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Abstract

Dynamic characteristics of structures in operational conditions are commonly identified from measured
responses using Operational Modal Analysis (OMA). The OMA techniques are, however, confined to the
principle of linearity. To overcome some of this limitation, this paper proposes a method for an OMA-
based conditional linear approximation of a type of nonlinear systems, by which two or more sets of linear
modes are estimated that together describe the behaviour of the true system. These sets of modes can
be used to update a nonlinear numerical model that fits each linear estimate in relation to the associated
conditions. Additionally, the method can alleviate the issue of varying approx. natural frequencies of
nonlinear systems, when employing Structural Health Monitoring to detect damages based on changes
of these. The method is demonstrated on both a numerical and an experimental study. Specifically, the
numerical study consists of a cantilever beam with a clearance and a stopper at the tip, and it is shown,
based on a single response measurement with multiple channels, that the method enables identification
of both the underlying linear system and a linear system with modal properties affected by the nonlin-
earity. The experimental study consists of two simple, friction-coupled, offshore platform-like models,
for which two sets of modes are estimated from one measurement, each set characterising the dynamic
behaviour in coupled and uncoupled state, respectively. The paper also demonstrates that the proposed
method can relieve the said complications of conducting Structural Health Monitoring of structures with
changing natural frequencies due to nonlinearity.

Keywords: Operational Modal Analysis, approximation of nonlinear systems, nonlinear systems in SHM
framework, Random Decrement technique, Nonlinearity Optimised Random Decrement (NORD)

1. Introduction

The dynamic properties of civil engineering structures and mechanical systems, when oscillating under
operational conditions or ambient vibrations, can be identified by the employment of a class of useful
tools termed Operational Modal Analysis (OMA) [1–4]. These tools are especially useful for identification
of dynamic properties of structures outside of a laboratory environment, where the excitation cannot
be controlled and measured, e.g offshore structures, bridges, high-rise buildings, machinery, and space
shuttles. Even though OMA saw its first light with simple techniques in the 1930s and underwent
several significant advancements in the 80s and 90s, the techniques are still confined to the fundamental
principle of linearity (and time-invariance), which is complicating the application of OMA to systems that
are behaving nonlinearly [3]. Systems, that experience this behaviour, can be exemplified by structures in
relatively large vibration due to geometrical nonlinearities or systems influenced by hysteresis, magnetics,
or nonlinear materials to name a few [5, 6]. On this basis, research has been undertaken in order to
identify dynamic characteristics of nonlinear systems for cases with measurable excitation (the reader
is referred to [5, 7–9]), but to the best knowledge of the authors, limited research effort has been spent
to assess and/or extend the application of OMA to systems affected by nonlinearities. Along these
lines, Anastasio and Marchesiello [10] established a method for nonlinear system identification, but used
the nonlinear subspace identification technique combined with a mass-change scheme on free-decays.
Bajrić and Høgsberg [11] developed a method based on the concept of Stochastic Subspace Identification
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to estimate the modal parameters of a dynamic system with Bouc-Wen hysteretic forces through an
equivalent linearisation of the hysteretic forces. Scussel and Da Silva [12] introduced a method to identify
nonlinear systems by employing Volterra series and Kautz filters in laboratory conditions involving
controlled excitation of harmonic nature. Lee et al. [13] proposed a method for nonlinear system
identification by assuming that the measured response due to transient excitation can be decomposed
into a finite number of oscillating components in the form of fast monochromatic oscillations modulated
by slow amplitudes. Also Ebrahimian et al. [14] established a framework for nonlinear system and
damage identification based on updating of nonlinear finite element (FE) models, the extended Kalman
filter and nonlinear optimisation. Nonetheless, these approaches are confined to a specific nonlinearity
(hysteresis), employing principles that are difficult to establish in the aforementioned real life cases, such
as harmonic or transient excitation or free-decays, or relying and time-consuming and computationally
heavy procedures of FE modelling, nonlinear simulation and nonlinear iterative optimisation. Thus,
this paper focusses on a computationally efficient, intuitive and versatile framework for output-only
approximation of nonlinear systems, which is also applicable in a Structural Health Monitoring context
with a continues, fully automated identification of modal properties [15–17].

This paper does not aim to enable full nonlinear system identification using OMA in real life conditions
either, but aims to alleviate some shortcomings of OMA when dealing with nonlinearities in practical
applications. This paper employs a framework that approximates nonlinear systems to several quasi-
linear models, where each one is obtained with respect to a certain condition of the nonlinear system.
Examples of these conditions are amplitude levels of the response, when nonlinearly coupled systems are
oscillating in a coupled or uncoupled manner and wave heights for structures excited by wave loading.
These linear models, e.g. linear approximations at different amplitude levels, can then together describe
the nonlinear behaviour of the true system or be employed to update a nonlinear numerical model that
fits each linear estimate with respect to the associated conditions. Yet another issue that the paper
aims to alleviate, is the issue of additional variability of the natural frequencies of systems affected by
nonlinearities when employing a Structural Health Monitoring campaign to detect structural damages
based on changes in the natural frequencies. By employing these quasi-linear evaluations of the nonlinear
system, the additional variability can be minimised by monitoring the natural frequencies with respect
to these conditions. This particular part of the motivation is further elaborated through an experimental
study presented in this paper. Ultimately, the paper presents novel development of the well-established
Random Decrement (RD) technique to estimate, from a single measurement/test, one or more quasi-
linear systems that characterise the nonlinear system with respect to user-defined conditions.

The approach of evaluating nonlinear systems by estimating quasi-linear ones using OMA has already
been established by preceding studies. In the 1980s Ibrahim et al. [18, 19] introduced the concept of
quasi-linear identification of nonlinear structures, where the RD technique and parameter estimation
methods are applied to several modal tests with different response intensities in order to characterise
the nonlinearities in a test-wise quasi-linear manner. Consecutively, this idea of analysing nonlinear
structures in a quasi-linear manner has been further explored from the early 1990s to the present time.
Among others, several studies have been investigating the amplitude dependent damping of high-rise
buildings [20–25]. Moreover, Vesterholm et al. [26, 27] focused on the assessment of the RD technique
and the quasi-linear approach for identification and characterisation of the restoring force of the Duffing
oscillator and friction-induced nonlinear damping both with varying excitation level. Nonetheless, these
studies only enable this characterisation of a nonlinear system with respect to the amplitude of the
response, and the results become less reliable if the response is not band-pass filtered to only contain
the mode of interest. This limitation excludes some nonlinear systems such as; (i) nonlinear multiple
degree-of-freedom (MDOF) systems in general with close modes where band-pass filtering is not possible,
(ii) MDOF systems with so-called vibro-impact [28], (iii) systems with moving masses [29] or varying
boundary conditions (i.e., cable hangars of suspension bridges), (iv) friction-coupled systems (or systems
coupled by other nonlinearities) and it is highly likely that other cases exist. Therefore, the novelty of
this paper is in the extension of this approach for evaluation of nonlinear systems by quasi-linear ones
for these cases where the effect of the nonlinearity on the quasi-linear systems is not strictly depending
on the amplitude of the response (or more precisely, where triggering, which is introduced in Section 2,
only on amplitude level is not enough). The range of application of the proposed method hence covers
a wide range of nonlinear systems and depends on the subsequent use the of the obtained results. This
paper demonstrates examples (ii) and (iv) with a description of the why it is necessary to define the
quasi-linear systems with a general condition and not only the amplitude level. Especially, example (iv)
is conducted as an experimental study, which shows a case of high relevance in the offshore sector, from



where the funding of this research is received, specifically, offshore platforms connected by bridges. The
paper also demonstrates with this experimental setup, how the proposed method can be useful when
conducting a Structural Health Monitoring framework on these type of systems. Moreover, an additional
novelty of the proposed method is the ability to illustrate relatively rapidly changing dynamic behaviour,
which might not be discovered otherwise by conventional methods such as spectrogram or waterfall plot
[30] or wavelet-based methods [31–33].

