xi and an x∗j for i, j ∈
{1, 2, 3, 4}.

(2) N2(u) := minimum of the number of x2 and the number of x∗2.
(3) N3(u) := the number of inverted pairs among the elements x2, x3, x

∗
2 and x∗3.

(4) N4(u) := the number of inverted pairs x4, xi with i ∈ {2, 3} and the inverted pairs
x∗4, x

∗
i with i ∈ {2, 3}.

(5) N5(u) := the number of inverted pairs x1, xi with i ∈ {2, 3, 4} and the inverted
pairs x∗1, x

∗
i with i ∈ {2, 3, 4}.

The inverted pairs counted by Nj(u), as above, will be called of type (j). Now, let
v ∈ 〈X〉 and apply to v once a reduction σ = (wσ, fσ). Let u < v be one of the monomials
occurring on the right hand side after this reduction. Note that wσ is an inverted pair,
say of type (j). Either fσ itself a scalar multiple of this pair written in the switched
order, or it is a linear combination of at least two monomials. In the former case, we
note that Nj(u) = Nj(v) − 1 and Ni(u) = Ni(v) for all i 6= j. In the latter case, we
have Nj(u) = Nj(v) − 1 and Ni(u) = Ni(v) for all i < j (although it may happen that
Nk(u) > Nk(v) for k > j). This shows simultaneously that ≤ is antisymmetric, hence
partial order, and that it satisfies the descending chain condition.

The (overlap) ambiguities of S take the form xixjxk for i, j, k ∈ {±1,±2,±3,±4},
with x−i = x∗i . There is a long list of ambiguities, we are able to determine them in
the following way. Consider the sequence x∗4x

∗
3x
∗
1x
∗
2x2x1x3x4. Take first x2 then pick an

element to the left of x2 take x2
∗ and after that an element to the left of x2

∗, take x∗1.
Then one ambiguity is x2x

∗
2x
∗
1. Proceeding in this way we get

x2x
∗
2x
∗
1, x2x

∗
2x
∗
3, x2x

∗
2x
∗
4, x2x

∗
1x
∗
3, x2x

∗
1x
∗
4, x2x

∗
3x
∗
4

x1x2x
∗
1, x1x2x

∗
2, x1x2x

∗
3, x1x2x

∗
4, x1x

∗
2x
∗
1, x1x

∗
2x
∗
3,

x1x
∗
2x
∗
4, x1x

∗
2x
∗
3, x1x

∗
1x
∗
3, x1x

∗
1x
∗
4, · · · · · ·
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The sphere relation gives us furthermore the following ambiguities

x∗2x2x
∗
1, x
∗
2x2x

∗
2, x
∗
2x2x

∗
3, x
∗
2x2x

∗
4, x1x

∗
2x1, x2x

∗
2x2, x3x

∗
2x2, x4x

∗
2x2.

We have to show that all ambiguities are resolvable. That is, if σ, τ ∈ S with xixj = wσ
and xjxk = wτ then xifτ and fσxk can be reduced to a common expression. Long and
tedious calculations show that this is indeed the case for all ambiguities. Below is an
example of such a calculation. Consider x3x2x

∗
4, then

x3(x2x
∗
4) = x3(q

−1x∗4x2 + q−1(q−2)x∗3x1)

= q−2x∗4x3x2 + q−4(1− q−2)x∗2x1x2 + q−1(q−2 − 1)x3x
∗
3x1

= q−4x∗4x2x3 + q−4(q−1 − q)x∗4x1x4 + q−4(1− q−2)x∗2x1x2 + q−1(q−2 − 1)x3x
∗
3x1

= q−4x∗4x2x3 + q−4(q−1 − q)x∗4x1x4 + q−4(1− q−2)x∗2x1x2 + q−2(q−2 − 1)x∗3x1x3

+ q−1(q−2 − 1)(1− q−2)x∗1x1x1 + q−2(q−2 − 1)(1− q−2)(1 + q−2)x∗2x1x2

= q−4x∗4x2x3 + q−4(q−1 − q)x∗4x1x4 + q−4(q−2 − 1)x∗3x1x3

+ (2q−3 − q−1 − q−5)x∗1x1x1 + (2q−4 − q−2 − q−8)x∗2x1x2
and

(x3x2)x
∗
4 = (q−2x2x3 + q−2(q−1 − q)x1x4)x∗4

= q−4x∗4x2x3 + q−4(q−2 − 1)x∗3x1x3 + q−5(1− q−2)x∗2x2x1
+ q−5(1− q−2)(1− q−2)x∗1x1x1 + q−2(q−1 − q)x1x4x∗4

= q−4x∗4x2x3 + q−4(q−2 − 1)x∗3x1x3 + q−6(1− q−2)x∗2x1x2
+ q−5(1− q−2)(1− q−2)x∗1x1x1 + q−4(q−1 − q)x∗4x1x4
+ q−2(q−1 − q)(1− q−2)(1 + q−4)x∗1x1x1

+ q−3(q−1 − q)(1− q−2)x∗2x1x2 + q−3(q−1 − q)(1− q−2)x∗3x1x3
= q−4x∗4x2x3 + q−4(q−1 − q)x∗4x1x4 + q−4(q−2 − 1)x∗3x1x3

+ (2q−3 − q−1 − q−5)x∗1x1x1 + (2q−4 − q−2 − q−8)x∗2x1x2.
We have stopped the reduction at this point since they are the same. To complete the
reduction we have to use the sphere relation in the last term.

