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Summary

English

This thesis covers the results from two projects.
In the �rst project, we use a theorem of Koivisto, Kyed and Raum to show that a uniform

measure equivalence between unimodular compactly generated locally compact second count-
able groups induces an isomorphism of their respective cohomologies, generalising a theorem
of Sauer. We furthermore use this theorem to gain new insights on the quasi-isometry classi-
�cation of simply connected nilpotent Lie groups, obtaining results which cannot be obtained
using the previously well-known quasi-isometry classi�cation results by Pansu, Shalom and
Sauer. This project is joint work with David Kyed.

In the second project, we give a partial answer to a question posed by Aguilar and Kaad
on whether or not the standard Podle± quantum spheres converge to the 2-sphere as compact
quantum metric spaces. In particular, we show that its diagonal subalgebras, which are
equivalent to a family of quantised intervals, converge to the interval, and that they vary
continuously. This project is joint work with Jens Kaad and David Kyed.

Dansk

Denne afhandling dækker over resultater fra to forskellige projekter.
I den første projekt, benytter vi en sætning af Koivisto, Kyed og Raum til at vise at uniform

målækvivalens mellem to unimodulære, kompakt frembragte, lokalkompakte anden tællelige
grupper inducerer en isomor� imellem deres cohomologier, hvilket generaliserer en sætning
af Sauer. Vi anvender endvidere denne sætning til at styrke kvasiisometriklassi�kationen af
enkeltsammenhængende nilpotente Liegrupper, og opnår via dette ny viden, som ikke kan
udledes af de i forvejen velkendte kvasiisomettriklassi�kationsresultater af Pansu, Shalom og
Sauer. Dette projekt er et samarbejde med David Kyed.

I andet projekt, giver vi et delvist svar på en formodning af Aguilar og Kaad om hvorvidt
standard Podle±�sfærerne konvergerer imod 2�sfæren som kompakte kvantemetriske rum. I
særdeleshed viser vi at diagonalalgebraerne, som er ækvivalente til kvantiserede intervaller,
konvergerer imod intervallet og at de varierer kontinuert. Dette er projekt er et samarbejde
med Jens Kaad og David Kyed.
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Preface

This thesis serves as the conclusion to my PhD-degree at the University of Southern Denmark
(SDU), Odense, Denmark. The work on the PhD-project began in February 2017, and this
thesis was submitted in February 2021. The PhD was conducted under the supervision of
David Kyed.

During the four years, I have been dealing with the topics outlined in the abstract, namely
one project relating to quasi-isometry and group cohomology and another project about C∗-
algebraic compact quantum metric spaces. I feel grateful for being given the chance to work
with such a broad spectrum of mathematics, within the �elds of algebra and analysis through-
out the past years, and the work has resulted in two submitted papers (listed below). The �rst
project has been worked on almost throughout the entirety of the PhD, with the �rst submis-
sion in 2019, and the �nal submission has been submitted to Fundamenta Mathematicae by
which it has been accepted just prior to the submission of this thesis. The second project was
initiated in the fall of 2019, with the corresponding paper being submitted to the Journal of
Mathematical Analysis and Applications. We have resubmitted a version with minor correc-
tions in December 2020, which we expect to be accepted. Both projects were introduced to me
by David Kyed, and the latter also by Jens Kaad. In the summer of 2020, Sophie Mikkelsen
and I also began working on a project dealing with the classi�cation of Quantum Lens Spaces,
which are a certain type of graph C∗-algebras, but since the main results have just recently
been wrapped up, this unfortunately could not be included here.

During the programme, I spent the winter 2019/20 in Karlsruhe, Baden-Württemberg,
Germany at the Karlsruhe Institute of Technology, hosted by Prof. Dr. Roman Sauer, for
which I am very thankful.
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Structure of the thesis

The PhD thesis is Based on two papers:

� Cohomological induction and uniform measure equivalence, which is a joint work by the
present author and David Kyed which is set to appear in Fundamenta Mathematicae
(accepted);

� Gromov-Hausdor� convergence of quantised intervals, which is joint work by the present
author, Jens Kaad and David Kyed, and is expected be accepted by the Journal of
Mathematical Analysis and Applications (submitted).

The thesis is subdivided into three chapters: The two �rst of which provide preliminaries to
the papers above in the given order. Each chapter also summarises the corresponding paper.

Both chapters are intended as introductions to their �elds, and for the most part no proofs
are included (though in some cases we sketch proofs without giving full details), and we instead
provide references where the entirety of a given argument may be found. Both chapters are
intended to be read with a minimal requirement of preliminary knowledge. The reader, how-
ever, is expected to be familiar with the fundamentals of topological groups and Lie groups,
measure theory and C∗-algebras.

In the �rst chapter, we introduce the concepts of quasi-isometry, and relate it to the clas-
si�cation of simply connected nilpotent groups, which is also introduced. We furthermore give
an introduction to cohomology for locally compact groups and Lie algebras. The �nal intro-
ductory part of chapter 1 deals with measure equivalence and uniform measure equivalence
(abbreviated as UME in the section headers). Finally, we give a summary of the main results
of the �rst paper, followed by a more detailed introduction to the applications of these, which
may also be found in the paper.
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In the second chapter, we introduce the concepts of compact quantum metric groups, both
for order-unit spaces and C∗-algebras following the work of Rie�el. We furthermore introduce
examples of these, and introduce various concepts of distance on quantum metric spaces as
introduced by Gromov, Rie�el and Latrémoliêre. Followed by that, we give a brief introduc-
tion to the quantum SU(2)�group of Woronowicz, and the Podle± quantum spheres, and give
a summary of the work of Aguilar and Kaad in which they show that these are examples of
compact quantum metric spaces. Finally, we give a short summary of the main results of the
second paper.

The third chapter contains the papers in their, as of the time of submission of this thesis,
most up-to-date versions.

We remark that the two projects covered are unrelated, and thus the introductions and the
associated papers are intended to be able to be read independently from one another.
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Chapter 1

Introduction to quasi-isometry,

cohomology and uniform measure

equivalence

1.1 Quasi-isometries on simply connected Lie groups

The following chapter serves as an introduction to [GK20], and we refer the reader there for
proofs of the main results and further study. The author is obliged to mention that the he has
already been evaluated on a substantial amount of its content matter in his qualifying exam,
halfway through the PhD programme. Several details surrounding the main proof have been
modi�ed slightly, but the only entirely novel part of the article which has not been covered in
the status report is [GK20, Section 5].

We will for this chapter mainly be interested in Conjecture 1.1.5 below, which deals with
the large-scale geometry of simply connected nilpotent Lie groups, for which we will now give
the relevant de�nitions. We assume that the reader is familiar with the basics of Lie groups
and Lie algebras.

For a topological group G, recall that the commutator of x, y ∈ G, is de�ned as
[x, y] := x−1y−1xy, and for subgroupsK,H ofG, their commutator subgroup, [K,H] is de�ned
as the closure of the subgroup of G, generated by the set

{[x, y] : x ∈ K, y ∈ H}.

The lower central series of G is then de�ned as follows: Set G0 := G and Gi := [Gi−1, G] for
i > 0. We say that G is k-step nilpotent if Gk+1 is trivial. We note that the trivial group is
the only 0-step nilpotent group, and that abelian groups are the 1-step nilpotent groups. We
say that a topological group, G, is compactly generated if it admits a compact generating set.
That is, there exists a compact subset K ⊂ G, containing the identity, such that G =

⋃∞
i=1K

i.
Since K−1 := {g−1|g ∈ K} is also compact, we can always �nd a symmetric generating set.
i.e. a set satisfying K = K−1, by considering K ∪K−1. See also [CdlH16, De�nition 2.C.1].
One can show (see [CdlH16, Proposition 5.A.1]) that connected Lie groups are compactly
generated.

3



4 CHAPTER 1. QUASI-ISOMETRY, COHOMOLOGY AND UME

For our purposes, one particularly interesting feature of compactly generated groups, is
that they admit a word metric, in the following manner: Let G be a compactly generated
group, then for any symmetric and compact generating set K, we may de�ne a metric on G
by

dK(g, h) := min

{
n

∣∣∣∣∣∃s1, . . . , sn ∈ K where g−1h =

n∏

i=1

si

}
,

where the identity is denoted by the empty word, which has length zero.

The geometry, or rather: coarse geometry, of locally compact second (lcsc) countable
groups may be studied in detail, using the notion of quasi-isometry:

De�nition 1.1.1. Let (X, dX) and (Y, dY ) be metric spaces. We say that a map f : X → Y is
a quasi-isometry if there exists constants C > 0 and K > 1 such that the following conditions
hold:

1. for every x, y ∈ X,K−1dX(x, y)− C 6 dY (f(x), f(y)) 6 KdX(x, y) + C;

2. For every y ∈ Y there is an x ∈ X such that dY (y, f(x)) 6 C.

It is easy to prove that quasi-isometry is an equivalence relation on the class of metric
spaces. Re�exivity is trivial, and it is easy to see that the composition of two quasi-isometries
is itself a quasi-isometry, showing transitivity. To see symmetry, observe that if f : X → Y
is a quasi-isometry, then one may construct a quasi-isometry g : Y → X by letting g(y) be
chosen as any arbitrary element in f−1(y0) where y0 is a point in the image of f for which
dY (y, y0) 6 C. We call f a quasi-isometric embedding if it satis�es (1). Below, we provide
some basic examples.

Example 1.1.2. For any bounded space, the assignment to a �xed point is a quasi-isometric
embedding. Consequently any two bounded spaces are quasi-isometric. 4

Example 1.1.3. The inclusion of Z into R is an isometric embedding, and any real number
is within distance 1

2 from any integer. This generalises easily to Rn. 4

One caution about quasi-isometries is that a priori, the topology of the group might itself
be metrizable, and di�erent from the structure coming from a given word metric. It turns
out, however, that for compactly generated lcsc countable groups, and in particular compactly
generated Lie groups, these metrics are the same from the point of view of quasi-isometry.
The study of this has been done extensively in [CdlH16], from which we will give a brief recap
of relevant results.

It follows from [Str74] that any lcsc group, G, admits a left-invariant metric which induces
the topology. In addition, when it is compactly generated, G endowed with this metric will be
quasi-isometric to itself with respect to any word metric coming from a symmetric compact
generating set. See [CdlH16, Proposition 4.B.10]. Thus we consider such groups as geometric
objects without having to specify the required metric, when considering the coarse geometry.

Recall that a lattice of a group G, is a subgroup Γ of G such that G/Γ admits a G-invariant
probability measure (on the Borel σ-algebra), and a uniform lattice, is a discrete cocompact
subgroup Γ ⊂ G (i.e. G/Γ is compact). One can, generalising Example 1.1.3, show that if G
admits a uniform lattice, Γ, then G is compactly generated if and only if Γ is �nitely generated,
and that the inclusion of Γ endowed with any word metric into G is a quasi-isometry ([CdlH16,
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Proposition 5.C.3]). In fact, any lattice in a connected nilpotent Lie group is uniform, so we
may for our purposes use the two terms interchangeably. See [Rag72, Theorem 3.1].

Now, let X be a path-connected topological space. We say that X is simply connected if
for any two continuous paths p1, p2 : [0, 1]→ X which have common beginning and end points,
there exists a homotopy from p1 to p2. I.e. there exists a continuous mapH : [0, 1]×[0, 1]→ X,
such that H(0, x) = p1(x) and H(1, x) = p2(x) for all x ∈ X.

Example 1.1.4. One example of a simply connected nilpotent Lie group is the 3-dimensional
Heisenberg group which is the matrix Lie group, H3(R) consisting of 3 × 3-matrices of the
form 


1 a c
0 1 b
0 0 1


 ,

where a, b, c ∈ R. That it is simply connected can quite easily be seen to be the case by
showing that the 3-dimensional Heisenberg algebra h3 consisting of matrices of the form




0 α γ
0 0 β
0 0 0


 ,

where α, β, γ ∈ R, is a nilpotent Lie algebra (see de�nition below), and that the image under
the exponential map is H3(R).

One may observe that the discrete 3-dimensional Heisenberg group H3(Z), which analo-
gously is de�ned to be the group consisting of matrices of the form above, where the entries
are integers, is a cocompact lattice in H3(R). 4

Our main interest related to this theory, is whether simply connected nilpotent Lie groups
are classi�ed by their quasi-isometry classes. Thus the work contained in [GK20] should be
read with the following conjecture in mind.

Conjecture 1.1.5. Two simply connected nilpotent Lie groups are quasi-isometric if and only
if they are isomorphic.

Since we are dealing with simply connected nilpotent Lie groups, the Lie group-Lie algebra
correspondence allows us to approach the problem via methods coming from Lie algebras. We
�rst provide the appropriate Lie algebraic translations of some of the properties above.

Given a real algebra or Lie algebra, we let structure constants refer to the coe�cients
associated to the products (or brackets) of basis elements. More concretely, if g is a Lie
algebra of dimension n with linear basis {X1, . . . , Xn}, we may for each pair of basis elements
Xi, Xj , write the bracket as

[Xi, Xj ] =

n∑

i=k

ckijXk.

Here, the constants ckij ∈ R are the structure constants. By a theorem of Malcev, ([Mal51],
alternatively, see [Rag72, Theorem 2.12]) a simply connected nilpotent Lie group admits a
lattice if and only if its associated Lie algebra admits a basis for which all the structure
constants are rational. As discussed in Section 1.5.1, this means that there is a substantial
amount of simply connected nilpotent Lie groups which do not admit lattices. This will be
relevant when we discuss various di�erent way to approach Conjecture 1.1.5 later.
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It is also worth remarking, that due to Ado's theorem (see e.g. [Rag72, 1.4]) every simply
connected nilpotent Lie group admits a faithful representation onto a matrix Lie-group, and
thus any such groups can be considered as such, and the Lie group - Lie algebra correspondence
is given by the exponential map.

A �nal fact about Lie algebras which we need, is that nilpotency translates to this setting
as well: Let g and h be Lie subalgebras of some common Lie algebra. We let [g, h] denote the
space span{[X,Y ] : X ∈ g, Y ∈ h}. As for Lie groups, the lower central series of a Lie algebra
is a descending family of subalgebras, g = g1 > g2 > . . . , de�ned by, g0 = g and gi = [g, gi−1],
and we say that g is nilpotent if there exists as k ∈ N for which gk is trivial. One can show
that if G is a connected Lie group with associated Lie algebra g, then the two notions of lower
central series are related such that the Lie algebra of Gi is gi for each i, and consequently
nilpotency is inherited by taking associated Lie algebras. See [Rag72, Section 1.1].

Using nilpotency, we may consider the �rst approach to Conjecture 1.1.5. This approach
is due to Pansu: If G is a simply connected nilpotent Lie group, with associated Lie algebra,
g, and say that g is n-step nilpotent with lower central series

g = g1 > g2 > . . . > gn > {0} = gn+1.

Its Carnot algebra is the Lie algebra de�ned as

Car(g) :=

n⊕

i=1

gi/gi+1

with the induced Lie bracket. We say that g is Carnot if g is isomorphic to Car(g). It is
shown in [Pan89] that if G and H are quasi-isometric simply connected nilpotent Lie groups,
with associated Lie algebras g and h, then Car(g) and Car(h) are isomorphic. Hence, Pansu's
theorem ensures that quasi-isometric simply connected nilpotent Lie groups are isomorphic
if their associated Lie algebras are Carnot, and that groups with di�erent associated Carnot
algebras are not quasi-isometric.

A di�erent approach stems from cohomological methods and will be touched upon in the
following sections. We will review the extent to which the various methods may be used, and
their limits in section 1.2.4.

1.2 Group and Lie algebra cohomology

1.2.1 Fréchet spaces

Before providing de�nitions and examples of group and Lie algebra cohomology, we will require
a short recap on the basics of Fréchet spaces and integration on these. Recall that a topological
vector space, E, is Fréchet if its topology is induced by a countable family of semi-norms
{qk : E → R}∞k=0, (that is, a sequence {xn}∞n=0 converges to x if and only if qk(xn) converges
to qk(x) for all k ∈ N), such that the induced translation-invariant metric on E given by

d(x, y) :=
∞∑

k=0

2−k
qk(x− y)

qk(x− y) + 1

is complete. It is easy to see that d induces the same topology as the set of semi-norms.
We remark that the family of semi-norms {maxki=0 qi}k∈N generates the same topology, and
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consequently, we may always assume that the family of semi-norms are increasing, in the sense
that qi(x) 6 qj(x) for all x ∈ E provided that i 6 j.

If (X,Σ, µ) is a σ-�nite measure space, i.e. we may write X =
⋃∞
n=1Xn where {Xn}∞n=1

are measurable subspaces of X for which µ(Xn) <∞ for every n, and if E is a Fréchet space,
whose topology is induced by a family of semi-norms Q, we de�ne L

p
loc(X,E) as the space of

functions f : X → E which are Borel-measurable and for which
∫

Xn

q(f)p dµ <∞

for all n > 1 and all q ∈ Q. we de�ne Lploc(X,E) as the quotient of Lploc(X,E) where we
identify functions which agree almost everywhere. This space is Fréchet, with its topology
generated by the semi-norms

Qq,n(f) =

(∫

Xn

q(f)p dµ

) 1
p

,

see [Bla79, Proposition 1.2.].
We remark that [Gui80, D.2], de�nes the Lploc-spaces di�erently compared to the above

de�nition. Namely in his de�nition, they are de�ned as projective limits of Lp-spaces which
take values in Banach spaces. It turns out that the two de�nitions are equivalent, but we
will not dwell on this theory here, as the properties entailed by the �rst de�nition above is
su�cient for our purposes.

1.2.2 Continuous group cohomology

We will now give an introduction to group and Lie algebra cohomologies. This presentation
follows [Gui80], and we refer to this for the full details.

Let G be a lcsc countable group throughout this section. By a continuous G-module we
mean a Hausdor� topological vector space E, endowed with an action of G by linear maps
such that the action G × E → E is continuous. Given two continuous G-modules E and
F , we say that a morphism of G-modules is a linear, continuous, map φ : E → F , which is
G-equivariant in the sense that φ commutes with the group action. We call such a morphism,
φ, strengthened if there exists a linear, continuous map, η : F → E, such that φ ◦ η ◦ φ = φ.
We say that a G-module I is relatively injective, if for every strengthened injective morphism
ι : E → F of G-modules, and every morphism φ : E → I, there exists a morphism φ̄ : F → I
such that the following diagram commutes:

0 // E

φ

��

ι // F

φ̄��
I

Let E be a G-module. A strengthened, relatively injective resolution of E is an exact sequence

0 // E
ι // E0

d0 // E1
d1 // E2

d2 // . . .

of relatively injective G-modules such that the morphisms ι and dn are all strengthened.
Let (Ei)

G denote the subset of Ei consisting of G-invariant elements, and di� the corre-
sponding restriction of di to (Ei)

G. Given a strengthened, relatively injective resolution as
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above, the group cohomology of G with coe�cients in E is then de�ned as the cohomology of
the restricted complex

0 // (E0)G
d0� // (E1)G

d1� // (E2)G
d2� // . . .

i.e.

Hn(G,E) :=
ker(dn�)

im(dn−1�) .

Similarly the reduced cohomology is de�ned as

Hn(G,E) :=
ker(dn �)

cl(im(dn−1 �)) ,

where cl(·) denotes the topological closure. This de�nition is independent of the choice of
resolution, see [Gui80, Corollaire. 3.1.1]. We refer to the maps dn as the coboundary maps or
di�erentials. Elements of ker(dn�) are called cocycles, and elements of im(dn−1�) are called
coboundaries.

Example 1.2.1 ([Gui80, Proposition 3.1.2 and 3.1.4]). We now present the two complexes
which will be the most relevant for our purposes: Let E, be a continuous G-module which is
additionally locally convex. i.e. its topology is induced by a family of semi-norms, P.

Let C(Gn, E) denote the continuous functions from Gn to E, endowed with the compact-
open topology, and let G act on C(Gn, E) with the action given by

(gf)(g0, . . . , gn−1) = g(f(g−1g0, . . . , g
−1gn−1)).

Then the complex

0 // E
ι // C(G,E)

d0 // C(G2, E)
d1 // C(G3, E)

d2 // . . .

with coboundary maps given by

(dnf)(g0, . . . , gn+1) =

n+1∑

i=0

(−1)if(g0, . . . , ĝi, . . . , gn+1)

where ĝi denotes omission, is a strengthened relatively injective resolution.
If E is Fréchet, then the complex

0 // E
ι // Lploc(G,E)

d0 // Lploc(G
2, E)

d1 // Lploc(G
3, E)

d2 // . . .

where the G-action and coboundary maps are de�ned in the same manner as above, is a
strengthened relatively injective resolution of E. 4

When E = R, (or, instead of R, one may replace E with di�erent, su�ciently nice, rings.
See for instance [GK20, Lemma 4.3]), H∗(G,R) :=

⊕∞
n=0 Hn(G,R) admits a product structure,

called the cup product de�ned by the map ∪ : C(Gn+1,R) × C(Gm+1,R) → C(Gn+m+1,R)
which is given by

(f ∪ h)(g0, . . . , gn+m) = f(g0, . . . , gn)h(gn, . . . , gn+m). (1.1)
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A key feature of the cup product, is that the coboundary map satis�es the graded Leibniz
rule with respect to the cup product:

dn+m(f ∪ h) = dn(f) ∪ h+ (−1)nf ∪ dm(h).

It follows from this formula that the product of two cocycles is a cocyle, and that the product
of two coboundaries is a coboundary. Additionally, one can verify via a computation that the
product is continuous. Hence, the product descends to the level of cohomology and reduced
cohomology, making H∗(G,R) and its reduced counterpart graded real algebras. We remark
that the cohomology is unital, with the unit being the equivalence class [g 7→ 1] ∈ H0(G,R).

We denote the real vector space dimension of Hn(G,R) by βn(G) and refer to it as the
n'th Betti-number of G.

1.2.3 Lie algebra cohomology

Next, we consider Lie algebra cohomology. This can, as with groups, be done in higher
generality, but as we are only concerned with real Lie algebra cohomology, this is what we
will be considering.

Let k ∈ N be given. Recall that an alternating k-form, f of a vector space V , is a map
f : V k → R which is linear in each of its entries, and further satis�es that f(x1, . . . , xk) = 0
whenever any of the x1, . . . , xn are linearly dependant. Consequently, any linear k-form is
trivial if k > dimR V .

Let now g denote a real Lie algebra, and Λkg∗ the space of alternating k-linear forms on
g. We then de�ne the Real Lie algebra cohomology as the cohomology of the complex

R d0 // g∗ d1 // Λ2g∗ d2 // . . .

Where dk : Λkg∗ → Λk+1g∗ is de�ned by

(dkf)(g0, . . . , gk) =
∑

06i<j6k
(−1)i+jf([gi, gj ], g0, . . . , ĝi, . . . , ĝj , . . . , gk).

Given two alternating forms, f ∈ Λkg∗ and h ∈ Λ`g∗ we de�ne their wedge product, or
exterior product as follows: Given any n ∈ N, let Sn denote the space of all permutations of
n elements. We then de�ne the wedge product to be

(f ∧ h)(g1, . . . , gk+`) :=
1

k!`!

∑

σ∈Sk+`
sgn(σ)f(gσ(1), . . . , gσ(k))h(gσ(k+1), . . . , gσ(k+`))

Where sgn denotes the signature of a given permutation (i.e. 1 for even permutations and -1
for odd permutations). This product descends to cohomology. We remark since all alternating
k-forms are trivial when k exceeds the dimension of the Lie algebra, it follows that the Betti
numbers of a �nite-dimensional Lie algebra are �nite and vanish for su�ciently high-order
cohomology.

The real cohomologies of Lie groups and their corresponding Lie algebras are tied together
via the Van Est Theorem (see [vE55] or [Gui80, Corollaire 3.7.2]). In particular, it states that
the real cohomology of a simply connected Lie group is isomorphic to that of its associated
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Lie algebra as graded algebras. Thus 1.1.5 may be approached using the results shown in
the following sections not only via the group cohomology but also by the cohomology of
their associated Lie algebras, and from the above remark, we may also conclude that simply
connected nilpotent Lie groups have �nite and vanishing Betti numbers.

1.2.4 Cohomology and quasi-isometry

Group cohomological methods have allowed for quite substantial progress on Conjecture 1.1.5.
Yehuda Shalom showed in his famed paper, [Sha04, Theorem 1.2], that two �nitely generated
discrete nilpotent groups which are quasi-isometric have the same Betti numbers. He further
argues, that since such groups may be embedded into simply connected nilpotent Lie groups
as cocompact lattices by a theorem of Malcev, such that these groups have the same Betti
numbers. Thus, his theorem gives the �rst known quasi-isometry invariant for nilpotent groups
that does not follow from Pansu's theorem, and shows that the two theorems are independent.
See [Sha04, p. 151].

The result of Shalom was later generalised by Roman Sauer, who showed that the real
cohomologies of such groups are even isomorphic as graded real algebras.

Theorem 1.2.2 ([Sau06, Theorem 1.5]). Let Γ and Λ be quasi-isometric �nitely generated
nilpotent countable discrete groups, then

H∗(Γ,R) ∼= H∗(Λ,R).

In the continuous case, this result may directly be applied to include a particular class of
nilpotent simply connected Lie groups:
Now, let G be a simply connected nilpotent Lie group and Γ a uniform lattice of G. As
noted in [Sau06], it follows from [Nom54, Theorem 1], that the cohomology algebra, H∗(Γ,R)
is isomorphic to H∗(g,R), where g is the Lie algebra associated to G, and consequently, due
to the van Est theorem, to H∗(G,R). Thus it follows that the theorem of Sauer applies
to any pair of simply connected nilpotent Lie groups which contain lattices. Now, recall
that a simply connected nilpotent Lie group admits a lattice if and only if its associated Lie
algebra admits a rational structure. Since there are at most countably many �nite-dimensional
real Lie algebras with rational structures, Sauer's theorem cannot be used to distinguish the
quasi-isometry classes of uncountably many simply connected nilpotent Lie groups, providing
motivation for a further generalisation of the theorem, which has been provided in [GK20],
and will be presented in the following sections.

We end this section with a preliminary status of what knowledge may be deduced from the
theorems of Pansu, Shalom and Sauer. We remark that a lot of this is communicated in great
detail in Yves Cornulier's survey paper, see [Cor18, Conjecture 19.114] and onwards. There
are complete classi�cations of real and complex Lie algebras up to and including dimension
7 (see Section 1.5.1), from which on �nds that any Lie algebra which has dimension 6 6
admits a rational structure, and thus the above theorems all apply in this case. In fact, the
Carnot algebras of all nilpotent Lie algebras up to dimension 4 are non-isomorphic and thus
the cohomological methods are not required, and the classi�cation may be done using Pansu's
theorem alone. In dimension 5 there are two pairs which cannot be distinguished by appealing
to neither their Carnot algebras nor their Betti-numbers. One of the pairs (denoted by L5,3

and L5,5 in [Cor18]) may be distinguished via the multiplicative structure of the respective
cohomology algebras, whereas the other pair (L5,6 and L5,7) cannot be dealt with by any of
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the above theorems, suggesting that altogether di�erent methods are required. Examples of
algebras where Pansu's theorem is insu�cient but Shalom's theorem su�ces (i.e. by appealing
to Betti-numbers and not the multiplicative structure) occur when considering 6-dimensional
Lie algebras. For examples where Pansu's theorem applies but the cohomological theorems
do not, we encounter such an example in Section 1.5.

1.3 Measure Equivalence

In this section we will introduce the notions of measure equivalence and uniform measure
equivalence, and how they interact with Conjecture 1.1.5, due to a Result of Koivisto, Kyed
and Raum ([KKR17, Theorem 6.17]). Before going into de�nitions, however. We will begin
by discussing the discrete case to provide some historical context.

Quasi-isometry was �rst classi�ed topologically by Gromov, using a dynamic criterion in the
following way: Recall that a group action of a group G on a topological space X is proper if the
action map G×X → X is a proper map (i.e. the preimage of a compact set is compact), and
cocompact if the orbit space X/G is compact. Gromov's dynamical criterion ([Gro93, 0.2.C ′2])
states that two �nitely generated discrete groups Γ and Λ are quasi-isometric if and only if
there is a locally compact space X on which both groups act commutatively, properly and
cocompactly. We call such a space X a topological coupling.

Additionally, Gromov introduced the notion of measure equivalence, for which we will give
the more general de�nition below, as a measure-theoretic analogue to the topological equival-
ence above. The notion of measure equivalence, however, is not strong enough to describe the
coarse geometric structure of the groups, and thus further structure is needed for a su�cient
measure-theoretic analogue to quasi-isometry. This has been addressed in [Sha04, De�nition
2.1.5], in which the notion of uniform measure equivalence is �rst introduced for discrete
groups, and it was proven in [Sau02], that for �nitely generated discrete groups, uniform mea-
sure equivalence (here referred to as 'bounded measure equivalence') implies quasi-isometry,
and that if the groups are amenable, the notions are equivalent.

In the following we will provide the de�nitions in the continuous case, providing a brief survey
of the work done by Koivisto, Kyed and Raum in [KKR17].

We begin by recalling some measure theoretic de�nitions. By a standard Borel space, we
mean a measurable space (X,Σ) such that Σ is the Borel σ-algebra coming from a Polish
topology on X, i.e. a topology on X that is separable and completely metrisable.

Given a lcsc group G, we say that a measurable space (X,Σ) equipped with a G-action is
a G-space if the map G×X → X de�ned by the action is measurable. Here, the σ-algebra on
G×X is the product algebra where the σ-algebra on G is Borel σ-algebra. We call a measure
space (X,Σ, µ) a measure G-space if it is a G-space and X admits a measure preserving action
of G.