The outline of the paper is as follows. Section 2 covers the description of the novel method and
Sections 3 & 4 presents examples of applying the method. The first example in Section 3 is a numerical
case study of a cantilever beam with a clearance and stopper at the tip, while Section 4 is an experimental
case study of two simple offshore platform-like models connected by a bridge creating a friction-induced
coupling. The paper is completed at the end with a conclusion in Section 6.

2. Method: Nonlinearity Optimised Random Decrement (NORD)

The proposed method is developed within the framework called Nonlinearity Optimised Random Decre-
ment (NORD), which is a framework utilising the RD technique for modal analysis, nonlinearity detection
and assessment of nonlinear systems in the context of output-only experimental testing [34–36]. In the
present section, the method is described with focus on its application for modal identification of the type
of nonlinear systems discussed in the introduction.

The RD technique was originally introduced by Cole [37–39] in the late 1960s and early 1970s for
real-time damage detection by analysing the so-called signature of a single vibration signal. The original
publications of the RD technique were quite sparse on the theoretical analysis of the technique itself and
they were consequently supported by a mathematical basis in 1982 by Vandiver et al. [40]. Notably in
the mathematical basis by Vandiver et al. [40], a proportional relationship to the correlation function
was derived, which was later generalised by Brincker et al. [41] in 1992. Ibrahim et al. [19, 42] also
contributed to the development of the RD technique in the late 1970s and 1980s by extending the method
to multiple-input multiple-output (MIMO) systems by defining cross RD signatures. The latter enables
the estimation of full RD signature matrices similarly to full correlation function matrices in MIMO
OMA.

The main concept of the RD technique is to average out the effect of the system excitation (i.e.,
system input) on the system response and leave RD signatures, which are proportional to free decays
of the measured system. This concept can be explained by utilising the solution of the state space
equation of a linear MDOF oscillator in Eq. (1) [43]. By carrying out a sufficient number of averages,
the second term on the right-hand side goes towards zero, thus leaving a free decay from which the modal
parameters of the system can be estimated. This particular method, which has frequently been used for
identification of linear systems [24, 44–47], enables picking and sorting of very short segments (∼50-300
samples) of a given measured signal, thereby enabling the estimation of a free-decay of the nonlinear
system associated with the respective condition or state to which parameters of linear models can be
fitted.

z(t) = eAc(t−t0)z(t0) +
∫ t

t0

eAc(t−τ)Ecw(τ)dτ (1)

where z(t) represents the vector of state variables, Ac is the system matrix, Ec is the mass scaling of the
load, w(t) is the excitation, t0 is the starting time, and τ is the time lag.

The proposed method for conditional linear system approximation of nonlinear systems can be di-
vided into five main steps, as depicted by the block diagram in Fig. 1 and comprehensively described in
the following subsections. The outline is starting with a measurement of displacement (or higher order
measurement integrated into displacement) of a given dynamic system. In the first step, so-called trig-
gering points of the measured signals are identified, which indicate the center of the response segments
that will be further processed in the following steps. In the second step, the triggering points are sorted
into sub-sets based on a defined condition. The number of sub-sets can vary depending on the sorting
condition. If the nonlinear system has two conditions of interest, the triggering points should be sorted
into two sub-sets and some triggering points should be discarded if they are not clearly related to one of
the conditions. The third and fourth step of the method is similar to the classical procedure for RD-based
system identification with minor, though important, differences, which are described in the respective
subsections. Nevertheless, the RD signatures are computed for each sub-set of the triggering points and
modal parameters are estimated from each set of RD signatures. In the fifth and last step, the modal



spectrum of each set of RD signatures is estimated and illustrated. By following the aforementioned
steps, the primary outcome of the proposed method is a conditional linear modal analysis of a nonlinear
system with an illustration of the (different) spectral content that can be found in the measured signals.

Identify Triggering Points (TP) y(n)

Sub-sets of TP based on condition

Compute RD signatures of TP sub-sets

OMA parameter estimation Modal parameters cond. 1
Modal parameters cond. 2

TLE
y(n)

TLE
yco2(n)TLE

yco1(n)

D̂co1
yy D̂co2

yy

Triggering condition

Sorting condition

OMA parameter est. method

Step 1

Step 2

Step 3

Step 4

Fitting of modal participation and spectral plotting

Step 5
Modal parameters cond. 2Modal parameters cond. 1

Fig. 1 Block diagram depicting the main steps of the proposed method for a conditional linear approximation.
The boxes with a solid line describe the main steps of the proposed method with the outcome of the
respective step next to the arrow below. The boxes with a dashed line indicate possible user-choices.

2.1. Step 1 - Identification of triggering points
As previously mentioned, the first step of the proposed method is to obtain the triggering points of the
signals, which then defines the center of the segments employed in the following steps. This is commonly
done by defining an amplitude band or an amplitude level of the response, i.e., defining a so-called
triggering condition, and subsequently selecting sampling points that are within the band or crossing the
amplitude level. The selection of sampling points (i.e., triggering points) can be defined in the following
general form [41].

TGA
y(t) = {a1 ≤ y(t) < a2, b1 ≤ ẏ(t) < b2} (2)

where a1, b1 and a2, b2 are the upper and lower limits of the triggering band, respectively, y(t) is a time
signal, and {˙} denotes differentiation with respect to time t.

Throughout the last decades since the RD technique was published in 1968-1973, several different
triggering conditions have been proposed. The more common ones are Level Crossing [39], Positive Point
[44], Envelope triggering [25], and Local Extremum (LE) [22], which have been assessed and compared
by Vesterholm et al. [26]. The choice of triggering condition in the NORD framework depends on the
objective of the modal analysis. For example, if the objective is to analyse the system with respect to
the energy in the system, a triggering condition based on the amplitude level of the response would be
appropriate. In this paper, the Local Extremum triggering condition is proposed for the task at hand,
which is selecting amplitudes of the signal in a given band defined by the following equation and depicted
in the upper left plot of Fig. 2.

TLE
y(t) = {a1 ≤ y(t) < a2, ẏ(t) = 0} (3)

Moreover, Asmussen [45] assessed the quality of the RD signatures with respect to the chosen triggering
limits. He recommends only employing with caution a triggering level less than the standard deviation
of the signal. It is also recommended to carry out the triggering on both the positive and the negative
part of the signals as done in Fig. 2 to maximize the utilisation of the signals.
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Fig. 2 Illustration of the first three steps of the NORD framework to achieve a conditional linear approximation.
The sorting condition is in this case entirely made for illustrative purposes.

2.2. Step 2 - Sorting of triggering points based on one or multiple conditions
The second step of the proposed method is the sorting and discarding of the triggering points obtained in
the first step. The concept of this step is to create sub-sets (i.e., groups) of triggering points, where the
dynamic system is behaving with respect to one or multiple user-defined conditions. One example could
be a cantilever beam with a stopper at the tip, which the beam hits when its oscillation becomes large
enough for the beam to reach the stopper (see the numerical case study in section 3). In this particular
case, one condition could be that the beam tip has not and will not hit the stopper within a certain short
time frame, while another condition could be the contrary. On that basis, the triggering points could be
grouped into two sub-sets, while some triggering points should be discarded for belonging to mixed states.
The upper right plot of Fig. 2 illustrates the sorting and discarding of triggering points. Furthermore,
the sorting conditions depend on the nonlinearity of the system under investigation, thus, the relevant
conditions and the appropriate number of these has to be defined by the practitioner. Therefore, the
practitioner should have some prior knowledge of the nonlinearity and its effect on the system dynamics
in order to carry out this task. In this paper, a numerical and an experimental case study are presented
where the sorting conditions are discussed in further detail for each respective case. Nevertheless, a
rather general formulation of the sorting conditions is provided by the following equation that evaluates
the measured response time series in terms of the associated conditions for the dynamic system.