Since all ambiguities are resolvable, we have by the Diamond Lemma, [3], that a set
of representatives for C 〈X〉 /I is the collection of monomials which are irreducible by S.
These are precisely the elements listed in (4.8). This completes the proof. �
Corollary 4.5. The generator x1 is different from 0 in O(S7

q ).

The partial order used in the proof of Theorem 4.3 may be given an alternative de-
scription as follows:

u < v ⇔ (∃j)Nj(u) < Nj(v) and (∀i < j)Ni(u) = Ni(v).

The above description leads to an efficient algorithm for reducing a monomial to a linear
combination of basis elements. We begin by using suitable relations to reduce the number
of inverted pairs of type (1). Once there are no more such pairs, we move to reduce the



22 SOPHIE EMMA MIKKELSEN AND WOJCIECH SZYMAŃSKI

number of x∗2x2, then we reduce the number of inverted pairs of type (3), and so on. Below
is an example how we use this algorithm. Different colors indicate the five different steps:

x∗2x
∗
3x2x

∗
4 = q−1x∗2x

∗
3x
∗
4x2 + q−1(q−2 − 1)x∗2x

∗
3x
∗
3x1

= q−3x∗3x
∗
2x
∗
4x2 + q−3(q−1 − q)x∗4x∗1x∗4x2 + q−1(q−2 − 1)x∗2x

∗
3x
∗
3x1

= q−4x∗3x
∗
4x
∗
2x2 + q−3(q−1 − q)x∗4x∗1x∗4x2 + q−1(q−2 − 1)x∗2x

∗
3x
∗
3x1

= q−4x∗3x
∗
4 − q−4x∗3x∗4x∗1x1 − q−4x∗3x∗4x∗3x3 − q−4x∗3x∗4x∗4x4

+ q−3(q−1 − q)x∗4x∗1x∗4x2 + q−1(q−2 − 1)x∗2x
∗
3x
∗
3x1

= q−4x∗3x
∗
4 − q−4x∗3x∗4x∗1x1 − q−4x∗3x∗4x∗3x3 − q−4x∗3x∗4x∗4x4 + q−3(q−1 − q)x∗4x∗1x∗4x2

+ q−3(q−2 − 1)x∗3x
∗
2x
∗
3x1 + q−3(q−2 − 1)(q−1 − q)x∗4x∗1x∗3x1

= q−4x∗3x
∗
4 − q−4x∗3x∗4x∗1x1 − q−4x∗3x∗4x∗3x3 − q−4x∗3x∗4x∗4x4 + q−3(q−1 − q)x∗4x∗1x∗4x2

+ q−5(q−2 − 1)x∗3x
∗
3x
∗
2x1 + q−5(q−2 − 1)(q−1 − q)x∗3x∗4x∗1x1 + q−3(q−2 − 1)(q−1 − q)x∗4x∗1x∗3x1

= q−5x∗4x
∗
3 − q−5x∗4x∗3x∗1x1 − q−5x∗4x∗3x∗3x3 + q−5x∗4x

∗
3x
∗
4x4 + q−3(q−1 − q)x∗4x∗1x∗4x2

+ q−5(q−2 − 1)x∗3x
∗
3x
∗
2x1 + q−6(q−2 − 1)(q−1 − q)x∗4x∗3x∗1x1 + q−3(q−2 − 1)(q−1 − q)x∗4x∗1x∗3x1

= q−5x∗4x
∗
3 − q−5x∗4x∗3x∗1x1 − q−5x∗4x∗3x∗3x3 + q−6x∗4x

∗
4x
∗
3x4 + q−3(q−1 − q)x∗4x∗1x∗4x2

+ q−5(q−2 − 1)x∗3x
∗
3x
∗
2x1 + q−5(q−2 − 1)(q−1 − q)x∗4x∗3x∗1x1 + q−3(q−2 − 1)(q−1 − q)x∗4x∗1x∗3x1

= q−5x∗4x
∗
3 − q−5x∗4x∗3x∗1x1 − q−5x∗4x∗3x∗3x3 + q−6x∗4x

∗
4x
∗
3x4 + q−5(q−1 − q)x∗4x∗4x∗1x2

+ q−5(q−2 − 1)x∗3x
∗
3x
∗
2x1 + q−6(q−2 − 1)(q−1 − q)x∗4x∗3x∗1x1 + q−4(q−2 − 1)(q−1 − q)x∗4x∗3x∗1x1

.
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