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PO oscillator

Chaos in the Peroxidase-Oxidase Oscillator
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1)PhyLife, Institute of Biochemistry and Molecular Biology, University of Southern Denmark, Campusvej 55, DK-5230 Odense M,
Denmark.
2)Institute of Biochemistry and Molecular Biology, University of Southern Denmark, Campusvej 55, DK-5230 Odense M,
Denmark.

(Dated: 15 February 2021)

The peroxidase-oxidase (PO) reaction involves the oxidation of reduced nicotinamide adenine dinucleotide (NADH)
by molecular oxygen. When both reactants are supplied continuously to a reaction mixture containing the enzyme and
a phenolic compound the reaction will exhibit oscillatory behavior. In fact, the reaction exhibits a zoo of dynamical
behaviors ranging from simple periodic oscillations to period-doubled and mixed mode oscillations to quasiperiodicity
and chaos. The routes to chaos involve period-doubling, period-adding and torus bifurcations. The dynamic behaviors
in the experimental system can be simulated by detailed semiquantitative models. Previous models of the reaction have
omitted the phenolic compound from the reaction scheme. In the current paper we present new experimental results
with the oscillating PO reaction that add to our understanding of its rich dynamics and we describe a new variant of
a previous model (BFSO) which includes the chemistry of the phenol in the reaction mechanism. This new model
can simulate most of the experimental behaviors of the experimental system including the new observations presented
here. For example, the model reproduces the two main routes to chaos observed in experiments: (i) a period-doubling
scenario, which takes place at low pH and a period-adding scenario involving mixed mode oscillations (MMO), which
occurs at high pH. Our simulations suggest alternative explanations for the pH-sensitivity of the dynamics. We show
that the MMO domains are separated by narrow parameter regions of chaotic behavior or quasiperiodicity. These
regions start as tongues of secondary quasiperiodicity and develop into strange attractors through torus breakdown.

Biological systems are inherently non-linear systems and
thus prone to exhibit complex dynamic behaviors such as
oscillations and chaos. Chaos has been observed at all
levels of the biological hierarchy ranging from processes
at the cellular level to ecosystems. While it is not clear
how an ecosystem could benefit from chaotic dynamics,
it seems natural from an information transfer perspective
that chaos may be involved in cell-signalling processes. To
study chaos and to find new methods to analyze it in bio-
logical systems it is convenient to use model systems. The
oscillating peroxidase-oxidase reaction may serve as such
a model system. The reaction is one of a few prototype
biochemical systems in which complex dynamic behaviors
have been observed and analyzed both experimentally and
theoretically. The reaction, which is catalyzed by a single
enzyme may show a rich variety of nonlinear dynamical
behaviors when its two substrates are supplied continu-
ously to the reaction mixture containing the enzyme and
a phenolic compound. These behaviors include period-
doubling and period-adding mixed mode oscillation bifur-
cation scenarios to chaos as well as quasiperiodic oscilla-
tions. There is a strong analogy between the dynamic be-
haviors, e.g. homoclinic chaos, found in the PO reaction
and in a biochemical model originally proposed by Otto
Rössler in 1976.

a)Electronic mail: lfo@bmb.sdu.dk
b)Electronic mail: lunding@bmb.sdu.dk

I. INTRODUCTION

In 1976 Otto Rössler published a seminal paper show-
ing that chaotic behaviour may be found in models of
(bio)chemical reaction systems.1 Shortly thereafter chaos was
observed experimentally in two (bio)chemical reaction sys-
tems: (i) the oscillating peroxidase-oxidase (PO) reaction2

and (ii) the Belousov-Zhabotinsky (BZ) reaction.3 Since then
chaos has been observed in several (bio)chemical reaction
systems.4,5

Biological systems are inherently non-linear systems, and
therefore it comes as no surprise that chaos may be found
throughout the biological hierarchy. Animal and plant
populations often show large temporal fluctuations and it
has been suggested that these fluctuations represent chaotic
dynamics.6,7 Also, the outbreaks of of certain infectious dis-
eases such as measles may fluctuate in ways that can be de-
scribed as chaotic.8,9 Therefore, it has been suggested that the
methods of non-linear prediction may be useful in predict-
ing extreme events in biology such as epidemics.10,11 Chaos
has also been observed in periodically stimulated heart and
nerve tissues.12 Consequently, non-linear dynamic methods
have found increasing applications in understanding the self-
organization and functioning of complex neural networks,13,14

and methods from non-linear dynamics have been found use-
ful in analyses of heart rate variability and contributed to risk-
stratification.15 At the cellular level chaos has been observed
in calcium signalling16,17 and in mitochondrial dynamics.18

In the following we concentrate on chaos in the oscillat-
ing PO system, which involves a single enzyme and two sub-
strates. We will briefly review older relevant experimentally
observed dynamic behaviors and present some new experi-
mental observations that add to our understanding of the dy-
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namics of the PO reaction, e.g. the different bifurcation sce-
narios observed at different pH values in the reaction mix-
ture. Then we shall describe in some detail a more realis-
tic detailed model of the PO reaction, a revision of the so-
called Bronnikova-Fed’kina-Schaffer-Olsen (BFSO) model.19