Cd(n) =



Sub-set 1 if y([n−Np, n+Np]) ∈ condition 1
Sub-set 2 if y([n−Np, n+Np]) ∈ condition 2

...
Sub-set h if y([n−Np, n+Np]) ∈ condition h
Discard otherwise

(4)

where h is the number of sub-sets, n is the discrete time step, and 2Np + 1 is the number of time steps
included in the sorting conditions, Cd(n). Notably in Eq. (4), the evaluation at a given discrete time step
depends on Np points before and after the point in question. This sliding nature is incorporated to ensure
that the entire segment, retrieved from a triggering point, is associated with the respective condition.
The latter entails that Np depends on the respective nonlinearity of the system under investigation.
According to the experience of the authors, a quite satisfactory performance is observed when including



approximately one to four periods of oscillation of the nonlinearity governing mode before and after the
triggering point in question.

Previous studies of the RD technique generally demonstrate that the classical RD signature is unbi-
ased, see [39, 45, 48]. The sorting of the triggering points, however, might introduce bias as explained
and illustrated by Brincker et al. [48]. This bias appears when the majority of the employed response
segments are of the same nature, e.g. when mainly employing segments of response where the amplitude
level is either increasing or decreasing when moving away from the triggering point, which will results
in a residual of the second term on the right hand side in Eq. (1). However, using the suggested Local
Extremum triggering condition, the bias will mainly influence the damping estimates of the system [48].
Additionally, the bias is reducible to a minimum by triggering on both the positive and negative part
of the signals and averaging the positive and negative time lags of the obtained RD signatures. The
negative time lags of the RD signatures is the mirror image of the positive time lags for a linear system
excited by white noise. Therefore, the negative time lags can be mirrored onto the positive time lags
and averaged with the positive time lags to achieve both a higher utilisation of the information in the
measured signals and reduce any possible bias (the reader is referred to Brincker et al. [48] for more on
the possible inclusion of bias). Lastly, the proposed method operates in a quasi-linear manner, implying
that the estimates might be influenced by nonlinearities, which especially affects the damping estimates
of an assumed linear system. Thus, the damping estimates obtained by the proposed method might have
a lower reliability than the damping estimates obtained by regular unbiased correlation-driven OMA of
a purely linear and stationary case.

2.3. Step 3 - Computation of RD signatures
In the third step of the proposed method, the RD signatures are computed in the classical manner, but
for each sub-set of the triggering points individually. By combining the definition of the RD signatures
from Vandiver et al. [40] with the definition of the sub-sets of triggering points, the following definition
of the conditional RD signatures is revealed.

Dco
yiyj (τ) = E

[
ycoi (t+ τ)|TLE

yco(t)

]
(5)

which results in the following matrix form with multiple measuring channels and multiple triggering
channels [19, 42]:

Dco
yy(τ) =


E
[
yco1 (t+ τ)|TLE

yco1 (t)

]
E
[
yco1 (t+ τ)|TLE

yco2 (t)

]
· · · E

[
yco1 (t+ τ)|TLE

yco
J

(t)

]
E
[
yco2 (t+ τ)|TLE

yco1 (t)

]
E
[
yco2 (t+ τ)|TLE

yco2 (t)

]
· · · E

[
yco2 (t+ τ)|TLE

yco
J

(t)

]
...

...
...

...
E
[
ycoI (t+ τ)|TLE

yco1 (t)

]
E
[
ycoI (t+ τ)|TLE

yco2 (t)

]
· · · E

[
ycoI (t+ τ)|TLE

yco
J

(t)

]

 (6)

where E is the expectation, j and J indicate the signal number and the total number of signals, respec-
tively, for the signals where the triggering is conducted, and i and I indicate the signal number and the
total number of signals, respectively, for the signals where the extraction of segments is carried out. For
all cases presented in this paper, J is chosen to be equal to I.

Practically, the sampled measurements are finite data, therefore the RD signatures inevitably have to
be estimated discretely, which might be done by the following equation assuming the process is ergodic
[38]:

D̂co
yiyj (τ) = 1

Nseg

Nseg∑
n=1

ycoi (tn + τ)|TLE
yco
j

(tn) (7)

where Nseg is the number of segments, i.e., the number of triggering points of the respective signal in
the respective sub-set. The employment of Eq. (7) is depicted in the two lower plots of Fig. 2. Eq.
(7) implies picking and overlaying of segments of the measured signal with the triggering points placed
at τ = 0. Subsequently, a mean value is obtained at each discrete time lag resulting in the final RD
signature, which are spanning both positive and negative time lags. Notably, only six segments have
been used in the estimation presented by the lower right plot of Fig. 2. By employing many segments,
the RD signature appears as a free decay.



The mathematical basis of the RD technique is described in the literature [40, 41, 44] and is therefore
considered out of the scope of this paper. Notably, by Vandiver et al. [40] and Brincker et al. [41] it
was derived and proved that the auto and cross RD signature is proportional to the correlation function,
Ryjyi , in the following manner assuming white noise excitation.

Dyiyj (τ) =
Ryjyi(τ)
σ2
yj

ã−
Ṙyjyi(τ)
σ2
ẏj

b̃ (8)

where

ã =
∫ a2
a1
ypyj (y) dy∫ a2

a1
pyj (y) dy

b̃ =
∫ b2
b1
ẏpẏj (y) dẏ∫ b2

b1
pẏj (y) dẏ

(9)

and p is a density function. The sorting of the triggering points for a conditional linear approximation
violates the relationship of the RD signature to the correlating function in Eq. (8), since not all triggering
points in the defined band are employed. The relationship to the correlation function is, however, restored
by making the RD signature proportional to a conditional correlation function, i.e., a correlation function
describing a linear system obeying the defined condition. Thus, a relationship can be established between
the RD signature and a conditional correlation function in the following manner:

Dco
yiyj (τ) =

Rcoyjyi(τ)
σ2
yco
j

ãco −
Ṙcoyjyi(τ)
σ2
ẏco
j

b̃co (10)

where σ2
yco
j

(variance), σ2
ẏco
j
, ãco, and b̃co are calculated from the part of the response associated with

the respective condition (evaluated by Eq. (4)). As described previously, it is suggested in the present
paper to use the Local Extremum triggering condition, which results in the RD signature being directly
proportional to the correlation function and not the derivative of the correlation function (i.e., b̃ = 0).
Thus, with the Local Extremum triggering condition, the scaled conditional RD signature becomes:

Dco.s
yiyj (τ) .=

Dco
yiyj (τ)
ãco

σ2
yco
j

(11)

With the definition of the scaled conditional RD signatures and their equivalence to the conditional
correlation functions, the link to classical correlation-driven OMA is straight forward. This particular
link enables the estimation of the conditional modal properties of the system by the correlation functions
and thereby the RD signatures have the form of free decays assuming white noise excitation [49]. This
relationship between the conditional modal parameters of the system and the scaled conditional RD
signatures can be described as follows:

Dco.s
yy (τ) = Rᵀ(co)

yy (τ) .= E
[
yco(t+ τ)yᵀ(co)(t)

]
= 2π

M∑
k=1

(
ϕkγ

ᵀ
k e
−λkτ +ϕ∗kγH

k e−λ
∗
kτ
) ∣∣∣∣

co

(12)

for τ ≥ 0 whereϕk is the mode shape of mode k, γk is the modal participation, λk = ωk

(
−ζk + i

√
1− ζ2

k

)
is the pole, ωk is the natural angular frequency, ζk is the damping ratio, i is the imaginary unit, M is
the number of modes, and ( )ᵀ, ( )H, and ( )∗ indicate the transpose, the Hermitian and the complex
conjugate, respectively.

