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Abstract— This paper proposes an optimal energy planning 
method for minimizing the cost of heating, ventilation, and air 
conditioning (HVAC) of a building. Firstly, an RC (Resistance-
Capacitance) state space model which can describe the thermal 
and CO2 dynamics of a building is established. Its parameters 
can be estimated based on time-series measurements: solar 
radiation, outside temperature, room temperature, number of 
occupants, ventilation rate, heating supply, CO2 level, etc. 
Secondly, this state space model in continuous time domain is 
rearranged and discretized. Thirdly, the discretized model is 
converted to constraints and an energy planning method based 
on linear programming is made for minimizing the costs of CO2 
level and room temperature controls. Finally, case studies of a 
teaching building are carried out to demonstrate the efficacy of 
the proposed optimal planning method.   

Index Terms-- Building climate control, linear programming, 
heating ventilation and air conditioning (HVAC), optimal 
energy planning, RC model. 

I. INTRODUCTION

About 20% of the global energy consumption is for 
heating, ventilation, and air conditioning (HVAC) in buildings 
[1]. In addition, as many countries have set ambitious goals 
about CO2 emission reduction by 2050, more and more heat is 
produced by heat pumps (HP) and combined heat power 
(CHP) plants; hence, the energy consumption in the building 
sector will have a significant impact on power systems. 
HVAC loads can contribute to demand response (DR) services 
for balancing power systems with high penetration of volatile 
renewable energy [2], [3]. Together with other energy 
consumption forms that occur in buildings, such as lighting 
and electric vehicle (EV) charging, buildings will be an 
important energy hub in future integrated multi-energy 
systems or energy internet [4]. 

In previous research such as [5], [6], nonlinear or bilinear 
state space models were employed for building modelling and 
optimal planning/controlling. However, the efficiency and 
global optimum cannot be guaranteed by a nonlinear model. 
This paper will propose a linear state space model for indoor 
climate modelling and then propose an optimal planning 
method based on the linear state space model. Importantly, the 
proposed linear model is not a direct linearization around 

operation points of the nonlinear or bilinear models. It requires 
new equation rearrangements (e.g., eq (2)) and special 
strategies (e.g., CO2 optimization before temperature), which 
are the main contributions of this paper (details can be seen in 
Section II. A and Section III). 

II. MODELLING OF INDOOR CLIMATE IN CONTINUOUS AND 
DISCRETE TIME DOMAIN 

The task of modelling the indoor climate is to set up a 
model which can predict the indoor temperature and CO2 
levels of a building with given input data. The possible inputs 
of the model include the environment measurements such as 
ambient temperature and solar radiation, occupancy, heat (or 
cool) supply, ventilation temperature and flow rate.  

There are three types of models for modelling a building, 
namely, white-, grey-, and black-box models, which were 
presented and compared in [7]. The white-box model can be 
set up in, e.g., EnergyPlus [8], which needs input data such as 
detailed geometry in Computer Aided Design (CAD) level, 
information of construction materials and HVAC installations. 
The grey-box model can use several resistors and capacitors, 
or RxCx (x resistors + x capacitors), to model a building 
consisting of several thermal zones. Unlike the white-box 
model, the grey-box model only needs the overall geometry 
measurement of a building and not information of the detailed 
geometry, materials used and specifics of the installations. The 
black-box model does not need any data of a building itself 
but only historical data of inputs and outputs for a period in 
order to train the model. The black-box model can be, e.g., a 
nonlinear autoregressive exogenous model (NARX) or a feed-
forward neural network model (NN). 

For the purpose of the work in this paper, the grey-box 
model is chosen because it has an analytical expression of the 
model (in the form of a state space model) while the other two 
do not. Analytical expression of the model is required because 
it can be converted to constraints of the proposed optimization 
model. Furthermore, the R2C2 model is selected as studies 
show that second-order models can obtain sufficient accuracy 
of building thermal dynamics [9]–[11]. As an example, a 
R2C2 grey-box model implemented in the simulation tool 
‘Dymola’ [12], [13] is shown in Fig. 1. The model consists of 
five input blocks: solar radiation, ambient temperature, 
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occupancy, ventilation, and heat supply. The input, output, 
and state variables are listed in Table I. 2CO and Tr are both 
state and output variables. Ti is a state variable. 