An isomorphism of G-spaces is a G-equivariant measurable bijection whose inverse is also
measurable, and an isomorphism of measure spaces (X,Σ, µ) and (Y,Σ′, ν) is a map from X
to Y , such that there exist subspaces X0 ⊂ X and Y0 ⊂ Y of full measure, such that f restricts
to an isomorphism of measurable spaces from X0 to Y0, and (after taking restrictions), ν is
the pushforward of µ.

An isomorphism of measure G-spaces is an isomorphism of measure spaces, such that the
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restriction onto subspaces of full measure as above is G-equivariant.
We will now give the de�nition of measure equivalence for locally compact unimodular

groups.

De�nition 1.3.1 ([BFS13]). Let G and H be two locally compact unimodular groups with
Haar measures λG and λH respectively. A measure equivalence coupling between G and H
consists of a standard Borel measure G×H-space (Ω, η), and standard Borel measure spaces
(X,µ) and (Y, ν) such that the following conditions are satis�ed:

1. µ and ν are �nite and η is non-zero.

2. There is an isomorphism of measure G-spaces i : G× Y → Ω where G× Y is equipped
with the G-action g(g′, y) = (gg′, y).

3. There is an isomorphism of measure H-spaces j : H ×X → Ω where H ×X is equipped
with the H-action h(h′, x) = (hh′, x).

If G and H admit a measure equivalence coupling, we say they are measure equivalent, and
we will denote the corresponding coupling by (Ω, X, Y, η, µ, ν, i, j).

We say that a measure equivalence coupling is strict, if the maps i and j are globally
equivariant isomorphisms of standard Borel spaces, i.e. if we do not need to restrict to proper
subsets X0 and Y0, but instead obtain the desired properties from the entirety of the spaces.

A good picture to have in mind when considering a coupling as above, is the diagram

G× Y i // Ω H ×X,joo

using the same notation as in De�nition 1.3.1.
We will now give a rather trivial example of a measure equivalence coupling. For a more

advanced example we refer to Example 1.3.5.

Example 1.3.2. Let G and H be Hausdor�, second countable compact groups (and hence
completely metrisable) with Haar measures λG and λH respectively. We obtain a measure
equivalence coupling by letting Y = H and X = G with their respective Haar measures,
forgetting the group structure, and by Ω = G × H, equipped with the product measure.
Here G and H act on each leg of Ω by multiplication, and we isomorphisms are given as
i = j = idG×H . This coupling is illustrated with the rather trivial diagram

G×H idG×H // G×H G×H.idG×Hoo

4
We now turn our attention to some of the derivative structures of a measure equivalence

coupling, as this becomes important in the sequel.
Given a dynamical system, i.e. a group G acting on a space X, and a group H then a

cocycle is a map c : G×X → H satisfying the cocycle identity

c(g1g2, x) = c(g1, g2x)c(g2, x).

Usually one requires more properties of the cocycle depending on the nature of the system
(continuity, measurability etc.), and for our purposes we will only be dealing with measurable
cocycles.
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Remark 1.3.3. The attentive reader may be confused about the term 'cocycle' being used
di�erently here than the de�nition of the same notion being given in Section 1.2. In reality, the
two notions are very much related, as the latter usage comes from the theory of cohomology
for dynamical systems, where if one de�nes a cochain complex with coe�cients in the abelian
group H in a manner similar to the cochain complexes introduced for groups in the preceding
section, these maps would be precisely the 1-cocycles. For details, see e.g. [Ta08]. For our
purposes the distinction between the usages of the term should be clear from the context, as
the only cocycles of the latter kind which we will be dealing with, are the cocycles ωG and
ωH , given below, which come from a measure equivalence coupling.

By a near-action of a lcsc group G on a measure space (X,µ), we mean a measurable map
G×X → G such that eGx = x and (g1g2)x = g1(g2x) for all g1, g2 ∈ G and almost all x ∈ X,
where eG denotes the unit in G. We say that a near-action is measure preserving if translation
under the near-action of any measurable subset by any group element preserves the measure,
see [KKR17, De�nition 2.10].

Given a measure equivalence coupling and using the same notation as in De�nition 1.3.1,
the actions of G and H on Ω induce cocycles ωH : G×H → H and ωG : H × Y → G, and
near-actions of G and H on X and Y respectively, de�ned by the relations

i−1 (hi (g, y)) =
(
gωG(h, y)−1, hy

)

j−1 (gj (h, x)) =
(
hωH(g, x)−1, gx

)

By [KKR17, Theorem 2.12], we a guaranteed that for a measure equivalence coupling,
we may always assume that the de�ning properties are de�ned pointwise instead of almost
everywhere, and that the coupling is strict. Thus the cocycles are everywhere de�ned, and
the near-actions become actual group actions.

De�nition 1.3.4 ([KKR17, De�nition 6.5]). A strict measure equivalence coupling is said to
be uniform if for every compact subset K ⊂ G there is a compact subset C ⊂ G such that
j−1◦i(C×Y ) ⊂ K×X, and the analogous condition holds for i−1◦j. More generally, a measure
equivalence coupling is uniform if it admits a restriction to a strict uniform measure equivalence
coupling. We will say that two groups for which such a coupling exists are uniformly measure
equivalent.

Example 1.3.5 (cf. [KKR17, Proposition 6.13]). If G is a lcsc group, and H1 and H2 are
cocompact, unimodular closed subgroups of G, then they are uniformly measure equivalent.
Indeed, �rst note that since G admits unimodular, cocompact subgroups, then by [BHV08,
Corollary B.1.8], G is itself unimodular. Next, we let H1 × H2 act on G via the action
(h1, h2)g = h1gh

−1
2 (and hence, we may consider H2 as acting on G from the right). We can

then �nd �nite measures on the respective orbit spaces H1\G and G/H2 which are respec-
tively left- and right-invariant. We may furthermore �nd section maps s1 : H2\G → G and
s1 : G/H1 → G which are measurable and take values in compact subsets, see [KKR17, Ex-
ample 6.11 and Lemma 6.12]. From these, we obtain a uniform measure equivalence coupling

H1 ×G/H1
i // G H2 ×H2\G,

joo

where the maps i : H1 × H1\G → G and j : H2 × G/G2 → G which are given by
i(h, x) = hs1(x) and j(y, g) = s2(y)g−1 satisfy the isomorphism and uniformity criteria.
For full details, see [KKR17, Proposition 6.13]. 4
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In particular, 1.3.5, tells us that cocompact �nitely generated lattices of a common Lie
group are uniformly measure equivalent, and in fact quasi-isometric in light of Theorem 1.3.7
below.

A key feature of uniform measure equivalence couplings, is that the associated cocycles,
ωG and ωH , become locally bounded. By that we mean, that ωH is locally bounded if for
every compact subset C ⊂ G, there is as compact subset K ⊂ H such that ωH(g, x) ∈ K for
all x ∈ X and g ∈ C. See [KKR17, Lemma 6.7].

Recall that an action on a measure G-space (X,µ) is ergodic if every G-invariant subset
of X is either a null-set or has full measure. As it turns out, we may for (uniformly) measure
equivalent groups, always assume that a corresponding coupling is ergodic.

Proposition 1.3.6 (cf. [KKR17, Proposition 2.17]). Let (Ω, X, Y, η, µ, ν, i, j) be a uniform
measure equivalence coupling between G and H. Then there exists measures η′, µ′ and ν ′ on
respectively Ω, X and Y which are ergodic, such that the coupling (Ω, X, Y, η′, µ′, ν ′, i, j) is a
uniform measure equivalence coupling.

The main takeaway from the continuous de�nition of uniform measure equivalence from
[KKR17], is the fact that it generalises the conclusion made by Sauer in the discrete case.

Theorem 1.3.7 (cf. [KKR17, Proposition 6.15 and Theorem 6.17]). Let G and H be lcsc
unimodular, compactly generated groups. If G and H are uniformly measure equivalent they
are quasi-isometric. Furthermore, if G and H are amenable, the converse is true.

In the context of simply connected nilpotent Lie groups, Theorem 1.3.7, it is well known
that nilpotent groups are amenable and unimodular, and since simply connected Lie groups
are compactly generated, the theorem in particular applies to this class.

1.4 Cohomological induction through uniform measure equival-

ence

The main theorem, [GK20, Theorem B], of this section is a generalisation of [Sau06, Theorem
1.5] which, as written in 1.2.2, states that given two nilpotent �nitely generated countable
discrete groups, Γ and Λ, which are quasi-isometric, there is an R-algebra isomorphism of
their real cohomologies:

H∗(Γ,R) ∼= H∗(Λ,R).

In order to give a proper statement of the continuous generalisation, we will �rst need to
provide the following de�nition due to Shalom

De�nition 1.4.1 (cf. [Sha04, p. 125]). For every n ∈ N, we say that a lcsc group, G has
property Hn

T if for every unitary representation, H of G, i.e. for every group homomorphism
from G into the unitary elements of a Hilbert spaceH and letting this de�ne an action onH by
G in the obvious way, the inclusion HG ↪→ H induces an isomorphism of reduced cohomology:

Hn(G,HG) ∼= H(G,H).

Since the de�nition of property Hn
T considers complex vector spaces, and the present work

is considered with real vector spaces, we remark that the analogous de�nition of orthogonal
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representations is equivalent to having property Hn
T . This is easily proved by considering

restriction of scalars and complexi�cation of the corresponding cohomologies.
We are now ready to state the theorem:

Theorem 1.4.2 ([GK20, Theorem B]). Let G and H be uniformly measure equivalent lcsc,
unimodular, compactly generated groups satisfying property Hn

T for all n ∈ N, then

H∗(G,R) ∼= H∗(H,R)

as graded R-algebras, where R is in each case endowed with the trivial action.

Remark 1.4.3. We have claimed that the theorem generalises the one of Sauer. In order to
justify this, we need to address a few details. First of all, in light of Theorem 1.3.7, uniform
measure equivalence and quasi-isometry are the same in this case, since nilpotency implies
solvability and thus amenability. Furthermore, since �nitely generated nilpotent groups have
�nite Betti-numbers, (see e.g. the argument following [Sau06, Theorem 5.1]), the cohomology
and reduced cohomologies coincide ([Gui80, III Proposition 2.4]).

Remark 1.4.4. Theorem 1.4.2 �ts into the scope of Conjecture 1.1.5 since, for one, it follows
from disintegration theory that simply connected nilpotent Lie groups, and �nitely generated
nilpotent discrete groups have property Hn

T for all n. We refer to the discussion in [GK20,
2.1.1]. Secondly, since Lie groups and their associated Lie algebras are �nite-dimensional, it
is obvious from the de�nition of Lie algebra cohomology and the van Est theorem that such
groups have �nite Betti numbers.

With Remark 1.4.4, we obtain a, for our purposes, more applicable version.

Theorem 1.4.5 ([GK20, Corollary C]). Let G and H be two quasi-isometric simply connected
nilpotent Lie groups, then

H(G,R) ∼= H(H,R)

as graded R-algebras.

This version of the theorem is the one used for our applications. We will present these
thoroughly in Section 1.5.1, but the general idea is that we may separate the quasi-isometry
classes of two given simply connected nilpotent Lie groups if their real cohomologies are not
isomorphic as graded R-algebras. And in light of the van Est theorem, this may be reduced
to the consideration of nilpotent Lie algebras, which are in general easier to do concrete
computations on, using software such as Maple.

Since Theorem 1.4.5 covers all simply connected nilpotent Lie groups, allowing us to ignore
the requirement of lattices as opposed to Sauer's theorem, this could potentially provide new
insights. Indeed, this turns out to be the case, since, as we will explain later, it turns out that
Sauer's theorem becomes insu�cient for a complete analysis in dimension 7, where groups
which do not admit lattices begin to show up. We will, however, �rst provide an outline of
the proof of Theorem 1.4.2. For the full details, we refer to [GK20].
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1.4.1 Outline of the proof of Theorem 1.4.2

Sauer's proof of [Sau06, Theorem 1.5] relies on the fact that there is a topological coupling
as de�ned in the beginning of Section 1.3, from which one may build the isomorphism. See
[Sau06, Theorem 5.1]. The main idea in proving the continuous generalisation, Theorem 1.4.2,
is to similarly build the isomorphism from the uniform measure equivalence coupling. We will
present the main ideas below.

Given two lcsc unimodular compactly generated groups G,H, which are uniformly measure
equivalent, we consider a uniform measure equivalence coupling (Ω, X, Y, η, µ, ν, i, j), which in
light of Proposition 1.3.6, may be chosen such that the measures are ergodic. We �rst want
to �nd a vector space isomorphism

Hn(G,R) ∼= Hn(H,R).

To do this, we will instead �nd the following sequence of isomorphisms

H∗(G,R)
(1)∼= H∗(G,L2(X)G)

(2)∼= H∗(G,L2(X))
(3)∼= H∗(H,L2(Y ))

(4)∼= H∗(H,L2(Y )H)
(5)∼= H∗(H,R). (2)

Given this sequence, we want to show that the composition is multiplicative with respect to
the cup product.

We will now explain how each isomorphism appears. The isomorphisms (2) and (4) are
induced by the identity maps, and they are isomorphisms due to the fact that G and H have
property Hn

T .
To see the isomorphisms (1) and (5), note that if f : X → R is G-invariant and not a.e.

constant, one would obtain two disjoint measurable subsets of the range of f whose preimages
have neither trivial nor full measure. Since f is G-invariant, so are the preimages, and hence
ergodicity forces a contradiction. We may thus conclude that

L2(X)G ∼= R ∼= L2(Y )H ,

where a real number is identi�ed with the class of constant functions attaining that value a.e.,
from which (1) and (5) follow.

To obtain (3) we �rst need a de�nition: Let E be a Fréchet G×H-module with topology
de�ned by the set of semi-norms Q. We de�ne L2

loc(Ω,E) to be the space of a.e-equivalence
classes of functions f : Ω→ E such that

∫

K×X
q (f (i(g, y)))2 dλG dν <∞

for all compact K ⊂ G and q ∈ Q. We endow L2
loc(Ω,E) with the natural L2

loc-topology, with
de�ning semi-norms analogous to those in Section 1.2.1. One could, naturally, use j instead
of i to give this de�nition, and integrate over Y and a compact subset of H instead. It is an
easy consequence of the uniformity condition of the coupling that this yields an equivalent
de�nition.

We endow L2
loc(Ω,E) with the natural G×H-action, i.e.

((g, h)f) (ξ) = (g, h)
(
f
(
(g−1, h−1)ξ

))
,
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where ξ ∈ Ω, g ∈ G, h ∈ H. Identifying L2
loc(Ω,E) with L2

loc(G×Y,E) through j, one can show
that this is a Fréchet G×H-module (see [GK20, Lemma 2.6]), The crucial part to obtaining
the isomorphism (3) is the following:

Theorem 1.4.6 (cf. [GK20, Theorem A]). Let G and H be as in the statement of Theorem
1.4.2, with uniform measure equivalence coupling (Ω, X, Y, η, µ, ν, i, j). For any Frechét G×H-
module, E, there is an isomorphism of vector spaces

H∗(G,L2
loc(Ω,E)H) ∼= H∗(H,L2

loc(Ω,E)G).

Sketch of proof. We want to show that each of the spaces L2
loc

(
Gn, L2

loc(Ω,E)
)
is a relatively

injective Fréchet G × H-module, (equipped with the obvious action) and that the cochain
complex

RG : L2
loc(Ω,E) // L2

loc

(
G,L2

loc(Ω,E)
)

// L2
loc

(
G2, L2

loc(Ω,E)
)

// . . .

equipped with the standard di�erential is a strengthened, relatively injective resolution. Since
the restriction to the G-action is indeed a strengthened relatively injective resolution of G-
modules by the same reasoning as Example 1.2.1, and that the map appearing in the de�nition
of being strengthened does not interact with the group action, one only needs to prove relative
injectivity. This is obtained by identifying L2

loc

(
Gn, L2

loc(Ω,E)
)
with L2

loc

(
Gn, L2

loc(H ×X,E)
)

via the map j, and then with L2
loc

(
G×H,L2

loc(G
n−1 ×X,E)

)
, and showing that

L2
loc(G

n−1 ×X,E)) is a Fréchet G × H-module under the corresponding G × H-action. We
refer to [GK20, Lemma 3.1] for the details.

Analogously, de�ning a resolution RH , we then obtain isomorphisms

H∗(RG) ∼= H∗(G×H,L2
loc(Ω,E)) ∼= H∗(RH)

the result then follows, realising that

L2
loc

(
Gn, L2

loc(Ω,E)
)G×H ∼= L2

loc

(
Gn, L2

loc(Ω,E)H
)G

L2
loc

(
Hn, L2

loc(Ω,E)
)G×H ∼= L2

loc

(
Hn, L2

loc(Ω,E)G
)H

since H acts trivially on G, and G acts trivially on H.

Now, if R is endowed with the trivial actions of G and H, L2
loc(Ω,R)G ∼= L2

loc(G× Y,R)G

is naturally identi�ed with L2
loc

(
G,L2

loc(Y,R)
)G

([Gui80, Lemma D.2.2 (vii)]), but by [Gui80,
Lemma D.9], any such function is constant, so we have

L2
loc(Ω,R)G ∼= L2

loc(Y,R).

Finally, since Y is standard Borel, and has �nite measure, we may assume that the topology
on Y inducing its Borel σ-algebra is compact (see [Kec95, Theorem 15.6]), so Theorem 1.4.6
gives an isomorphism

H∗(G,L2(X)) ∼= H∗(H,L2(Y )),

providing the isomorphism (3) when passing down to reduced cohomology.
For multiplicativity, the main idea is to follow the proof of [Sau06, Theorem 5.1] in the

following way: We obtain a subspace R ⊂ H∗(H,L2(Y )) which is a ring with respect to the
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cup-product de�ned analogously to (1.1), and for which H∗(H,L2(Y )) and its reduced ditto
are bimodules, and through which we may factor the composition of the �rst 3 isomorphisms
in (2), such that we obtain a commutative diagram

H(G,R)
I0 // R

ι //

p1

55
H(H,L2(Y ))

p2 // H(H,R). (3)

Here, the maps p1 and p2 are induced by integration, and I0 is a multiplicative linear map, and
using the bimodule property and orthogonal decomposition of L2(Y ) into constant functions
and functions with mass 0, we will show how to obtain multiplicativity of the remaining part,
p1.

It follows from [GK20, Remark 3.3], that the composition of the �rst 3 isomorphisms of
(2), is induced by the map I : C(Gn,R)→ L2

loc(H
n, L2(Y )) which is given by

I(f)(h1, . . . , hn)(y) = f
(
ωG(h−1

1 , y)−1, . . . , ωG(h−1
n , y)−1

)

Since the coupling is uniform, it follows that the cocycles are locally bounded, so that for every
compact subset K of H, we may �nd a compact subset C of G such that ωG(K,Y ) ⊂ C, and
consequently, given any continuous f , I(f)(h1, . . . , hn) is bounded for all (h1, . . . , hn) ∈ Hn.
It would thus seem natural to consider H∗(H,L∞(Y )) as a candidate for the auxiliary ring, R.
There is, however, no obvious choice of resolution for L∞(Y ). For one, it is not guaranteed
that the translation action on L∞(Y ) is continuous in the essential supremum norm, although
this may be �xed by instead endowing it with the L2-norm, considering it as a subspace of
L2(Y ). Secondly, since we want to factorise the map as in the diagram (3), we encounter an
issue, with well-de�nedness of the cup product on the L2

loc-complex on L∞(Y ), since, given
f1 ∈ L2

loc(H
n, L∞(Y )), f2 ∈ L2

loc(H
m, L∞(Y )), and a compact subset K ⊂ H, the integral

∫

K
‖f(h1, . . . , hn)(y) · f(hn, . . . , hn+m−1)‖2 dλHn (4)

may be in�nite. To remedy this, we instead use the complex de�ned by the subspaces

Dn :=

{
[f ] ∈ L2

loc(H
n, L2(Y ))

∣∣∣∣
f(h) ∈ L∞(Y ) a.e.

ess suph∈K ‖f(h)‖∞ <∞ for every K ∈ K(Hn)

}

of L2
loc(H

n, L2(Y )), equipped with the boundary map of the L2
loc-complex restricted to Dn,

and with the restricted H-action.
Informally, the complex Dn, should be viewed as the so-to-speak 'cuppable' functions of

L2
loc(H

n, L2(Y )). This terminology is justi�ed by considering the integral in (4) from which
it is indeed easy to see that the second criterion on Dn ensures that the integral in this case
is indeed �nite.

To avoid confusing with unions, let ∪p denote the product of two subsets. One can show
that Dn ∪pDm ⊂ Dn+m. Furthermore, if one de�nes the cup-product in the obvious way, one
obtains L2

loc(H
n, L2(Y )) ∪p Dn ⊂ L2

loc(H
n+m, L2(Y )) and similarly with right-multiplication

of Dn on L2
loc(H

n, L2(Y )). In fact, we obtain the following result:
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Lemma 1.4.7 (cf. [GK20, Lemma 4.3]). Let H∗(D) denote the cohomology of the complex

D : 0 // L∞(Y )H
d0� // (D1)G

d1� // (D2)G
d2� // . . .

Then the cup product induces a H∗(D)-bimodule structure on H∗(H,L2(Y )) and its reduced
cohomology.

It follows easily from the formula for I that it is multiplicative, and since the aforemen-
tioned orthogonal decomposition of L2(Y ) descends to reduced cohomology, the proof of The-
orem 1.4.2, follows from the same arguments presented in the proof of its discrete analogue.
For full details, see the proofs of [Sau06, Theorem 5.1] and [GK20, Theorem B].

1.5 Separation of families of 7-dimensional nilpotent Lie alge-

bras

In this section, we will present an application of Theorem 1.4.2, to the class of 7-dimensional
simply connected nilpotent Lie groups, following the presentation in [GK20, Section 5]. In
particular, we will give a brief summary of the current state of the classi�cation of nilpotent
Lie algebras, and how far this classi�cation allows us to separate the associated Lie groups into
quasi-isometry classes. Finally, we show how Theorem 1.4.5, may be used in order to obtain
an uncountable family of simply connected nilpotent Lie groups of which no two members are
quasi-isometric.

1.5.1 Classi�cation of �nite-dimensional nilpotent Lie algebras

Classi�cation of low-dimensional nilpotent Lie algebras has been the subject of several authors
in more recent times. For our purposes we are mainly interested in the work of Seeley and
Gong which has provided classi�cation of all 7-dimensional nilpotent Lie algebras over C and
R respectively ([See93], [Gon98]). It should be mentioned, however, that the classi�cation of
nilpotent Lie algebras up to dimension 7, has also been done in higher generality than the
real and complex �elds. In particular, Gong's classi�cation for dimension at most 6, covers
not only nilpotent Lie algebras over the real �eld, but any algebraically closed �eld, and his
classi�cation of dimension 7, covers all nilpotent Lie algebras over algebraically closed �elds
with characteristic di�erent from 2, as well as algebras over R. It is worth mentioning, that
in the case of 6-dimensional algebras, the classi�cation has been completed for arbitrary �elds
(removing the requirement of being algebraically closed) in [CGS12].

We will in what follows be using the following terminology: A continuous 1-parameter
family or a continuous family of nilpotent Lie algebras is an uncountable set of nilpotent Lie
algebras, sharing the same linear basis, over which the structure constants are continuous
functions given by a single parameter, ranging over some subset of the base �eld. As can
be seen from the example, some members of such a family may be isomorphic, and in these
cases the invariant can be seen from Table 1.2. We do however note that these isomorphism
classes are at most �nite, and consequently each family contains uncountably many distinct
Lie algebras. The reader should keep the following example in mind, where all of the above
concepts occur.
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Example 1.5.1. In the following, we will denote the basis elements of a 7-dimensional Lie al-
gebra by x1, . . . , x7, let 〈xi, . . . , xj〉, denote the R-linear span of the vectors xi, . . . , xj , and any
unwritten bracket-relations are set to be zero. We will use t as the parameter of a given family.

The family 147E is de�ned by the relations

[x1, x2] = x4, [x1, x3] = −x6, [x1, x5] = −x7,

[x2, x3] = x5, [x2, x6] = t · x7, [x3, x4] = (1− t) · x7,

Where t ranges over R \ {0, 1} and the family admits the invariant I(t) = (1−t+t2)3

t2(t−1)2
, i.e. if

there are values, t1, t2 ∈ R \ {0, 1}, then I(t1) = I(t2), if and only if the corresponding Lie
algebras are isomorphic. 4

We refer to algebras which are not members of a continuous family as isolated. Since the
structure coe�cients of all isolated families of nilpotent Lie algebras over R may be chosen
to be rational (this may be seen from the list in [Gon98]), and associated Lie groups thus
admit lattices, we are mainly concerned with the 1-parameter families. Recall, that the case
where the groups admit lattices is covered by Theorem 1.2.2, and thus Theorem 1.4.2 does
not provide any new insights here.

Over algebraically closed �elds, there are, according to Gong's classi�cation, 6 continuous
1-parameter families of nilpotent Lie algebras, and 119 isolated algebras, and for the reals,
there are a total 9 families, of which 3 pairs each share a distinct complexi�cation, and 140
isolated algebras. Below, the families are listed in the notation of [See93], from which one can
see which families share complexi�cation. For a more thorough summary, we refer to Table
1.2.

C R
123457I 123457I
12457N 12457N , 12457N1

1357M 1357M
1357N 1357N
1357S 1357S, 1357QRS1

147E 147E, 147E1

On the convention of the notation, we remark that the algebras are named according to
the dimensions of the upper central series1 of the Lie algebra, with a letter to distinguish
non-isomorphic algebras. For the real case Gong introduced the indices to indicate that the
algebras are isomorphic over C. The naming of the family 1357QRS1 is due to the fact that
over C, it is isomorphic to either 1357Q, 1357R or 1357S depending on the which value the
parameter takes, but since each of the �rst two instances occur only for a single parameter
value, we will not dwell on this fact.

For concrete computations on Lie algebras, there are several tools available in various
mathematical software. The work presented in [Gon98] and [GK20] relies on scripts written

1The upper central series of a group or Lie algebra is similarly to the lower central series. We will not give a

de�nition here, but just remark that these series provide a di�erent approach from which one may also de�ne

nilpotency.



1.5. SEPARATION OF FAMILIES OF 7-DIM. NILPOTENT LIE ALGEBRAS 21

in di�erent editions of Maple, whereas other researchers have used SageMath and Reduce for
various computations.

A particular application related to Theorem 1.4.5 is that using built-in functionalities of
Maple 2020, one can compute the central series, cohomologies and alternating products for Lie-
algebras. Consequently, the Carnot algebras (as de�ned in Section 1.1) as well as multiplicative
structure of the cohomology algebras of a given Lie algebra are all easily obtainable.

1.5.2 Separation of 1-parameter families of 7-dimensional nilpotent Lie al-

gebras

The immediate questions concerning the 1-parameter families, are whether one can �nd pairs
of quasi-isometric Lie groups corresponding to algebras from two distinct families, and whether
one may �nd pairwise quasi-isometric members of a single family. If Conjecture 1.1.5 is true,
then we should not be able to �nd such quasi isometric pairs, since that would imply that
there are quasi-isometric simply connected nilpotent Lie groups which are not isomorphic.

The immediate strategy to obtain answers for the �rst question and to narrow down the
scope of the second, is to compute for each family the associated Carnot algebras, obtain all
information available by using Pansu's theorem, and then compute the cohomology algebras
of the families. Computationally, checking isomorphisms between the cohomologies is heavy,
and not always feasible (we will explore this matter further in Section 1.5.3). Determination of
lower central series (and thus Carnot algebras) and Betti-numbers is straightforward in small
dimensions, however, and this information by itself provides a lot of information (see Table
1.2).

Example 1.5.2. Consider again the family 147E from Example 1.5.1. Using e.g. Maple, one
obtains the lower central series

〈x1, x2, x3, x4, x5, x6, x7〉 6 〈x4, x5, x6, x7〉 6 〈x7〉,
from which one easily observes that each member of the family is isomorphic to its associated
Carnot algebra. Additionally, we may compute its cohomology, and obtain that its Betti
numbers are (1,3,7,9,9,7,3,1), for all but �nitely many values (see the discussion below). Since
the corresponding algebra is 39-dimensional, it is not feasible to write down the entirety of
the multiplicative law, but the table for the product between the third and fourth cohomology
(for the basis given by Maple) may be found in Table 1.1.

As with the remark that the Betti numbers here only apply to a co�nite number of values,
we will comment on the singular points of these coe�cients below.
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0 0 0 0 0 0 0 −1 0
0 0 0 0 0 0 1 0 0

0 0 0 0 0 t4−2t2+5t2−4t+6
(t2−t+1)2

0 0 0

0 0 0 0 −1 0 0 0 0

0 0 0 t4−2t3+5t2−4t+6
(t2−t+1)2

0 0 0 0 0

0 0 1 0 0 0 0 0 0
0 −1 0 0 0 0 0 0 0

−6(t2−t+1)
(t−2)2

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 1

Table 1.1: Multiplication table for the 3rd and 4th cohomology of the samily 147E

The table should be read as follows: Denote the basis of the k'th cohomology by
{e1
k, . . . , e

βk
k }, for k = 1, . . . , 6 and let the single basis elements of the 0th and 7th cohomologies

be denoted by e0 and e7 respectively. The graded multiplication map H3(g,R)× H4(g,R)→
H7(g,R), is then given by expressions of the form ei3 ∧ ej4 = αi,je7, where αi,j corresponds to
the (i, j)'th entry of Table 1.1. 4

One can likewise perform this analysis for every other family of 7-dimensional nilpotent
Lie algebra. This analysis has also been done using Maple, and the results can be seen from
Table 1.2.