It is important to mention that the conditions for which the triggering points are grouped into
sub-sets might only hold true for a few periods of motion of the mode in question, or might only be
asymptotically true towards time lag zero. If the modal parameters are estimated from the entire length
of the conditional RD signatures, the modal parameters will not solely be estimated based on information
relative to the defined condition. With this in mind, only the part of the RD signatures close to time
lag zero should be used when carrying out the modal parameter estimation.

2.4. Step 4 - Parameter estimation
In the fourth step of the proposed method, the modal parameters are estimated from each set of RD
signatures. For this task, the choice of parameter estimation method is entirely up to the practitioner.



The authors have preferred to use the Eigensystem Realisation Algorithm by Pappa and Juang [50–52],
which is shortly described in the current subsection for completeness.

The Eigensystem Realisation Algorithm is based on the formulation of the RD signatures as a set of
free decays in the following state space format.

D̂co.s
yy (n) .= Y(n) = PAnU0 (13)

where n is the discrete time lag, P is the observation matrix, A = eAc∆t is the discrete time system
matrix, and U0 = [u01,u02, ...] is the matrix containing the sets of initial conditions. Two block Hankel
matrices are then formed with s block rows. The second block Hankel matrix is time shifted one sample
step compared to the first block Hankel matrix.

H0 =


Y(0) Y(1) · · · Y(ND − s− 1)
Y(1) Y(2) · · · Y(ND − s)
...

...
...

...
Y(s− 1) Y(s) · · · Y(ND − 1)

 , H1 =


Y(1) Y(2) · · · Y(ND − s)
Y(2) Y(3) · · · Y(ND − s+ 1)
...

...
...

...
Y(s) Y(s+ 1) · · · Y(ND)


(14)

Utilising the sample time shift between the two block Hankel matrices, those matrices can be expressed
in the following manner by using Eq. (13).

H0 = OΓ, H1 = OAΓ (15)

where O and Γ are the so-called observability and controllability matrices, respectively. The Eigensystem
Realisation Algorithm parameter estimation method employs the Singular Value Decomposition (SVD)
on the first block Hankel matrix, H0, and then estimates the observability and controllability matrices
from the obtained singular vectors, U and V, and the singular values, S:

H0 = USVᵀ ⇒ Ô = U
√

S , Γ̂ =
√

SVᵀ (16)

Subsequently, the discrete time system matrix is simply found by rearranging the right equation in Eq.
(15) and employing the pseudo inverse (indicated by ( )+). A simple way to carry out the pseudo inverse
is to limit the outcome of the SVD, USVᵀ, to the first m singular values corresponding to m/2 modes,
thus, obtaining a regular inverse problem of a reduced size:

Â = Ô+H1Γ̂+ ⇒ Âm = S−1/2
m UmH1VmS−1/2

m (17)

Once the discrete time system matrix has been estimated, the modal parameters can be obtained
by applying the eigenvalue decomposition to the discrete time system matrix. The reader is referred
to Pappa and Juang [50–52] and Brincker and Ventura [3] for a detailed description. As explained in
Section 2.3, the conditional modal parameters should be estimated by only employing the part of the
conditional RD signatures close to lag zero. The authors have obtained reliable results when employing
approximately one to three periods of oscillation of the nonlinearity governing mode. Lastly, the proposed
method can be coupled with well-known methods of locating physical poles by stabilisation diagrams,
automated OMA, and similar. For the case studies in this paper, the authors have employed stabilisation
diagrams and averaged the stable poles of those assessed to describe a physical mode.

2.5. Step 5 - Spectra from modal parameters
In the fifth step of the proposed method, the modal participation is estimated in a least squares sense
from each set of conditional RD signatures. This particular fitting of the modal participation has been
introduced elsewhere [3] and is therefore only briefly discussed in this paper. Notably after fitting the
modal participation, the singular values of the response spectra can be plotted by the use of an analytical
formula, thereby revealing the (different) spectral content that can be found in the measured signal.

The estimation of the modal participation is based on the assumption of the RD signatures being
free decays as described in Section 2.3, thus enabling the formulation in the following discrete form:

Yᵀ(n) = 2π
2M∑
k=1

(
γkϕ

ᵀ
ke
λkn∆t) = 2πΓ [µk]n Φᵀ (18)



where Φ and Γ are the mode shape matrix and modal participation matrix, respectively, both containing
complex conjugate pairs, and µk is a diagonal matrix [µk] containing the discrete time poles µk = eλk∆t.
A single block row Hankel matrix is arranged with the RD signatures and the modal information in Eq.
(18) is rearranged in a similar format.

H = [Yᵀ(0), Yᵀ(1), · · · , Yᵀ(ND)] , MI =
[
[µk]0 Φᵀ, [µk]1 Φᵀ, · · · , [µk]ND Φᵀ

]
(19)

By employing Eq. (19), Eq. (18) can be written in the following manner:

H = 2πΓMI (20)

which enables the fitting of the modal participation with the obtained modal parameters from the fourth
step of the proposed method:

Γ̂ = 1
2πHM+

I (21)

The calculation of the modal participation enables plotting of the spectral content of the modal
identification and thereby also the modal spectral content of the (very) short segments of the measured
response signals. For this part, the authors recommend using the spectral residue form of the modal
decomposition obtained by assuming white noise excitation [3]:

Gyy(ω) =
M∑
k=1

ϕkγ
ᵀ
k

−iω − λk
+ ϕ∗kγ

H
k

−iω − λ∗k
+

γkϕ
ᵀ
k

iω − λk
+ γ∗kϕ

H
k

iω − λ∗k
(22)

When studying the solution of the spectrum in Eq. (22), it is notable that only two of the four terms
describe the modal peaks of the spectrum for positive frequencies, while the remaining two describe the
peaks for negative frequencies [3]. Additionally, the magnitude of the modal peaks is described by the
real part of the modal participation. Based on those observations, the modal peaks of the spectra can
be estimated by employing the two terms describing the modal peaks for positive frequencies and the
real part of the modal participation in Eq. (22):

Ĝyy(ω) =
M∑
k=1

ϕ∗kγ
ᵀ
r(k)

−iω − λ∗k
+
γr(k)ϕ

ᵀ
k

iω − λk
(23)

where γr(k) = <(γk).
The proposed method for an OMA-based conditional linear approximation of nonlinear systems has

now been described in detail. In the following two sections, the method is demonstrated and assessed on
the basis of both a numerical and an experimental case study.

3. Numerical case study

The proposed method is demonstrated and assessed on the basis of a numerical example of a cantilever
beam with a clearance and a stopper at the tip, see Fig. 3. This case is chosen based on its compliance
with the framework described in the introduction, where the conditional linear approximations can
together be used to describe the nonlinear behaviour of the true system or be employed to update or
create a nonlinear numerical model that fits each linear approximation with respect to the associated
conditions. Additionally, this case is also chosen based on its visual interchange between its two (user-
defined) states; (i) no hitting of stopper, (ii) hitting of stopper. The visual interchanging behaviour and
the first state being entirely linear constitute a base for both illustration of the proposed method and an
assessment of the reliability of the identification results.