The original BFSO model exhibits a richness in dynamical
behaviors and is capable of reproducing many of the experi-
mental observations of complex, including chaotic, dynamics.
However, the BFSO model largely ignores the role of the phe-
nolic compound in the reaction mechanism. This deficiency is
remedied by the current model, which we shall refer to as the
OLK (Olsen-Lunding-Kummer) model.20 We will perform a
detailed study of the dynamics of this revised model. Specif-
ically, we will address the issue concerning the experimen-
tal observation of a difference in bifurcation scenarios at dif-
ferent pH values in the reaction medium. We shall also pro-
pose alternative reactions as the source of this pH-dependency
of the dynamics. Finally, we will show that quasiperiodicity
and toroidal chaos occur in the parameter regions separating
neighboring mixed-mode oscillating states in a period-adding
bifurcation scenario and that this also seems to occur in the
experimental system.

II. THE PEROXIDASE-OXIDASE REACTION

The peroxidase-oxidase (PO) reaction entails the oxidation
of an organic electron donor (YH2) with molecular oxygen as
the electron acceptor.

2YH2+O2→ 2Y+2H2O (1)

The reaction is catalyzed by the enzyme peroxidase (EC
1.11.1.7). The electron donor used in reaction (1) may be one
of a number of small organic molecules or NADH.21,22 Many
peroxidases are heme enzymes.21

The catalytic cycle of the PO reaction is quite complex and
involves five different oxidation states of the enzyme: ferrous
peroxidase and ferric peroxidase, which differ in the oxida-
tion state of the heme iron, and compound I, compound II
and compound III, which are different oxygen-binding forms
of the enzyme, that may be characterized by having oxida-
tion states of V, IV and VI, respectively.21,22 Compound I and
compound II both contain an FeIV O group, while compound
III contains an FeII O2 group.21 Ferric peroxidase (Per(III)),
compund I and compound II participate in the peroxidase cat-
alytic cycle (reactions (2)-(4) in Table I):

Per(III)+H2O2→ compound I+H2O (2)
compound I+YH2→ compound II+YH• (3)

compound II+YH2→ Per(III)+YH•+H2O (4)

The free radicals (YH•) formed in this cycle may dispropor-
tionate:

2YH•→ YH2+Y

or form a dimer (reaction (9) in Table I). In addition to the
peroxidase catalytic cycle (reactions (2)-(4)) the PO reaction

involves a number of non-enzymatic free-radical reactions of
which a few are listed in Table I (reactions (1), (5), (7), (9)
and (14)) plus a number of radical reactions involving the en-
zyme (reactions (6), (8) and (10) in Table I). A detailed list of
reactions known or believed to participate in the PO reaction
can be found in ref. 22.

III. DYNAMIC BEHAVIORS IN THE PO REACTION

A. Simple and complex oscillations

If only oxygen (O2) is continuously supplied to the reaction
mixture containing the enzyme and an excess of the other
substrate (NADH) the PO reaction will display only bista-
bility (hysteresis)23 and damped oscillations.24,25 However,
if both reactants (NADH and O2) are continuously supplied
to a reaction mixture containing peroxidase and a modifier
(phenolic compound or aromatic amine) the reaction will
display sustained periodic oscillations.26 In some cases these
oscillations will be complex.27,28 Some of these complex
oscillations belong to a special class of so-called mixed mode
oscillations (MMOs), which are oscillations composed of
one or more large amplitude peaks with intercalations of one
or more small amplitude peaks. To characterize MMOs a
special symbolic notation, LS, is often used, where L denotes
the number of large peaks and S denotes the number of small
peaks in one oscillation period. In such regimes, oscillations
of medium amplitude are usually absent. MMOs may be
found in parameter domains where the dynamics change from
periodic oscillations to chaos and neighboring MMO states LS

and LS+1 are often separated by narrow windows with chaotic
dynamics. However, Hauck and Schneider28 observed a
sequence of LS states in the PO reaction that apparently were
not separated by such windows of non-periodic dynamics.
In addition to mixed mode oscillations, the PO reaction may
exhibit quasiperiodic oscillations.28,29

Another interesting feature of the PO reaction is that it is
sensitive to moderate stationary magnetic fields, which may
induce changes in dynamics such as changes in amplitude and
frequency of periodic oscillations and shifts from one complex
dynamic state to another.30,31

B. Chaos

The PO reaction was the first (bio)chemical reaction sys-
tem where chaotic dynamics was observed experimentally.2

This followed shortly after such behavior was predicted by
simple biochemical models.1 Chaos was diagnosed from a
unimodal next-amplitude (return) map using the Li and Yorke
theorem.34 In those days the period-doubling route to chaos
(as observed in simple one-dimensional difference equations)
was the main bifurcation scenario discussed.34–36

Over the years a variety of bifurcation scenarios leading
to chaos in the PO reaction have been found experimentally.
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FIG. 1. Experimental phase diagram of dynamics in the PO reac-
tion (periodic oscillations and chaos) spanned by pH and the rela-
tive concentration of NADH (determined as the absorption at 360
nm relative to a base absorption). The latter is linked to the inflow
rate of NADH. The colorbar on the right indicates the number of
peaks (large plus small) per period of the oscillations. In the ex-
periments the largest period that can be detected is smaller than 10.
Yellow regions indicate non-periodic (chaotic) oscillations. On the
left we have indicated the main bifurcation route (period-doubling
and inverse period-doubling) at pH 5.2 and on the right we have in-
dicated the main bifurcation route (period-adding and inverse period-
doubling) at pH 6.3. Note that in addition to the main periodic and
chaotic states there are also smaller regions with complex dynamics
(period-doubled and concatenated MMO states). The figure is based
on previous30–33 and new experiments. The experimental details are
given in the supplementary material (SM).