Fig. 1. A R2C2 grey-box model implemented in Dymola [13]

TABLE I 
VARIABLE DESCRIPTION FOR THE GREY-BOX MODEL IN DYMOLA 

Inputs Outputs and states 
s [W/m2], solar radiation Tr, room temperature [°C] 
To [°C], ambient temperature CO2 [ppm], CO2 concentration 
Oc [-], number of occupants Ti, internal structure 

temperature[°C] 
Tv [°C], ventilation supply air 
temperature setpoint 
v [%], ventilation damper position 
q [%], radiator valve position  

A. The state space model in continuous time domain
The presented model has been developed by comparison

with Modelica code in the above example [7], [14]. The 
analytical form of the R2C2 grey-box model in the above 
example can be made through two ordinary differential 
equations (ODE). The first equation is for state variables 

rT (room temperature) and iT (internal structure temperature): 
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max max
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where  maxv is the ventilation flow rate if the damper position 
v  is fully open (100%); effo is the heat gain coefficient from
occupancy; rC is the thermal capacity of the room air mass; 

iC is the thermal capacity of the internal structure mass; eR is 
the thermal resistance of the exterior wall; iR is the thermal 
resistance of the internal structure; hgcs is the solar heat gain 
coefficient; vT is the temperature setting of ventilation; maxH is 

the heat supply if the radiator valve position q  is fully open 
(100%). The five inputs are: solar radiation s , ambient 
temperature oT , occupancy co , damper position v , and
radiator valve position q . The first row of (1) describes the 
heat gain/loss of the room air mass due to ventilation, 
occupancy, solar radiation, ambient temperature, internal 
structure, and heat supply.  

The second equation is for the state variable cV : 

6
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where cV = indoor CO2 level - neutral CO2 level; fI is the 
infiltration rate; iV is the inside air volume of the building; 

ppC is the CO2 generated per person. In order to have a linear 
equation, the extra input (6)u , net CO2 reduction due to 
ventilation, is introduced as a combination of (4)u  and cV  . 

B. The state space model in discrete time domain
A state space model: ;x Ax Bu y Cx Du= + = + can be

discretized to
( 1) ( ) ( );
( ) ( ) ( )

d d

d d

x t A x k B u k
y k C x k D u k

+ = +
 = +

 by using, e.g., the 

Matlab function ‘c2d’ as long as , , ,A B C D are constants or 
parameters with given values. In this work, the sampling 
period st  is set to 5 minutes ( st =300 seconds), which is small 
enough compared to the dynamics of the temperatures and 
CO2 level [15]. The period of the measurements ( (1) ~ (5)u u , 

rT , and cV ) is 30 minutes ( mt =1800 seconds). The input 
(6)u is derived from (4)u and cV ; hence, its period is equal to 

mt . 

In (1), matrix A is time varying because of (3)u and (4)u , 
but is constant for any given sampling period. In both (1) and 
(2), C is an identity matrix and D is zero ( C and D are 
omitted in the models for brevity). For N  hours, i.e., 
k =1~12N (1 hour = 12 st ), the resulting discrete time models 
are: 

1, 1,
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III. OPTIMAL PLANNING WITH RESPECT TO ELECTRICITY 
PRICES 

The optimal planning is to minimize the total energy cost 
with respect to day-ahead electricity prices (e.g., hourly spot 
market prices) while meet the indoor climate comfort settings. 
In these input variables, only (4)u , (5)u , and (6)u are 
decision variables. The state variables are all decision 



variables. Because 1,d kA and 1,d kB depend on the decision 
variable (4)u , (3) is nonlinear. In order to have linear 
optimization models, the strategy here is to make the optimal 
planning regarding CO2 first, and then the optimal planning 
regarding the temperature. Hence, when the CO2 optimal 
planning is done, (6)u is fixed (planned), and (4)u can be 
derived from (6)u and considered constants; therefore, (3) 
becomes linear. 

A. Optimal planning regarding CO2
The optimization problem I is:

1
1~12

min  ( ) (6, )
k N

c k k u k
=

⋅ ⋅∑ (5) 

s.t. (4), and
max0 c cV V≤ ≤ , (6) 

0 (6) cu V≤ ≤ , (7) 
where c is the electricity price; 1k is the electricity 
consumption if the ventilation damper position (or other 
control devices) is fully open.  This work mainly focuses on 
the thermal and CO2 dynamic modeling of buildings rather 
than the modeling of HVAC system control or efficiency; 
hence the HVAC system is simplified by using linear 
coefficients 1k and 2k (see the following subsection). 
Depending on the technology, a piece-wise linear function 
may be used instead of 1k and 2k  without changing the main 
methodology proposed in this paper. max

cV is the CO2 limit. 
The objective function (5) is to minimize the CO2-weighted 
ventilation cost (for the same ventilation cost, lower CO2 level 
is preferred). It should be noticed that if the objective is to 
minimize 1( ) (4, )c k k u k⋅ ⋅ , i.e., the ventilation cost, then the 
problem becomes nonlinear and a nonlinear solver is required. 
Constraint (7) is due to the fact that 0 (4) 1u≤ ≤ . 

B. Optimal planning regarding Temperature
The input (4)u can be derived from (6)u , the optimal

solution of the problem I; hence, (3) is linear. The 
optimization problem II can be written as: 

2
1~12

min  ( ) (5, )
k N

c k k u k
=

⋅ ⋅∑  (8) 

s.t. (3), and
min max( ) , 1 ~ 12r r rT T k T k N≤ ≤ = , (9) 

0 (5, ) 1, 1 ~ 12u k k N≤ ≤ = , (10) 
where 2k (taking into account the COP) is the power 
consumption of the heat pump if the radiator valve (or other 
control devices) is fully open; max

rT and min
rT are upper and 

lower limits of the room temperature. 