A finite element (FE) model is created by 20 Bernoulli-Euler 2D beam elements made of steel with
an accumulated length of 1.5m, a moment of inertia of 9.78 · 10−8m4, and a cross sectional area of
4.34 · 10−4m2. The stopper is placed at the tip of the beam with a clearance of 4mm and is considered
to have a stiffness of 6.5 · 106N/m (375 times the stiffness of the beam at the tip). Five measurement
channels are placed at even distance along the beam and records displacements with a sampling frequency
of 1652Hz for T = 2 · 42/(f1 · ζ1) = 297s, which is twice the duration recommended by Tarpø et al. [53]
for classical correlation-driven OMA. The measurement duration is doubled herein since the objective
of the current study is to identify two systems from a single measurement. However, some triggering



y5(t)y4(t)y3(t)y2(t)y1(t)

Fig. 3 Schematic illustration of the finite element model with specification of measurement DOFs.

points are discarded, which might entail that the chosen duration is rather short. Even so, the chosen
duration has been found to be sufficient for both the present numerical study and the experimental
one in Section 4. Moreover, the simulation is conducted in a time-stepping fashion (described in the
following paragraph) with a time step of 3.788 ·10−5s, and the model is excited by uncorrelated Gaussian
white noise with a standard deviation of 100N in the five measurement degrees-of-freedom (DOFs). The
simulation is accommodating the three lowest modes, which have their natural frequencies and damping
ratios (proportional damping [54]) listed in Table 1. The remaining 37 modes are assigned a damping
ratio of 1/

√
2, thereby only considering their quasi-static contribution to the response. Only three modes

are included for an increasing comprehensibility of the study. Including additional modes have not been
found to affect the outcome.

The simulations are carried out by firstly formulating the equilibrium system of second-order differ-
ential equations in the following manner:

Mÿ(t) + Cẏ(t) + Ky(t) + Bfs(y) = w(t) (24)

where M, C, and K are the mass, viscous damping, and stiffness matrices, respectively, B is a placement
matrix of the nonlinear forces, fs. The simulations are then performed by time-stepping through the
response using the Newmark integration method and iteration the nonlinear forces when the stopper is
reached by the beam tip [55, 56].

The second step of the proposed method is the sorting of the triggering points based on known
conditions. In the present case, the triggering points are sorted into two sub-sets relevant for the beam’s
defined states ((i) no hitting of stopper, (ii) hitting of stopper), and some are discarded for being
associated with mixed states. The sorting condition can be formulated in the following manner:

Cd(n) =


Sub-set 1 if 3.0mm <

(
max

{n∈[n−Np,n+Np]}
|y5(n)|

)
< 3.9mm

Sub-set 2 if 4.75mm <

(
max

{n∈[n−Np,n+Np]}
|y5(n)|

)
Discard Otherwise

(25)

When carrying out the conditional linear approximation, Np is set to 175, which is approximately equal
to two periods of oscillation of the first mode. Moreover, it is important to mention that it is not enough
to only trigger on the amplitude level for this case. Even if an amplitude is smaller than the distance to
the stopper, the beam tip might have reached the stopper half a period of oscillation before, or will reach
it shortly after. An even larger complication is the amount of modes in the response. An amplitude
defined by Eq. (3) at a given point in time might belong to an amplitude of a higher mode, while a lower
mode will increase the total response and the beam tip will hit the stopper within the same period of
motion. Thus, the sorting condition is the key to reliable estimation results.

The aforementioned possibility of introducing bias with the sorting of the triggering points in the
second step is exemplified in the current case study. Consider a triggering point at time-step n that
might belong to sub-set 1 with a given magnitude within the clearance of the stopper. This particular
triggering point is only included in sub-set 1 if the amplitude does not exceed 3.9mm within the interval
of [n−Np, n+Np] points (not considering the lower limit of 3.0mm at this point). In turn, this criteria
will exclude segments with a relative high increase of the amplitude level from the triggering point
towards the beginning and end of the segments. In this way, the RD signatures become more influenced
by segments with a high decrease of the amplitude level from the triggering point towards the beginning
and end of the segments, which will lead to an overestimation of the damping in the resulting system
identification (as described for the second step of the proposed method in Section 2). In order to reduce



this bias, the lower limit of 3.0mm in Eq. (25) is simply included to balance the amplitude change of
the employed segments. Additionally, chosing the interval [n − Np, n + Np] to be small by selecting a
small Np can also reduce the bias, since less segments are excluded due to less possible change of the
amplitude level.

3.1. Results of the numerical case study
One simulation was performed from which the singular values of the spectral matrix are plotted in Fig.
4 together with a representative section of the normalised displacement response of the fifth DOF with
colour-based indication of when Cd(n) is equal to sub-set 1 (red), sub-set 2 (yellow), and discard (blue).
The length of the hitting state varies from approximately one period of oscillation to several periods of
oscillation of the first mode.
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Fig. 4 Simulation: (left) singular values of the spectral matrix and (right) representative section of normalised
displacement response of the fifth DOF with indication by the colour of the response when Cd(n) is equal
to sub-set 1 (red), sub-set 2 (yellow), and discard (blue).

The five steps of the proposed method for a conditional linear approximation were applied to the
simulated response of the five measurement DOFs. Regarding the first step, the triggering band was
chosen to be [a1 = 0.75, a2 = 3.5] · σ (σ being the standard deviation of the triggered signal). In the
second step, the triggering points were sorted and some were discarded according to the condition defined
by Eq. (25). After the sorting, the sub-set for the no hitting state contained 10,000 to 23,000 triggering
points for each of the five signals and the hitting state consisted of 2,500 to 8,000 triggering points. In
the third step, two scaled RD signature matrices were computed according to Eqs. (6), (7) and (11), one
for each sub-set of the triggering points. For the fourth and fifth step of the proposed method, 175 time
lags were included for the no hitting state and 150 time lags for the hitting state, both of them being
approximately equal to two periods of oscillation of the first mode. The obtained results in terms of
stabilisation diagrams with the estimated modal spectra (Eq. (23)) are presented in Fig. 5. Moreover,
Table 1 lists the natural frequencies, damping ratios, and cross modal assurance criterion (MAC) values
[57, 58] between the mode shapes of the linear FE model and the identifications.

The natural frequencies, damping ratios, and MAC-values listed in Table 1 highlight an agreement
between the modal parameters identified for the no hitting state and the linear FE model. On the other
hand, the natural frequencies and damping ratios identified for the hitting state are found to be higher
compared to the ones of the linear FE model. The system in the hitting state is behaving nonlinearly
and hence, the estimated linear system can only be interpreted as an approximation of the nonlinear
system when it is hitting the stopper, leading, in turn, to those deviations in the modal parameters. The
results of the conditional linear approximation presented throughout this section highlights the successful
performance of the proposed method, which enabled the estimation of two linear models; (i) the linear
FE model and (ii) a linear model characterising the effects on the modal parameters of the beam hitting
the stopper.
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Fig. 5 Simulation: stabilisation diagram from the identification of the linear modes when the beam tip is not
hitting the stopper and approximated linear modes when the beam tip is hitting the stopper, respectively,
from the one measurement with interchanging states.

Table 1 Natural frequencies, damping ratios, and cross MAC-values (between the mode shapes of the FE model
and the identifications) from the identifications of the linear modes when the beam tip is not hitting the
stopper and approximated linear modes when the beam tip is hitting the stopper, respectively, from the
one measurement with interchanging states.