These involve period-doubling bifurcations,37 MMO period-
adding scenarios28,32,33,38 and torus bifurcations.39 These bi-
furcation scenarios are associated with changes in a number
of experimental parameters such as enzyme concentration,2

concentration of the phenolic compound,37,39 NADH flow
rate28,33,38 and oxygen transfer constant.39 An example of a
MMO period-adding scenario is shown in Figure S1 in the
supplementary material (SM). The figure shows a sequence of
oscillations of compound III, which has an absorption max-
imum at 418 nm, following increases in the mean NADH
concentration (mediated by changes in NADH infusion rate).
The sequence of MMO states as the average concentration of
NADH is gradually increased is 10 (blue) → 11 (green) →
12 (cyan) → 13 (red) → ... → chaos (black). As the aver-
age NADH concentration is increased further small amplitude
periodic oscillations start in the sequence ..→ 04 (dark red)
→ 02 (dark green) → 01 (gray). The bifurcation scenario il-
lustrated in Figure S1 was performed at a relatively high pH
(pH 6.3). If the same experiment is performed at a lower pH
(e.g. pH 5.2) then instead of period-adding MMOs one ob-
serves a period-doubling scenario.32 Fig. 1 shows a phase
diagram of dynamic states spanned by the relative mean con-

centration of NADH and pH. The diagram is constructed from
previous30–33 and new experiments. From this figure we note
that at low pH (pH 5.2) the transition from periodic behavior
to chaos is mainly through a period-doubling scenario, while
at high pH (pH 6.3) the transition occurs via a period-adding
scenario. It is also worth noting that in the period-adding sce-
nario at pH 6.3 the transition from the 10 MMO state to the 11

MMO state seems to involve a concatenated 1011 MMO state
(see Fig. S2 in the SM) while the transition from the 11 state
to the 12 state involves a period-doubled (11)2 state followed
by a narrow chaotic regime.33 A period-doubled (11)2 MMO
state can also be observed when the dynamics of a 11 state
is perturbed by a stationary magnetic field.31 Such magnetic
fields may also induce a transition from the narrow chaotic
state to a 12 MMO state.30 Also, previously unpublished pe-
riod doubled MMO states ((11)2 and (12)2) were found at pH
5.7 and 6.1, respectively. Since most studies of the dynamics
of the PO reaction have been carried out at either pH 5.2 or
at pH 6.3 it remains to be verified if the various periodic do-
mains in the period-adding LS and LS+1 states shown in Fig.
1 are always separated from each other by narrow windows
of period-doubled states and non-periodic (chaotic) behavior.
We note from the figure that at around pH 5.4 there seems to
be a crossover of transitions to chaos from a period-doubling
to an MMO period-adding scenario. At high concentrations
of NADH (high influx rates of NADH) we observe an inverse
period doubling at all pH values. The experimental record-
ings of compound III in the yellow regions before the inverse
period-doubling at high NADH concentration in Fig. 1 were
further analyzed by construction of phase plots (using the de-
lay method proposed by Takens40), Poincaré sections and re-
turn maps as illustrated in Fig. S3 in the SM. It is interesting
that these return maps (see Fig. S4) tend to be unimodal at pH
values around 5.2 and more fractal-like at pH values above pH
5.4.

Under slightly different conditions we may observe so-
called secondary quasiperiodicity,39 which is period-doubled
oscillations modulated by two incommensurate frequencies.
An example of this type of behavior is illustrated in Fig.
S5, which encompasses an experimental bifurcation diagram
showing a period-bubling scenario41 for varying concentra-
tion of the phenolic compound (4-hydroxybenzoic acid) plus a
phase plot constructed using the delay method of Takens40 and
a return map. In the bifurcation diagram in Fig S5A we ob-
serve that the period-doubled trajectory turns into torus oscil-
lations shortly before an inverse period-doubling. The period-
doubled torus is visible in the return map in Fig. S5C.

IV. MODELS OF THE PO REACTION

A. Early models

The oscillating PO reaction has been simulated using both
simple27,42 and detailed43–47 models. While the simple mod-
els capture both period-doubling and MMO scenarios,48,49

most of the early detailed models show only bistability
and simple periodic oscillations.43–45,47 An exception is the
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Aguda-Larter model Z,46 which displays a period-doubling
cascade to chaos.