IV. CASE STUDIES

A. Data and parameter estimation
The case study focused on a teaching building, OU44, at

SDU [7], [16]. For a grey-box model, the parameters of the 
model have been estimated based on the historical data of the 
input/output measurements of the building [13]. In this study, 
the measurements from 2017 have been employed to estimate 
the parameters using ModestPy [13], a Python tool for 
parameter estimation. 

Parameter estimation by ModestPy is based on different 
algorithms, including heuristic algorithms. Measurements of 4 
days were selected, of which 3 days were used for data 
training while the last day was for model validation. The 
ambient temperature, solar radiation, and occupancy 
measurements are shown in Fig. 2, Fig. 3,  and Fig. 4, 
respectively. 

Fig. 2. Ambient temperature measurement 

Fig. 3. Solar radiation measurement 

The estimated parameters are listed in Table II [13]. With 
these parameters, the R2C2 grey-box models in both 
continuous time domain and discrete time domain were tested, 
and the results are shown in Fig. 5 and Fig. 6. It can be seen 
that the discrete models have a performance (black curves) as 
good as the corresponding continuous time models (red 
curves), meaning that the sampling time and discretization 
methods were well chosen. The model for CO2 level 
prediction has a good performance as the result is very close to 
the measurement (blue curves). More details can be found in 



[17]. The model for temperature prediction tends to 
overestimate the thermal mass as the predicted temperature 
has a smaller variation compared to the measurement. This 
phenomenon was mentioned in [7]. 

 
Fig. 4. Occupation measurement over 4 days 

 
TABLE II 

KNOWN AND ESTIMATED PARAMETERS 
(known) Name: value (estimated) Name: value 

CO2 neutral level: 435 [ppm] 
iC : 2.697e+07 [J/K] 

maxv : 4800 [m3/h] eR : 0.0162 [K/W] 

maxH : 2689 [W] effo : 1.2[-] 

vT : 293.15 [K] iR : 0.00026944 [K/W] 

iV : 486.5 [m3] fI : 2364.3 [m3/h] 
 

rC : 14667975 [J/K] 
 

hgcs :7.974451[-] 

 
ppC :0.0405 [ppm] 

 

 
Fig. 5. CO2 level measurement and predictions from two models [17] 

B. Optimal planning results 
The optimization problem I and II were implemented in 

Matlab using Yalmip package [18] and the linear 
programming solver is ‘linprog’ form Matlab. The optimal 
planning was implemented for 4 days. The hourly electricity 
prices of the day-ahead market are shown in Fig. 7. The CO2 
level was set between 435 ppm and 700 ppm, and the room 
temperature level was set above 292.15 K (19 °C) for 6 hours 
in the night and 293.15 K (20 °C) for the rest of the day. 

The optimal planning results with respect to the above 
indoor climate comfort limits and the electricity prices are 

shown in Fig. 8, Fig. 9, Fig. 10, and Fig. 11. The results of a 
basic planning for ventilation and heating are also shown in 
these figures for comparison. In Fig. 8, one can see that the 
CO2 level is between 435 ppm and 700 ppm for the optimal 
plan while it is out of the limits for some moments for the 
basic plan. With the basic plan, the damper position was 
controlled by a rule-based control algorithm according to the 
level of the occupancy of the building. The damper positions 
for the basic plan and optimal plan are shown in Fig. 9. 

 
Fig. 6. Room temp. measurement and predicted results from two models [17] 

 
Fig. 7. Day-ahead electricity prices 

 
Fig. 8. CO2 level: basic plan versus optimal plan 

The room temperatures resulted form the optimal planning 
were above the lower limits while those of the basic plan were 
not always above the limits as shown in Fig. 10. The radiator 
valve positions for the optimal plan and the basic plan are 
shown in Fig. 11. The control rule of the basic plan is a simple 
rule: on for 18 hours and off for 6 hours.  

The final costs for both plans: 1) for the optimal plan, the 
ventilation cost was 40.88 DKK, and heat cost was 635.68 



DKK; 2) for the basic plan, they were 119.38 DKK and 
3405.3 DKK, respectively. The optimal plan could save costs 
because it tended to open the damper or valve when the 
electricity price was low and turn off if the climate limits 
allowed. 

 
Fig. 9. Ventilation damper position: basic plan versus optimal plan 

 
Fig. 10. Room temperature: basic plan versus optimal plan 

 
Fig. 11. Heat radiator valve position: basic plan versus optimal plan 

V. CONCLUSION 
The paper has studied the grey-box model based on R2C2. 

The model in continuous time domain has been rearranged 
and converted to a linear model in discrete time domain, 
which is very important for establishing a linear optimization 
problem for indoor climate optimal planning of buildings. The 
proposed optimal planning method can minimize the energy 
cost with respect to electricity prices and climate comfort 
limits of buildings.  
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