Linear FE model NORD: no hitting state NORD: hitting state
Mode fn [Hz] ζn [%] fn [Hz] ζn [%] MAC [-] fn [Hz] ζn [%] MAC [-]
1 18.84 1.5 18.84 1.47 1.000 19.75 2.1 1.000
2 118.1 1.5 118.1 1.49 1.000 118.4 2.7 0.999
3 330.7 1.5 331.0 1.36 1.000 330.4 1.8 0.999

3.2. Comparison with classical correlation-driven OMA
To emphasize the suitability of the proposed method, the results obtained by the proposed method are
compared to those of employing classical correlation-driven OMA to approximate the nonlinear system
[59]. The latter was facilitated herein by estimating an unbiased correlation function matrix of the
simulated response by using one shot discrete Fourier transforms [60]. The algorithm proposed by Tarpø
et al. [61] was adopted to reduce the statistical errors of the estimated correlation functions. The
modal parameters were then estimated by employing the fourth step of the proposed method (i.e., the
Eigensystem Realisation Algorithm) to the estimated correlation functions. The estimates of the modal
parameters, listed in Table 2, show that the classical correlation-driven OMA fail to identify the linear
FE model of the cantilever beam, which is quite natural when the response of the cantilever beam
enters the nonlinear regime. However, by employing the proposed method, the linear FE model can be
identified together with a characterisation of the effect on the modal parameters when the cantilever
beam is hitting the stopper.

Table 2 Natural frequencies, damping ratios, and cross MAC-values (between the mode shapes of the linear FE
model and the identification) obtained by classical correlation-driven OMA.

OMA
Mode fn [Hz] ζn [%] MAC [-]
1 19.11 2.4 1.000
2 118.2 1.6 1.000
3 330.7 1.5 1.000



4. Experimental case study

The proposed method for a conditional linear approximation is demonstrated on the basis of an experi-
mental case study, which is including the nonlinear behaviour of two scaled offshore platform-like models
that are connected by a wooden bridge (Fig. 6). The latter creates a friction-induced coupling that
causes the two models to respond independently (i.e., one separate vibration mode for each model in
the direction of the bridge), as a coupled system (i.e., one common vibration mode for both platforms
in the direction of the bridge), or as a mix of the two. The dynamic behaviour of the models with the
uncoupled modes will be hereafter referred to as the slip state and the coupled mode will be referred
to as the stick state, both referring to the governing state of the friction-induced coupling. The simple
platform models, already used by Friis et al. [62] to investigate the effect of the friction-induced coupling
on the modal properties identified by classical OMA, consist of two square 5mm steel plates measuring
30cm and 40cm, respectively. Both plates are supported by solid square steel columns with an 8mm
cross section placed 5cm from each corner. The columns have a length of 60cm and are fixed at both
top and bottom. Additionally, the friction-induced coupling is created by a 70 × 10 × 0.5cm wooden
bridge, which is supported by three bolts and loosely placed on top of the platforms in steel fixtures.
The platforms are excited in six points by pneumatic actuators that apply uncorrelated excitation with
an approximately flat spectral density ranging from 2Hz up to 20Hz. The frequency content of the
excitation is generated by opening and closing each valve independently by a computer controlled sys-
tem. The excitation magnitude, on the other hand, is adjusted by changing the nozzle diameter and
the distance from the nozzle to the models. Moreover, accelerations are measured by six piezoelectric
IEPE accelerometers and a multiple-channel acquisition system that converts the data from analogue to
digital format with a sampling frequency of 1651.67Hz. Subsequently, the measured accelerations are
down-sampled to 412.9Hz and integrated twice to displacements in the frequency domain (the reader is
referred to Brandt and Brincker [63] for a detailed description of the integration procedure). Positions
of the accelerometers and the pneumatic actuators are illustrated in Fig. 6. Lastly, the duration of the
tests is set to T ≈ 2 · 42/(f1 · ζ1) ≈ 2, 380s, which is again twice the recommended duration in Tarpø et
al. [53]. Further details of the experimental set-up can be found in Friis et al. [62].

Accelerometer
Pneu. actuator

Fig. 6 Photos of experimental set-up (left) and schematic illustration of sensor and excitation layout (right).

The conditional linear approximation aims at identifying both the slip and stick state from one
measurement, where both of these two performance states are interchanging. Since the friction forces in
the bridge connections does not depend on the absolute response amplitude but the relative movement
of the platforms, reliable results when purely triggering on amplitudes are suspended and the proposed
method is required. In order to compute the conditions, the movement of the center of each platform
parallel to the bridge is firstly calculated by assuming the diaphragms to be rigid. Subsequently, the
correlation of this movement of the platforms is computed and analysed in order to define time instances
of slip and stick state, respectively. The correlation is quantified by the use of the Pearson correlation



coefficient [64]:

ρxy =
σ2
xy

σxσy
= E [xy]− E [x]E [y]√

E [x2]− (E [x])2
√
E [y2]− (E [y])2

(26)

The correlation coefficient is considered in discrete form, i.e., sample correlation coefficient, and made
as a sliding function similarly to the definition of the condition in Eq. (4).

ρxy(n) = 1
2Nρ

n+Nρ∑
n−Nρ

(x(n)− x̄(n)) (y(n)− ȳ(n))
sx(n)sy(n) (27)

where the sliding sample standard deviation, sx(n), and the sliding sample mean, x̄(n), are given by:

sx(n) =

√√√√√ 1
2Nρ

n+Nρ∑
n−Nρ

(x(n)− x̄(n))2
, x̄(n) = 1

2Nρ + 1

n+Nρ∑
n−Nρ

x(n) (28)

and Np is the discrete length of the sliding condition. Practically for the experimental results presented
herein, Np is equal to 175, which is approximately equal to three periods of oscillation of the coupled
mode.

With the definition of the sliding correlation coefficient in Eq. (27), the condition for which the
triggering points are sorted can be established. For the results presented herein, triggering points with a
sliding correlation coefficient in the interval of [−0.1, 0.1] are grouped in a sub-set for the conditional linear
approximation of the slip state. At the same time, triggering points with a sliding correlation coefficient
in the interval of [0.9, 1] are grouped in a second sub-set for the conditional linear approximation of the
stick state. In other words, a correlation coefficient of zero is equal to an uncorrelated movement while
a correlation coefficient of one is equal to a correlated in-phase movement. Triggering points with a
correlation coefficient outside these intervals are discarded since the corresponding response segments do
not transparently describe a specific (either stick or slip) state. This sorting condition can be formulated
in the following manner:

Cd(n) =


Sub-set 1 if |ρxy(n)| < 0.1
Sub-set 2 if ρxy(n) > 0.9
Discard Otherwise

(29)

Three tests were conducted with the described experimental set-up, where the intensity was, re-
spectively for each test, set to; high, intermediate, and low intensity. At high intensity excitation, the
platforms were mainly oscillating independently with the addition of friction damping. At low intensity,
the platforms were experiencing coupled oscillation, while both performance states were present with the
intermediate intensity of excitation. For all the tests, the displacement was calculated for the movement
of the center of the platforms in the direction of the bridge, while the sliding correlation coefficient was
computed by Eq. (27). The singular values of the spectral matrices of the three tests are plotted in
Fig. 7 together with the sliding correlation coefficient. It is notable that the correlation coefficient has
a mean value close to zero, when the friction-induced coupling is mainly in slip state, and a mean value
close to one, when the friction-induced coupling is mainly in stick state. For the case with interchanging
states, the sliding correlation coefficient has values ranging from around zero to one.

4.1. Reference states of the experimental case study
Before carrying out the conditional linear approximation, the modes of these states were identified by
classical correlation-driven OMA of the two tests, where they were respectively governing the response.
The classical correlation-driven OMA was again carried out as described in Section 3.2. The identified
modal frequencies and damping ratios are listed in the left part of Table 3 and will be, hereafter, con-
sidered as the reference results to assess the performance of the proposed method in terms of identifying
both the slip and the stick state, respectively, from the response of the test with interchanging states.