B. The BFSO model

As the chemistry of the PO reaction became better
known22,47 and computational speed increased to a point
where ordinary desktop computers could handle fairly com-
plex reaction mechanisms better models of the PO reaction
appeared. One of these is the Bronnikova-Fedkina-Schaffer-
Olsen (BFSO) model.19 The BFSO model is not radically
different from the detailed models listed in the previous sec-
tion. It has strong connections to the Aguda-Later model Z46

and the so-called Urbanalator.47 The difference of the BFSO
model from the older models is mainly in the selection of re-
actions and the choice of rate constants and parameters relat-
ing to the inflow of reactants mimicking to the experimental
conditions.

Numerical solutions of the original BFSO model show the
existence of domains of complex and chaotic dynamics which
are both rich and intricate.32,33,39,50–54 The numerical simula-
tions reproduce several experimental observations in the PO
reaction, e.g. that the chaotic domain can be reached either
via a period-doubling route (at conditions mimicking low pH)
or a period-adding route (at conditions mimicking higher pH)
as the relevant parameter is varied. The latter scenario is
associated with the occurrence of relatively narrow chaotic
window separating adjacent states of mixed-mode oscillations
(MMOs) LS and LS+1.32 As the bifurcation parameter is con-
tinuously varied, the sequence of MMO states progresses by a
successive addition of low amplitude peaks to the large ampi-
tude peak until a relatively broad region of chaotic dynamics
is reached.

Recently, the dynamics of the BFSO model was studied in
the parameter plane spanned by the supply rate of NADH
(reflected by the rate constany k12 in Table I) and the rate
of dimerisation of NAD radicals (rate constant k9 in Table
I).50 Changes in the latter are believed to be responsible for
the change in dynamics following changes in pH.32 In ad-
dition to a period-doubling route to chaos, which is found
for high values of k9, an extensive domain of the parameter
space is occupied by period-adding sequences. Interestingly,
two types of period-adding sequences were shown to exist,
namely (i) a classical period-adding sequence, where adjacent
MMO states are separated by narrow chaotic windows, and
(ii) a period-adding sequence where an LS state bifurcate into
an LS+1 state by the simple addition of a low-amplitude oscil-
lation to the MMO. The latter scenario, which has also been
found experimentally,28 was referred to as nonchaos-mediated
MMOs.50 Finally, the extensive numerical study of the BFSO
model following changes in the supply of NADH (k12 in Table
I) revealed the occurrence of complex and chaotic dynamics
in a compact domain of relatively high values of k12 and low
values of k9. This domain is characterized by an intricate mo-
saic of periodic windows intercalated by domains of chaotic
dynamics. These chaotic domains display a peculiar fault run-
ning through them.50

Chaos at high pH (low value of k9) was proposed to be near
a homoclinic orbit, i.e a saddle-focus with a two-dimensional
unstable manifold. Some experimental evidence for near ho-
moclinic behavior at pH around 6.3 was based on return
maps both experimentally and in the BFSO model.33,54 Ev-
idence for homoclinic chaos is not easy to establish for the
full BFSO model, but more recently such chaos was demon-
strated for a 6-variable activator-inhibitor variant of the BFSO
model.55 Establishing such a model was inspired by previous
work of Straube et al,56 who showed that the BFSO model
could be reduced from 10 to 6 variables with only a minor
loss in bifurcation structure. The 6-variable activator-inhibitor
model was further reduced to three 4-variable subnetworks
and Shil’nikov orbits were established for each of these sub-
networks and for the original 6-variable network.55 However,
since these networks use dimensionless variables and param-
eters, it is not obvious which condition (high or low pH) is
simulated. Nevertheless, this work adds to the experimental
data suggesting that homoclinic (Shil’nikov) chaos is indeed
present in the PO reaction.

V. A REVISED BFSO MODEL

In previous detailed models of the PO reaction the added
phenolic compound is omitted from the reaction mechanism.
The role of the phenol is catalytic, i.e. it is not consumed in
the reaction.27,57 However, it was demonstrated that the redox
potential of this compound is important for oscillations and
chaos to occur.57 Only phenols with a redox potential of +900
to +950 mV for the one-electron oxidation of the phenol to the
phenol radical would induce oscillations and chaos in the PO
reaction. Such a reduction potential matches the potential for
the following one-electron reduction processes:57

Per(V)+ e−→ Per(IV)
Per(IV)+ e−+2 H+→ Per(III)+H2O

O –
2 + e−+2 H+→ H2O2

Therefore a modification of the original BFSO model incorpo-
rating the chemistry of the phenol was proposed.20 The model
is very similar to the original BFSO model, except that the
direct reactions of NADH with compound I and compound II
are replaced by reactions of these two enzyme intermediates
with the phenol (reactions 3 and 4 in Table I) and the result-
ing one-electron oxidation of NADH by the phenolic radical
(reaction 14 in Table I). The reactions, rate expressions and
rate constants of this modified BFSO model (in the following
referred to as the OLK model) are listed in Table I. Note that,
like its predecessors, the OLK model is only semiquantitative,
because roughly only half of the rate constants in Table I are
known with certainty. Also note that in Table I charge balance
in the chemical reactions cannot always be achieved due to ac-
companying changes in charge in the heme prosthetic group
that are difficult to show in standard chemical notation (reac-
tions (6), (8) and (10)). The same applies to mass balance of
oxygen (reactions (2), (4), (6) and (11)) because the different
oxidation states of peroxidase temporarily store the missing
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TABLE I. List of reactions, rate expressions and rate constants for the OLK (Olsen-Lunding-Kummer) model (adapted from ref. 20).Per(X)
refers to the oxidation state of peroxidase: Per(II), ferrous peroxidase; Per(III), ferric peroxidase; Per(IV), compound II; Per(V), compound
I; Per(VI), compound III. NAD• is the free radical derived from one-electron oxidation of NADH. ROH and RO• represent the phenolic
compound and its free radical, respectively. Second order rate constants in reactions (1)-(11) have units of M−1 s−1; the first order rate
constant in reaction (13) has units of s−1; the zero order rate constant in reaction (12) has units of M/s.