The table should be read as follows: The �rst row lists all the families over the complex
�eld, and the second all families over R, where the entry directly above gives their complexi-
�cation. The third row gives the domain from which we will allow the parameter to be taken,
following the restrictions obtained from [Gon98]. The fourth row lists the invariant, I(t) given
by Gong's list, meaning that if I(t0) = I(t1) for two values t0, t1 in the domain of the param-
eter, then the corresponding Lie algebras are isomorphic. For the families where two algebras
are isomorphic only when t0 = t1 we have marked this by "id". The �fth row gives the Betti
numbers in order, and the sixth gives the dimensions of the lower central series in order. The
�nal row gives the associated Carnot algebra for each family. The naming convention follows
that of Seeley and Gong throughout the text, and the de�nitions of all families may be found
in the latter.

C 123457I 12457N 1357N 1357S 1357M 147E

R 123457I 12457N 12457N2 1357N 1357S 1357QRS1 1357M 147E 147E1

Domain of parameter R R [0,∞) R R \ {1} R \ {0} R \ {0} R \ {0, 1} (1,∞)

Invariant id t+ t−1 id id id t+ t−1 id (1−t+t2)3

t2(t−1)2
id

βn 12344321 12344321 13577531 13677631 13688631 13799731

LC 754321 75421 7421 7431 7421 741

Car(g) 123457A 12457L 12457L1 2457A
N6,,2,5a ⊕ R if t > 1
N6,,2,5 ⊕ R if t < 1

N6,,2,5a ⊕ R if t > 0
N6,,2,5 ⊕ R if t < 0

2457A 147E 147E1

Table 1.2: Summary of 1-parameter families of 7-dimensional nilpotent Lie algebras.

All lower central series and Betti numbers have been computed using Maple 20, and the
Carnot algebras have then been computed by hand using that data, and have been identi�ed
with the corresponding Lie algebra in Gong's list, either by inspection of the Lie algebra struc-
ture, or in the case of the families 1357S and 1357QRS1, by �nding an explicit isomorphism
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using Maple. We remark that the Betti numbers may also be found in [Mag08].
In Example 1.5.2, we noted without comment that the given Betti numbers were only

correct for a co�nite number of the parameters. We will now explain this restriction: Since the
computation of the cohomologies correspond to a lot of row and column operations of matrices,
for which Maple assumes that any expression in the parameter are non-zero, Maple returns
bases for cohomology which contain rational expressions, i.e. fractions of polynomial functions.
Thus there are roots of certain polynomials for which the given basis and multiplication tables
are invalid as can be seen from the entries of Table 1.12. One would then have to check
these values individually to obtain the correct cohomology. This gives rise to the distinction
between generic and non-generic members of each family, where the values presented here
are generic. Since the non-generic members of each family is determined by the roots of a
polynomial, there are at most �nitely many, and these values are thus of no particular interest
to us, and we will only be concerned with the generic members. It should however be stressed
that the Betti numbers of a non-generic algebra in one family may be di�erent from those of
the generic members or from other non-generic members, see e.g. [Mag08].

Returning to what may be obtained from the analysis summarized by Table 1.2, we observe
that since the lower central series determine the dimensions of the quotient subalgebras of the
Carnot algebras, one may deduce that the only pairs of families which share Carnot algebras
are 1357S and 1357QRS1 (to some extent), and 1357N and 1357M . Thus for all other
given pair of families, we may conclude that the associated simply connected nilpotent Lie
groups of one algebra from each family, belong to di�erent quasi-isometry classes by Pansu's
theorem, without needing to compute the brackets, except for the pairs sharing the same
complexi�cation. For the pair 1357N and 1357M , we notice that they have di�erent Betti
numbers, and thus Theorem 1.4.5 and the van Est theorem provide separation between these.
Since these families are uncountable, the associated Lie groups of some members are bound
not to have lattices and hence this is the simplest example of how Theorem 1.4.5 improves
the classi�cation results obtained by the theorems of Sauer and Pansu. For the remaining
pair, the summary does not provide any immediately obtainable separation outside of the
unit interval, and one would need to approach the separation between these di�erently.

1.5.3 Separation of members of 1-parameter families

We will now consider the behaviour within single 1-parameter families. In particular we will see
for which families Theorem 1.4.5, may provide new insights in terms of showing that members
of a given family are not quasi-isometric to one another. In particular, we are interested in
whether or not we can determine if a given family corresponds to uncountably many quasi-
isometry classes of simply connected nilpotent Lie groups and for which no conclusion may be
made from neither Theorem 1.4.2 nor Pansu's theorem. We focus on the uncountable setting
since this shows the extent of which Theorem 1.4.2 improves [Sau06, Theorem 1.5], since the
latter can be used for at most countably many nilpotent Lie algebras.

It is well-known, that the families 147E and 147E1 - both being Carnot - are completely
separated in the sense that the members are isomorphic only if the corresponding Lie groups
are quasi-isometric, by Pansu's theorem. On the other hand, since the remaining families
collapse into at most two di�erent Carnot algebras, no 'internal' information may be obtained
using Pansu. Furthermore, since the Betti-numbers are identical for all generic elements of

2In fact, Maple returns scalar coe�cients on each basis vector from which these polynomials may immedi-

ately be obtained.



24 CHAPTER 1. QUASI-ISOMETRY, COHOMOLOGY AND UME

a family, we will need to use the full algebra properties of the cohomology ring, opposed to
just the dimension which was su�cient for separating the families 1357N and 1357M . To this
end, we will now consider the most naïve approach to using the full power of Theorem 1.4.5:

Consider a given 1-parameter family {g(t)} where t varies over the appropriate domain.
We will �x a common basis for the cohomology algebra, and as in Example 1.5.2, we denote
the basis of the k'th cohomology by emk where 1 6 m 6 dimR

(
Hk(g(t),R)

)
for 1 6 k 6 6,

and the single basis elements of the 0th and 7th cohomology will be denoted by e0 and e7

respectively. We remark here, that we may indeed consider all the cohomologies of a family
to share a common basis since they have the same Betti-numbers, and distinguish them
only by their structure constants. Furthermore, we will denote the product by ∧t, and we
remark that the product for each pair of basis elements emk ∧t enl may be written as a sum∑βk+l

i=1 pi((k,m),(l,n))(t)e
i
k+l, where p

i
((k,m),(l,n)) is a rational function in t (see Table 1.1).

Then since for any choice of parameters, s and t, any graded homomorphism
f : H∗(g(s),R)→ H∗(g(t),R) is a block-diagonal matrix, where each block has the dimension
of the corresponding Betti-number, which satis�es that the corresponding map is multiplica-
tive. Concretely, this gives rise to a system of polynomial equations in the following way:

For each basis element emk , we may �nd constants αik,m ∈ R, i = 1, . . . , βk and α7 such that

f(emk ) =
∑βk

i=1 α
i
k,me

i
k, for i = 1, . . . , 6 and f(e7) = α7e7. Note that by rescaling the map, we

may assume that f(e0) = e0, and hence we are not concerned with the identity.
Thus, by invoking multiplicativity, we have

f(emk ∧s enl ) = f(emk ) ∧t f(enl )

βk+l∑

i=1

pi((k,m),(l,n))(s)f
(
eik+l

)
=

βk∑

i=1

βl∑

r=1

αik,mα
r
l,n

(
eik ∧t erl

)

βk+l∑

i=1

βk+l∑

j=1

pi((k,m),(l,n))(s)α
j
k+l,ie

j
k+l =

βk∑

i=1

βl∑

r=1

βk+l∑

j=1

pj((k,i),(l,r))(t)α
i
k,mα

r
l,ne

j
k+l

Comparing coe�cients then yields a system of second-order equations with variables
{αik,m : k = 2, . . . 6,m = 1, . . . , βk, i = 1, . . . , βk} ∪ {α7} of which the map corresponding to the

solution is an isomorphism if α7 6= 0 and each of the matrices
(
αik,m

)
m,i

is nonsingular.

Ideally, one could then set up and solve the systems to see when solutions may be obtained.
Indeed, these systems have been set up by an implementation in Maple, which returned systems
of non-trivial equations. A summary of the sizes of these systems is given in Table 1.3.

Family 123457I 12457N 12457N1 1357N 1357S 1357QRS1 1357M 147E 147E1

No. of eq's. 91 94 95 614 947 947 1193 595 634

Table 1.3: Sizes of polynomial equation systems for generic members of each 1-parameter
family of 7-dimensional nilpotent Lie algebras.

We remark that these numbers should be seen as an identi�er of the magnitude of the
systems, instead of an absolute size since these numbers include equations which may possibly
be equivalent, as our implementation only removes trivial and identical expressions. For
example, expressions that di�er only by sign are not removed. Additionally, the 7 inequations
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coming from the non-singularity criterion that guarantees that the obtained solution is an
isomorphism are not included in this number.

The main issue with this approach, however, is that polynomial system solving is generally
not realistic to do by hand for systems of this size, and it is furthermore computationally
di�cult. Approaching the problem this way, would require more computational power than
what the author has had available, and additionally, obtaining a negative answer would by
itself be unsatisfactory, and di�cult to verify.

Using this method, we do however obtain the following result, which shows that Theorem
1.4.5 is insu�cient for the separation of at least six of the families. Do recall, however, that
147E may be separated by Pansu's theorem.

Proposition 1.5.3 ([GK20, Proposition 5.1]). Consider the 1-parameter families of nilpotent
Lie algebra, 123457I, 12457N , 12457N2, 1357M , 1357N and 147E. For each family, there
exists a graded isomorphism between the graded cohomology algebras of all but possibly �nitely
many members.

Proposition 1.5.3 has been proven in the following way: Since all systems except the one
describing the family 123457I could not be solved within a satisfactory time frame, using the
tools at hand, we only obtain results concerned with families which are generically isomorphic.
For the remaining 5 families, the system had to be simpli�ed further. This would �rst be done
by considering all expressions of the form p(t)αk,m,iαl,n,j = 0, to see if the non-singularity
criterion of the associated matrix would allow one to conclude that either of the variables
would be zero, ignoring any roots of the rational expression, p. For example, for the family
1357M , which has �rst Betti number 3, the following equations appeared in the system:

α1
1,1α

6
4,4 = 0, α1

1,2α
6
4,4 = 0 α1

1,3α
6
4,4 = 0

from which it follows that α6
4,4 = 0 since otherwise the block-matrix corresponding to the

isomorphism restricted to the �rst cohomology would have determinant zero, and thus no
isomorphism may be obtained.

One may then substitute this value back into the system and reduce it in this manner.
This process may then be repeated until no further equations of this form appear.

A second way in which we have simpli�ed the system, is that we solved a part of the
system, made guesses and �xed the values of some of the variables, trying to obtain a solution
to the system.

For all of the above families this method eventually led to a full solution of the system,
which one may then clean up, �xing free variables appropriately, thus providing a solution
which one can easily verify is an isomorphism. Maple worksheets containing the solutions,
guesses, and veri�cation of each family, may be found on the author's website: www.imada.

sdu.dk/~thgot/.

Proposition 1.5.3 tells us that Theorem 1.4.5 is inapplicable to these six families, which
gives the rather unsatisfactory conclusion that neither the graded cohomology nor graded Lie
algebra approaches work for any of these families, with the exception of 147E which may
be separated via Pansu's theorem. This also shows that 147E is, to the author's knowledge,
the �rst example of a family of Carnot Lie algebras which may not be distinguished by their
cohomology (see [GK20, Remark 5.5] for an argument of why such sets do not occur in lower
dimensions).

www.imada.sdu.dk/~thgot/
www.imada.sdu.dk/~thgot/
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For the remaining three families we have not obtained any isomorphism, and any attempted
guess has resulted in a system from which no solutions could be obtained, and the full system
could not be solved with our tools either. Thus the above approach has not been su�cient for
these. An anonymous referee for the paper [GK20], instead suggested that formal deformation
theory might be an alternative way to approach the problem. We will give an outline of the
results obtained following this approach in the following section.

1.5.4 Separation of a family of deformations

We now give a short introduction to the theory of formal deformation theory, and the par-
ticular application to the remaining three families. The main reference for the preliminary
deformation theory is [Ger64]. For the particular application that follows from it, we refer to
[GK20, Section 5].

Let A be an associative real algebra, and letM be an A-bimodule. We may for each n ∈ N,
consider the space of R-linear multiplicative homomorphisms from A⊗n to M , Hom(A⊗n,M).
Then we obtain a cochain complex on the spaces Hom(A⊗n,M) whose coboundary maps
δi : Hom(A⊗i,M)→ Hom(A⊗(i+1),M) are de�ned by

δif(a0, . . . , ai) =a0f(a1, . . . , ai)

+
i−1∑

k=0

(−1)k+1f(a0, . . . , akak+1, . . . , ai) + (−1)i+1f(a0, . . . , ai−1)ai.

And analogously to group and Lie algebra cohomologies, the Hochschild Cohomology of A with
coe�cients in M is de�ned as

H i(A,M) :=
ker δi

imδi−1

We will only be interested in the case where M = A and only in the second cohomology. In
particular, a homomorphism f : A⊗A→ A is a Hochschild 2-cocycle if

af(b, c)− f(ab, c) + f(a, bc)− f(a, b)c = 0

for all a, b, c ∈ A, and a coboundary if there is a linear map g : A→ A such that

f(a, b) = ag(b)− g(ab) + g(a)b (5)

for all a, b ∈ A.
A 1-parameter formal deformation of an algebra A, is a formal power series F =

∑∞
i=0 fit

i

where each coe�cient fi is a bilinear map fi : A ⊗ A → A, and f0 is the multiplication on A
we refer to the �rst fi, i > 0 such that fi is nontrivial as the in�nitesimal of the deformation.

One can see that a formal deformation F de�nes a product on the space of formal power
series with coe�cients in A, A[[t]], by extending F to A[[t]]. This multiplication is associative
if

F (F (a, b), c) = F (a, F (b, c))

for all a, b, c ∈ A, and it follows by comparing 1st-order terms that this implies

af1(b, c)− f1(ab, c) + f1(a, bc)− f1(a, b)c = 0

In other words: f1 is a Hochschild-2-cocycle, and in case f1 = 0 a simple computation then
shows that the in�nitesimal is a cocycle.
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This suggests that the nature of the deformation is intrinsically linked with the Hochschild
cohomology of A, which indeed turns out to be the case. When A is endowed with a topology,
in which case it makes sense to talk about convergence of F (t), we will refer to such values
t ∈ R where F is convergent for all a, b ∈ A as specialisations of F . Clearly, the specialisations
are associative algebras if F is associative. We call a deformation trivial if its in�nitesimal is
a Hochschild 1-coboundary. Note that this use of 'trivial' is not the same as the more general
de�nition given in [Ger64, Section 3], but in light of the following results, it is su�cient for
our purposes.

From the above terminology one may expect that triviality of the deformation relates to
the rigidity of the specialisations of the deformation. This is suggested throughout [Ger64],
but the author does not know of any source which concretely give any proof nor statement of
such a result. To amend this, the following two ad hoc results were introduced in [GK20].

Lemma 1.5.4. ([GK20, Lemma 5.2]) Let A be a �nite-dimensional real algebra endowed
with the standard Euclidean topology, and let F be a formal deformation of A. Assume that
there is a zero-neighbourhood U ⊂ R on which F admits specialisations {At}t∈U , and that
there for each t ∈ U exists an isomorphism φt : At → A0 such that φ0 = idA0 . Assume

furthermore that the derivative
d

dt
φt(a) := limh→0

φt+h(a)−φt(a)
h exists for all a ∈ A. Then the

map g(a) :=
d

dt
φt(a) satis�es δ1g = f1. In particular, f1 is a Hochschild 1-coboundary.

Recall, that we by structure constants of an algebra, mean the coe�cients of the underlying
�eld associated which appear when the product of two given basis elements are written as a
linear combination of basis elements analogously to the de�nition of structure constants for
Lie algebras given following Conjecture 1.1.5.

Lemma 1.5.5. ([GK20, Lemma 5.3]) Let V be a �nite dimensional real vector space with
a �xed basis {ei}ni=0, and let U ⊂ R be an open interval on which V admits an associative
R-algebra structure, At := (V, ∗t) for each t ∈ U , and that the structure constants are given
by rational functions in t. If for a �xed t0 ∈ U , there are in�nitely many t ∈ U for which
there exists an algebra-isomorphism At → At0, then there exists an open set V ⊂ U and n×n-
matrices

{
(αij(t))ij

}
t∈V

such that their associated linear maps on V are algebra-isomorphisms

from At to At0, and the maps t 7→ aij(t) are di�erentiable for all 1 6 i, j 6 n.

As we will give a detailed description of below, Lemmas 1.5.4 and 1.5.5 give us a direct
link between the triviality of a deformation associated to each family of cohomology algebras
associated to a continuous family of nilpotent Lie algebras, and the number of isomorphism
classes within this family. In particular, they give us a direct method of proving that a family
admits quasi-isometry classes which have at most �nitely many members.

Construction of a deformation of cohomology algebras

Let {gt} denote either of the 9 families where the parameter , t, runs over an appropriately
chosen domain, see Table 1.2. With lemmas 1.5.4 and 1.5.5 in mind, we are interested in con-
structing a formal deformation of a member of the family of cohomology algebras {H∗(gt,R)}t
which specialises to members of the family for generic parameter values. Recall that we in

the preceding section denoted the structure by emk ∧t enl =
∑βk+l

i=1 pi((k,m),(l,n))(t)e
i
k+l. Since we

are in this case not concerned with the grading, we may simplify notation and simply denote
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the basis by {e1, . . . , en}, and the structure constants for ei ∧t ej by {pkij(t)}nk=1. Since the
structure coe�cients are rational functions, they admit a power series expansions away from
their poles. Hence, we may build a deformation around all but �nitely many t ∈ R by means
of the Maclaurin-expansion and a translation. Concretely, given t0 ∈ R, which is not a pole
of any of the rational functions pkij , the formal deformation F =

∑∞
m=0 fmt

m where

fm(ei, ej) :=
n∑

k=1

1

m!

dm

dtm
pkij(t)

∣∣∣∣
t=t0

ek

is convergent in a neighbourhood around t0, and has specialisation H∗(gt0 ,R) at t = 0.

Thus the families of cohomology algebras of each family falls within the scopes of Lemmas
1.5.4 and 1.5.5, and if one such family admits an in�nite isomorphism class, we may pick a
parameter t0 ∈ R corresponding to a member of this family which is not a pole, and for which
an open interval around t0 contains in�nitely many members of the isomorphism class. We
remark that such and element may always be found if the isomorphism class is in�nite, since
there are at most �nitely many poles. Lemma 1.5.5 then gives us a t′ ∈ R and a neighbourhood
U of t′, and for each t ∈ U , an isomorphism φ(t) : H∗(gt0 ,R) → H∗(gt,R), where φ may be
considered as an n× n-matrix whose entries are real-valued di�erentiable functions. We may
now, using the Taylor-expansions as above, �nd a deformation F of H∗(gt′ ,R), which has
specialisation H∗(gt,R) for all t ∈ U , and isomorphisms φ−1

t′ ◦ φt : H∗(gt,R) → H∗(gt′ ,R). It
follows by Lemma 1.5.4, that the in�nitesimal of F is a 1-coboundary.

In short, the above proves that if a family of cohomology algebras as above admits an
in�nite isomorphism class, then we may �nd a generic value t ∈ R for which the associated
deformation is trivial. Thus if we can show for a given family that the corresponding �rst
coe�cient, f1 is generically non-trivial, then every isomorphism class must be �nite, and
hence we may �nd uncountably many pairwise non-isomorphic members. This may be done
computationally in a fashion similar to the one used to obtain Proposition 1.5.3 as follows.

Since g : H∗(gt0 ,R) → H∗(gt0 ,R), satisfying (5) is linear, we may describe g, by a set of
constants ξij ∈ R, i = 1, . . . , n such that for each i = 1, . . . , n, we have g(ei) =

∑n
i=1 ξiei, and

consequently we have

f1(ei, ej) =
n∑

k=1

ξkj ei ∧t0 ek −
n∑

k=1

n∑

l

ξkl p
l
ij(t0)el +

n∑

k=1

ξki ek ∧t0 ej

=
n∑

k=1

n∑

l=1

ξkj p
l
ik(t0)el −

n∑

k=1

n∑

l

ξkl p
l
ij(t0)el +

n∑

k=1

n∑

l=1

ξkj p
l
kj(t0)el.

Since f1(ei, ej) =
∑n

l=1

d

dt
plij

∣∣∣∣
t=t0

el, one may compare coe�cients and obtain a linear system

of equations with variables {ξki : 1 6 i, k 6 n}. Inserting this system into Maple or similar
software, one may then obtain solutions for the system (where one considers t0 as a constant).
Any such solution provides a lift for f1 showing that it is indeed a coboundary, and non-
existence of a solution shows that it is not.

These systems have been set up and computed for all families, and the results are sum-
marised in Table 1.4, which gives the sizes of the systems and tells whether or not a solution
is found for the corresponding system.
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Family 123457I 12457N 12457N1 1357N 1357S 1357QRS1 1357M 147E 147E1

No. of eq's. 706 1148 796 3179 7066 6388 5618 2848 4357

Solution exists Yes Yes Yes Yes No No Yes Yes Yes

Table 1.4: Sizes and existence of solutions (yes/no) of linear equation systems for generic
members of each 1-parameter family of 7-dimensional nilpotent Lie algebras used to determine
triviality of the corresponding deformation.

As was the case for the numbers given in Table 1.3, the sizes of the systems are not
absolute, and the systems may likely be reduced in size if one checks for equivalent equations.

The results of Table 1.4 conforms with Proposition 1.5.3, and additionally, it allows us
to �nish the analysis for the families 1357S and 1357QRS1, providing us a separation via
Theorem 1.4.5 as desired.

Theorem 1.5.6 ([GK20, Theorem 5.1]). Let {gt}t be either of the 1-parameter families 1357S
and 1357QRS1. Then given any parameter-value t0 in the domain of the parameter of the
given family, there are at most �nitely many t ∈ R for which H∗(gt,R) ∼= H∗(gt0 ,R). In
particular the family of associated simply connected nilpotent Lie groups to {gt}t has at most
�nite quasi-isometry classes.

From Theorem 1.5.6, we obtain the �rst known examples of uncountable families of pairwise
non-quasi-isometric simply connected nilpotent Lie groups, which may not be separated by
Pansu's theorem, as it proves that the Lie groups corresponding to any uncountable subfamily
of 1357S or 1357QRS1 contains uncountably many pairwise non-quasi-isometric members.
This is thus far the �nest separation result derived from Theorem 1.4.5. It also shows that
this method cannot be applied to any of the remaining families, and thus nothing may so far
be said about the internal separation of the remaining �ve families.

We �nish by summarising the separation results:

� All families of 7-dimensional nilpotent Lie algebras fall into distinct quasi-isometry
classes except for possibly the families 1357S and 1357QRS1. In all cases, this fol-
lows from Pansu's theorem except for the separation between 1357N and 1357M in
which case it follows from Theorem 1.4.5, using their Betti numbers.

� The families 1357S, 1357QRS1, 147E and 147E1, each consists of uncountably many
quasi-isometry classes. The �rst two due to Theorem 1.4.5, and the latter two due to
Pansu's theorem. Additionally 147E is the �rst known family which may be separated
by its associated Carnot algebra, but not by its cohomology (see [GK20, Remark 5.5]).

� The remaining �ve families 123457I, 12457N , 12457N2, 1357M and 1357N , cannot be
separated by either theorem, and thus one needs �nd other means to address these.



30 BIBLIOGRAPHY

1.6 Further research topics

The most striking issue in [GK20] is that the quasi-isometry classi�cation of the 1-parameter
families of dimension 7 is incomplete, and it would thus be of interest to �nd other way to
approach the separation problem. Yves Cornulier has pointed out in [Cor18], that it showing if
the adjoint cohomology is a quasi-isometry invariant would be of interest, since this provides
a much �ner separation of the nilpotent Lie algebras. For example, it has been shown in
[Mag08], that several 6-dimensional pairs of Nilpotent Lie algebras which share Betti numbers
and associated Carnot Lie algebra, have di�erent adjoint cohomologies.

A di�erent approach comes from a suggestion by Roman Sauer that Massey triple products
on the cohomology algebras may be a quasi-isometry invariant. There does not seem to
be much literature on this, however, and they author is not very familiar with the topic.
Some preliminary investigations do however suggest that these products may indeed also be
computed using Maple or other software.

Also, in terms of completeness, it would be both interesting and useful to know whether or
not there is in fact equivalence between the in�nitesimal of the associated deformation being
a Hochschild coboundary and the associated cohomology algebras being isomorphic, and thus
receive a stronger version of what was proven with Lemmas 1.5.5 and 1.5.4. This would
not only complete the classi�cation of the 7-dimensional families (we refer to the results in
Table 1.4), but also provide a computationally more e�cient tool for higher families in higher
dimensions, as the resulting system is linear as opposed to the quadratic system which arises
when trying obtain an isomorphism by brute force. This partial converse was considered
during the development of the paper, but we have so far not been able to prove such a result.
We did, however obtain a note from a referee who claims that this is indeed true. It is,
however, such a recent development, that we have been unable to include the details here (see
also [GK20, Remark 5.5].

Extension of 1.4.2 to the non-unimodular case may also pose an interesting problem. Kyed,
Koivisto and Raum showed in [KKR18] that the general notion of measure equivalence de-
veloped by Deprez and Li [DL14] had the properties expected from a good notion of measure
equivalence for non-unimodular groups. In particular, with this de�nition a measure equival-
ence still gives rise to a strict coupling in the usual sense, so if one was to develop a correct
notion of uniformity of such a coupling and could relate it to coarse equivalence, which is a
generalisation of quasi-isometry, it might give rise to a generalisation of the theorem.
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Chapter 2

Introduction to quantum metric

spaces and quantum spheres.

In the following, we will no longer be using the standing assumptions made for Chapter 1.
In particular, for the purposes of this chapter a semi-norm may, in addition to the usual
de�nition, also take the value in�nity.

2.1 Metrics on state spaces

Recall that a state of a unital C∗-algebra, A, is a linear functional, µ : A → C, that maps
positive elements of A to [0,∞) and sends the identity of A to 1. We denote the state space
of A, by S(A). The study of compact quantum metric spaces concerns noncommutative
generalisations of compact metric spaces. In particular the fundamental idea is to �nd a
natural way to metrise the state space of a given C∗-algebra such that the metric structure
gives a natural analogue in noncommutative geometry. The study of such analogues dates back
to a paper of Connes, [Co89], which we will now brie�y introduce. By a spectral triple, we
mean a triple (A,H,D), where A is a unital C∗-algebra, represented on the Hilbert space H,
and D is a densely de�ned, self-adjoint unbounded operator on H, such that the commutator
[D, a] := Da− aD is a bounded operator for every a in a norm-dense subspace of A.

Connes showed [Co89, Proposition 4] that given a spectral triple, where the quotient space
{a ∈ A : ‖[D, a]‖ 6 1}/1 · C is norm-bounded, then S(A) admits a metric given by

d(µ, ν) := sup{|µ(a)− ν(a)| : a ∈ A, ‖[D, a]‖ 6 1}. (1)

The work done by Connes in [Co89], resulting from this relates to the existence of tracial
states, and has no immediate relevance to the following, but the idea of metrising the state
space does pose some interesting questions in noncommutative geometry, and deformation of
metric spaces.

The work of Connes does not make any considerations of the topology induced by the
metric, which rather naturally should coincide with the weak ∗-topology on the state space.
In his rather abundant series of papers, [Ri98, Ri99, Ri04a, Ri05], Rie�el has provided a de�-
nition of the quantum analogues of compact metric spaces, which has this property, by using
semi-norms on order-unit spaces (of which the positive part of a C∗-algebra is an example).
Furthermore, he has given precise criteria for when the given semi-norm induces the weak
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∗-topology on the corresponding state space, via the formula (1), observing that ‖[D, a]‖ in
the above setting is a semi-norm.

Of the examples provided by Rie�el, the more canonical ways to obtain possible candidates
for compact quantum metric spaces are those related to semi-norms obtained from spectral
triples or coming from actions of compact groups on unital C∗-algebras, ideas which both relate
to concepts found in Connes' paper. Rie�el's work additionally addresses questions related to
the convergence of compact quantum metric spaces, extending the distance between compact
metric spaces introduced by Gromov, see [Ri04a] and [Gr01]. The distance of Rie�el, was
re�ned by Latrémolière in [La16] for the purpose of encapsulating the C∗-algebraic properties
of compact quantum metric spaces coming from these as opposed to the order-unit space
structure.

We will in the remainder of this chaper provide de�nitions of compact quantum metrics,
and state the main properties of the quantum distances of Rie�el and Latrémolière, followed
by an introduction to the q-deformed SU(2)-groups introduced by Woronowicz in [Wo87],
followed by an introduction to the Standard Podle± sphere and a review of the main results
presented in [GKK20], which follows from work done in [AK18].

2.2 Quantum metric spaces

Consider a compact metric space (X, d). Recall that, given f ∈ C(X), the Lipschitz constant
of f is de�ned by,

Ld(f) := sup
x6=y

{ |f(x)− f(y)|
d(x, y)

}
,

or equivalently, the in�mum of constants C > 0 such that |f(x) − f(y)| 6 C · d(x, y) for all
x, y ∈ X. We say that f is Lipschitz if Ld(f) < ∞, and we denote the space of Lipschitz
functions of (X, d) by CL(X). It is immediate that Ld is a semi-norm on C(X). We remark
that the metric can be recovered from the Lipschitz constant by observing that

d(x, y) = sup {|f(x)− f(y)| : Ld(f) 6 1} . (2)

Identifying X with the subset of point-evaluations in the state space S(C(X)), it is evident
that the Monge-Kantorovich metric

dL(µ, ν) := sup {|µ(f)− ν(f)| : f ∈ C(X) : Ld(f) 6 1}

extends d. It was shown by Kantorovich that dL metrises the weak ∗-topology on S(C(X))
([KR57]). Now, it is obvious that ker(Ld) = 1 · C, and by [Ri99, Proposition 3.4], Ld is lower
semi-continuous. Furthermore, it is an easy consequence of the Stone-Weierstrass theorem
that CL(X), is norm-dense in C(X).