From these identified modal frequencies and damping ratios of the reference tests, it is observed that
the reference states have the aforementioned reduction in the number of modes, by modes 2 and 3 in one
test becoming one common mode 2/3 in the other. Additionally, it is observed that these results have a
minor variation between the tests in the natural frequencies and damping ratios of the remaining modes.
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Fig. 7 Experiment: singular values of the spectral matrix (top) and sliding correlation of the movement of the
center of the two platforms in the direction of the bridge (bottom). Each column represents one of the
three considered cases.

The latter is attributed to the difference between the two tests in terms of both the response level and in
terms of the mechanics of the friction-induced coupling of the two platforms, e.g. different contribution
of stiffness and mass from the bridge.

4.2. Results of the experimental case study
The proposed method was applied to the test with interchanging states illustrated by the center column
plots in Fig. 7 in order to carry out two conditional linear modal estimates from this one measurement.
Notably, for the first step of the proposed method where the triggering points were identified, a triggering
band of [a1 = 1, a2 = 2.5]·σ was employed. In the second step, the triggering points were sorted and some
were discarded based on the condition provided by Eq. (29). After the sorting, the sub-sets included
an amount of triggering points ranging from 1,700 and 370 for each of the six signals for the slip and
stick state, respectively, to more than 20,000 for both states. In the third step, two scaled RD signature
matrices were computed according to Eqs. (6), (7) and (11), one for each sub-set of triggering points.
Finally, the fourth and fifth step were carried out to obtain the stabilisation diagrams, which are plotted
in Fig. 8 together with the spectral content of the modal identification (Eq. (23)). It is noted that 80
time lags were used for the identification of the slip state (approx. 120% and 150% of the first periods of
the two affected modes, respectively) and 50 time lags were used for the identification of the stick state
(approx. 80% of the first period of the coupled mode). Fewer time lags were used to identify the stick
state since the instances where the dynamic behaviour of the platforms could be contributed to the stick
state appeared shorter. As previously mentioned, the key of the fourth step is to use the part of the
estimated RD signatures close to time lag zero in order to ensure that the identified modal properties
are as similar as possible to ones that satisfy the specified condition.

Analysing the results of the identification aimed at estimating both the slip and stick state from the
response with interchanging states, which are illustrated by the stabilisation diagrams in Fig. 8 and
listed in the right part of Table 3, it is found that the results are clearly different regarding the modes
affected by the friction-induced coupling. In the stabilisation diagram for the slip state, two pairs of
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Fig. 8 Experiment: stabilisation diagram from the conditional identification of the linear modes approximating
the slip state and the stick state, respectively, from the one measurement with interchanging states.

closely spaced modes are found in the first half of the frequency range, just as two pairs of peaks are
found in the first half of the frequency range in the upper left plot in Fig. 7, which is showing the spectral
content of the test governed by uncoupled motion. The same correspondence is found with three peaks
in the first half of the frequency range in the stabilisation diagram targeting the stick state and in the
upper left plot in Fig. 7, which is displaying the spectral content of the test governed by coupled motion.
These observations demonstrate that both the slip and stick state are present in the response, which was
not revealed by the spectrum in the upper middle plot in Fig. 7. Plotting the modal spectral content
of the identification in the proposed manner (step five) proves to be a useful way of discovering and
illustrating the different spectral content that can be found throughout the measurement. Had one of
the identified modes not been present, the size of the respective peak would have been insignificant due
to an insignificant modal participation.

Additionally, an agreement is generally observed when comparing the modal frequencies and damping
ratios in Table 3 of the conditional linear approximation to the corresponding ones of the reference states.
Among these, a minor difference is observed between the modes affected by the friction-induced coupling.
This particular difference is assumed to originate from the difference in amplitude level between the tests
and the difficulty of identifying states that correspond exactly to the ones of the reference tests. The
frequencies of the modes less affected by the friction-induced coupling are found to be close to mean
values of the two reference tests, which is agreeing with the intermediate amplitude level of the test
with interchanging states. Nonetheless, the estimated damping ratios of the two modes affected by the
friction-induced coupling in slip state, obtained with the proposed method, have higher values compared
to the damping ratios of the reference slip state. This difference is expected when the amplitude level is
decreasing when dealing with nonlinear damping such as friction-induced damping.

Table 3 Identified natural frequencies and damping ratios from the two reference tests and from the one measure-
ment with interchanging modes (interchanging modes are marked blue).

OMA of reference states
Mainly slip state Mainly stick state

Mode fn [Hz] ζn [%] fn [Hz] ζn [%]
1 6.346 0.72 6.375 0.52
2 6.435 1.52 -

2/3 - - 6.955 3.85
3 7.956 2.75 - -
4 8.006 0.64 8.048 0.45
5 10.86 0.52 10.83 0.59
6 15.13 0.96 15.19 2.21

NORD of interchanging states
ID slip state ID stick state

Mode fn [Hz] ζn [%] fn [Hz] ζn [%]
1 6.361 0.54 6.361 0.48
2 6.402 6.08 -

2/3 - - 6.918 3.08
3 7.918 5.81 - -
4 8.026 0.49 8.029 0.48
5 10.84 0.65 10.83 0.62
6 15.18 0.97 15.16 0.84



The mode shapes of the two states identified by the proposed method (Fig. 9) were compared to the
ones identified from the reference states by the MAC, which is shown in Fig. 10. From this comparison,
a quite satisfactory agreement is found with high MAC-values ranging from 0.979 to 1.000. The lower
MAC values, two times 0.979, are considered to be caused by statistical errors in the identification process
and the aforementioned difficulties in the identification.

Mode shapes in slip state from interchanging states

Mode 1 Mode 2 Mode 3

Mode 4 Mode 5 Mode 6

Mode shapes in stick state from interchanging states

Mode 1 Mode 2/3 Mode 4

Mode 5 Mode 6

Fig. 9 Mode shapes from the conditional linear approximation of the one measurement with interchanging modes.
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Fig. 10 Cross-MAC of the identified mode shapes from the two reference tests and from the one measurement
with interchanging modes, respectively.

4.3. Extended results of the experimental case study considering eight tests
The preceding section presented results obtained by using the proposed method for a conditional linear
approximation of the experimental set-up based on a single measurement. In the current section, however,
eight tests are analysed, where only the magnitude of the excitation is varied among the tests. This
particular study is conducted to demonstrate the application of the proposed method in a Structural
Health Monitoring framework, where the method can minimise the aforementioned variation of the
identified modal parameter induced by the nonlinearity. In this case, test number 1 has the highest
magnitude of the excitation, and is thus associated with the lowest relative effect of the friction forces.
The magnitude is then test-wise decreased from test 1, resulting in test number 8 having the lowest
magnitude of the excitation and the highest effect of the friction forces. Specifically, the average of the
standard deviations of the displacement response of the two measurement DOFs parallel to the bridge
ranges from 4.06× 10−4m in test 1 to 1.21× 10−4m in test 8. Additionally, the frequency content of the
excitation is kept as consistent as possible for all tests.