Reaction Rate expression Rate constanta

(1) NADH + H+ + O2 → NAD+ + H2O2 k1[NADH][O2] 3.0
(2) H2O2 + Per(III)→ H2O + Per(V) k2[H2O2][Per(III)] 1.8 × 107

(3) Per(V) + ROH→ Per(IV) + RO• k3[Per(V )][ROH] 1.5 × 105

(4) Per(IV) + ROH→ Per(III) + RO• + H2O k4[Per(IV )][ROH] 2.0 × 104

(5) NAD• + O2 → NAD+ + O−2 k5[NAD•][O2] 2.0 × 107

(6) O−2 + Per(III)→ Per(VI) k6[O−2 ][Per(III)] 1.7 × 107

(7) 2O−2 + 2H+ → O2 + H2O2 k7[O−2 ]
2 2.0 × 107

(8) Per(VI) + NAD• → Per(V) + NAD+ k8[Per(V I)][NAD•] varaibleb

(9) 2NAD• → NAD2 k9[NAD•]2 variablec

(10) Per(III) + NAD• → Per(II) + NAD+ k10[Per(III)][NAD•] 1.8 × 106

(11) Per(II) + O2 → Per(VI) k11[Per(II)][O2] 1.0 × 105

(12) → NADH k12 variabled

(13) O2(gas) � O2(liquid) k13([O2]eq− [O2]) 6.0 × 10−3e

(14) NADH + RO• → NAD• + ROH k14[NADH][RO•] 1.0 × 106

a The activity of H+ is absorbed into the rate constant.
b Between 4×107 and 5× 107 M−1 s−1.
c Between 1×107 and 8× 107 M−1 s−1.
d Between 8 × 10−8 and 1.36 × 10−7 M/s.
e [O2]eq= 12 × 10−6 M.

oxygens (see section II).

The OLK model20 (Table I) translates into the following 12
differential equations:

d[Per(II)]
dt

= k10[Per(III)][NAD•]− k11[Per(II)][O2] (5)

d[Per(III)]
dt

=−k2[H2O2][Per(III)]+ k4[Per(IV )][ROH]

− k6[O−2 ][Per(III)]− k10[Per(III)][NAD•]
(6)

d[Per(IV )]

dt
= k3[Per(V )][ROH]− k4[Per(IV )][ROH] (7)

d[Per(V )]

dt
= k2[H2O2][Per(III)]− k3[Per(V )][ROH]

+ k8[Per(V I)][NAD•] (8)
d[Per(V I)]

dt
= k6[O−2 ][Per(III)]− k8[Per(V I)][NAD•]

+ k11[Per(II)][O2] (9)
d[H2O2[

dt
= k1[NADH][O2]− k2[H2O2][Per(III)]

+ k7[O−2 ]
2 (10)

d[NAD•]
dt

=−k5[NAD•][O2]− k8[Per(V I)][NAD•]

−2k9[NAD•]2− k10[Per(III)][NAD•]
+ k14[NADH][RO•] (11)

d[NADH]

dt
=−k1[NADH][O2]+ k12− k14[NADH][RO•]

(12)
d[O2]

dt
=−k1[NADH][O2]− k5[NAD•][O2]+ k7[O−2 ]

2

− k11[Per(II)][O2]+ k13 ([O2]eq− [O2])
(13)

d[O−2 ]
dt

= k5[NAD•][O2]− k6[O−2 ][Per(III)]

−2k7[O−2 ]
2 (14)

d[RO•]
dt

= k3[Per(V )][ROH]+ k4[Per(IV )][ROH]

− k14[NADH][RO•] (15)
d[ROH]

dt
=−k3[Per(V )][ROH]− k4[Per(IV )][ROH]

+ k14[NADH][RO•] (16)