We may now give the C∗-algebraic de�nition of a compact quantum metric space. By
de�nition, it is the natural noncommutative generalisation of the example above.
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De�nition 2.2.1. [Rie�el] Let A be a unital C∗-algebra, and let L : A → [0,∞] be a semi-
norm. We call (A,L) a compact quantum metric space if the following are satis�ed:

1. Dom(L) := {a ∈ A : L(a) <∞} is norm-dense in A;

2. ker(L) = 1A · C;

3. L is ∗-invariant and lower semi-continuous;

4. The Monge-Kantorovich metric metrises the weak ∗-topology on S(A),

We call such a semi-norm a Lip-norm. If in addition, L satis�es the identity

L(ab) 6 L(a) · ‖b‖+ ‖a‖ · L(b),

we say that L is a Leibniz Lip-norm and (A,L) is a Leibniz compact quantum metric space.

The prototypical example of a compact quantum metric space is of course compact metric
spaces with the Lipschitz constant. For noncommutative examples, we refer to Section 2.2.1.

It should be noted, that the original work of Rie�el mainly considers compact quantum
metric spaces in the setting of order unit spaces. In order to properly discuss quantum
distances, we will also provide this point of view below.

De�nition 2.2.2. An order-unit space, A is a real vector space which admits a partial or-
der and a distinguished element, e, called an order-unit, which satis�es the following two
properties:

1. For every element a of A, there is a real scalar r ∈ R such that a 6 re;

2. If an element a ∈ A is bounded above by re for all strictly positive r ∈ R, then a 6 0.

We equip an order-unit space with the norm given by

‖a‖ = inf{r ∈ R : − re 6 a 6 re}.

It is clear that if A is a unital C∗-algebra, then the self-adjoint elements of A is an order-
unit space with the identity as the order unit, and one can show that the associated order-unit
norm coincides with the restricted C∗-norm, see e.g. [PT09, Corollary 5.6]. States on order-
unit spaces are de�ned in the obvious way, and in this setting a compact quantum metric
space is then de�ned in the analogous way.

De�nition 2.2.3 (Rie�el). Let A be an order-unit space with order-unit, e. If A admits a
semi-norm L : A→ [0,∞) such that

1. Ker(L) = e · R;

2. L is lower semi-continuous;

3. The Monge-Kantorovich metric metrises the weak ∗-topology on S(A),

we say that (A,L) is an Order-unit compact quantum metric space.
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When (A,L) is a compact quantum metric space in the sense of De�nition, 2.2.1, the
restriction map from S(A) to S(Asa), where Asa denotes the space of self-adjoint elements of
A, is an isometry. Choose states µ, ν ∈ S(A). Given any δ > 0, there is an a ∈ A such that
L(a) 6 1 and dL(µ, ν)− δ 6 µ(a)− ν(a). Now, let b = a+a∗

2 . Since L is ∗-invariant, it is clear
that L (b) 6 1

2 (L(a) + L(a∗)) 6 1, and since φ(a) = φ(a∗) for any φ ∈ S(A), we have

µ(b)− ν(b) =
µ(a)− ν(a)

2
+
µ(a)− ν(a)

2
= µ(a)− ν(a),

recalling that a was chosen such that µ(a)−ν(a) is real. It follows that dL(µ, ν) 6 µ(b)−ν(b),
showing that the Monge-Kantorovich metric may be retrieved only by considering self-adjoint
elements of A. See also [Ri04a, Section 2] and [IKM01, Lemma 1].

When discussing results from [GKK20], we will not consider any order-unit space related
viewpoint but only those related to C∗-algebras. However, since much of Rie�el's work covers
the more general setting, and since his quantum distance is not restricted to C∗-algebras, we
will require the knowledge of order-unit compact quantum metric spaces.

Regarding the metrisation of the weak ∗-topology work has been done by Rie�el, yielding
the following alternative characterisation.

Theorem 2.2.4 ([OR05, Proposition 1.3]). Let A be a C∗-algebra and L : A → [0,∞] be a
semi-norm satisfying properties (1)-(3) above, then (A,L) is a compact quantum metric space
if and only if there exists a state σ ∈ S(A) such that the set

{a ∈ Dom(L)|L(a) 6 1 ∧ σ(a) = 0}

is totally bounded with respect to the norm of A.

As can be seen in [OR05], the proof of Theorem 2.2.4, follows easily from the following
theorem, which gives a criterion for when the weak ∗-topology of S(A) is metrised by the
Lip-norm, purely in terms of the algebra, without directly considering its state space. We
remark, that while both theorems are stated speci�cally for C∗-algebras, the theorems do still
apply when restated in the more general setting. Since we want to give some details of the
proof in a more familiar setting, however, we use the C∗-theoretic versions. As one can see
from [Ri98], the proof for the order-unit case is almost identical with the di�erence being a
few changes in the assumptions.

Theorem 2.2.5 ([Ri98, Theorem 1.8]). Let A be a C∗-algebra, and let L : A→ [0,∞] be a
semi-norm satisfying (1)-(3) of De�nition 2.2.1. Set L1 = {a ∈ A : L(a) 6 1}, and let ‖ · ‖∼
denote the quotient norm on L̃ = Dom(L)/ ker(L), coming from the norm of A. Then the
Monge-Kantorovich metric induced by L metrises the weak ∗-topology of S(A) if and only if
the image of L1 under the quotient map is totally bounded in L̃ for ‖ · ‖∼.

Proof. We give the proof from [Ri98] adapted to the C∗-algebra case. See the original paper
for complete details.

If dL metrises the weak ∗-topology, then we may by [Ri98, proposition 1.6] �nd a constant,
r > 0, such that ‖a‖∼ < r for all a ∈ L1, and consequently L1 has the same image under the
quotient map as the set

Br := {a ∈ Dom(L)|L(a) 6 1 ∧ ‖a‖ 6 r}.
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Thus it su�ces to show that Br is totally bounded in norm. By identifying a ∈ A with its
evaluation functional, â : A∗ → C, where A∗ denotes the dual space of A, we have

|â(µ)− â(ν)| 6 dL(µ, ν)

for every µ, ν ∈ S(A), and it follows that Br may be regarded as a family of bounded,
equicontinuous functions on S(A), which then by the Ascoli-Arzela theorem is totally bounded
with respect to the sup-norm. This is equivalent to total boundedness in norm via the Kadison
function representation, see [KR83, p. 263].
Conversely, if the image of L1 is totally bounded in norm, then [Ri98, Proposition 1.4] shows
that dL induces a topology that is �ner than the weak ∗-topology, and it thus remains to show
that given µ ∈ S(A) and ε > 0, that the open ball B(µ, ε) contains a weak ∗-neighbourhood
of µ. By total boundedness, we can �nd, a1, . . . , an ∈ L1 such that the open balls of radius
ε/3 around the ai cover the image of L1. Consider now the weak ∗-neighbourhood

U := {ν ∈ S(A) : |âi(µ− ν)| < ε/3 for all 1 6 i 6 n}.

Finally, for any a ∈ L1, we may �nd an i and a b ∈ ker(L) such that ‖ai− (a+ b)‖ < ε/3, and
thus since states are bounded linear functionals of norm 1, it follows that for any ν ∈ U , we
have

|µ(a)− ν(a)| 6 |µ(a)− µ(ai + b)|+ |µ(ai + b)− ν(ai + b)|+ |ν(a)− ν(ai + b)| < ε,

and thus U ⊂ B(µ, ε), which was what needed to be shown.

2.2.1 Examples of compact quantum metric spaces

We will now present some examples of compact quantum metric spaces. We have already
covered the commutative case just prior to De�nition 2.2.1, where we are simply dealing with
compact metric spaces, but this example is not particularly interesting. In this section, we will
present what is probably the two classes of examples which have received the most interest
in the literature, namely compact quantum metric spaces stemming from spectral triples, and
those which stem from actions of compact groups. Both examples are treated in [Ri05] (and
in several other works of Rie�el which are referred to throughout this chapter).

Let A be a unital C∗-algebra, and let π : A → B(H) be a (not necessarily faithful) repre-
sentation on a separable Hilbert space, and consider a densely de�ned, self-adjoint operator
D on A. As is standard, we will denote its domain of de�nition by Dom(D). A semi-norm
may then be de�ned on A in the following natural way: De�ne LipD(A) as the ∗-subalgebra of
A, consisting of elements a for which π(a)(Dom(D)) ⊂ Dom(D), and where the commutator
[D,π(a)] : Dom(H)→ H admits a bounded extension to H, which we will denote by d(a).

Observe that since
π(a)[D,π(b)] + [D,π(a)]b = [D,π(ab)],

d(a) is a derivation in the sense that d(ab) = ad(b) + d(a)b.
Consider now the semi-norm LD : A→ [0,∞] given by

LD(a) := sup
ξ,η∈Dom(D)

‖ξ‖=‖η‖=1

{|〈ξ, π(a∗)Dη〉 − 〈π(a)Dξ, η〉|}

We have the following characterisation of the elements of �nite norm:
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Lemma 2.2.6 ([AK18, Lemma 2.3]). Let (A, π,D) be a spectral triple as above. For any
x ∈ A, we have

x ∈ LipD(A) ⇐⇒ LD(x) <∞,

and in this case LD(x) = ‖d(x)‖.

It follows immediately from the de�nition that this construction yields a ∗-invariant, lower
semi-continuous semi-norm, which has the Leibniz property. In general, however, more work is
needed to verify whether or not this construction gives a Lip-norm. A typical way to approach
this is via Theorem 2.2.4, or an equivalent result.

For the purposes of the content discussed in [GKK20], we will mainly be concerned with
compact quantum metric spaces coming from spectral triples. There are, however abundantly
many examples, which a priori, are not associated to a spectral triple. The most commonly
dealt with is the one coming from actions by compact groups.

Example 2.2.7. Let G be a compact group, and recall that an action α : G→ Aut(A) on a
C∗-algebra, A, is said to be ergodic if the only �xed points are scalar multiples of the identity.
A length function on G is a map ` : G → [0,∞) such that for any g, h ∈ G the following are
satis�ed:

1. `(gh) 6 `(g) + `(h);

2. `(g−1) = `(g);

3. `(g) = 0 ⇐⇒ g = eG,

where eG denotes the identity of G. Length functions arise in various ways, e.g. if G admits a
left-invariant metric, dG, then, clearly dG(·, eG) is a length function. Given a length function,
and an ergodic action as above, we may de�ne a semi-norm L : A→ [0,∞]

L(a) := sup

{‖αx(a)− a‖
l(x)

: x ∈ G \ {eG}
}
.

By [Ri98, Theorem 2.3], (A,L) is a compact quantum metric space. 4

2.3 Quantum distances

The particular focus of [GKK20], is concerned with the convergence of compact quantum
metric spaces. To this end we �rst consider the commutative case. First recall the standard
Hausdor� distance on the space of compact subsets of a given metric space:

De�nition 2.3.1. Let (X, d) be a metric space, and let A,B be non-empty compact subsets
of X. We de�ne the Hausdor� distance between A and B as

distdH(A,B) := inf{r : A ⊂ B(B, r) and B ⊂ B(A, r)},

where B(A, r) = {x ∈ X : ∃y ∈ A : d(x, y) < r}.

The following generalisation to the class of compact metric spaces is due to Gromov:
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De�nition 2.3.2 ([Gr01, De�nition 3.4]). Let (X, dX) and (Y, dY ) be compact metric spaces.
The Gromov-Hausdor� distance between (X, dX) and (Y, dY ) is de�ned as

distGH(X,Y ) = inf

{
distρH((ιX(X), ιY (Y )) :

(Z, ρ) is a metric space

ιX : X → Z, ιY : Y → Z are isometric embeddings

}

For compact quantum metric spaces, there are several generalisations in the literature,
some of which we will now introduce. In his original work, Rie�el de�ned his quantum Gromov-
Hausdor� distance on the class of compact quantum order-unit metric spaces, whose de�nition
we will now recall.

First, we remark that albeit the order-unit spaces obtained from the self-adjoint part
of a unital C∗-algebra are complete, this is generally not true, so in order to discuss the
quantum Gromov-Hausdorrf distance, we will need to give a few de�nitions. Given an order-
unit compact quantum metric space (A,L), with Lip-norm unit ball

L1 := {a ∈ A : L(a) 6 1},

we de�ne the closure, Lc of L as the semi-norm on the completion, Ā, of A under the order-unit
norm, given by

Lc(a) = inf
{
r ∈ R+ : a ∈ r · L1

}
.

We say that L is closed if L coincides with Lc where it takes �nite values. Naturally, in the
C∗-case all Lip-norms are automatically closed.

De�nition 2.3.3 ([Ri04a, De�nition 6.3]). An isometry between two order-unit compact
quantum metric spaces (A,LA) and (B,LB), is an order isomorphism φ : Ā → B̄ such that
LcA = LcB ◦ φ.

In the setting above, it is easy to see that any order isomorphism φ : A → B, induces
an isometry φ′ : S(B) → S(A) by considering the map φ′(ψ)(a) = ψ(φ(a)). The de�nition,
however, requires the completions due to the fact that an isometry in the above sense may
not be obtained from an isometry on the state spaces, unless the spaces are closed, see [Ri04a,
Theorem 6.2].

The quantum Gromov-Hausdor� distance, denoted distq, is then de�ned as follows: Given
two order-unit compact quantum metric spaces, (A,LA), (B,LB), consider a Lip-norm, L, on
their direct sum, A⊕B, making it a compact quantum metric space, such that the correspond-
ing quotient semi-norms on A and B coincide with LA and LB respectively. We remark that
S(A) and S(B) are naturally identi�ed with closed subsets of S(A⊕B). To see this, consider
φ ∈ S(A), then the map assigning φ to the functional φ̃ ∈ S(A⊕B) de�ned by φ̃(a, b) = φ(a)
is an isometry. Thus, one may consider the Hausdor� distance between S(A) and S(B) under
dL. The quantum Gromov-Hausdor� distance is then de�ned by taking the in�mum over all
such choices of L.

It was proven by Rie�el that distance zero in the quantum Gromov-Hausdor� distance is
equivalent to the existence of an isometry, and that the quantum Gromov-Hausdor� distance
is a metric on the isometry classes of order-unit compact quantum metric spaces, see [Ri05,
De�nition 6.3 and Theorem 7.8]. However, distq does not take the multiplicative structure
of a C∗-algebra into account, and thus one may encounter cases for which Rie�el's quantum
distance between non-isomorphic C∗-algebraic compact quantum metric spaces is zero. There
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have been proposed several suggestions which do provide metrics which see the multiplica-
tion, see e.g. [Ke03] and [KL09]. The approach, we will consider is the C∗-algebraic dis-
tance function, on Leibniz compact quantum metric spaces is the quantum Gromov-Huasdor�
propinquity, Λ, discovered by Latémolière. The de�nition of the propinquity is particularly
elaborate, so we will not give it here, but instead refer the curious reader to [La16]. We do
however emphasize that it satis�es the desired properties for a distance function on the class
of Leibniz compact quantum metric spaces:

Theorem 2.3.4 (cf. [La16, Theorem 5.13, Corollary 6.4 and Theorem 6.6]).

1. Let (A,LA) and (B,LB) be Leibniz compact quantum metric spaces. If

Λ((A,LA), (B,LB)) = 0

then there is a ∗-isomorphism φ : A→ B such that LB(φ(a)) = LA(a) for all a ∈ A.

2. When (X, dX) and (Y, dY ) are compact metric spaces, then the Gromov-Hausdor� dis-
tance, and its quantum analogues are related as follows:

distq(C(X), C(Y )) 6 2Λ(C(X), C(Y )) 6 2 distGH(X,Y ).

It follows that any convergence and continuity questions for commutative compact quan-
tum metric spaces may be answered by �nding appropriate isometric embeddings of underlying
Hausdor� spaces.

Example 2.3.5 ([Ri04b]). Consider the compact Lie group SU(2), and recall that for each
n ∈ N, SU(2) admits an irreducible unitary representation, Un on an n-dimensional Hilbert
space. Since SU(2) admits a left-invariant metric, SU(2) admits a length function. We obtain
an action on each matrix algebra Mn(C) under conjugation by Un. Thus as in Example
2.2.7, we obtain for each n ∈ N a semi-norm, such that each matrix algebra (Mn(C), Ln) is
a compact quantum metric space. As shown in [Ri04b], it converges in quantum Gromov-
Hausdor� distance to (C(S2), L) where, L is the semi-norm induced by the action of SU(2)
on the sphere. 4

2.4 Quantum SU(2) and the Podle± Sphere

The theory of semi-simple Lie groups plays an important role in some branches of theoret-
ical physics, and on the basis of this, the compact quantum groups SUq(2), q ∈ (0, 1] were
introduced by Woronowicz [Wo87], as perturbations of SU(2), and de�ned as follows:

De�nition 2.4.1 ([Wo87, �1]). Given q ∈ (0, 1], we de�ne O(SUq(2)) as the unital ∗-algebra
with generators a, b such that the matrix

(
a −qb∗
b a∗

)

is unitary. More explicitly, we demand that a and b are subject to the following relations:

ab = qba; ab∗ = qb∗a; b∗b = bb∗;

a∗a+ b∗b = 1; aa∗ + q2bb∗ = 1.



2.4. QUANTUM SU(2) AND THE PODLE� SPHERE 41

Remark 2.4.2. Readers should be aware that in the literature, including the original work
of Woronowicz, q is often considered to be taken from the larger interval [−1, 1], but since we
will only be dealing with the cases where q is strictly positive, we will not include this in our
de�nition. Also note that in some literature, the de�ning relations of SUq(2) interchange the
generators with their adjoints compared to this de�nition (e.g. one would have the relation
ba = qab instead of the �rst relation above). Here, we opt to use the approach given in [Wo87],
rather than the one we used in [GKK20].

We de�ne SUq(2) as the universal C∗-algebra generated by the generators a, b and re-
lations de�ning O(SUq(2)). That is, we let R be the collection of all ∗-homomorphisms
φ : O(SUq(2))→ Aφ, where Aφ is a C∗-algebra, with C∗-norm ‖ · ‖φ. We then obtain a semi-
norm | · | on O(SUq(2)) by letting

|x| := sup
φ∈R
{‖φ(x)‖φ}.

The equation a∗a + b∗b = 1 from the de�ning relations of O(SUq(2)) guarantee that the
generators a, b have norm at most 1 in any representation, and hence |x| is �nite for all
x ∈ O(SUq(2)). We now obtain a C∗-algebra by taking the completion of the quotient of
O(SUq(2)) with the two-sided ideal {x ∈ O(SUq(2)) : |x| = 0} with respect to the induced
norm. For more information about this construction, we refer to [Ti08, Appendix A] or
[Bl85].

One can show (cf. [Wo87, Theorem 1.2]), that for any q ∈ (0, 1], SUq(2) admits a basis
given by all elements of the form

ekmn :=

{
akbn(b∗)m k > 0,

(a∗)kbn(b∗)m k < 0.

Where m,n = 0, 1, 2, . . . , and k ∈ Z.
Analogously to the Haar measure on a locally compact group, any compact quantum group,

such as SUq(2), admits a unique state which satis�es corresponding invariance properties. As
we will not be discussing quantum group theory at all, we refer to [KS97] or [Ti08], for a
thorough treatment and exact de�nitions in the general case. In particular for SUq(2) we
have the following:

Theorem 2.4.3 (cf. [Ti08, Theorem 6.2.17]). For q ∈ (0, 1], the Haar state, h on SUq(2) is
faithful, and given by

h(ekmn) = δk,0δm,n ·
1− q2

1− q2m+2
.

Furthermore, for f ∈ (C(σ(b∗b)) we have

h(f(b∗b)) = (1− q2)
∞∑

k=0

q2kf(q2k),

where σ(b∗b) denotes the spectrum of b∗b.

In fact, a direct computation, using Theorem 2.4.3, shows that the Haar state is faithful
on O(SUq(2)), so the ideal {x ∈ O(SUq(2)) : |x| = 0} is trivial, and thus O(SUq(2)) may be
regarded as a subset of SUq(2).
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Remark 2.4.4. We now point our attention towards the case where q = 1. In this case we
may identify SUq(2) with the 3-sphere S3. To see this, note that as an immediate consequence
of the construction (see [Wo87, Theorem 1.1]), we have that given any pair of operators S, T
on a Hilbert space H, satisfying the commutation relations of De�nition 2.4.1, SUq(2) admits
a unique representation π : SUq(2)→ B(H) such that π(a) = S and π(b) = T . In particular,

when q = 1, we can for any unitary 2× 2-matrix

(
z −w∗
w z∗

)
∈ SU(2) �nd a unique character

χz,w : SU1(2)→ C such that χz,w(a) = z and χz,w(b) = w, and thus by the Gelfand Theorem,
we may identify SU1(2) with C(SU(2)) ∼= C(S3).

We now return to the general setting. In [Po87], Podle± investigated a family of quantum
spheres, in order to o�er a quantum description of homogeneous spaces for SUq(2). We are in
the following only concerned with what in the literature is referred to as 'the standard Podle±
sphere', which is de�ned as follows:

De�nition 2.4.5 (Podle±). Let q ∈ (0, 1]. The standard Podle± sphere, S2
q is the unital

C∗-subalgebra of SUq(2) generated by the elements

A := b∗b; B := a∗b.

A �rst result due to Podle±, gives a particularly nice representation of S2
q : Given a Hilbert

space, H, we let K(H) denote the algebra of compact operators on H, and K̃(H) its minimal
unitisation.

Theorem 2.4.6 ( [Po87, Proposition 4]). Let q ∈ (0, 1), then S2
q is isomorphic to the uniti-

sation of K(`2(N)) via the ∗-representation π : S2
q → ˜K(`2(N)), de�ned by

π(A)(en) := q2ken; π(B)en := qk
√

1− q2kek+1.

where en denotes the standard basis for `2(N). In particular, the spectrum of A is given by
σ(A) = {q2k : k ∈ N} ∪ {0}.

In order to remove any ambiguities regarding the choice of q when discussing spectrum
of A, we will henceforth denote the set {q2k : k ∈ N} ∪ {0} for a given q ∈ (0, 1) by Xq, as
opposed to using the notation σ(A), and we denote the corresponding C∗-subalgebra of S2

q

generated by A, by Iq. One sees that the elements of Xq get closer as q increases towards
1. By this reasoning, we will consider it as a quantised interval. This notion will be further
justi�ed by Proposition 2.5.1 below.

2.4.1 The Standard Podle± sphere as a quantum metric space

Recently, Aguilar and Kaad showed that S2
q admits the structure of a compact quantum metric

space [AK18], when equipped with the Lip-norm coming from the Dirac operator introduced
by Dabrowski and Sitarz [DS03], which we will now introduce. We will, however, instead
of following the original construction, opt to follow the one which was given by Neshveyev
and Tuset in [NeTu05]. To this end, we will again consider O(SUq(2)), i.e. the unital ∗-
algebra generated by a and b, and similarly, we let O(S2

q ) denote the unital ∗-subalgebra
of S2

q , generated by A and B. Obviously, we have O(S2
q ) ⊂ O(SUq(2)). Using the compact

quantum group structure of SUq(2), and corresponding duality-theory one obtains three maps
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∂k, ∂e, ∂f : O(SUq(2))→ O(SUq(2)), the names coming from the fact that e, f, k are the gen-
erators of the dual Hopf-algebra of SUq(2). We will not go into details on this, but refer to
[NeTu05, Section 2]. For our purposes, it su�ces to know that the maps are given by the
following relations:

∂k(x) =

{
q

1
2x if x ∈ {a∗, b∗}

q−
1
2x if x ∈ {a, b},

∂e(a
∗) = −b, ∂e(b

∗) = q−1a, ∂e(a) = ∂e(b) = 0,

∂f (a∗) = ∂f (b∗) = 0, ∂f (a) = qb∗, ∂f (b) = −a∗,

∂e(xy) = ∂e(x)∂k(y) + ∂k−1(x)∂e(y),

∂f (xy) = ∂f (x)∂k(y) + ∂k−1(x)∂f (y).

In particular, ∂k is an automorphism, and ∂e and ∂f are linear derivations.
We may for each n ∈ Z, de�ne vector subspaces

An := {x ∈ O(SUq(2))|∂k(x) = q
n
2 x}.

It is clear from the de�nitions that AmAn ⊂ Am+n, and one sees that A0 = O(S2
q ). Now,

let L2(SUq(2)) denote the separable Hilbert space obtained from the GNS-construction on
SUq(2) obtained from the Haar state. We let H+ and H− be the closures of A1 and A−1

respectively under this representation.
We now obtain a symmetric unbounded operator

Dq =

(
0 ∂f
∂e 0

)
: A1 ⊕A−1 → H+ ⊕H−.

From the action of O(S2
q ) on L2(SUq(2)) induced by left-multiplication, we obtain a faithful

representation (
π+ 0
0 π−

)
: S2

q → B(H+ ⊕H−).

LetDq denote the closure ofDq. Then by [DS03], (S2
q , π,Dq) is a spectral triple,with associated

Lipschitz algebra LipDq(S
2
q ). From this de�nition, one obtains the following expression for the

derivation:

dq(x) =

(
0 ∂2(x)

∂1(x) 0

)

where ∂1 : LipDq(S
2
q ) → B(H+, H−) and ∂2 : LipDq(Sq) → B(H−, H+) are extensions of

q1/2∂e|O(S2
q ) and q−1/2∂f |O(S2

q ) respectively. Both maps are derivations, and they satisfy the

relation ∂1(x∗) = ∂2(x)∗, from which it follows that LDq = max{‖∂1(x)‖, ‖∂2(x)‖} for all
x ∈ LipDq(S

2
q ).

In [AK18], Aguilar and Kaad developed the necessary theory to show that (S2
q , LDq) is indeed

a Leibniz compact quantum metric space [AK18, Theorem 8.3], using their notion of quantum
integral to show that the kernel of the Lip-norm is exactly the space spanned by the identity,
and to obtain a state which has the property of Theorem 2.2.4.
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2.5 Gromov-Hausdor� convergence of quantised intervals

We now give a brief summary of the main results presented in [GKK20], in which the theorems
below and their proofs may be found. We repeat that the convention used for the generators
a, b ∈ SUq(2) in this presentation is di�erent from the one used in the paper. Thus for all
expressions including a and b and their adjoints, the generators and their adjoints should be
�ipped in comparison to this introduction.

When q = 1, we may identify S2
1 with C(S2) in the following way: Identify S3 with the

subspace of points (z1, z2) ∈ C2 such that |z1|2 + |z2|2 = 1, and S2 with the subspace of points
(x1, x2, x3) ∈ R3 for which x2

1 + x2
2 + x2

3 = 1. The Hopf map or Hopf �bration p : S3 → S2 is
de�ned by

p(z1, z2) = (2Re(z1z̄2), 2Im(z1z̄2), |z1|2 − |z2|2).

One �nds that p is surjective and invariant under rotation by elements of S1 . That is
p(z1, z2) = p(w1, w2) if and only if (z1, z2) = (λw1, λw2) with |λ| = 1. For basics on the Hopf
�bration, see e.g. [Ly03].

Now, by [Wo87, Theorem 1.1], there is for each pair (z1, z2) ∈ S3, a unique character
χz1,z2 : SU1(2) → C which assigns a to z1 and b to z2. We may then view each element
x ∈ S2

1 as the continuous function de�ned by x(p(z1, z2)) = χz1,z2(x). In particular, since

χz1,z2(A) = |z2|2 and z2z̄2 = 1−|z1|2−|z2|2
2 , A corresponds to the continuous function

S2 3 (x1, x2, x3) 7→ 1− x3

2
∈ C

and likewise B = a∗b corresponds to

S2 3 (x1, x2, x3) 7→ x1 + ix2

2
∈ C.

These assignments are well-de�ned by the surjectivity and rotation invariance of p.
Since these functions separate points in S2, it is an immediate consequence of the Stone-

Weierstrass theorem that S2
1
∼= C(S2).

A natural question, asked by Aguilar and Kaad in [AK18] is then whether S2
q (LDq) con-

verges to the unit sphere with its natural round metric under the quantum Gromov-Hausdor�
propinquity. This problem was as of the writing of [GK20] still unsolved, for more recent
developments, see Section 2.6.

The partial answer for the commutative subalgebra C∗(1, A) = Iq is dealt with in full in
[GKK20], in which we prove this in a�rmative. We will now give a brief introduction to the
results.

To this end, we start by considering the continuum case. That is, we want to �nd a good
description of I1. First, we note that σ(A) = [0, 1] =: I1, and equip it with the metric, d1,
inherited from the arc-length metric, dS2 , on S2, i.e.:

d1(s, t) := inf
{
dS2 ((x1, x2, 1− 2s), (y1, y2, 1− 2t)) : (x1, x2, 1− 2s), (y1, y2, 1− 2t) ∈ S2

}

It turns out, that (I1, Ld1) is isomorphic to the interval with its standard topology in the
following way.

Proposition 2.5.1 ([GKK20, Proposition 3.1]). The compact quantum metric space (I1, Ld1)
is isomorphic to (C([−π

2 ,
π
2 ]), dE) in the sense that there is a ∗-isomorphism

φ : C([−π
2 ,

π
2 ])→ I1 which maps CL([−π

2 ,
π
2 ]) onto I1 ∩ CL(S2) and φ ◦ LdE = Ld1.
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Consequently, since all of the compact quantum metric spaces dealt with here are com-
mutative, the question posed by Aguilar and Kaad, is reduced to �nding the metric dq on
Xq associated to the Dabrowski-Sitarz spectral triple on S2

q when q ∈ (0, 1), and showing
that the associated spaces (Xq, dq) converge to ([−π

2 ,
π
2 ], dE) in Gromov-Hausdor� distance.