Fig. 11 shows the singular values of the spectral matrix of the eight tests as a waterfall plot. Further-
more, for all eight tests, the modal parameters were estimated using classical correlation-driven OMA
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Fig. 11 Waterfall plot of the singular values of the spectral matrix of the eight tests with decreasing magnitude
of the excitation.

again as described in Section 3.2, and the resulting estimates of natural frequency and damping ratio
for all tests are plotted in Fig. 12. From these results, it can be seen that the dynamic characteristics
of the platforms are changing with the changing magnitude of the excitation. Especially notable from
the natural frequencies in Fig. 12 and the number of peaks in Fig. 11 (together with an assessment of
MAC values), modes 2 and 3 are merging into the previously discussed common mode 2/3, while the
natural frequencies of the remaining modes seem relatively unaffected. The damping ratios of modes 2
and 3, plotted in Fig. 12, are also affected by the changing excitation conditions. For these modes a
nonlinear increase is found for the damping ratio as a function of the test number from test 1 and up
to the merging point, from where the damping ratio decreases again. This particular variation of the
damping is comparable to the existing knowledge of friction damping, where the highest effect of the
friction forces on the damping ratio is obtained when the relative friction force is as high as possible
with some slippage still occurring between the sliding surfaces. Moreover, an increase in the damping
ratio of mode 6 is also observed with the decreasing magnitude of the excitation. With mode 6 being
the rotational mode of the smaller platform and the bridge having two legs placed on this platform, each
one with a small distance to the rotation centre, such an increase is considered to be expected.

The same eight tests were also analysed with the proposed method for a conditional linear approxi-
mation using the same parameters of the identification as described in Section 4.2, i.e., triggering level,
sorting condition etc., from which the resulting estimates of natural frequency and damping ratio for
all tests are plotted in Fig. 13. With this approach, as previously described, two linear systems are
estimated for each test, where only one system is estimated with the classical correlation-driven OMA
approach. One apparent requirement for this to be possible, however, is that both states should be
present in the respective time series with amplitudes within the triggering band. In the current study,
it was possible to estimate both states in tests 3 to 8, but not in the first two tests, and therefore only
results of tests 3 to 8 are available in Fig. 13.

Notable from the results achieved by the conditional linear approximation and presented by Fig.
13, is the consistent estimation of six and five modes for the identification aiming at slip and stick
state respectively. Additionally, the estimated natural frequencies of both systems have a relatively low
variation, while the damping ratios show variation for the friction-affected modes. For the identified
system representing the slip state, the damping ratios of the friction-affected modes 2, 3 and 6 are
increasing with the decreasing magnitude of the excitation. For the identified system representing the
stick state, on the other hand, the friction-affected modes 2/3 and 6 show a variation in the damping
ratio, but not with a clear trend. In contrast, modes 1, 4 and 5, which are the modes that do not seem
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Fig. 12 Linear approximation using classical correlation-driven OMA in terms of natural frequency and damping
ratio of the eight tests with decreasing excitation intensity.

2 4 6 8
6

8

10

12

14

16

Test number [#]

N
at

ur
al

Fr
eq

ue
nc

y
[H

z]

ID aiming at slip state

2 4 6 8
0

2

4

6

8

10

Test number [#]

D
am

pi
ng

ra
tio

[%
]

ID aiming at slip state

Mode 1 - slip state
Mode 2 - slip state
Mode 3 - slip state
Mode 4 - slip state
Mode 5 - slip state
Mode 6 - slip state

2 4 6 8
6

8

10

12

14

16

Test number [#]

N
at

ur
al

Fr
eq

ue
nc

y
[H

z]

ID aiming at stick state

2 4 6 8
0

2

4

6

8

10

Test number [#]

D
am

pi
ng

ra
tio

[%
]

ID aiming at stick state

Mode 1 - stick state
Mode 4 - stick state
Mode 5 - stick state
Mode 6 - stick state
Mode 2/3 - stick state

Fig. 13 Conditional linear approximation in terms of natural frequency and damping ratio of the eight tests with
decreasing excitation intensity.



to be affected by the friction force, show consistent values for both the natural frequency and damping
ratio.

Finally, a comparison can be conducted by analysing the presented results in Figs. 12 and 13.
For modes 1, 4, and 5, which are relatively unaffected by the friction forces, and mode 6, which is
moderately affected by the friction forces, a good agreement is found between the results of the two
different approaches, especially for the estimated natural frequencies. For modes 2, 3 and 2/3, however,
the results are naturally different between the one set of results identified by the classical correlation-
driven OMA approach and the two sets identified by the proposed method for a conditional linear
approximation. Nonetheless, when comparing the results obtained by the classical correlation-driven
OMA approach when the system is primarily in slip state, tests 1 to 4, and primarily in stick state, tests
6 to 8, respectively with the results of the slip and stick state obtained by using the proposed method,
the agreement is high. Again the comparability is especially high for the estimated natural frequencies,
although with a small deviation.

The extended results of this experimental study show one of the main motivations mentioned in
the introduction for the development of the proposed method. Assuming that one were to conduct
a Structural Health Monitoring campaign on the experimental set-up, it would be necessary to deal
with the additional variation of the dynamic characteristic that would be present due to the inevitable
changing excitation conditions and the friction-induced coupling (illustrated by Fig. 12). If damage is
detected based on changes in the natural frequencies, this variation of the dynamic characteristic would
culminate in false indications of damage. By employing the proposed method, however, this additional
variation can be omitted by conducting the Structural Health Monitoring campaign with respect to the
two user-defined conditions, for which the natural frequencies no longer change significantly with the
excitation conditions (illustrated by Fig. 13).

5. Conclusion

The modal properties of oscillating dynamic systems can be identified from measured responses by Op-
erational Modal Analysis (OMA). To overcome a part of the limitation of OMA to linear systems, the
present paper proposes a method based on the Random Decrement technique within the framework Non-
linearity Optimised Random Decrement (NORD) for an OMA-based conditional linear approximation of
nonlinear systems in a quasi-linear sense. The proposed method was thoroughly described and assessed
through its application to response measurements obtained by: (i) a simulation of a cantilever beam with
a clearance and stopper at the tip, and (ii) experimental tests of two simple four-legged platform models
connected by a friction-induced coupling stemming from a sliding bridge. Based on these studies, the
following main conclusions are drawn:

• The results from the simulation study showed that the proposed method can identify the underlying
linear system (i.e., modal properties of the linear finite element model) of the cantilever beam from
the simulated response despite the fact that the beam was oscillating in the nonlinear regime
during the simulation. Additionally, the proposed method was able to identify a linear model
characterising the effects on the modal parameters of the beam hitting the stopper.

• The results of the experimental study revealed the ability of the proposed method to identify, from
one measurement, two sets of quasi-linear modal parameters of the platforms corresponding to
the dynamic behaviour of the coupled and uncoupled states of the platforms. An agreement was
found between the modal parameters obtained by applying the proposed method to one measure-
ment, where both states contributed to the response, and modal parameters obtained by classical
correlation-driven OMA of two different measurements, where the two states were respectively
governing the dynamic behaviour. It was also found that plotting the modal spectral content of
the identification in the proposed manner (step five) provided means to discover and illustrate the
different spectral content that was found throughout the measurement. Moreover, the method
alleviated the variations of the approximated modal properties with the response level as indicated
by comparing the results of the proposed method, applied to eight additional tests, with the results
from classical correlation-driven OMA.

• The two studies showed results obtained by the proposed method, which can be useful in practical
applications. The two linear modal models estimated from the cantilever beam are advantageous



when assessing the underlying linear system in a Structural Health Monitoring framework or up-
dating a Finite Element model of the dynamic system. The same is the case for the experimental
model of the two platforms. For this case, the usefulness was especially demonstrated with respect
to a Structural Health Monitoring framework, where the proposed method minimised the vari-
ability of the natural frequencies that would otherwise cause great complication when detecting
possible damage.

Based on the results of the numerical and experimental study it is concluded that the proposed method
enables a conditional linear approximation of a class of nonlinear systems. Nevertheless, the reliability
might naturally be decreased compared to classical correltion-driven OMA of purely linear systems
considering the possibility of including bias on the damping estimates with the proposed method and the
inevitable fact that nonlinearities are involved. Moreover, the development of the method could benefit
from further work where the method is applied to systems excited by loading that is less broadband than
the white noise used herein and to larger and more complicated systems.
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