A. Dynamic behaviors in the OLK model

1. Period-doublig and period-adding bifurcations to chaos

Here, we perform numerical simulations that reveal the
structure of the periodic and non-periodic domains of the OLK
model for variations in various parameters simulating changes
in pH. The computational details are given in the supplemen-
tary material (SM). One of these purportedly pH-sensitive rate
constant is k9, which determines the rate of disproportiona-
tion of the NAD• radical to an NAD2 dimer. This rate con-
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FIG. 2. Crude (200 by 250 pixels) 2D phase diagram of dynamic
behaviors (oscillations and chaos) in the OLK model (equations 5-
16) spanned by rate constants k9 and k12. k8=4× 107 M−1. Other
parameters are as listed in Table I. The initial concentration of per-
oxidase is 3 × 10−6 M and the initial concentration of the phenolic
compound (ROH) is 2× 10−4 M. All other initial concentrations are
zero. The colorbar to the right indicates periodic orbits with num-
ber of maxima per period from 1 to 20. Orbits with periods ≥ 20
are shown in yellow. The red line at k9 = 3.5×107 M−1 s−1 marks
a period-adding bifurcation scenario, while the white line at k9 =
6.0×107 M−1 s−1marks a period-doubling bifurcation scenario.

stant is believed to be pH-sensitive32 and, hence, changes in
k9 may explain the shift in bifurcation scenario from a period-
doubling to a period-adding route when pH changes from 5.2
to 6.3. The proposed pH-sensitivity of reaction (9) originates
from the fact that the NAD• radical carries a net negative
charge at pH 6.3, but is less negatively charged at pH 5.2.32

This should result in a higher value of k9 at pH 5.2 com-
pared to at pH 6.3. First we performed simulations to give
an overview of the dynamic structure of the OLK model in a
plane spanned by the rate constants k9 and k12 (the influx rate
of NADH). This was done to compare the dynamics of the
model with the experimentally determined dynamics shown
in Fig. 1. The results are shown in Fig. 2. Here, the high end
of the rate constant k9 corresponds to a low pH while the low
end of k9 corresponds to a high pH. We note that the dynamic
behaviors shown in Fig. 2 are qualitatively similar to those in
Fig. 1. For example, at high values of k9 (corresponding to
a low pH) the sequence of periodic states is 1 → 2 → 4 →
... → chaos → ... → 4 → 2 → 1 as k12 increases, while at
low values of k9 (corresponding to a high pH) the sequence
of periodic states is 1 → 2 (11) → 3 (12) → 4 (13) → ... →
chaos → ...→ 4 → 2 → 1. Many of these periodic MMO
domains are separated by narrow regions of non-periodic be-
havior (yellow regions). This is further illustrated by the two

bifurcation diagrams shown in Fig. 3, corresponding to val-
ues of k9 equal to 6.0×107 M−1 s−1 and 3.5×107 M−1 s−1,
respectively. The former clearly evidences a period-doubling
route to chaos, with the exception that a narrow non-periodic
window separates the period 1 and the period 2 states, while
the latter evidences a period-adding route to chaos with nar-
row non-periodic windows separating the various LS regions.
The two bifurcation diagrams are represented by the white
and the red vertical lines in Fig. 2, respectively. At high
NADH flow rates (k12) before the inverse period-doubling we
observe chaotic dynamics as evidenced by positive maximum
Lyapunov exponents and return maps that are either almost
unimodal at high values of k9 or with a fractal structure at low
values of k9 (see Fig. 4). Note that these return maps are
similar in structure to those in Fig. S4 in the SM.

Reaction (9) in Table I may not be the only pH-sensitive
reaction in the OLK model. It is worth pointing out that any
putatively pH-sensitive rate constant may not scale linearly
with pH. However, for those reactions in Table I where the pH-
dependency is known the rate constant changes monotonically
with pH in the pH-range studied here (5.2 to 6.3). It should
also be realized that some of the reactions involving protons in
the table may show little or no pH-sensitivity, while others that
do not involve protons may be pH-dependent due intramolec-
ular ionizations in the enzyme itself. Peroxidase has an isol-
electric point of 7.2 and some of the reactions involving the
enzyme are pH-dependent due to ionization of acidic or basic
side chains.21 In the following we shall discuss a few reactions
that are either known to be pH sensitive or could potentially be
pH-sensitive and their impact on the complex behavior of the
OLK model. Therefore, to explore further the pH-sensitivity
of the PO reaction we studied numerically the sensitivity of
the dynamics of the OLK model to other rate constants. Sev-
eral other reactions in Table I depend on pH. One of these
is reaction (7), where low pH favors the disproportionation
of superoxide.58 Reaction (7) may be divided into three sub-
reactions: (i) 2HO2

• → H2O2+O2; (ii) HO2
•+O –

2 +H+→
H2O2+O2; (iii) 2O –

2 →H2O2+O2+2OH–.59 The pH depen-
dency of k7 can be described by the equation:

k7 =
7.6×105 +8.5×107X

(1+X)2 M−1s−1; X =
10−pKa

10−pH (17)