Recall, that the classical Gromov-Hausdor� distance dominates its quantum counterparts by
Theorem 2.3.4. We will do this below.

As a consequence of Theorem 2.4.6, Iq is generated by the characteristic functions
χ{q2k} : Xq → {0, 1}, in the sense that any continuous function, f : Xq → C may be written as

f =

∞∑

i=0

αiχ{q2i} (3)

where {αi}∞i=0 ⊂ C is a convergent sequence such that limi→∞ αi = f(0). The following lemma
of Aguilar and Kaad provides the necessary properties of the characteristic functions needed
to obtain dq:

Lemma 2.5.2 ([AK18, Lemma 5.3]). For any q ∈ (0, 1) and for any k ∈ N, it holds that
χ{q2k}(A) ∈ LipDq(S

2
q ) and

∂1

(
χ{q2k}(A)

)
= (1− q2)−1

(
1

q2k
χ{q2k}(A)− 1

q2(k−1)
χ{q2(k−1)}(A)

)
ba.

In particular, if f ∈ spanC{χ{q2k} : k ∈ N}, then f(A) ∈ LipDq(S
2
q ) and

∂1(f(A)) = (1− q2)−1
∞∑

k=0

f(q2k)− f(q2(k+1))

q2k
χ{q2k}(A)ba.

Since each characteristic function is self-adjoint, an immediate consequence of the above
formula, and the representation in Theorem 2.4.6, is that the Lip-norm of each characteristic
function is

LDq

(
χ{q2k}(A)

)
=
∥∥∥∂1

(
χ{q2k}(A)

)∥∥∥ =

√
1− q2(k+1)

qk(1− q2)

for all k ∈ N. De�ning ρq(x) :=

√
1−q2(x+1)

qx(1−q2)
, it is clear that 1

ρq(x) < qx, for all x > 0, and

consequently the series
∞∑

k=0

1

ρq(k)

is convergent. Using this, one obtains the corresponding metric on Xq, which may be seen
from the following theorem.

Theorem 2.5.3 ([GKK20, Theorem A]). Let dq : Xq×Xq → [0,∞) be the metric on Xq given
by

dq(x, y) =





0 if x = y∑max{m,n}−1
k=min{m,n}

1
ρq(k) if x = q2n and y = q2m with n 6= m∑∞

k=n
1

ρq(k) if x = 0 and y = q2n or x = q2n and y = 0.

Then LipDq(Iq) = {f(A) : f ∈ CL(Xq, dq)}, and for functions in this set, we have
LDq(f(A)) = Ldq(f).
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Sketch of Proof. It follows from a computation that the Lipschitz semi-norm induced by dq,
Ldq , agrees with the Lip-norm, LDq , coming from the spectral triple on spanC{χ{q2k} : k ∈ N},
and that

Ldq

( ∞∑

i=0

αiχ{q2i}

)
= sup

k∈N
{ρq(k) · |αk − αk+1|} .

To extend this to all of LipDq(S
2
q ), de�ne a sequence {Qn}∞n=0 of projections on B(L2(SUq(2)))

by Qn = χ{q2k : k6n}, and observe that by Theorem 2.4.3, Qn converges to the identity in the
strong operator topology. From these facts it follows from a computation based on the fact that
∂1 is a derivation and Lemma 2.5.2, that any function f ∈ C(Xq) such that f(A) is contained
in LipDq(Iq) is Lipschitz and that Ldq(f) = LDq(f(A)). Conversely, by the estimate on 1

ρq(k)

given above, f ·Qn is bounded whenever f is Lipschitz, and since f(A) ·Qn(A) converges to
f(A) in operator norm, it follows by lower semi-continuity that

LDq(f(A)) 6 sup{LDq(f(A) ·Qn(A)) : n ∈ N} <∞,

proving that f(A) ∈ LipDq(A).

Since Iq is described completely as a metric space, one may address the question posed
previously, by appealing to the inequality in Theorem 2.3.4. It follows by elementary calculus,
and the fact that 1

ρq
is decreasing that the diameter of the Xq, dq(0, 1), tends to π as q

approaches 1. Embedding each Xq naturally into R via the map x 7→ dq(x, 1), then gives the
following partial answer to the conjecture states in [AK18]:

Theorem 2.5.4 ([GKK20, Theorem B]). The metric spaces (Xq, dq) vary Gromov-Hausdor�
continuously, and converge to ([−π

2 ,
π
2 ], dE) as q tends to 1.

In light of Theorem 2.3.4, we can in particular conclude that the compact quantum metric
spaces (Xq, dq) converge to ([−π

2 ,
π
2 ], dE) as q tends to 1, and varies continuously with respect

to Λ. Thus, the above theorem answers the question posed by Aguilar and Kaad for the
commutative subalgebra C∗(1, A) of S2

q .

2.6 Further research topics

The most satisfactory further development to follow [GKK20], would be to obtain the natu-
ral extension of Theorem 2.5.3, which only deals with the subalgebra Iq of S2

q to the entire
Podle± sphere, i.e. to show that S2

q converges to the 2-sphere, and varies continuously with
the deformation parameter. At the time of writing, Aguilar, Kaad and Kyed claim to have
recently found a solution to this problem, which is still to be published.

A small grievance from [GK20] is whether or not dq(0, 1) =
∑∞

k=0
qk(1−q2)√
1−q2(k+1)

admits a closed-

form expression. Obtaining this one could possibly make the proofs of the main theorems
a bit simpler, as the approximations by series becomes unnecessary, but it would likely not
provide any new insights.
Since the topic of quantum metric spaces in this sense is relatively young, there are sev-
eral questions which could still be explored. For one thing, classical lens spaces are an ex-
ample of a class of compact metric spaces which, due to [BS18] admit a noncommutative
analogue. (Quantum) lens spaces are de�ned as the �xed point algebra of an action on an
odd-dimensional (quantum) sphere by a �nite cyclic group. The geometry of these spaces
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have been addressed in e.g. [ERRS18] and [SV15], and the prior gives a classi�cation result
for the simplest case in dimension 4. A current project by the author and Sophie Emma
Mikkelsen has yielded some substantial improvements to this classi�cation which may seem
of interest to explore further (a paper is still to be written). Since quantum lens spaces are
the natural quotient spaces of sphere actions, it may be possible to �nd a suitable quantum
metric description of these, by �nding an appropriate Lip-norm. This could be achieved by
looking at existing work on spectral triples on quantum spheres, though much more work may
be needed in order to �nd a natural metric description. One approach to this could be to �rst
�nd the suitable description for quantum projective spaces.
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COHOMOLOGICAL INDUCTION AND UNIFORM MEASURE

EQUIVALENCE

THOMAS GOTFREDSEN AND DAVID KYED

Abstract. We construct a general cohomological induction isomorphism from a uniform
measure equivalence of locally compact, second countable, unimodular groups which, as a
special case, yields that the graded cohomology algebras of quasi-isometric, connected, simply
connected, nilpotent Lie groups are isomorphic. This uni�es results of Shalom and Sauer and
also provides new insight into the quasi-isometry classi�cation problem for low dimensional
nilpotent Lie groups.

1. Introduction

Geometric and measurable group theory originated in the the works of Gromov and is
by now a well developed and important tool in the study of countable discrete groups; see
e.g. [Gro84, Fur99a, Fur99b, OW80] and references therein. One of the many insights from the
beginning of the present century, mainly due to Shalom, Shalom-Monod [MS06] and Sauer
[Sau06], is that group cohomology, interacts well with one of the fundamental concepts in
geometric group theory, namely that of quasi-isometry [Roe03, CdlH16]. These results are
mainly concerned with the class of discrete, countable groups, but in recent years, increasing
emphasis has been put on the the more general setting of locally compact groups [BHI18,
BFS13, CLM18, BR18a, KKR17, KKR18], and results concerning the interplay between group
cohomology and quasi-isometry are now beginning to emerge in this setting as well [BR18b,
SS18]. The present article provides a contribution to this line of research by proving that
the central results due Shalom, Shalom-Monod and Sauer mentioned above, admit natural
generalisations to the class of unimodular, locally compact, second countable groups. Actually,
our primary focus will not be on quasi-isometry but rather on the related notion known as
(uniform) measure equivalence, which is a measurable analogue of quasi-isometry, originally
introduced for discrete groups by Gromov in [Gro93]. Uniform measure equivalence can be
de�ned also for unimodular, locally compact second countable groups [BFS13, KKR17], and
for compactly generated, unimodular groups it was shown in [KKR17] that, just as in the
discrete case, uniform measure equivalence implies quasi-isometry and that the two notions
coincide when the groups in question are amenable. Our primary focus will therefore be on
uniformly measure equivalent topological groups and our �rst main result, drawing inspiration
from [MS06, Proposition 4.6], is the following reciprocity principle in group cohomology; for
the basic de�nitions concerning cohomology and uniform measure equivalence, see Section 2.

Theorem A. If G and H are uniformly measure equivalent, locally compact, second countable,

unimodular groups, then for any uniform measure equivalence coupling (Ω, η,X, µ, Y, ν, i, j)

2010 Mathematics Subject Classi�cation. 20F65, 22D05, 57M07, 20J06, 57T10 .
Key words and phrases. Locally compact groups, measure equivalence, quasi-isometry, cohomology, nilpo-

tent Lie groups.
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and any Fréchet G×H-module E there exists an isomorphism of topological vector spaces

Hn
(
G,L2

loc(Ω,E)H
) ∼−→ Hn

(
H,L2

loc(Ω,E)G
)
,

for all n > 0. In particular, when E = R with trivial G×H-action, this induces an isomorphism

Hn(G,L2(X)) ' Hn(H,L2(Y )).

As a consequence of Theorem A we also obtain a generalisation of [Sau06, Theorem 5.1]. For
the statement, recall that a group G is said to have (Shalom's) property HT if H1(G,H) = {0}
for every unitary G-module H with no non-trivial �xed-points; here H1(G,H) denotes the
�rst reduced cohomology of G with coe�cients in H; i.e. the maximal Hausdor� quotient
of the ordinary cohomology H1(G,H) (see Section 2 for more details). In what follows, we
will by property Hn

T mean the obvious extension of property HT to higher cohomologies.
Recall also that the total cohomology H∗(G,R) := ⊕n>0 Hn(G,R) and its reduced counterpart
H∗(G,R) := ⊕n>0Hn(G,R) become graded, unital R-algebras with respect to the cup product;
see Sections 2.1.1 and 2.1.3 for further details on this. Our generalisation of [Sau06, Theorem
5.1] can now be stated as follows:

Theorem B. If G and H are uniformly measure equivalent, locally compact, second countable,

unimodular groups satisfying property Hn
T for all n ∈ N then the associated reduced cohomology

algebras H∗(G,R) and H∗(H,R) are isomorphic as graded, unital R-algebras.

As already mentioned, for compactly generated amenable groups, quasi-isometry and uni-
form measure equivalence coincide, and when the n-th Betti number βn(G) := dimR Hn(G,R)
is �nite, then Hn(G,R) is automatically Hausdor� [Gui80, III, Prop. 3.1], so that we indeed
recover Sauer's result [Sau06, Theorem 5.1]. We remark that the class of connected, sim-
ply connected (csc) nilpotent Lie groups (as well as the class of �nitely generated, nilpotent
groups) satis�es the assumptions in Theorem B and that these furthermore have �nite Betti
numbers in all degrees; see Section 2.1.1 for details on this. We therefore, in particular, also
obtain the following.

Corollary C. If G and H are quasi-isometric, connected, simply connected, nilpotent Lie

groups then the cohomology algebras H∗(G,R) and H∗(H,R) are isomorphic as graded unital

R-algebras.

For csc nilpotent Lie groups containing lattices, i.e. those admitting a rational structure
[Mal51, Mal49], the isomorphisms in Theorem B and Corollary C were already known to ex-
perts in the �eld, as they can be be deduced from [Sau06, Theorem 5.1] via [Nom54, Theorem
1]. In this way Theorem B and Corollary C provide a more natural approach, covering also
csc nilpotent groups without lattices, and, as a special case, it also gives an isomorphism of
graded R-algebras H∗(Γ,R) ' H∗(G,R) for any locally compact second countable, unimodular
group G with a uniform lattice Γ 6 G; see [KKR18, Proposition 6.11].

As an application of our results, we show in Section 5 how the results above can be used
to improve on the quasi-isometry classi�cation programme for csc nilpotent Lie groups of
dimension 7. In particular, we show that for the seven 1-parameter families of 7-dimensional
nilpotent Lie algebras (cf. [Gon98]), for which the corresponding csc nilpotent Lie groups are
not distinguished by Pansu's theorem [Pan89, Théorème 3], it holds for �ve of the families
that all (but at most �nitely many) members have pairwise isomorphic cohomology algebras,
but that the cohomology algebras of the two remaining families fall in uncountably many
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isomorphism classes, thus providing new examples of uncountable families of connected simply
connected nilpotent Lie groups which are pairwise non-quasi-isometric.

Standing assumptions. Unless otherwise speci�ed, all generic vector spaces will be over the
reals. So if (X,µ) is a measure space, then L2(X) will denote the Hilbert space of real valued
square integrable functions, and similarly for other function spaces. We remark that this
convention is primarily chosen to streamline notation, and that Theorem A, Theorem B and
Corollary C hold verbatim over the complex numbers as well; see Remarks 3.2 and 4.5.

Acknowledgments. The authors gratefully acknowledge the �nancial support from the Vil-
lum Foundation (grant no. 7423) and from the Independent Research Fund Denmark (grant
no. 7014-00145B and 9040-00107B). They also thank Henrik D. Petersen whose earlier joint
work with D.K. formed the basis for part of the present paper, Yves de Cornulier for sug-
gesting the applications regarding quasi-isometry classi�cation of 7-dimensional csc nilpotent
Lie groups, and Nicky Cordua Mattsson for his assistance with programming issues in Maple.
Finally, the authors would also like to thank the two anonymous referees for many helpful
comments and suggestions; in particular we are grateful for the valuable input regarding the
applications to nilpotent Lie groups, which has improved the quality of Section 5 signi�cantly.

2. Preliminaries

2.1. Group cohomology. In this section we recall the basics on cohomology theory for
locally compact groups, from the point of view of relative homological algebra; the reader is
referred to [Gui80] for more details and proofs of the statements below. In what follows, G
denotes a locally compact second countable group.

De�nition 2.1. A (continuous) G-module is a Hausdor� topological vector space E endowed
with an action of G by linear maps such that the action map G × E → E is continuous. If
E and F are G-modules, then a linear, continuous, G-equivariant map ϕ : E → F is called a
morphism of G-modules and ϕ is said to be strengthened if there exists a linear, continuous
map η : F → E such that ϕ ◦ η ◦ ϕ = ϕ.

Note that the map η in the de�nition of a strengthened morphism is not required to be
G-equivariant. The de�nition of a strengthened morphism given above is easily seen to be
equivalent to the more standard formulation given, for instance, in [Gui80, De�nition D.1].

De�nition 2.2. A G-module I is said to be relatively injective if for any strengthened, one-
to-one homomorphism ι : E → F of G-modules E and F and any morphism ϕ : E → I there
exists a morphism ϕ̃ : F → I making the following diagram commutative

0 // E
ι //

ϕ
��

F

ϕ̃��
I

De�nition 2.3. Let E be a G-module. A strengthened, relatively injective resolution of E is
an exact complex

0 −→ E
ι−→ I0

d0−→ I1
d1−→ I2

d2−→ · · ·
such that each In is a relatively injective G-module and ι and dn are strengthened morphisms.
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If (In, dn) is a strengthened, relatively injective resolution of a G-module E, then the coho-
mology, Hn(G,E), and reduced cohomology, Hn(G,E), of G with coe�cients in E is de�ned as
that of the complex

0 −→ (I0)G
d0�−→ (I1)G

d1�−→ (I2)G
d2�−→ · · ·

obtained by taking G-invariants; i.e.

Hn(G,E) =
ker(dn�)

im(dn−1�) and Hn(G,E) =
ker(dn�)

cl(im(dn−1�)) ,

where cl(−) denotes closure in the topological vector space In. We will denote by H∗(G,E)
and H∗(G,E) the direct sums ⊕n>0 Hn(G,E) and ⊕n>0Hn(G,E), respectively. A standard ar-
gument [Gui80, Corollaire 3.1.1] shows that Hn(G,E) is independent of the choice of strength-
ened, relative injective resolution up to isomorphism of (not necessarily Hausdor�!) topological
vector spaces and hence also Hn(G,E) ' Hn(G,E)/cl({0}) is independent of the choice of
resolution. For the cohomology to be well de�ned one of course needs to know that strength-
ened, relatively injective resolutions exist, but in [Gui80, III, Proposition 1.2] it is shown that
the complex

0 −→ E
ι−→ C(G,E)

d0−→ C(G2,E)
d1−→ C(G3,E)

d2−→ · · ·
with

dn(f)(g0, . . . , gn+1) =
n+1∑

i=0

(−1)if(g0, . . . , ĝi, . . . , gn+1) (1)

constitutes such a resolution. Here the circum�ex denotes omission and C(Gn,E) denotes the
space of continuous functions from Gn to E endowed with G-action given by

(g.f)(g0, . . . , gn) := g(f(g−1g0, . . . , g−1gn)). (2)

When E is a Fréchet space and X is a σ-compact, locally compact, topological space whose
Borel σ-algebra is endowed with a measure µ, then one de�nes, for p ∈ N, Lploc(X,E) as those
measurable functions f : X → E such that

∫

K
q(f(x))p dµ(x) <∞,

for every compact set K ⊂ X and every continuous seminorm q on E, and Lploc(X,E) is then
de�ned by identifying functions in L

p
loc(X,E) that are equal µ-almost everywhere. This too is

a Fréchet space when endowed with the topology de�ned by the family of seminorms

QK,q(f) :=
p

√∫

K
q(f(x))p dµ(x),

whereK runs through the compact subsets of X and q runs through the continuous seminorms
on E. As lcsc groups are σ-compact this construction applies to G and its powers and it was
shown in [Bla79, Corollaire 3.5] that the complex

0 −→ E
ι−→ Lploc(G,E)

d0−→ Lploc(G
2,E)

d1−→ Lploc(G
3,E)

d2−→ · · · , (3)

with G-action and coboundary maps given by the natural analogues of (2) and (1), is also a
strengthened, relatively injective resolution.
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2.1.1. Property HT . Recall that a lcsc group G is said to have Shalom's property HT (see
[Sha04]) if for any unitary, complex Hilbert G-module H (i.e. H is a complex Hilbert space
endowed with the structure of a continuous G-module and each element in G acts as a unitary
operator) the inclusion HG ↪→ H induces an isomorphism H1(G,HG) ' H1(G,H) or, equiv-
alently, if H1(G,H) = {0} for every unitary G-module H with no non-trivial �xed-points. In
this spirit, we will say that a group has property Hn

T if Hn(G,H) = {0} for every (complex)
unitary G-module H with no non-trivial �xed-points. Since our main focus in the present
paper is on groups acting on real Hilbert spaces, we remark at this point that a group has
property Hn

T if and only if it has the analogously de�ned property for real Hilbert spaces; this
is easily seen by applying restriction of scalars and complexi�cation, respectively.

Note that it follows by general disintegration theory and [Bla79, Theorem 10.1] that csc
nilpotent Lie groups have property Hn

T for all n, and from this and Mal'cev theory [Mal51] it
also follows that torsion free, �nitely generated nilpotent groups have property Hn

T for all n;
see [Sha04, Theorem 4.1.3] for more details.

2.1.2. Betti numbers. The Betti numbers of a group G are de�ned as βn(G) := dimR Hn(G,R)
and we remark that these are �nite whenever G is a csc nilpotent Lie group or a torsion free,
discrete nilpotent group. For the latter, note that the classifying space of such groups are
�nite CW-complexes and the group cohomology agrees with the cohomology of the classifying
space, and the former can be seen for instance by passing to Lie algebra cohomology via
the van Est theorem [vE55]. Moreover, when βn(G) < ∞, then Hn(G,R) is automatically
Hausdor� [Gui80, III, Proposition 2.4] and hence there is no di�erence between reduced and
ordinary cohomology.

2.1.3. Cup products. For a discrete group Γ, it is well-known that its cohomology with real
coe�cients H∗(Γ,R) = ⊕n>0 Hn(Γ,R) becomes a unital, graded-commutative R-algebra for
the so-called cup product, and the same construction also works for lcsc groups, but since
this does not seem properly documented in the existing literature, we recall the construction
below. If G is lcsc groups and ξ ∈ C(Gn+1,R) and η ∈ C(Gm+1,R), one de�nes their cup

product ξ ^ η ∈ C(Gn+m+1,R) as

(ξ ^ η)(g0, . . . , gn+m) := ξ(g0, . . . , gn)η(gn, . . . , gn+m).

As the cup product commutes with the (left regular) G-action, in the sense that (g.ξ) ^
(g.η) = g.(ξ ^ η), it descends to a map

^ : C
(
Gn+1,R

)G × C
(
Gm+1,R

)G −→ C
(
Gn+m+1,R

)G
.

Moreover, the standard di�erentials (1) satisfy a graded Leibniz rule, i.e.

dn+m(ξ ^ η) = dn(ξ) ^ η + (−1)nξ ^ dm(η), (4)

from which it follows that the cup product passes down to the level of cocycles and that the
set of coboundaries is an ideal, so that the cup product descends to a map

^ : Hn(G,R)×Hm(G,R) −→ Hn+m(G,R),

which turns H∗(G,R) into a unital, graded-commutative R-algebra. We will encounter more
elaborate cup products in Section 4 satisfying natural analogues of (4), so to make the argu-
ment easily available we now give the short proof of (4), in order to leave the details later to
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the reader in good conscience. To prove (4), let cocycles ξ ∈ C(Gn+1,R), η ∈ C(Gm+1,R) be
given and note that

dn+m(ξ ^ η)(g0 . . . gn+m+1) =

n+m+1∑

i=0

(−1)i(ξ ^ η)(g0 . . . ĝi . . . gn+m+1) =

=
n∑

i=0

(−1)iξ(g0 . . . ĝi . . . gn+1)η(gn+1 . . . gn+m+1) +
n+m+1∑

i=n+1

(−1)iξ(g0 . . . gn)η(gn . . . ĝi . . . gn+m+1)

=
n∑

i=0

(−1)iξ(g0 . . . ĝi . . . gn+1)η(gn+1 . . . gn+m+1) +
m+1∑

i=1

(−1)i+nξ(g0 . . . gn)η(gn . . . ĝn+i . . . gn+m+1)

On the other hand

(dn(ξ) ^ η + (−1)nξ ^ dm(η)) (g0 . . . gn+m+1)=

=

n+1∑

i=0

(−1)iξ(g0 . . . ĝi . . . gn+1)η(gn+1 . . . gn+m+1) + (−1)n
m+1∑

i=0

(−1)iξ(g0 . . . gn)η(gn . . . ĝn+i . . . gn+m+1)

=

n∑

i=0

(−1)iξ(g0 . . . ĝi . . . gn+1)η(gn+1 . . . gn+m+1) + (−1)n
m+1∑

i=1

(−1)iξ(g0 . . . gn)η(gn . . . ĝn+i . . . gn+m+1),

where the last equality follows since the last summand in the �rst sum cancels with the �rst
summand in the second; this proves (4).

A direct computation shows that the cup product is continuous with respect to the topology
of uniform convergence on compacts at the level of cochains, and since we just saw that the
coboundaries constitute an ideal, the same is true for the their closure. Thus, the cup product
also descends to a product on H∗(G,R).

2.2. Measure equivalence. In this section we review the necessary theory concerning (uni-
form) measure equivalence for locally compact groups; we refer to [BFS13] and [KKR17] for
more details on the involved notions.

De�nition 2.4 ([BFS13]). Two unimodular lcsc groups G and H with Haar measures λG and
λH are said to be measure equivalent if there exist a standard Borel measure G × H-space
(Ω, η) and two standard Borel measure spaces (X,µ) and (Y, ν) such that:

(i) both µ and ν are �nite measures and η is non-zero;
(ii) there exists an isomorphism of measure G-spaces i : (G× Y, λG× ν) −→ (Ω, η), where

Ω is considered a measure G-space for the restricted action and G× Y is considered a
measure G-space for the action g.(g′, y) = (gg′, y);

(iii) there exists an isomorphism of measure H-spaces j : (H ×X,λH ×µ)→ (Ω, η), where
Ω is considered a measure H-space for the restricted action and H ×X is considered
a measure H-space for the action h.(h′, x) = (hh′, x).

A standard Borel space (Ω, η) with these properties is called a measure equivalence cou-

pling between G and H, and whenever needed we will specify the additional data by writing
(Ω, η,X, µ, Y, ν, i, j). Note also that since the Haar measure is unique up to scaling, the exis-
tence of a measure equivalence coupling is independent of the choice of Haar measures on the
two groups in question.



COHOMOLOGICAL INDUCTION AND UNIFORM MEASURE EQUIVALENCE 7

Any measure equivalence coupling gives rise to measure preserving actions Gy (X,µ) and
H y (Y, ν) as well as two 1-cocycles ωG : H × Y → G and ωH : G × X → H. These are
de�ned almost everywhere by the relations

i(gωG(h, y)−1, h.y) = h.i(g, y), for almost all g ∈ G.
j(hωH(g, x)−1, g.x) = g.j(h, x), for almost all h ∈ H.

In the de�nition of the actions and cocycles above, we are paying little attention to the measure
theoretical subtleties, but the reader may �nd these worked out in detail in [KKR17, Section
2]. Note that it was was also proven in [KKR17] that one can always obtain a strict measure
equivalence coupling; i.e. one in which the maps i and j are Borel isomorphisms and globally
equivariant.

De�nition 2.5 ([KKR17]). A strict measure equivalence coupling (Ω, η,X, µ, Y, ν, i, j) be-
tween unimodular, lcsc groups G and H is said to be uniform if

(i) for every compact C ⊂ G there exists a compact D ⊂ H such that j−1 ◦ i(C × Y ) ⊂
D ×X;

(ii) for every compact D ⊂ H there exists a compact C ⊂ G such that i−1 ◦ j(D ×X) ⊂
C × Y .

In this case G and H are said to be uniformly measure equivalent (UME), and the properties
(i) and (ii) are referred to as the cocycles being locally bounded.

As mentioned already, measure equivalence was originally introduced by Gromov as a mea-
sure theoretic analogue of quasi-isometry, and although neither property in general implies
the other, it was proven in [KKR17, Proposition 6.13] that for compactly generated1, unimod-
ular, lcsc groups, uniform measure equivalence always implies quasi-isometry, and that the
converse holds under the additional assumption of amenability [KKR17, Theorem 6.15]. This
generalises earlier results for discrete groups by Shalom [Sha04] and Sauer [Sau06].

If (Ω, η,X, µ, Y, ν, i, j) is a strict UME coupling between G and H and E is a Fréchet space
then we de�ne Lploc(Ω,E) as those (equivalence classes modulo equality η-almost everywhere)
of measurable functions f : Ω → E such that for every C ⊂ G compact and every continuous
seminorm q on E, one has ∫

C×Y
q(f ◦ i(g, y))2 dλG(g) dν(y) <∞,

We topologise L2
loc(Ω,E) via the seminorms qC(f) :=

√∫
C×Y q(f ◦ i(g, y))2 dλG(g) dν(y) and

endow it with the G×H- action

((g, h).f)(t) := (g, h).f((g, h)−1.t), t ∈ Ω, (g, h) ∈ G×H. (5)

We could of course also have de�ned Lploc(Ω,E) using the map j instead of i, but since Ω is
uniform this gives rise to exactly the same space. To see this, take f , C and q as above. By local
boundedness of the cocycles, we can �nd D ⊂ H compact, such that j−1 ◦ i(C × Y ) ⊂ D×X
and consequently∫

C×Y
q(f ◦ i(g, y))2 dλG(g) dν(y) =

∫

C×Y
q(f ◦ j ◦ j−1 ◦ i(g, y))2 dλG(g) dν(y)

1Recall that for compactly generated groups coarse equivalence coincides with quasi-isometry
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=

∫

j−1◦i(C×Y )
q(f ◦ j(h, x))2 dλH(h) dµ(x)

6
∫

D×Y
q(f ◦ j(h, x))2 dλH(h) dµ(x).

This shows that each of the seminorms de�ning the topology via the isomorphism i, is dom-
inated by one of the seminorms de�ned via j, and by symmetry the converse is true as well,
and the two families therefore generate the same topology on L2

loc(Ω,E).

Lemma 2.6. With the action de�ned by (5) the space L2
loc(Ω,E) becomes a Fréchet G ×H-

module.