where pKa is that of the system HO2
•,O –

2 (4.88).59 This yields
values of k7 of 2×107 M−1 s−1 at pH 5.2 and monotonically
decreasing to 3×106 M−1 s−1 at pH 6.3. However, we do not
observe any qualitative change in the dynamics of neither the
BFSO model nor the OLK model when changing k7 in this in-
terval and, hence, the pH-sensitivity of reaction (7) cannot ex-
plain the change in bifurcation scenario from period-doubling
to period-adding. However, changes in k7 may have a quan-
titative effect that brings the OLK model in better agreement
with the experimental data as discussed in section VI. Another
potential pH-sensitive reaction is reaction (1). The mechanism
of reaction (1) and its pH-dependency is not known. The rate
constant k1 was estimated to be very low.22,43 The reaction
only serves the function of producing H2O2 to initiate the PO
reaction. We found that changes in the value of k1 by a factor
of 10 or more have neither qualitative or quantitative effects
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FIG. 3. Period-doubling and period-adding bifurcations in the OLK model. Bifurcation diagram of the OLK model (equations 5-16) obtained
by plotting values of compound III (Per(VI)) from cross sections against a varying k12. A, example of a period-doubling route to chaos for k8
= 4×107 M−1 s−1, k9 = 6×107 M−1 s−1 and k12 varying from 9.5×10−8 to 1.36×10−7 M/s. B, example of a period-adding route to chaos
for k8 = 4×107 M−1 s−1, k9 = 3.5×107 M−1 s−1 and k12 varying from 8.0×10−8 to 1.36×10−7 M/s. Other parameters as listed in Table I.
The initial concentration of peroxidase is 3 × 10−6 M and the initial concentration of the phenolic compound (ROH) is 2 × 10−4 M. All other
initial concentrations are zero.

FIG. 4. Return maps obtained from simulations of the OLK model (equations 5-16) for k8 = 4 ×107 M−1 s−1, k12 = 1.316×10−7 M/s and
different values of k9 simulating different pH values in the experimental system. The values of k9 are (A) 3×107 M−1 s−1, (B) 4×107 M−1

s−1 and (C) 6×107 M−1 s−1. The remaining rate constant are as listed in Table I. The initial concentrations of Per(III) and ROH are 3×10−6

M and 2×10−4 M, respectively. Initial concentrations of all other reactants are 0.

on the bifurcation diagrams. A reaction that has a strong in-
fluence on the dynamics of the OLK model is reaction (8).
This reaction was first proposed by Yokoata and Yamazaki43

and it is not obvious from the reaction scheme if and how it
could be sensitive to pH. However, as we shall see below the
dynamics of the OLK model is highly sensitive to even small
changes in k8 and it is not unlikely that a dramatic change in
pH from 5.2 to 6.3 could change this rate constant by up to
20%. Consequently, we may consider this rate constant as po-
tentiallly pH-sensitive and investigate the change in dynamics

following changes in k8. Figure 5 shows a bifurcation phase
diagram spanned by the rate constants k8 and k12. Note that
this phase diagram is almost a mirror image of the phase di-
agram in Fig. 2. We also note that the dynamics of the OLK
model shows a much stronger dependence on k8 compared to
k9. It seems obvious from Fig. 5 that a "low" value of k8
(represented by the white vertical line) should correspond to
a low pH, while a "high" value of k8 (represented by the red
vertical line) should correspond to a high pH. It is also inter-
esting to note that the structure of the diagram in Fig. 5 is
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FIG. 5. Crude (200 by 250 pixels) 2D phase diagram of dynamic
behaviors (oscillations and chaos) in the OLK model (equations 5-
16) spanned by rate constants k8 and k12. k9 = 8× 107 M−1 . Other
parameters are as listed in Table I. The initial concentration of per-
oxidase is 3 × 10−6 M and the initial concentration of the phenolic
compound (ROH) is 2× 10−4 M. All other initial concentrations are
zero. The colorbar on the right indicates periodic orbits with num-
ber of maxima per period from 1 to 20. Orbits with periods ≥ 20
are shown in yellow. The red line at k8 = 4.7×107 M−1 s−1 marks
a period-adding bifurcation scenario, while the white line at k8 =
4.2×107 M−1 s−1marks a period-doubling bifurcation scenario.

in better accordance with the experimental diagram in Fig. 1
as the 10 → 11 transition starts at a higher value compared
to Fig. 2. Bifurcation diagrams corresponding to the white
and red line in Fig. 5 are shown in Fig. 6. Note that in the
period-adding scenario in Fig. 6B the region separating the
10 MMO state and the 11 MMO state exhibits a periodic win-
dow corresponding to a 1011 concatenated state. This periodic
window also seemed to be present in the experimental system
(see Fig. 1 and Fig. S2 in the SM). Another result favoring k8
as a likely pH-sensitive rate constant is the fact that the non-
periodic (yellow) domains separating the LS and LS+1 states
in the period-adding scenario are broader and are bordered by
thin regions with period-doubled states in accordance with the
experimental observations mentioned in section III B.