Proof. Since Y is standard Borel we may equip it with a compact metrizable topology gen-
erating the σ-algebra [Kec95, Theorem 15.6], and the space L2

loc(Ω,E) then directly identi�es
with L2

loc(G × Y,E) which is Fréchet by [Gui80, D.2]. It su�ces to show that both groups
act continuously, and by symmetry it is enough to treat the G-action. To this end, note that
[Gui80, D.2.2 (vii)] gives an isomorphism of G-modules

L2
loc(Ω,E) ' L2

loc(G,L
2(Y,E)),

where the action on the right hand side is given by (g.ξ)(g′)(y) = g.(ξ(g−1g′)(y)), so by [Gui80,
D.3.2] it su�ces to show that the pointwise G-action on L2(Y,E) is continuous. To see this,
note that C(Y,E) is dense in L2(Y,E), so by [Gui80, Lemme D.8 (ii)], it is enough to show
that the action is equicontinuous over compact sets and pointwise continuous on elements
from C(Y,E). To see the former, let K ⊂ G be compact and q be a continuous seminorm on
E. Then since Gy E is continuous, there exists a continuous seminorm q′ on E such that for
all g ∈ K and x ∈ E we have q(g.x) 6 q′(x). Hence, for g ∈ K and ξ ∈ L2(Y,E) we also have
that ∫

Y
q((g.ξ)(y))2 dν(y) =

∫

Y
q(g.ξ(y))2 dν(y) 6

∫

Y
q′(ξ(y))2 dν(y)

showing equicontinuity over compact sets. To see that the action is pointwise continuous on
ξ ∈ C(Y,E), simply note that if gn → g in G and q is a continuous seminorm on E then

∫

Y
(q(gn.ξ − gξ)(y))2 dν(y) =

∫

Y
(q(gn.ξ(y)− g.ξ(y))2 dν(y)

6 ν(Y ) sup
x∈ξ(Y )

q(gn.x− g.x)2 −→
n→∞

0,

where the convergence follows from compactness of ξ(Y ) ⊂ E and [Gui80, Lemme D.8 (iii)]. �

3. Proof of Theorem A

The aim of the current section is to prove Theorem A, so we �x uniformly measure equiv-
alent, unimodular lcsc groups G and H and a strict, uniform measure equivalence coupling
(Ω, η,Xµ, Y, ν, i, j) between them, as well as Fréchet G × H-module E. Consider the space
L2
loc(G

n, L2
loc(Ω,E)) endowed with G×H-action

((g, h).ξ)(g1, . . . , gn)(t) := (g, h)[ξ(g−1g1, . . . , g−1gn)((g, h)−1.t)],

for (g, h) ∈ G×H, g1, . . . , gn ∈ G, t ∈ Ω.
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Lemma 3.1. The space L2
loc(G

n, L2
loc(Ω,E)) is a relatively injective G × H-module and the

complex RG de�ned as

0 −→ L2
loc(Ω,E) −→ L2

loc

(
G,L2

loc(Ω,E)
)
−→ L2

loc

(
G2, L2

loc(Ω,E)
)
−→ · · · (6)

constitutes a strengthened, relatively injective resolution of the G×H-module L2
loc(Ω,E) when

endowed with the standard homogeneous di�erentials, given by the obvious extension of the

formula (1).

Proof. Throughout the proof we identify Ω with H × X through the map j de�ning the
L2
loc-structure on Ω; recall that under this identi�cation the G×H-action on

L2
loc

(
Gn+1, L2

loc(Ω,E)
)

= L2
loc

(
Gn+1, L2

loc(H ×X,E)
)

is given by the formula

((g, h).ξ)(g0, . . . , gn)(h′, x) = (g, h).
[
ξ
(
g−1g0, . . . , g−1gn

)
(h−1h′ωH(g−1, x)−1, g−1.x)

]
.

Since X is standard Borel, [Kec95, Theorem 15.6] ensures that we can �nd a compact, metriz-
able topology on it whose open sets generate the Borel structure, and we may therefore consider
the Fréchet space L2

loc(G
n ×X,E). Arguing as in [Gui80, n◦ D.3.2.], we obtain that this is a

Fréchet G×H-module when endowed with the G×H-action

((g, h).ξ)(g1, . . . , gn, x) := (g, h).ξ(g−1g1, . . . , g−1gn, g−1.x),

and by [Bla79, Théorème 3.4], we therefore have that

L2
loc

(
G×H,L2

loc(G
n ×X,E)

)
,

with the standard G × H-action, is a relatively injective Fréchet G × H-module. A routine
calculation now shows that the map

α : L2
loc

(
Gn+1, L2

loc(H ×X,E)
)
−→ L2

loc(G×H,L2
loc(G

n ×X,E))

α(ξ)(g, h)(g1, . . . , gn, x) := ξ(g1, . . . , gn, g)(hωH(g−1, x), x),

is an isomorphism of Fréchet spaces intertwining the G×H-actions, and hence it follows that
also L2

loc

(
Gn+1, L2

loc(Ω,E)
)
is relatively injective; we will here only show equivariance of α,

leaving the veri�cation of invertibility and continuity to the reader: Acting with (ḡ, h̄) ∈ G×H
before and after applying α gives

α((ḡ, h̄).ξ)(g, h)(g1, . . . , gn−1, x) = ((ḡ, h̄).ξ)(g1, . . . , gn, g)(hωH(g−1, x), x)

= (ḡ, h̄).
[
ξ(ḡ−1g1, . . . , ḡ−1gn−1, ḡ−1g)(h̄−1hωH(g−1, x)ωH(ḡ−1, x)−1, ḡ−1x)

]
,

and

((ḡ, h̄).α(ξ))(g, h)(g1, . . . , gn−1, x) = (ḡ, h̄).
[
α(ξ)(ḡ−1g, h̄−1h)(ḡ−1g1, . . . , ḡ−1gn−1, ḡ−1x)

]

= (ḡ, h̄)
[
ξ(ḡ−1g1, . . . , ḡ−1gn−1, ḡ−1g)(h̄−1hωH(g−1ḡ, ḡ−1x), ḡ−1x)

]
,

respectively. The result now follows, since the cocycle identity implies

ωH
(
g−1ḡ, ḡ−1x

)
ωH
(
ḡ−1, x

)
= ωH

(
g−1, x

)
.

Since the complex RG is simply the standard L2
loc-resolution of L2

loc(Ω,E) considered only as
a G-module, it is clearly strengthened, and hence the proof is complete. �
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Proof of Theorem A. Since the roles of G and H are symmetric in the module structure on
L2
loc(Ω,E) one may construct a strengthened, relatively injective resolution RH of L2

loc(Ω,E)
analogous to (6), whose degree n term is given by L2

loc(H
n+1, L2

loc(Ω,E)). Thus, both RG
and RH compute Hn(G × H,L2

loc(Ω,E)) after passing to G × H-invariants and cohomology.
However,

L2
loc

(
Gn+1, L2

loc(Ω,E)
)G×H

=
(
L2
loc(G

n+1, L2
loc(Ω,E))H

)G
=
(
L2
loc

(
Gn+1, L2

loc(Ω,E)H
))G

,

where the last equality is due to the fact that H acts trivially in the Gn+1-direction. From this
we see that passing to G×H-invariants in RG is exactly the same as passing to G-invariants
in the L2

loc-resolution (3) of the G-module L2
loc(Ω,E)H , and hence we obtain a topological

isomorphism

Hn
(
G,L2

loc(Ω,E)H
)
' Hn(G×H,L2

loc(Ω,E)).

Replacing RG with RH , a symmetric argument yields that

Hn
(
H,L2

loc(Ω,E)G
)
' Hn(G×H,L2

loc(Ω,E)),

and the desired isomorphism follows.
If E = R with trivial G × H-action, then by [Gui80, D.2.2 (vii) & Lemme D.9] we have an
isomorphism of H-modules

L2
loc(Ω,R)G ' L2

loc(G× Y,R)G ' L2
loc(G,L

2(Y ))G ' L2(Y ),

and, similarly, an isomorphism of G-modules L2
loc(Ω,E)H ' L2(X); hence the last part of the

statement follows from the �rst. �

Remark 3.2. Theorem A is stated for real Fréchet spaces and real cohomology, but as seen
from the proof just given, the analogous statement over the complex numbers also holds true
with verbatim the same proof.

Remark 3.3. The proof just given does not, directly, provide a concrete map realizing the
isomorphism Hn

(
G,L2

loc(Ω,E)H
)
' Hn

(
H,L2

loc(Ω,E)G
)
, but for applications, e.g. our Theo-

rem B, having a concrete map is very useful, and we shall therefore now describe one such a
map. By general relative homological algebra [Gui80, III, Corollaire 1.1] , any morphism χ of
complexes of G×H-modules from RG to RH which lifts the identity on L2

loc(Ω,E) will induce

a (topological) isomorphism H∗
(
RG×HG , dn�

)
' H∗

(
RG×HH , dn�

)
. We now de�ne such a map

χn : L2
loc

(
Gn+1, L2

loc(Ω,E)
)
−→ L2

loc

(
Hn+1, L2

loc(Ω,E)
)

by setting

χn(ξ)(h0, . . . , hn)(t) := ξ
(
πG ◦ i−1(h−10 .t), . . . , πG ◦ i−1(h−1n .t)

)
(t),

where πG : G× Y → G denotes the projection onto the �rst factor. Identifying Ω with G× Y
via i the map takes the form

χn(ξ)(h0, . . . , hn)(g, y) = ξ
(
gωG(h−10 , y)−1, . . . , gωG(h−1n , y)−1

)
(g, y).

Note that the map χn does indeed take values in L2
loc(H

n+1, L2
loc(Ω,E)) since Ω is uniform

such that the cocycles are locally bounded, and from this it also follows that χn is continuous.
It is straightforward to see that χ is a chain map lifting the identity on L2

loc(Ω,E) and from
the cocycle identity it follows that χn is G×H-equivariant.
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4. Proof of Theorem B

In this section we prove Theorem B. We thus assume that G and H are uniformly measure
equivalent, unimodular, lcsc groups satisfying property Hn

T for all n, and �x a strict, uniform
measure equivalence coupling (Ω, η,X, µ, Y, ν, i, j). By [KKR17, Proposition 2.13], and its
proof, one may change the measures η, µ and ν into ones that are ergodic for the G × H-,
G- and H-actions, respectively, so we may, and shall, assume that the original measures are
ergodic. Furthermore, by rescaling the measures involved, we may also assume that ν is a
probability measure. We therefore obtain isomorphisms

Hn(G,R) = Hn
(
G,L2(X)G

)
(ergodicity)

' Hn
(
G,L2(X)

)
(property Hn

T )

' Hn
(
G,L2

loc(Ω)H
)

' Hn
(
H,L2

loc(Ω)G
)

(Theorem A)

' Hn
(
H,L2(Y )

)

' Hn (H,R) (ergodicity and property Hn
T )

Chasing through the isomorphisms above, using the explicit isomorphism χn from Remark
3.3, shows that

κn : L2
loc(G

n+1,R) −→ L2
loc(H

n+1,R),

given by κn(ξ)(h0, . . . , hn) =
∫
Y ξ
(
ωG(h−10 , y)−1, . . . , ωG(h−1n , y)−1

)
dν(y) at the cochain level

induces the isomorphism Hn(G,R) ' Hn(H,R) and the aim is now to prove that this isomor-
phism preserves cup products. To this end, we need an auxiliary complex de�ned as follows:

De�nition 4.1. Denote by Dn the subspace of L2
loc(H

n+1, L2(Y )) consisting of the classes
(modulo equality almost everywhere) of functions ξ ∈ L2

loc(H
n+1, L2(Y )) such that:

(i) for almost all (h0, . . . , hn) ∈ Hn+1: ξ(h0, . . . , hn) ∈ L∞(Y ) ⊂ L2(Y ), and
(ii) for all C ⊂ Hn+1 compact: ess sup{‖ξ(h0, . . . , hn)‖∞ : (h0, . . . , hn) ∈ C} <∞.

Since L∞(Y ) ⊂ L2(Y ) is an H-invariant subspace, Dn becomes a (non-complete) H-
submodule of L2

loc(H
n+1, L2(Y )). Moreover, it is easily seen that dn(Dn) ⊆ Dn+1 and hence

D : (D0)H
d0�−→ (D1)H

d1�−→ (D2)H
d2�−→ · · ·

is a subcomplex of the standard L2
loc-complex computing H∗(H,L2(Y )).

De�nition 4.2. For α ∈ Dn, β ∈ Dm and ξ ∈ L2
loc(H

n+1, L2(Y )) we de�ne α ^ ξ, ξ ^ α ∈
L2
loc(H

m+n+1, L2(Y )) and α ^ β ∈ Dn+m by

α ^ ξ(h0, . . . , hn+m) := α(h0, . . . , hn)ξ(hn, . . . , hn+m) (7)

ξ ^ α(h0, . . . , hn+m) := ξ(h0, . . . , hm)α(hm, . . . , hn+m) (8)

α ^ β(h0, . . . , hn+m) := α(h0, . . . , hn)β(hn, . . . , hn+m) (9)

where the products on the right hand side are the pointwise products between functions in
L∞(Y ) and L2(Y ).
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Lemma 4.3. The product de�ned by (9) descends to a product on H∗(D) turning it into a

unital R-algebra. Similarly, the products (7) and (8) descend to the level of cohomology and

reduced cohomology turning H∗(H,L2(Y )) and H∗(H,L2(Y )) into bimodules for H∗(D).

Proof. For f1 ∈ L∞(Y ), f2 ∈ L2(Y ) and h ∈ H one has

h.(f1 · f2) = (h.f1) · (h.f2) and h.(f2 · f1) = (h.f2) · (h.f1)
(the products being de�ned pointwise) and from this it follows that the cup product of H-
invariant elements is again H-invariant, so that ^ restricts to the level of �xed points for
H. Moreover, by repeating the proof of (4) mutatis mutandis, the cup products (7), (8) and
(9), are seen to satisfy the obvious versions of the Leibniz rule, from which it follows that
H∗(D) becomes a (graded) R-algebra for which H∗(H,L2(Y )) is a (graded) bimodule. We
will omit the details of the latter, and instead show that H∗(H,L2(Y )) becomes a H∗(D)-
bimodule, since this proof contains the other as a special case. We need to show that if α, α′ ∈
Dn ∩ ker(dn) and ξ, ξ′ ∈ L2

loc(H
m+1, L2(Y )) ∩ ker(dm) satisfy that α − α′ ∈ dn−1(Dn−1) and

ξ − ξ′ ∈ cl
(
dm−1(L2

loc(H
m, L2(Y ))

)
then α ^ ξ − α′ ^ ξ′ ∈ cl

(
dn+m−1(L2

loc(H
n+m, L2(Y ))

)
.

Write α− α′ = dn−1(β) and note that, by the Leibniz rule, we have

α ^ ξ − α′ ^ ξ′ = (α− α′) ^ ξ − α′ ^ (ξ − ξ′)
= dn−1(β) ^ ξ − α′ ^ (ξ − ξ′)
= dn+m−1(β ^ ξ)− (−1)n−1β ^ dm(ξ)− α′ ^ (ξ − ξ′)
= dn+m−1(β ^ ξ)− α′ ^ (ξ − ξ′).

By assumption, there exist ηk ∈ L2
loc(H

m, L2(Y )) such that limk d
m−1(ηk) = ξ − ξ′, so to

�nish the proof it su�ces to show that the cup product is pointwise continuous in the second
variable; i.e. that if ζk →k 0 in L2

loc(H
m+1, L2(Y )) then α ^ ζk →k 0 in L2

loc(H
m+n+1, L2(Y )).

To see this, let a compact K ⊂ Hn+m+1 be given. Upon passing to a bigger compact set, we
may assume that K =

∏n+m
i=0 Ki for some compact subsets Ki ⊂ H and we now get

∫

K
‖α ^ ζk‖2 dλ

⊗(n+m+1)
H =

∫
∏n+m
i=0 Ki

‖α(h0, . . . , hn)ζk(hn, . . . , hn+m)‖dh0 · · · dhn+m

6 sup
(h0,...,hn)∈

∏n−1
i=0 Ki

‖α(h0, . . . , hn)‖∞
n∏

i=0

λH(Ki)

∫
∏n+m
i=n Ki

‖ζk(hn, . . . , hn+m)‖ dhn · · · dhn+m.

By de�nition of Dn we have

sup
(h0,...,hn)∈

∏n
i=0Ki

‖α(h0, . . . , hn)‖∞ <∞,

and by assumption ∫
∏n+m
i=n Ki

‖ζk(hn, . . . , hn+m)‖ dhn · · · dhn+m →k 0. �

Remark 4.4. Using the usual contracting homotopy (cf. [Gui80, III, Proposition 1.4]) for the
resolution (L2

loc(H
n+1, L2(Y )), dn)n∈N0 , one easily checks that (Dn, dn)n∈N0 is a strengthened

resolution of the H-submodule L∞(Y ) ⊂ L2(Y ), but it seems less clear whether the modules
Dn are relatively injective or not. If this were the case, then H∗(D) would of course be nothing
but H∗(H,L∞(Y )), where L∞(Y ) is considered as an H-module with respect to the 2-norm.
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With the lemmas above at our disposal, we can now prove Theorem B following the strat-
egy in [Sau06] almost verbatim. Recall that we have �xed a strict, ergodic UME coupling
(Ω, η,X, µ, Y, ν, i, j) and normalised the measures so that ν has total mass 1.

Proof of Theorem B. Denote by L2
0(Y ) the functions in L2(Y ) that integrate to zero. The

Hilbert H-module L2(Y ) then splits as an (orthogonal) direct sum L2(Y ) = L2
0(Y ) ⊕ R, via

the map ξ 7→
(
ξ − (

∫
Y ξ dν)1Y ,

∫
Y ξ dν

)
. From this it follows that we get a decomposition of

H-complexes

Φ: L2
loc(H

n+1, L2(Y )) ' L2
loc(H

n+1, L2
0(Y ))⊕ L2

loc(H
n+1,R),

by simply composing a function L2
loc(H

n+1, L2(Y )) with the two projections p1 : L2(Y ) →
L2
0(Y ) and p2 : L2(Y ) → R. Similarly, denote by Dn

0 the subcomplex of Dn consisting of
the (classes of) those functions that integrate to zero almost everywhere and by Dn

R the
(classes of functions) that, almost everywhere, are almost everywhere constant on Y , and
note that the decomposition Φ maps Dn onto Dn

0 ⊕ Dn
R. To be extremely precise, Dn

0 con-
sists of classes of those ξ ∈ L2

loc(H
n+1, L2(Y )) such that [ξ] ∈ Dn and such that for al-

most all h0, . . . , hn we have
∫
Y ξ(h0, . . . , hn)dν = 0 and Dn

R are the classes of those functions

ξ ∈ L2
loc(H

n+1, L2(Y )) such that [ξ] ∈ Dn and such that for almost all h0, . . . , hn we have
ξ(h0, . . . , hn) = (

∫
Y ξ(h0, . . . , hn)dν)1Y (the latter equation in L∞(Y ) ⊂ L2(Y ) We therefore

obtain splittings at the level of cohomology

Hn(D) ' Hn(D0)⊕Hn(DR)

Hn(H,L2(Y )) ' Hn(H,L2
0(Y )) ⊕Hn(H,R)

Hn(H,L2(Y )) ' Hn(H,L2
0(Y )) ⊕Hn(H,R)

respecting the natural downward maps induced by the corresponding inclusions at the level
of complexes. As shown in the �rst paragraph of the present section, we have a continuous
linear map

I∗ : H∗(G,R)−→H∗(H,L2(Y )),

which descends to an isomorphism after the passage to reduced cohomology, and maps the
(class of a) continuous n-cocycle ξ ∈ C(Gn+1,R)G ∩ ker(dn) to the (class of) the cocycle
I(ξ) ∈ L2

loc(H
n+1, L2(Y )) given by

I(ξ)(h0, . . . , hn)(y) = ξ
(
ωG(h−10 , y)−1, . . . , ωG(h−1n , y)−1

)
.

Moreover, since Ω is uniform, the cocycle ωG is locally bounded and from this it follows that
I(ξ) ∈ Dn, where Dn is the submodule of L2

loc(H
n+1, L2(Y )) described in De�nition 4.1.

Hence, I∗ factorises as

H∗(G,R)
I∗0−→ H∗(D)

ι∗−→ H∗(H,L2(Y )),

where ι is the map induced by the inclusion Dn ⊂ L2
loc(H

n+1, L2(Y )). Denoting by ι∗

the map obtained by composing ι∗ : H∗(D) −→ H∗(H,L2(Y )) with the natural projection
H∗(H,L2(Y ))→ H∗(H,L2(Y )), we obtain a sequence of maps as follows:

H∗(G,R)
I∗0 // H∗(D)

p∗

((ι∗ // H∗(H,L2(Y ))
p∗2
∼

// H∗(H,R)
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Here p∗2 is the map induced at the level of reduced cohomology by the map L2(Y ) → R
given by integration against ν and p∗ is simply de�ned as p∗2 ◦ ι∗. Now, I∗0 is multiplicative,
since already at the level of cochains we have I0(ξ ^ η) = I0(ξ) ^ I0(η) for ξ ∈ C(Gn+1,R)
and η ∈ C(Gm+1,R), which is seen by a direct computation.

We now aim to show that also p∗ = p∗2 ◦ ι∗ is multiplicative. To this end, �rst notice the
map ι∗ is a bimodule map with respect to the H∗(D)-bimodule structure on H∗(D) given
by left/right multiplication and the H∗(D)-bimodule structure on Hn(H,L2(Y )) described in
Lemma 4.3, and its kernel is therefore a two-sided ideal. Moreover, since p∗2 is an isomorphism,
we have ker(ι∗) = ker(p∗), and from this we now obtain that p∗ is multiplicative as follows:
given [ξ] ∈ Hn(D) and [η] ∈ Hm(D), they decompose as [ξ] = [ξ0] + [ξ1] and [η] = [η0] + [η1]
for cocycles ξ0 ∈ Dn

0 , ξ1 ∈ Dn
R, η0 ∈ Dm

0 and η1 ∈ Dm
R . By de�nition, ι∗([ξ0]) = ι∗([η0]) = 0

and since ker(ι∗) is an ideal we obtain

ι∗([ξ] ^ [η]) = ι∗ ([ξ0] ^ [η0] + [ξ0] ^ [η1] + [ξ1] ^ [η0] + [ξ1] ^ [η1]) = ι∗([ξ1] ^ [η1])

Since ξ1 and η1 take values in essentially constant functions on Y we obtain

p∗2 ◦ ι∗ ([ξ1] ^ [η1]) (h0, . . . , hn+m+1) =

∫

Y
(ξ1 ^ η1)(h0, . . . , hn+m+1) dν

=

∫

Y
ξ1(h0, . . . , hn)η1(hn, . . . , hn+m+1) dν

=

∫

Y
ξ1(h0, . . . , hn) dν

∫

Y
η1(hn, . . . , hn+m+1) dν

= p∗2 ◦ ι∗ ([ξ1]) ^ p∗2 ◦ ι∗([η1]) (h0, . . . , hn+m+1)

The composition p∗◦I∗0 : H∗(G,R)→ H∗(H,R) is therefore multiplicative and since we already
argued, in the beginning of this section, that this map descends to an isomorphism H∗(G,R) '
H∗(H,R) it follows that it too is multiplicative. �

Remark 4.5. Of course one could also de�ne a cup product on H∗(G,C) and the arguments
above obviously generalise to this setting so that the analogue of Theorem B over the complex
numbers holds true as well.

5. An application

It is a well known open problem to classify connected simply connected (csc) nilpotent
Lie groups up to quasi-isometry, and conjecturally quasi-isometry actually coincides with
isomorphism on this class of groups [Cor18]. Although isomorphism classi�cation is wide open
in general, csc nilpotent Lie groups of dimension at most 7 are completely classi�ed (up to
isomorphism) by means of the corresponding classi�cation of nilpotent real Lie algebras. This
classi�cation is the work by many hands, and we will here focus on Gong's thesis [Gon98] which
provides the �rst complete classi�cation of all 7-dimensional, real, nilpotent Lie algebras (It
should, however, be noted that [Gra07] has pointed out that this classi�cation is not complete
in the 6-dimensional case). Regarding the quasi-isometry problem mentioned above, there are
basically two main results supporting the conjecture.
Firstly, by Pansu's celebrated paper [Pan89], if G and H are quasi-isometric csc nilpotent
Lie groups with Lie algebras g and h, respectively, then their associated Carnot Lie algebras
Car(g) and Car(g) are isomorphic. Recall that if g is a step c nilpotent Lie algebra with lower
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central series g = g1 > g2 > . . . > gc > {0}, then its Carnot algebra is de�ned as

Car(g) :=
c⊕

i=1

gi/gi+1,

with Lie bracket given, for ξ̄ ∈ gi/gi+1 and η̄ ∈ gj/gj+1, by [ξ̄, η̄] := [ξ, η] ∈ gi+j/gi+j+1.
The Lie algebra g is said to be Carnot, if g ' Car(g), and from Pansu's theorem it therefore
follows that if the csc nilpotent Lie groups associated with two Carnot, nilpotent Lie algebras
are quasi-isometric, then they are in fact isomorphic.
Secondly, if G and H both contain lattices, i.e. admit rational structures [Mal51], then by
[Sau06, Theorem 5.1] and [Nom54, Theorem 1] one may conclude that H∗(G,R) and H∗(H,R)
are isomorphic as graded-commutative R-algebras, and this also prevents many low dimen-
sional csc nilpotent Lie groups from being quasi-isometric; see [Cor18] for the state of the art
in this direction.
Our Corollary C generalises the latter result (see Section 2.1.1 for this) and in the following
sections we give examples showing how it can be used to distinguish new csc nilpotent Lie
groups up to quasi-isometry. The key here is that for a csc nilpotent Lie group G with Lie
algebra g, the van Est theorem [vE55] provides an isomorphism of graded-commutative R-
algebras H∗(G,R) ' H∗(g,R), where the latter denotes the Lie algebra cohomology of g (see
e.g. [Gui80, Chapter II]). Computations of group cohomology may therefore be pushed to the
Lie algebra side, and thus reduced to problems in �nite dimensional linear algebra which can
be solved by a computer.

5.1. Separation by Betti numbers. The aim of this section is to show how Corollary C
can be used to give new examples of non-quasi-isometric, 7-dimensional, csc, nilpotent Lie
groups. The main virtue of these examples is that the use of computer algebra systems
needed is relatively light compared to the more advanced separation/non-separation results
in the following section, which rely heavily on solving large systems of polynomial equations.
Recall that Gong's list [Gon98] contains six 1-parameter (where the parameter ranges over C
with the possible exception of �nitely many values) families of complex 7-dimensional nilpotent
Lie algebras, and nine 1-parameter families (with parameter ranging over R with the possible
exception of �nitely many values) of real 7-dimensional nilpotent Lie algebras. To give the
reader an idea of what these families look like we will present one example of a real 1-parameter
family. We remark that we will use the notation used by Gong throughout this section, so that
{x1, . . . , x7} will always denote the basis elements of a given Lie algebra, and 〈· · · 〉 is used to
denote the R-linear span of vectors. As is customary, all non-speci�ed brackets between basis
elements are implicitly set to zero.

1357M . The family 1357M has the following bracket relations for λ ∈ R \ {0}:
[x1, x2] = x3, [x1, xi] = xi+2, i = 3, 4, 5, [x2, x4] = x5,

[x2, x6] = λx7, [x3, x4] = (1− λ)x7.

The family has lower central series

〈x1, x2, x3, x4, x5, x6, x7〉 > 〈x3, x5, x6, x7〉 > 〈x5, x7〉 > 〈x7〉,
and Carnot algebra given by the relations

[x̄1, x̄2] = x̄3, [x̄1, x̄i] = x̄i+1, i = 3, 4, 5.
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The Carnot algebra corresponds to the 7-dimensional real Lie algebra denoted by 2457A in
[Gon98].

We may give a summary of the algebras, their lower central series dimensions and Betti
numbers by means of the following table:

C 123457I 12457N 1357N 1357S 1357M 147E
R 123457I 12457N 12457N2 1357N 1357S 1357QRS1 1357M 147E 147E1

βn 12344321 12344321 13577531 13677631 13688631 13799731
LC 754321 75421 7421 7431 7421 741

Car(g) 123457A 12457L 12457L1 2457A See below 2457A 147E 147E1

Table 1. Summary of 1-parameter families of 7-dimensional nilpotent Lie algebras.

The �rst row consists of the the complex families, the second of the real families (the com-
plexi�cation of each being the algebra right above it), and the third consists of the sequence of
Betti numbers; i.e. the dimensions of the real cohomology groups. The fourth row consists of
the dimensions of the algebras appearing in the lower central series, and the �fth row contains
the Carnot algebra of the family in question. Here the families and their complexi�cations
may be found listed in [Gon98], and the Betti numbers and lower central series dimensions
can easily be computed in e.g. Maple. We note that [Mag08] also provides a complete list of
Betti numbers from which these may also be taken. We stress that we are here only using
the generic Betti numbers: as one can see from e.g. Magnin's paper, several families have a
�nite number of parameter-values for which the Betti numbers are di�erent from the ones
listed, but since these �nitely many non-generic cases are irrelevant for our purposes, we will
disregard them here. From the lower central series, the Carnot algebras are easily computed
and may be compared (e.g. using Maple) with those found in Gong's list. For most families
one obtains a single (family of) Carnot algebra(s), but for the families 1357S and 1357QRS1
the situation is not quite as simple: one here obtains that the family 1257S (with parameter
λ ∈ R\{1}) has Carnot algebra N6,2,5⊕R when λ < 1 and N6,2,5a⊕R when λ > 1. Similarly,
1357QRS1 (with parameter λ ∈ R\{0}) has associated Carnot algebra N6,2,5⊕R when λ < 0
and N6,2,5a ⊕ R when λ > 0.
We now turn towards the quasi-isometry classi�cation problem for members of di�erent fam-
ilies. By Pansu's theorem, the Carnot algebra is a quasi-isometry invariant, so in most cases
Table 5.1 rules out the possibility that the csc nilpotent Lie groups associated with two mem-
bers of di�erent families can be quasi-isometric. However, the families 1357N and 1357M
are seen to have the same associated Carnot Lie algebra and hence cannot be separated by
Pansu's theorem, but they do have di�erent Betti numbers, and thus separation here fol-
lows from Corollary C. Since at most a countable number of members of each family have
an associated csc Lie group which admits a lattice [Mal51], this illustrates an instance where
Corollary C can tell apart (up to quasi-isometry) Lie groups that are not distinguished by
neither the results of Pansu, nor by those of Sauer and Shalom [Sau06, Sha04]. We note
that 1357S and 1357QRS1 are the only ones for which no generic separation between the two
families can be made from neither Pansu's theorem nor their Betti numbers, although Pansu's
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theorem of course proves partial information, in that members whose parameter values give
rise non-isomorphic Carnot algebras cannot be quasi-isometric.

5.2. Separation within continuous 1-parameter families. Another natural question is
whether it is possible to use Corollary C to �nd the �rst uncountable family of pairwise non-
quasi-isometric csc nilpotent Lie groups that are not already distinguished by Pansu's teorem
[Pan89, Théorème 3]. As can be seen from Table 5.1, the nine 1-parameter families of real
7-dimensional nilpotent Lie algebras fall in three groups:

(i) 147E and 147E1 which are Carnot;
(ii) 123457I, 12457N, 12457N2, 1357M and 1357N which are not Carnot, but within each

family the associated family of Carnot algebras, generically, consists of isomorphic
members;

(iii) 1357S and 1357QRS1, where each family has two isomorphism classes of associated
Carnot algebras.

We will now show that each family in the second class (ii) have generically isomorphic coho-
mology algebras, and that each family in the third class (iii) gives rise to cohomology algebras
which fall within uncountably many isomorphism classes. For results about the class (i), see
Remark 5.5.

Using Maple, one can compute a linear basis for the cohomology of any given �nite dimen-
sional Lie algebra, as well as multiplication tables for for the cup product. As an illustration of
the type of multiplication tables one encounters when doing this for the 1-paramter families,
we include here two examples:

0 0 − t4−2 t3+4 t2−2 t+2
t2−t+1

0 0 0 0 − t2+2
t2−t+1

0 −6 t4−6 t3+13 t2−4 t+6
t2(t2−4 t+4)

0 0 0 0 0 0

− t2−2 t+2
t2−2 t+1

0 0 0 0 0 0 0

0 0 − t3−3 t2+4 t−2
t2−t+1

0 0 0 0 − t2+2
t2−t+1

0 0 0 0 0 0 2 t2+t+1
t2+2 t+1

0

0 0 0 0 0 −1 0 0

0 0 0 0 t4−2 t3+5 t2−4 t+6
t4−2 t3+3 t2−2 t+1

0 0 0

0 0 0 1 0 0 0 0

Table 2. Multiplication table for 3rd and 4th cohomology for the family 1357M

The tables should be read as follows: the parameter t is the parameter of the family
(gt)t in question. In Table 1, we have that H3(g(t),R) is 8 dimensional with a �xed basis
e13(t), . . . , e

8
3(t), that H4(g(t),R) is also 8 dimensional with a �xed basis e14(t), . . . , e

8
4(t) and

that H7(g(t),R) is one dimensional with a �xed basis e7(t). The (i, j)th entry of the table is

the coe�cient of the product ei3(t) ^ ej4(t); e.g. we have

e13(t) ^ e34(t) = − t
4 − 2 t3 + 4 t2 − 2 t+ 2

t2 − t+ 1
e7(t)

from the �rst table. A similar reasoning applies to Table 2.
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−3 t4−3 t3+32 t2−10 t+108
3t(t2−2 t+6)

−3 t6−6 t5+50 t4−52 t3+276 t2−120 t+504
6t(t2−2 t+6)

−15 t4−30 t3+158 t2−160 t+432
3t(t2−2 t+6)

3 t5+6 t4+14 t3+100 t2−28 t+360
6t(t2−2 t+6)

3 t3+2 t2+7 t+8
2(t2−2 t+6)

3 t6+5 t5+27 t4+37 t3+78 t2+42 t+48
4(t3−t2+4 t+6)

−3 t4+5 t3+5 t2+23 t−16
t3−t2+4 t+6

−3 t5−7 t4−t3−45 t2−34 t−196
4(t3−t2+4 t+6)

11 t2−2 t+41
3(t2−2 t+6)

11 t4−2 t3+107 t2−12 t+246
6(t2−2 t+6)

−2(11 t2−2 t+41)
3(t2−2 t+6)

−11 t3−24 t2+45 t−82
6(t2−2 t+6)

−3 t3−14 t2+28 t−27
3t(t2−2 t+6)

8 t4−4 t3+57 t2−12 t+126
6t(t2−2 t+6)

11 t2−34 t+108
3t(t2−2 t+6)

−8 t3−2 t2−t+90
6t(t2−2 t+6)

Table 3. Multiplication table for 3rd and 4th cohomology for the family 12457N

We now explain how to construct isomorphisms of graded R-algebras

ϕt,s : H∗(g(s),R)→ H∗(g(t),R).

Denote again the �xed basis of H∗(g(λ),R) by eji (λ), so that for �xed i the elements eji (λ) is a

basis for Hi(g(λ),R). Using the fact that ϕt,s should be linear and graded we know that ϕt,s
is given by the coe�cients associated with the image of the basis elements:

ϕt,s(e
j
i (s)) =

βi(g(t))∑

k=1

αki,je
k
i (t).

In other words, we may consider ϕ as a block-diagonal matrix, where the blocks are βi(g(t))×
βi(g(t))-matrices. The map ϕ being an R-algebra homomorphism is then encoded by solutions
to a polynomial system of equations in the variables αki,j arising from the multiplication table,
and one can easily check whether ϕ is bijective or not by taking the determinant of the matrix
corresponding to the solutions.
The method used to obtain solutions to the system is as follows, and the implementation
has been done in Maple 19: All equations appearing are polynomial in the variables αki,j with
certain rational functions in the parameters s or t as coe�cients. First the system is simpli�ed
by inspecting the equations, and replacing every equation of the form p(s)αki,j = 0 (with p a

rational function in s) with αki,j = 0 , and similarly for equations of the form p(t)αki,jα
n
`,m = 0.

Then using the zero-product rule on equations of the second type above, along with a non-
singularity assumption on all the block-matrices along the diagonal, one may in certain cases
conclude which factor should be 0. To illustrate this, consider the family 1357M which has
β1(g(t)) = 3 for all but �nitely many values of t, and for which the corresponding system of
equations contains the following three:

α1
1,1α

6
4,4 = 0, α1

1,2α
6
4,4 = 0, α1

1,3α
6
4,4 = 0

Since α1
1,1 = 0, α1

1,2 = 0 and α1
1,3 = 0 would cause the �rst block-matrix to be singular, we

may conclude that α6
4,4 = 0. These zero-values are then substituted into the system which is

then reduced. The procedure is then continued until no further conclusions can be made this
way. After this, we tried solving the system. In case the system was still too complex to solve
in reasonable time, we would make quali�ed guesses on values of variables based on solutions
of parts of the system. This process could be repeated several times. After a full solution was
obtained, we would set any remaining free variables to 1, compute the determinants of the
diagonal matrices, and verify the solution by substituting it into the system. For all families
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of the second class (ii), this provided a solution which was an isomorphism for all but �nitely
many values of the parameter, so that we have the following:

Proposition 5.1. Within each of the 7-dimensional one-parameter families 123457I, 12457N ,

12457N2, 1357M and 1357N of nilpotent Lie algebras, all members, except for perhaps �nitely

many, have isomorphic cohomology algebras.

Thus, Corollary C cannot be used to tell the Lie groups associated with the members of
these families apart up to quasi-isometry. We remark that obtaining solutions to the equation
systems described above carries a high degree of complexity. For example, the system of
equations for the family 1357M consists of 1193 unique (but possibly equivalent) equations,
with up to 11 summands of the form p(t)αkj,iα

n
`,m, where the coe�cients p(t), as already

mentioned, are rational functions in t. In contrast to this, the system obtained from the
family 12457N consists of 94 equations, each of which contains up to 17 summands. The
concrete formulas for the graded R-algebra isomorphisms ϕt,s : H∗(g(s),R)→ H∗(g(t),R) are
not included here due to their sizes; for instance for the family 12457N the ϕt,s is given by
20 × 20 -matrix, and the expression below is an example of one of its prototypical non-zero
entries:

3(t−s)
(t+1)(6 t3−19 t2−16 t−167)(s+1)(s3−2 s2+17 s−2)

[ (
−4 + t4 − 7

6 t
3 − 20

3 t
2 + 37

6 t
)
s4+

+
(
2− 7

6 t
4 − 62

3 t
3 − 143

6 t
2 − 17 t

)
s3 +

(
207
2 t− 175

3 − 20
3 t

4 − 143
6 t

3 − 226
3 t

2
)
s2+

+
(
−400

3 + 37
6 t

4 − 17t3 + 207
2 t

2 + 640
3 t
)
s− 400

3 t− 4 t4 + 2 t3 − 119
3 − 175

3 t
2
]

Maple worksheets performing this procedure with full solutions (and the correct guesses writ-
ten down) can be obtained from the authors upon request; see also Remark 5.6.

For the two families in (iii), we will now show that the picture is quite di�erent, in that the
associated families of cohomology algebras fall into uncountably many isomorphism classes.
As noted earlier, the families are not separable by Pansu's theorem, as it can see only two
quasi-isometry classes. However, by appealing to Corollary C we do in fact obtain uncountably
many classes:

Theorem 5.1. Let (g(λ))λ denote either of the families 1357S and 1357QRS1. Then for

every parameter value λ0 there exist at most �nitely many other parameter values λ for which

H∗(g(λ),R) ' H∗(g(λ0),R). In particular, the 1-parameter families of csc nilpotent Lie groups

associated with 1357S and 1357QRS1 fall into uncountably many quasi-isometry classes.

To prove Theorem 5.1, one could of course again implement the equations satis�ed by a
potential isomorphism in Maple with the hope that there are no solutions. However, doing so
did not lead to any conclusion as an attempt to solve the system did not terminate within a
reasonable time frame, and any guesses added to the system would make it unable to be used
to disprove the existence of isomorphisms. Instead, we will require a bit of deformation theory
to prove Theorem 5.1. For our purpose a very ad hoc introduction su�ces, but the interested
reader may consult [Ger64] for a more thorough presentation.

Given an algebra A, a one-parameter (formal) deformation of A, is a formal power series
F =

∑∞
i=0 fit

i such that the coe�cients are linear maps fi : A ⊗ A → A and f0 is the
multiplication in A. The �rst nontrivial fi with i > 1 is called the in�nitesimal of the
deformation. The power series F de�nes a product on the space of formal power series A[[t]]
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with coe�cients in A, by de�ning a ∗ b :=
∑∞

i=0 fi(a, b)t
i for a, b ∈ A and extending to all of

A[[t]]. If this product is associative, the in�nitesimal fi0 : A ⊗ A → A becomes a Hocschild
2-cocycle. There is of course a notion of triviality and equivalence between deformations, and
these concepts turn out to be intimately linked with triviality of the class of fi0 in H2(A,A)
(see e.g. [Ger64]). To this end, we recall that fi0 is a Hochschild coboundary if there exists a
linear map g : A→ A such that fi0 = ∂1g, where

∂1(g)(a, b) := ag(b)− g(ab) + g(a)b.

If the algebra A comes equipped with a topology and λ ∈ R is such that the series Ft(a, b) =∑∞
i=0 fi(a, b)t

i converges for t = λ, then (A,Fλ) becomes an algebra (associative if F is so)
called the specialisation of F at λ. In general, a (formal) deformation may not have any spe-
cialisations, but we will show below that when (gλ)λ is one of the families 1357S or 1357QRS1,
then the family of cohomology algebras (H∗(gλ,R))λ may be viewed as specialisations of a for-
mal deformation. We are of course interested in whether or not the cohomology algebras
(H∗(gλ,R))λ are pairwise isomorphic, which is an a priori di�erent notion of triviality than
the one considered in formal deformation theory, but as the following two lemmas will show,
triviality/non-triviality of the 2-cocycle f1, which turns out to be the in�nitesimal, again plays
an important role.

Lemma 5.2. Let A be a �nite-dimensional real algebra, equipped with the Euclidean topol-

ogy, and let F be a deformation of A. Assume that there is a neighbourhood of zero, U ⊂
R, on which F admits specialisations {Aλ}λ∈U , such that there exists a family of isomor-

phisms {ϕλ : Aλ → A0}λ∈U with ϕ0 being the identity. Assume further that d
dλϕλ(a)|λ=0 :=

limλ→0
ϕλ(a)−a

λ exists for all a ∈ A. Then the map g : A → A de�ned by g(a) = d
dλϕλ(a)|λ=0

satis�es ∂1g = f1; thus f1 is a Hochschild coboundary.

Proof. This is an easy consequence of taking the derivative at zero on both sides of the equation
ϕλ(a)ϕλ(b) = ϕλ(ab) +

∑∞
k=1 ϕλ(fi(a, b))λ

i, noting that ϕ0 is the identity so that the Leibniz
rule gives

d

dλ
(ϕλ(a)ϕλ(b))|λ=0 = ag(b) + g(a)b,

and that

d
dλϕλ(fi(ab)λ

i)|λ=0 =





g(ab) i = 0
f1(a, b) i = 1

0 i > 1

�

Lemma 5.3. Let V be a �nite dimensional vector space with a �xed basis e1, . . . , en, and let

U ⊂ R be an open interval such that for each λ ∈ U one has a product ∗λ on V turning it into

an associative real algebra Aλ. Assume moreover that the coe�cients of ek ∗λ el relative to

the �xed basis are given by rational functions in λ. Fix λ0 ∈ U and assume that for in�nitely

many λ ∈ U there exists an algebra-isomorphism from Aλ to Aλ0. Then there exists an open

set V ⊂ U and n×n-matrices ((αij(λ))ij)λ∈V such the associated maps in End(V ) are algebra-
isomorphisms Aλ ' Aλ0 and such that λ 7→ αij(λ) is di�erentiable for every 1 6 i, j 6 n.

The lemma is a consequence of the so-called Nash cell decomposition of semi-algebraic sets;
we refer to Chapter 2 of [BCR98] for the basics of the this theory.
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Proof. Denote by S ⊂ Rn2+1 the set of (αij(λ), λ) where λ ∈ U and (αij(λ))i,j ∈ Mn(R)
implements and algebra-isomorphism Aλ ' Aλ0 . Since the scalar coe�cients of products are
rational functions in λ, the system of equations which encodes that (αij(λ))ij is an algebra-
isomorphism consists of polynomials in αij(λ) and λ, inequations of the form λ 6= x where
x is a root in a polynomial appearing in a denominator of one of the rational functions,

and the polynomial inequation det
(

(αij(λ))ij

)
6= 0. Since U is an interval, the set S is

therefore a semi-algebraic set in Rn2+1 (see [BCR98] for the relevant de�nitions), and by
[BCR98, Proposition 2.9.10], S admits a decomposition into a disjoint union of �nitely many
submanifolds

S = A1 t · · · tAn
such that each Ai is either a singleton set or di�eomorphic to an open hypercube (0, 1)di ⊂
Rdi . Since we assume that solutions exist for in�nitely many λ ∈ U , we may, without
loss of generality, assume that A1 contains at least two points, p1 := ((αij(λ1))ij , λ1) and

p2 := ((αij(λ2))ij , λ2), with λ1 < λ2. Let now ϕ : A1 → (0, 1)d1 be a di�eomorphism

and let γ : [0, 1] → (0, 1)d1 be the straight line segment between ϕ(p1) and ϕ(p2), and let

πn2+1 : Rn2+1 → R denote the projection onto the last coordinate. Then the map f : [0, 1]→ R
given by f(t) = πn2+1◦ϕ−1◦γ is continuous and di�erentiable on (0, 1) and satis�es f(0) = λ1
and f(1) = λ2. Hence there is a t̂ ∈ (0, 1) such that f ′(t̂) 6= 0, and thus f is invertible on

a neighbourhood of t̂. On an open interval I around λ̂ := f(t̂), we may therefore consider

ψ = ϕ−1 ◦ γ ◦ f−1 : I → Rn2+1 and we have that (αij(λ), λ) := (ψ(λ)) is a solution, and each
αij(λ) is di�erentiable. �

We now return to the concrete algebras we wish to handle, namely the cohomology alge-
bras arising from the 1-parameter families 1357S and 1357QRS1. In each case, using Maple
one obtains a basis for the total cohomology H∗(gλ,R) and multiplication tables for the cup
product, in which all the coe�cients are rational functions in λ. For all but �nitely many
parameter values the vector space H∗(gλ,R) has a �xed dimension, and for these parameter
values we may therefore consider the algebras H∗(gλ,R) as a 1-parameter family of products
^λ on a �xed vector space V with a �xed basis e1, . . . , en, thus putting us within the scope
of Lemma 5.3. Denote by pkij the rational functions describing the product of ei and ej ; i.e.

ei ^
λ
ej =

n∑

k=1

pkij(λ)ek.

Since the coe�cients are rational functions, they admit a power series expansion for all but
�nitely many λ, so we may construct a deformation around a chosen, nonsingular, λ0 by
shifting the variable and using the Maclaurin expansion; i.e. by setting

fm(ei, ej) :=
n∑

k=1

dm

dtm
pkij

∣∣∣∣
t=λ0

1

m!
ek

we obtain a formal power series F (a, b) =
∑∞

m=0 fm(a, b)tm which converges for t in a neigh-
bourhood of zero and such that the specialisation at t = 0 is exactly H∗(gλ0 ,R). Thus, F
constitutes a (formal) deformation of the algebra H∗(gλ0 ,R), and implementing the above in
Maple, it turns out that for the two families in question, f1 is non-zero for all but �nitely
many values of λ0, and thus the in�nitesimal here.
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In the light of Lemma 5.2, we now need to investigate if f1 is a coboundary in each of the
two cases, i.e. if there exists a linear map g : H∗(g(λ0),R)→ H∗(g(λ0),R) such that

f1(x, y) = ∂1(g)(x, y) := g(x) ^
λ0
y − g(x ^

λ0
y) + x ^

λ0
g(y). (10)

If such a map exists, it is uniquely determined by the scalars bij satisfying

g(ei) =
n∑

j=1

bijej ,

and setting x = ei and y = ej in (10) yields

n∑

k=1

d

dt
pkij

∣∣∣∣
t=λ0

ek =
n∑

k=1

bikek ^
λ0
ej − g

(
n∑

k=1

pkij(λ0)ek

)
+

n∑

k=1

bjkei ^
λ0
ek

=
n∑

k,l=1

bikp
l
kj(λ0)el −

n∑

k,l=1

pkij(λ0)bklel +
n∑

k,l=1

bjkp
l
ik(λ0)el.

Comparing coe�cients of the basis vectors now gives a system of linear equations in the
variables bij and, by construction, f1 is a Hochschild 1-coboundary if and only if this system
has a solution. Both of the families 1357S and 1357QRS1 have 34-dimensional cohomology
algebras, and the resulting linear systems are much bigger than what can reasonably be solved
by hand (the systems contain, respectively, 7066 and 6388 equations), but using Maple, it has
been veri�ed, that for all but a most �nitely many values of λ0 the corresponding system of
equations does not have any solutions.

Proof of Theorem 5.1. Let (gλ)λ be either of the two families. For all but �nitely many param-
eter values, H∗(gλ,R) has a �xed dimension, so let λ0 be such a generic parameter value and
choose an open interval U around λ0 consisting of generic parameter values. As argued in the
beginning of this section, we may then consider the algebras (H∗(gλ,R))λ∈U as a family of alge-
bra structures on a �xed vector space with a �xed basis, with the property that the coe�cients
of products of basis vectors are given by rational functions in λ. So, if H∗(gλ0 ,R) ' H∗(gλ,R)

for in�nitely many other parameter values, then Lemma 5.3 provides a λ̂, an open neigh-
bourhood V around λ̂ and an isomorphism ϕλ = (αij(λ))ij : H∗(gλ,R)→ H∗(gλ0 ,R) for each
λ ∈ V such that every αij(λ) : U → R is di�erentiable. We remark that since dimR H∗(gλ,R)
only takes �nitely many values, and since we constructed a formal deformation of H∗(gλ0 ,R)
for all but �nitely many λ0, and that the associated in�nitesimals were shown to be Hochschild
1-coboundaries for only �nitely many λ0, we may therefore assume that V does not intersect
any of these �nite sets of parameter values. Upon replacing ϕλ with ϕλ ◦ϕ−1λ̂ we may assume

that ϕλ̂ is the identity. Considering (H∗(gλ,R))λ∈V as specialisations of a formal deformation

F (−,−) =
∑∞

k=0 fk(−,−)tk of H∗(gλ̂,R) as described above, Lemma 5.2 now implies that the
�rst term f1 is a Hochschild 1-coboundary, contradicting what what was established in the
paragraph preceding the proof. �
Remark 5.4. We remark that none of the results related to Theorem 5.1 involve graded
algebras or maps, but that we in fact show that no uncountable subfamily whose cohomology
algebras are isomorphic, as algebras, exists. Since graded isomorphisms are also encoded by a
system of polynomial equations, the proof of Lemma 5.3 carries over verbatim to the obvious
graded restatement, but this has not been relevant for our purposes.
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Remark 5.5. As pointed out by an anonymous referee, it would be of interest to �nd two
non-isomorphic Carnot Lie algebras, which have isomorphic cohomology algebras, thus provid-
ing examples of csc nilpotent Lie groups that are distinguished by Pansu's result, but not by
their associated cohomology algebras. One such example occurs when considering the family
147E of class (i). Since the family is Carnot, the associated Lie groups can be distinguished
by Pansu's result, and the method used to compute isomorphisms for Proposition 5.1 yields a
graded isomorphism between the cohomology of all but �nitely many members of the family,
thus providing such an example.
Performing a similar check for the �ve (�nite) families of Carnot Lie algebras of dimension at
most 6, whose members share the same Betti numbers, shows that such a result cannot be
obtained in dimension lower than seven. In all cases but for those Lie algebras which have the
same complexi�cation, this can be seen directly by comparing the ranks of the multiplication
maps. For the pairs which share their complexi�cation, it turns out that the associated system
of equations cannot have any non-singular solution.
We have also attempted to check whether or not the cohomology algebras associated to the
last remaining family, 147E1, are generically isomorphic, but this has been inconclusive. The
method used to prove non-isomorphism for the algebras in class (iii), shows that the in�nites-
imals of the associated formal deformations are (generically) coboundaries, and hence we
cannot conclude that the algebras are not isomorphic. On the other hand, all attempts to �nd
a solution to the system of equations arising when applying the method used to prove isomor-
phism in cohomology for the families in class (ii) have thus far been inconclusive, since we
could not reduce the system to a point where no guesses have to be made, and any combina-
tion of guesses we have tried have caused the resulting system to have no solutions. However,
as pointed out by an anonymous referee, it is actually possible to give a complete Hochschild
cohomological characterisation of when all (but �nitely many) members of a family H∗(gλ,R)
are pairwise isomorphic or not, which is likely to provide a way of settling this remaining issue,
and also provide an alternative way of proving Proposition 5.1 requiring less computational
e�ort, since one would have to consider a system of linear equations rather than a system of
polynomial equations. However, this is beyond the scope of the present section, but we are
grateful to the referee for providing us with this perspective on the problem.

Remark 5.6. Maple worksheets verifying the computer assisted claims made above can be
obtained from the authors upon request or, at the time of writing, be downloaded via www.

imada.sdu.dk/~thgot/.
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GROMOV-HAUSDORFF CONVERGENCE OF QUANTISED INTERVALS

THOMAS GOTFREDSEN, JENS KAAD, AND DAVID KYED

Abstract. The Podleś quantum sphere S2
q admits a natural commutative C∗-subalgebra

Iq with spectrum {0} ∪ {q2k : k ∈ N0}, which may therefore be considered as a quantised
version of a classical interval. We study here the compact quantum metric space structure on
Iq inherited from the corresponding structure on S2

q , and provide an explicit formula for the
metric induced on the spectrum. Moreover, we show that the resulting metric spaces vary
continuously in the deformation parameter q with respect to the Gromov-Hausdorff distance,
and that they converge to a classical interval of length π as q tends to 1.

1. Introduction

The study of compact quantum metric spaces dates back to the work of Connes [Co89], in
which he studied metrics on state spaces of spectral triples. This notion was later formalised
in the works of Rieffel [Ri98, Ri99, Ri05], in which the weak ∗-topology on the state space is
metrised by the Monge-Kantorovich metric coming from a so-called Lip-norm on a C∗-algebra
(see Section 2 for details). As shown by Rieffel, the classical Gromov-Hausdorff distance admits
an analogue, known as quantum Gromov-Hausdorff distance, for compact quantum metric
spaces, and this notion was later refined by Latrémolière through his notion of propinquity
[La16]. Although examples of compact quantum metric spaces are abundant, some of the most
basic examples from non-commutative geometry are not well understood from this point of
view, and only very recently, Aguilar and Kaad [AK18] showed that the Podleś standard sphere
S2
q , introduced as a homogeneous space of Woronowicz’ q-deformed SU(2) [Po87, Wo87],

admits a natural compact quantum metric space structure stemming from its non-commutative
geometry. More precisely, Aguilar and Kaad show that the Lip-norm arising from the Dirac
operator Dq of the Dąbrowski-Sitarz spectral triple [DS03], does indeed provide a quantum
metric structure on S2

q . The main question left open in [AK18] is that of quantum Gromov-
Hausdorff convergence of S2

q to the classical 2-sphere S2 as the deformation parameter tends
to 1. This question seems rather difficult to settle1, and the aim of the present paper is to
show that the Podleś sphere S2

q contains a natural commutative C∗-algebra Iq for which the
corresponding convergence question can be settled, and that the answer supports the more
general conjecture that S2

q converges to S2 as q tends to 1. The Podleś sphere is generated by
a self-adjoint operator A and a non-normal operator B (see Section 2 for precise definitions),
and the C∗-algebra Iq is simply the unital C∗-algebra generated by A inside S2

q . Since S2
q

admits a rather accessible representation on B(`2(N0)) [Po87, Proposition 4], the spectrum of
the self-adjoint generator A ∈ S2

q is easily derivable, and one finds that for q ∈ (0, 1) this is
exactly the set

2010 Mathematics Subject Classification. 58B32, 58B34, 46L89, 46L30.
Key words and phrases. Quantum metric spaces, Podleś sphere, Gromov-Hausdorff distance.
1We are currently working on this.

1
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Xq = {0} ∪ {q2k : k ∈ N0},
which can therefore be viewed as a quantised version of a classical interval. The Lip-norm LDq

coming from the Dirac operator on S2
q therefore, in particular, provides a metric on the state

space of Iq ∼= C(Xq) and embedding Xq into the state space of C(Xq) as point-evaluations,
we obtain a metric dq on Xq. Our first main result determines an explicit formula for this
metric.

Theorem A. For q ∈ (0, 1), the metric dq on Xq is given by the following formula:

dq(x, y) :=





0 if x = y
max{m,n}−1∑

k=min{m,n}

(1− q2)qk√
1− q2(k+1)

if x = q2n and y = q2m with n 6= m

∞∑

k=n

(1− q2)qk√
1− q2(k+1)

if x = q2n and y = 0 or x = 0 and y = q2n.

When q = 1, the spectrum of the operator A becomes X1 := [0, 1] and in Section 3.1 we
will show that when X1 is equipped with the metric d1 inherited from the classical 2-sphere
S2, then the space (X1, d1) becomes isometrically isomorphic to [−π

2 ,
π
2 ] with its standard

Euclidian metric. Our second main theorem therefore confirms that the quantised intervals
do indeed converge to the appropriate classical interval as the deformation parameter tends
to 1:

Theorem B. The metric spaces (Xq, dq) vary continuously with respect to the Gromov-
Hausdorff distance in the deformation parameter q ∈ (0, 1) and converge to the interval[
−π

2 ,
π
2

]
with its standard metric as q tends to 1.

On the class of commutative compact quantum metric spaces, convergence in both La-
trémolière’s propinquity [La16] and Rieffel’s quantum Gromov-Hausdorff distance [Ri04] is
implied by convergence in classical Gromov-Hausdorff distance (see Remark 3.7) and Theo-
rem B therefore settles all the natural convergence question for the algebras Iq ∼= C(Xq).

The paper is structured as follows: In the first part we introduce the basic definitions
concerning quantum metric spaces, Gromov-Hausdorff distance, SUq(2) and the standard
Podleś sphere and the associated Dąbrowski-Sitarz spectral triple. In the second part we
first give a description of Iq in the continuum case, i.e. when q = 1, followed by a thorough
treatment of the quantised case, where SU(2) is deformed by a parameter q ∈ (0, 1). For this
we provide a detailed treatment of the metric dq, on Xq and its Lipschitz semi-norm from
which we can prove Theorem A, and finally we use this to prove Theorem B.

Acknowledgments. The authors gratefully acknowledge the financial support from the Inde-
pendent Research Fund Denmark through grant no. 7014-00145B and grant no. 9040-00107B.

Standing conventions. The semi-norms appearing in this text are defined everywhere on unital
C∗-algebras and may take the value infinity.
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2. Preliminaries

2.1. Quantum metric spaces. We begin this section by recalling some basic facts about
metric spaces. Let (X, d) be a compact metric space. The Lipschitz semi-norm, Ld : C(X)→
[0,∞], on C(X) is defined by the formula

Ld(f) := sup

{ |f(x)− f(y)|
d(x, y)

: x 6= y

}
; f ∈ C(X).

A continuous function f : X → C is then said to be a Lipschitz function when Ld(f) < ∞
and in this case Ld(f) agrees with the Lipschitz constant. The Lipschitz functions on X
form a ∗-subalgebra which we denote by CLip(X) ⊂ C(X). Given subsets A,B ⊂ X, their
Hausdorff-distance is defined as

distdH(A,B) := inf{r > 0|A ⊂ B(B, r) and B ⊂ B(A, r)},
where B(A, r) denotes the set {x ∈ X : ∃a ∈ A : d(x, a) < r}. For two metric spaces
(X, dX), (Y, dY ), their Gromov-Hausdorff distance is defined as

distGH(X,Y ) = inf{distdZH (ιX(X), ιY (Y )},
where the infimum ranges over all metric spaces (Z, dZ) and all isometric embeddings ιX : X →
Z and ιY : Y → Z. Next, we will recall the relevant definitions for quantum metric spaces.

Definition 2.1 ([Ri98, Ri99, Ri05]). Let A be a unital C∗-algebra, and let L : A→ [0,∞] be a
semi-norm. We say that (A,L) is a compact quantum metric space, and that L is a Lip-norm,
if the following conditions are satisfied:

(1) Dom(L) := {a ∈ A : L(a) <∞} is dense in A;
(2) L is ∗-invariant and lower semi-continuous on A;
(3) ker(L) := {a ∈ A : L(a) = 0} = C1A;
(4) The Monge-Kantorovich metric on the state space S(A) of A, given by

mkL(µ, ν) := sup{|µ(a)− ν(a)| : a ∈ A,L(a) 6 1}, for µ, ν ∈ S(A)

metrises the weak ∗-topology.
The model example for a compact quantum metric space is, unsurprisingly, (C(X), Ld)

where (X, d) is a compact metric space. In this case it is a well-known fact that the Monge-
Kantorovich metric recaptures the metric d on X when the latter is viewed as a subset of the
state space of C(X):

d(x, y) = sup{|f(x)− f(y)| : f ∈ C(X), Ld(f) 6 1}.
Another interesting class of examples, which dates back to the work of Connes [Co89], comes
from certain spectral triples: the setting is thus that of a separable Hilbert space H with a self-
adjoint densely defined operator D : Dom(D)→ H, and a unital C∗-algebra A represented on
H via a ∗-homomorphism ρ : A→ B(H). Then one can define the Lipschitz algebra LipD(A),
to consist of all elements x ∈ A which preserve Dom(D), and for which [D, ρ(x)] : Dom(D)→
H admits a bounded extension to H, which will be denoted by ∂(x) ∈ B(H). Clearly,
LipD(A) ⊂ A is a ∗-subalgebra and it follows from the definition of a spectral triple that
LipD(A) ⊂ A is norm-dense. From the spectral triple (A,H,D), we also obtain a semi-norm
as follows:

Definition 2.2. Define LD : A→ [0,∞] by the formula

LD(x) := sup {|〈ξ, ρ(x∗)Dη〉 − 〈ρ(x)Dξ, η〉| : ξ, η ∈ Dom(D), ‖ξ‖ = ‖η‖ = 1} .
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A first result says that x ∈ LipD(A) exactly when LD(x) is finite, and in this case
LD(x) = ‖∂(x)‖, see e.g. [AK18, Lemma 2.3]. Moreover, LD : A → [0,∞] is lower semi-
continuous and ∗-invariant, see [Ri99, Proposition 3.7]. The above construction does in gen-
eral not yield a quantum metric space, but due to the work of Rieffel, there are tools available
for verifying whether or not this is the case (see for instance [Ri98, Theorem 1.8]).

Quantum analogues of the Gromov-Hausdorff distance have been defined by Rieffel and La-
trémolière, and we refer the reader to [Ri04, La16] for concrete definitions. For our purposes,
it suffices to know that when the compact quantum metric spaces in question are of the form
(C(X), Ld), then both analogues are dominated by the classical Gromov-Hausdorff distance,
see Remark 3.7.

2.2. The Standard Podleś Sphere. The central object of interest in this paper is the stan-
dard Podleś quantum sphere, which is defined as a particular C∗-subalgebra of Woronowicz’
[Wo87] quantum group SUq(2) as given below. Fix q ∈ (0, 1], and let SUq(2) denote the
universal unital C∗-algebra with generators a and b defined such that the following relations
are satisfied:

ba = qab, b∗a = qab∗, bb∗ = b∗b

a∗a+ q2bb∗ = 1 = aa∗ + bb∗.

We denote the unital ∗-subalgebra generated by a and b by O(SUq(2)), and by O(S2
q ) the

unital ∗-subalgebra of O(SUq(2)) generated by the elements

A := b∗b and B := ab∗.

The standard Podleś quantum sphere, S2
q , is defined as the norm-closure of O(S2

q ) ⊂ SUq(2)
[Po87]. We remark that from the defining relations of SUq(2) we obtain a similar set of
relations for A and B:

AB = q2BA, A = A∗

BB∗ = q−2A(1−A), B∗B = A(1− q2A).

The C∗-algebra SUq(2) comes equipped with a natural faithful state, called the Haar state,
which we denote by h : SUq(2) → C, see e.g. [KS97, Section 11.3.2]. We let L2(SUq(2))
denote the separable Hilbert space obtained by applying the GNS-construction to the C∗-
algebra SUq(2) equipped with the Haar state.

From now on, we assume that q 6= 1. Define an automorphism ∂k on O(SUq(2)) by ∂k(x) =

q
1
2x if x ∈ {a, b}, and ∂k(x) = q−

1
2x if x ∈ {a∗, b∗}, and for each n ∈ Z, define the vector

subspaces
An := {x ∈ O(SUq(2)) : ∂k(x) = qn/2x} ⊂ O(SUq(2)).

It turns out that A0 = O(S2
q ) and that the algebra structure on O(SUq(2)) allows us to consider

each An as a left module over O(S2
q ). We let H+ and H− denote the separable Hilbert spaces

obtained by taking the Hilbert space closures of A1 and A−1 (respectively) when considered as
subspaces of L2(SUq(2)). The GNS-representation of SUq(2) on L2(SUq(2)) (when properly
restricted) then provides us with two unital ∗-homomorphisms ρ+ : S2

q → B(H+) and ρ− :

S2
q → B(H−).
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By [DS03] there exists an even spectral triple, (S2
q , H+⊕H−, Dq), where the representation

in question is given by the direct sum ρ : ρ+ ⊕ ρ− : S2
q → B(H+ ⊕ H−). For an explicit

construction of the Dirac operator Dq : Dom(Dq)→ H+⊕H−, we refer to [DS03, NeTu05] or
[AK18].

For x ∈ LipDq
(S2
q ), the associated operator ∂(x) (obtained as the closure of [Dq, ρ(x)]) takes

the form (
0 ∂2(x)

∂1(x) 0

)
: H+ ⊕H− → H+ ⊕H−,

where ∂1 : LipDq
(S2
q ) → B(H+, H−) and ∂2 : LipDq

(S2
q ) → B(H−, H+) are derivations sat-

isfying ∂2(x∗) = −∂1(x)∗ (remark in this respect that B(H+, H−) and B(H−, H+) can be
considered as bimodules over S2

q via the representations ρ+ and ρ−). Consequently the Lip-
norm is, for x ∈ LipDq

(S2
q ), given by

LDq(x) = max {‖∂1(x)‖, ‖∂1(x∗)‖} .
By [Po87, Proposition 4], S2

q admits a faithful representation, π : S2
q → B(`2(N0)), defined

by

π(A)(ek) := q2kek, π(B)(ek) = qk
√

1− q2(k+1)ek+1, (1)

where ek denotes the characteristic function on the point-set {k} ⊂ N0. In fact, this represen-
tation even provides a ∗-isomorphism to the unitisation of the compact operators on `2(N0).
Using this representation it is easy to see that the spectrum of the operator A for a specific
q ∈ (0, 1) is given by

Xq := {0} ∪ {q2k : k ∈ N0}.
Hence the indicator functions χ{q2k} : Xq → {0, 1} are continuous for all k. In fact, the
continuous indicator functions generate C(Xq), since any continuous function, f : Xq → C,
can be written as

∑∞
k=0 f(q2k)χ{q2k}, where limk→∞ f(q2k) = f(0). By [AK18, Theorem 8.3],

(S2
q , LDq) is a compact quantum metric space, and consequently so is Iq := C∗(A, 1) ∼= C(Xq)

with the restricted Lip-norm. The compact quantum metric space (Iq, LDq) is our main object
of interest in the present paper. As Iq is commutative, the Lip-norm LDq defines a genuine
metric dq on Xq when the latter is considered as a subset of the state space S(S2

q ). In order
to describe dq explicitly, the following lemma will be key:

Lemma 2.3 ([AK18, Lemma 5.3]). Let k ∈ N0 and let q ∈ (0, 1). We have that χ{q2k}(A) ∈
LipDq

(S2
q ) and the derivative is given by

∂1(χ{q2k}(A)) =
1

q2k(1− q2)χ{q2k}(A) · b∗a∗ − 1

q2(k−1)(1− q2)χ{q2(k−1)}(A) · b∗a∗

In particular, we obtain that

∂1(f(A)) =
∞∑

k=0

f(q2k)− f(q2(k+1))

q2k(1− q2) χ{q2k}(A) · b∗a∗ (2)

for every f ∈ spanC{χ{q2k} : k ∈ N0}.

Remark 2.4. The formula in (2) for ∂1(f(A)) is related to the notion of q-differentiation
from q-calculus. Indeed, the q2-differentiation of f ∈ spanC{χ{q2k} : k ∈ N0} would be given



6 THOMAS GOTFREDSEN, JENS KAAD, AND DAVID KYED

by

Dq2(f) =
∞∑

k=0

f(q2k)− f(q2(k+1))

q2k(1− q2) χ{q2k},

see for example [KS97, Chapter 2.2]. The extra term b∗a∗ appearing in (2) comes from the
geometry of the quantised 2-sphere as it operates between the Hilbert space completions H+

and H− of the quantised spinor bundles A1 and A−1.

3. Metric Properties of the Quantised Interval

In this section we first provide the explicit descriptions of the compact metric spaces (Xq, dq)
which encode the compact quantum metric space structure of (Iq, LDq). More precisely, the
algebra of Lipschitz functions of the metric space (Xq, dq) must agree with the Lipschitz algebra
LipDq

(S2
q ) ∩ Iq and the two semi-norms must agree, in the sense that LDq(f(A)) = Ldq(f)

whenever f is a Lipschitz function on (Xq, dq). This analysis is separated into the case q = 1,
referred to as the continuum case, and the case q < 1, referred to as the quantised case.

3.1. The continuum case. We consider the 2-sphere S2 = {(x1, x2, x3) ∈ R3 : x21+x22+x23 =
1} whereas S3 = {(z, w) ∈ C2 : |z|2 + |w|2 = 1} both equipped with the subspace topology
coming from the usual topology on R3 and C2.

In the situation where q = 1 we have a homeomorphism between the characters of SUq(2)
and the 3-sphere S3, which sends (z, w) ∈ S3 ⊂ C2 to the unique character χz,w satisfying
that χz,w(a) = z and χz,w(b) = w (see [Wo87]). Consequently, we can identify SUq(2) with
C(S3) such that a(z, w) = z and b(z, w) = w. We may moreover view the 2-sphere S2 as the
quotient space of S3 under the circle action λ · (z, w) := (λ · z, λ · w) and this identification
happens via the Hopf-fibration

S3 3 (z, w) 7−→
(
2Re(zw̄), 2Im(zw̄), |z|2 − |w|2

)
∈ S2.

Since both A(z, w) = (b∗b)(w) = |w|2 and B(z, w) = zw̄ are invariant under the circle action
we may consider them as continuous function on S2 and as such they are given by

A(x1, x2, x3) =
1− x3

2
and B(x1, x2, x3) =

x1 + ix2
2

.

It is now clear that A has range [0, 1] and so we have a ∗-isomorphism C([0, 1]) ∼= I1. Let d1
be the metric on [0, 1] obtained from the standard round metric on S2 so that

d1(s, t) := inf
{
dS2

(
(x1, x2, 1−2s), (y1, y2, 1−2t)

)
: x21+x22+(1−2s)2 = 1 = y21+y22+(1−2t)2

}

for all s, t ∈ [0, 1]. We record the following elementary result:

Proposition 3.1. The map φ : [−π
2 ,

π
2 ] → [0, 1] given by φ(t) = 1

2 + 1
2 sin(t) is an isomet-

ric isomorphism when [−π
2 ,

π
2 ] is equipped with the standard Euclidean metric d and [0, 1] is

equipped with the metric d1. In particular, we have a ∗-isomorphism β : C([−π
2 ,

π
2 ]) → I1,

β(f) = (f ◦φ−1)(A), which maps CLip([−π
2 ,

π
2 ]) onto I1 ∩CLip(S2) and satisfies LdS2 (β(f)) =

Ld(f).

Remark 3.2. For completeness, we note that when q = 1, the standard Podleś sphere is of
course isomorphic to C(S2). Indeed, the continuous maps corresponding to A and B separate
points in S2 and the Stone-Weierstrass Theorem then shows that S2

1 = C∗(1, A,B) ∼= C(S2).
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3.2. The quantised case. We will now address the case of a fixed q ∈ (0, 1). We let Xq

denote the spectrum of A ∈ S2
q , and, as we already saw, Xq = {0} ∪ {q2k : k ∈ N0}. As

explained in the introduction, the Lip-norm LDq gives rise to a metric on the state space of
C∗(A, 1) ∼= C(Xq), which therefore, in particular, determines a metric dq on Xq when the
latter is viewed as a subset of the state space via point evaluations. The aim of the current
section is to find an explicit formula for this metric, and show that the metric spaces (Xq, dq)
converge in the Gromov-Hausdorff distance to the Euclidean interval [−π

2 ,
π
2 ] as q tends to 1.

To this end, we consider the function ρq : [−1,∞)→ R by

ρq(x) :=

√
1− q2(x+1)

(1− q2)qx .

Definition 3.3. Define the metric dq : Xq ×Xq → [0,∞) by

dq(x, y) :=





0 if x = y
max{m,n}−1∑

min{m,n}

1

ρq(k)
if x = q2n and y = q2m with n 6= m

∞∑

k=n

1

ρq(k)
if x = q2n and y = 0 or x = 0 and y = q2n.

Remark that the series
∑∞

k=0
1

ρq(k)
is convergent as can be seen from the estimate

1

ρq(k)
=

qk(1− q2)√
1− q2(k+1)

6 qk for all k ∈ N0. (3)

In order to prove Theorem A, we need several lemmas, the first of which shows that the
Lipschitz semi-norm on C(Xq) defined by the metric dq and the Lip-norm LDq on Iq agree on
all finite linear combinations of characteristic functions on Xq:

Lemma 3.4. For any f ∈ spanC{χ{q2k} : k ∈ N0} ⊂ C(Xq), it holds that f(A) ∈ LipDq
(S2
q )∩

Iq. Moreover, we have the identities

LDq(f(A)) = max{ρq(k) · |f(q2k)− f(q2(k+1))| : k ∈ N0} = Ldq(f).

In particular, f is also Lipschitz with respect to the metric dq.

Note that the maximum is indeed well-defined, since f is non-zero at at most finitely many
elements from Xq.

Proof. Let f ∈ spanC{χ{q2k} : k ∈ N0} be given. The fact that f(A) ∈ LipDq
(S2
q ) ∩ Iq is a

consequence of Lemma 2.3. Moreover, from Lemma 2.3 and the defining identies for SUq(2)
we obtain that

∂1(f(A))∂1(f(A))∗ = A(1− q2A)
∞∑

k=0

|f(q2k)− f(q2(k+1))|2
q4k(1− q2)2 χ{q2k}(A)

=
∞∑

k=0

ρq(k)2 · |f(q2k)− f(q2(k+1))|2χ{q2k}(A).

The continuous functional calculus applied to A ∈ Iq then implies that
∥∥∂1(f(A))

∥∥2 = max{ρq(k) · |f(q2k)− f(q2(k+1))| : k ∈ N0}. (4)
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The identity
LDq(f(A)) = max{ρq(k) · |f(q2k)− f(q2(k+1))| : k ∈ N0}

now follows since the formula in (4) implies that ‖∂2(f(A))‖ = ‖∂1(f(A))‖ = ‖∂1(f(A))‖.
For the second equality, choose l ∈ N0 such that

ρq(l) · |f(q2l)− f(q2(l+1))| = max{ρq(k) · |f(q2k)− f(q2(k+1))| : k ∈ N0}.
This choice of l ∈ N0 implies that

|f(q2k)− f(q2(k+1))| 6 |f(q2l)− f(q2(l+1))| · ρq(l)
ρq(k)

for all k ∈ N0. Thus, for every m < n we may now estimate as follows:

|f(q2m)− f(q2n)| 6
n−1∑

k=m

|f(q2k)− f(q2(k+1))| 6
n−1∑

k=m

|f(q2l)− f(q2(l+1))| · ρq(l)
ρq(k)

= |f(q2l)− f(q2(l+1))| · ρq(l) · dq(q2m, q2n).

(5)

This shows that f : Xq → C is Lipschitz with Ldq(f) 6 LDq(f(A)). The fact that equality is
achieved is then a consequence of Definition 3.3. Indeed, we obtain that

LDq(f(A)) = |f(q2l)− f(q2(l+1))| · ρq(l) =
|f(q2l)− f(q2(l+1))|
dq(q2l, q2(l+1))

6 Ldq(f). �

The next lemma computes the Lipschitz semi-norms of general continuous functions on
Xq and provides information on the behaviour of the Lipschitz constants of a particularly
interesting approximation.

Lemma 3.5. For any f ∈ C(Xq) one has

Ldq(f) = sup{|f(q2k)− f(q2(k+1))| · ρq(k) : k ∈ N0}.
Moreover, if f(0) = 0 and f is Lipschitz with respect to the metric dq, then the sequence{
Ldq(f · χ{q2k:k6n})

}∞
n=0

is bounded.

Proof. We first notice that Definition 3.3 implies the inequality

sup{|f(q2k)− f(q2(k+1))| · ρq(k) : k ∈ N0} 6 Ldq(f)

(see also the proof of Lemma 3.4 for more details).
We then claim that

|f(x)− f(y)|
dq(x, y)

6 sup{|f(q2k)− f(q2(k+1))| · ρq(k) : k ∈ N0} (6)

whenever x, y ∈ Xq \{0} satisfy x 6= y. We have to be careful at this point since the inequality
in (6) is not an immediate consequence of Definition 3.3 : the right hand side of our inequality
only uses successive elements as exponents (i.e. k and k + 1) whereas x = q2n and y = q2m

for some n,m ∈ N0 without any further constraints (except for n 6= m). The inequality in (6)
does however follow by an application of Lemma 3.4 to a suitable restriction of f .

Thus, to establish the claimed identity, it only remains to be shown that the supremum in
(6) is still an upper bound when x = q2n for some n ∈ N0 and y = 0. However, this follows
immediately from the estimate in (6) together with continuity of the function f and the metric
dq.
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For the second part, we assume that f is Lipschitz and that f(0) = 0. By Lemma 3.4 it
suffices to show that the sequence {|f(q2n)| · ρq(n)}∞n=0 is bounded. To this end, we first note
that since f is Lipschitz we may find a constant C such that |f(q2n)| 6 C · dq(q2n, 0) for all
n ∈ N0. It follows that

ρq(n) · |f(q2n)| 6 C ·
∞∑

k=n

ρq(n)

ρq(k)
= C ·

∞∑

k=0

qk
√

1− q2(n+1)

√
1− q2(k+n+1)

6 C ·
∞∑

k=0

qk =
C

1− q

for all n ∈ N0. This ends the proof of the lemma. �

The metric dq : Xq × Xq → [0,∞) yields a Lipschitz algebra CLip(Xq) ⊂ C(Xq) and the
semi-norm LDq : Iq → [0,∞] yields an a priori different Lipschitz algebra LipDq

(Iq) ⊂ Iq.
The Lipschitz algebras CLip(Xq) and LipDq

(Iq) agree with the domains of the semi-norms Ldq
and LDq , respectively (recall that the domain consists of the elements where a semi-norm is
finite). Moreover, the two unital commutative C∗-algebras C(Xq) and Iq are related by the
∗-isomorphisms f 7→ f(A). We are going to show that the ∗-isomorphism f 7→ f(A) restricts
to a ∗-isomorphism CLip(Xq) → LipDq

(Iq) which is moreover isometric with respect to the
semi-norms Ldq and LDq .

Suppressing the identification C(Xq) ∼= Iq we have by now proved that the two semi-norms
Ldq and LDq agree on finite linear combinations of the indicator functions χ{q2k}, k ∈ N0

(Lemma 3.4) and we have moreover succeeded in computing the semi-norm Ldq : C(Xq) →
[0,∞] (Lemma 3.5).

The passage from finite linear combinations of indicator functions to general Lipschitz
elements is however quite subtle. To explain a bit what the subtle point is, we let Iq ⊂ Iq denote
the smallest unital ∗-subalgebra containing all the projections χ{q2k}(A). Then even though
Iq ⊂ Iq is norm-dense and the derivation ∂ : LipDq

(Iq)→ B(H+⊕H−) is closed, it is not true
that LipDq

(Iq) can be recovered by taking the closure of the restriction ∂ : Iq → B(H+⊕H−).
In particular, for a general element f(A) =

∑∞
k=0 f(q2k)χ{q2k}(A) ∈ LipDq

(Iq) we cannot a
priori compute ∂(f(A)) ∈ B(H+ ⊕ H−) by using Lemma 2.3 and applying the derivation ∂
term by term.

After these clarifications we are ready to state and prove the first main result of this section:

Theorem 3.1. The Lip-algebra of Iq associated with the Dąbrowski-Sitarz spectral triple
(S2
q , H+ ⊕ H−, Dq) agrees with {f(A) : f ∈ CLip(Xq)}, and for f ∈ CLip(Xq), we have

LDq(f(A)) = Ldq(f).

Proof. Let f ∈ C(Xq) be given.
Suppose first that LDq(f(A)) < ∞. For each n ∈ N0 we define the projection Qn :=∑n
k=0 χ{q2k}(A). Since ∂1 is a derivation, we obtain from Lemma 2.3 that

∂1(f(A))Qn = ∂1(f(A)Qn)− f(A)∂1(Qn)

=
n−1∑

k=0

(
f(q2k)− f(q2(k+1))

) 1

q2k(1− q2)χ{q2k}(A) · b∗a∗.

Following the proof of Lemma 3.4 we then get that

‖∂1(f(A))Qn‖ = max{|f(q2k)− f(q2(k+1))| · ρq(k) : k ∈ {0, 1, . . . , n− 1}} (7)
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and hence (using that Qn is an orthogonal projection) we obtain the estimate

sup{|f(q2k)− f(q2(k+1))| · ρq(k) : k ∈ N0} = sup{‖∂1(f(A))Qn‖ : n ∈ N0}
6 ‖∂1(f(A))‖.

(8)

By Lemma 3.5 this shows that f is Lipschitz with respect to the metric dq and that

Ldq(f) 6 ‖∂1(f(A))‖.
To prove that equality holds, we observe that by [Ti08, Theorem 6.2.17],

h(Qn) = (1− q2)
n∑

k=0

q2k −→
n→∞

1,

where h denotes the Haar state on SUq(2). Since h is faithful and {Qn}∞n=0 is an increasing
sequence of projections, Qn converges to the identity in the strong operator topology on
B(L2(SUq(2))), and hence also on B(H+). It now follows from (8) and Lemma 3.5 that for
any ξ in the unit ball of H+, we have

‖∂1(f(A))ξ‖ = lim
n→∞

‖∂1(f(A))Qnξ‖ 6 sup{‖∂1(f(A))Qn‖ : n ∈ N0}
= Ldq(f).

and hence that ‖∂1(f(A))‖ = Ldq(f). Since we moreover have the identities

‖∂2(f(A))‖ = ‖∂1(f̄(A))‖ = Ldq(f)

we may conclude that LDq(f(A)) = Ldq(f).
Suppose next that f ∈ C(Xq) is Lipschitz with respect to the metric dq. Since subtracting

a constant changes neither the Lipschitz constant of f nor LDq(f(A)), we may, without loss
of generality, assume that f(0) = 0. For each n ∈ N0 define the function fn := f · χ{q2k:k6n}.
By Lemma 3.5, the sequence {Ldq(fn)}∞n=0 is then bounded and moreover fn(A) converges to
f(A) in operator norm.

Hence, since LDq(fn(A)) = Ldq(fn) by Lemma 3.4, we obtain by lower semi-continuity of
LDq : Iq → [0,∞] that

LDq(f(A)) 6 sup{LDq(fn(A)) : n ∈ N0} <∞.
This shows that f(A) ∈ LipDq

(Iq) and this ends the proof of the theorem. �
Theorem A now follows easily:

Proof of Theorem A. The metric d′q on Xq induced by LDq is by definition given by

d′q(x, y) := sup{|f(x)− f(y)| : f ∈ C(Xq), LDq(f(A)) 6 1}.
However, by Theorem 3.1 we have

dq(x, y) = sup{|f(x)− f(y)| : f ∈ C(Xq), Ldq(f) 6 1}
= sup{|f(x)− f(y)| : f ∈ C(Xq), LDq(f(A)) 6 1},

and hence the two metrics agree. �
In the following, we will consider the behaviour of (Xq, dq) with respect to the Gromov-

Hausdorff metric, and provide a proof of Theorem B. To this end, we first establish a prelim-
inary result about the diameter of Xq:

Lemma 3.6. It holds that limq→1 dq(0, 1) = π.
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Proof. Observe that the function 1
ρq

: x 7→ (1 − q2) qx√
1−q2(x+1)

is positive and decreasing on

(−1,∞). This yields the estimates
∫ ∞

1

1

ρq(x)
dx 6

∞∑

k=0

1

ρq(k)
6
∫ ∞

0

1

ρq(x)
dx. (9)

Furthermore, it can be verified that F (x) := 1−q2
q ln(q) arcsin(qx+1) is an antiderivative of 1

ρq(x)

and limx→∞ F (x) = 0. We therefore obtain the inequalities

− 1− q2
q ln(q)

arcsin(q2) 6 dq(0, 1) 6 − 1− q2
q ln(q)

arcsin(q).

Since limq→1
1−q2
q ln(q) = −2 and arcsin(1) = π

2 we may conclude that limq→1 dq(0, 1) = π. �

Proof of Theorem B. For each q ∈ (0, 1), we consider the isometric embedding ιq : Xq → R
given by ιq(x) = dq(1, x)− π

2 .
We start by proving continuity at a fixed q0 ∈ (0, 1). Let ε > 0 be given. Choose a δ0 > 0

such that J := [q0 − δ0, q0 + δ0] ⊂ (0, 1). From the estimate in (3) we obtain that
∞∑

k=0

sup

{
1

ρq(k)
: q ∈ J

}
6
∞∑

k=0

sup{qk
√

1− q2 : q ∈ J} 6
∞∑

k=0

(q0 + δ0)
k <∞.

We may therefore choose an n0 ∈ N0 such that
∞∑

k=n0

1

ρq(k)
<
ε

3
(10)

for all q ∈ J = [q0 − δ0, q0 + δ0]. Now, for each k ∈ N0, the function q 7→ ∑n0−1
k=0

1
ρq(k)

is
continuous and we may thus choose a δ ∈ (0, δ0) such that

∣∣∣∣∣
m−1∑

k=0

1

ρq(k)
−
m−1∑

k=0

1

ρq0(k)

∣∣∣∣∣ <
ε

3
(11)

for all m ∈ {1, . . . , n0} and all q ∈ (q0 − δ, q0 + δ).
Let now q ∈ (q0 − δ, q0 + δ) ⊂ J be given. It then follows immediately from (11) that

|ιq(q2m)− ιq0(q2m0 )| < ε

3
< ε

for all m ∈ {1, . . . , n0}. Moreover, for m > n0 we apply (10) and (11) to estimate that

|ιq(q2m)− ιq0(q2m0 )| =

∣∣∣∣∣∣

n0−1∑

k=0

1

ρq(k)
+

m−1∑

k=n0

1

ρq(k)
−
n0−1∑

k=0

1

ρq0(k)
−

m−1∑

k=n0

1

ρq0(k)

∣∣∣∣∣∣

6 |ιq(q2n0)− ιq0(q2n0
0 )|+

∞∑

k=n0

1

ρq(k)
+

∞∑

k=n0

1

ρq0(k)

< ε.

A similar argument also shows that |ιq(0)− ιq0(0)| < ε. We conclude that

distH(ιq(Xq), ιq0(Xq0)) 6 ε
and hence that (0, 1) 3 q 7→ (Xq, dq) varies continuously in Gromov-Hausdorff distance.
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For convergence, it suffices to show that the Hausdorff distance between ιq(Xq) and
[
−π

2 ,
π
2

]

converges to 0 as q → 1. To this end, let ε > 0 be arbitrary. By Lemma 3.6, we may
find a q1 ∈ (0, 1) such that for any q ∈ (q1, 1), we have |ιq(0) − π

2 | < ε. Moreover, since
−π

2 6 ιq(x) 6 ιq(0) for all x ∈ Xq, it follows that for every x ∈ Xq there exists a y ∈
[
−π

2 ,
π
2

]

with |ιq(x) − y| < ε. It remains to be shown that we can find a q2 ∈ (0, 1) such that given
any y ∈

[
−π

2 ,
π
2

]
and any q ∈ (q2, 1), we can find x ∈ Xq such that |y − ιq(x)| < ε. Since

1
ρq(0)

=
√

1− q2 −→
q→1

0 and dq(0, 1) −→
q→1

π by Lemma 3.6 we can find a q2 ∈ (0, 1) such that
1

ρq(0)
< ε and |ιq(0) − π

2 | < ε
2 for all q ∈ (q2, 1). Let now q ∈ (q2, 1) be given. It follows that

|y − ιq(0)| < ε for y ∈
(
π
2 − ε

2 ,
π
2

]
. On the other hand, we may for each y ∈

[
−π

2 ,
π
2 − ε

2

]
find

an n ∈ N0 such that y ∈ [ιq(q
2n), ιq(q

2(n+1))] and consequently

∣∣y − ιq(q2n)
∣∣ 6

∣∣∣ιq(q2n)− ιq(q2(n+1))
∣∣∣ =

1

ρq(n)
6 1

ρq(0)
< ε. �

Remark 3.7. As stated in the introduction, Theorem B also applies if we replace the clas-
sical Gromov-Hausdorff distance with respectively the quantum Gromov-Hausdorff distance
of Rieffel [Ri04] or Latrémolière’s propinquity. To see this, note that by [La16, Corollary 6.4]
the former is dominated by two times the latter and by [La16, Theorem 6.6], propinquity is
dominated by the classical Gromov-Hausdorff distance on the class of compact metric spaces,
and hence the convergence and continuity are also obtained for these distances.
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