2. Quasiperiodicity and torus bifurcations

Many of the yellow regions in Figs. 2 and 5 represent
chaotic behavior as evidenced by almost unimodal return
maps or return maps with a clear fractal structure (see Fig. 4)
and positive maximum Lyapunov exponents. However, some
yellow regions instead represent quasiperiodic behavior as in-
dicated in Fig. 7 and in Fig. S7 in the SM. Quasiperiod-

icity has previously been observed experimentally in the PO
reaction.28,29 and a bifurcation scenario involving tori have
been proposed.32,39 The quasiperiodic behavior presented in
Figs. 7 and S7 is so-called secondary quasiperiodicity.39,51

Secondary quasiperiodicity takes place on a period-doubled
trajectory and is characterized by two additional supercriti-
cal Hopf bifurcations, one at each end of the parameter range
in which the quasiperiodicity exists. In Fig. 7 the arrows
indicate secondary quasiperiodicity associated with period-
doubled period-2 (Fig. 7A) and period-3 (Fig. 7B and Fig.
S7) trajectories. The secondary quasiperiodicity occurs at the
tip of the yellow tongues in the upper part of the bifurcation
phase diagrams in Figs. 2 and 5. We first focus on phase dia-
gram in Fig. 5 and follow how the dynamics changes from the
tip of one of these tongues as we increase k8 and decrease k12
as indicated in Fig. S6 in the SM. The secondary quasiperiod-
icity starts at the top of the yellow tongue (marked QP). Fig. 8
shows cross sections of the flow in the NADH-NAD• plane as
we change k8 and k12 as indicated by the arrow in Fig. S6. We
note that the cross sections change from a torus to a wrinkled
torus and finally to a strange attractor following torus break-
down. The maximum Lyapunov exponent corresponding to
the dynamics in Fig. 8A-C were calculated as 0, +1.57×10−4

and +4.1×10−4 s−1, respectively. All the chaotic regions sep-
arating the LS and LS+1 MMO states, except for the 10 and 11

states, emanate from such tongues with tips of quasiperiodic-
ity. This again suggests that the dynamics in all these regions
correspond to toroidal chaos. It is worth noting here that for
slightly different parameters (e.g. different values of k13, the
oxygen transfer constant) a similar region of quasiperiodicity
exists between the period-1 and the period-2 state in a special
period-doubling scenario.39 This behavior was also presented
for the experimental system in section III B.

A better graphical illustration of the wrinkling and break-
down of tori is obtained by simulations of the OLK model for
a slightly different set of parameters. Selecting k8= 4.0×107

M−1 s−1 k9= 6.0×107 M−1 s−1 and reducing k6 we obtain
a bifurcation scenario as illustrated by the cross sections in
Fig S8 in the SM. As k6 is decreased the dynamics changes
from a torus (Fig. S8A) to a wrinkled torus (Fig. S8B and C),
which again develops into a fractal torus (Fig. S8D), and fi-
nally into a strange attractor (Fig. S8E and F). To test whether
part of the scenario shown in Fig. S8 involves strange non-
chaotic attractors (SNA)60 we computed the maximum Lya-
punov exponents for the situations in A-F as 0, 0, 0, +2.0×
10−4, +5.2×10−4 and +1.43×10−3 s−1, respectively. Since
all the projections exhibiting fractal geometry are associated
with positive maximum Lyapunov exponents, the possibility
of an SNA can be ruled out. Lyapunov dimensions were cal-
culated for the attractors represented by the sections in Fig.
S8A-F using the Kaplan-Yorke conjecture61 as 2, 2, 2, 2.52,
3.002 and 3.008, respectively, thus confirming that the attrac-
tors represented by the cross-sections in Fig. S8D-F have a
fractal structure.

We also computed return maps of compound III (Per(VI))
for the parameters corresponding to the different tori in Fig.
S8. Surprisingly, (see Fig. S9 in the SM) these maps were
almost unimodal. By contrast, return maps computed from
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FIG. 6. Period-doubling and period-adding bifurcations in the OLK model. Bifurcation diagram of the OLK model (equations 5-16) obtained
by plotting values of compound III (Per(VI)) from cross sections against a varying k12. A, example of a period-doubling route to chaos where
k8 = 4.2×107 M−1 s−1. B, example of a period-adding route to chaos where k8 = 4.7×107 M−1 s−1. For both graphs k9 = 8×107 M−1 s−1

and k12 is varied from 9.5×10−8 to 1.35×10−7 M/s. Other parameters as listed in Table I. The initial concentration of peroxidase is 3 × 10−6

M and the initial concentration of the phenolic compound (ROH) is 2 × 10−4 M. All other initial concentrations are zero.

FIG. 7. Secondary quasiperiodicity in the OLK model. Bifurcation diagrams showing cross-section values of compound III (Per(VI)) as a
function of k12 (varied from 1.2×10−7 to 1.35×10−7 M/s) for k9 = 8 ×107 M−1 s−1 and two different values of k8: A, k8 = 4.4×107 M−1

s−1; B, k8 =4.55×106 M−1 s−1. Other parameters as listed in Table I. The initial concentrations of Per(III) and ROH are 3×10−6 M and
2×10−4 M, respectively. Initial concentrations of all other reactants are 0. The arrows indicate quasiperiodicity in the bifurcation diagrams.

sections of NADH or superoxide (O−2 ) revealed a torus or a
fractal structure. While the return maps in Fig. S9A, S9B
and S9C represent quasiperiodic behavior those in Fig. S9D,
S9E and S9F represent chaotic dynamics. It is worth noting
that most of the yellow regions separating LS and LS+1 states
in the bifurcation phase diagrams in Figs. 2 and 5 emanate
from tongues like that indicated in Fig. S6. They also display
cross sections similar to those in Figs. 8F and S8F, respec-
tively and return maps similar to that in Fig. S9F, suggesting
that they all involve transitions from secondary quasiperiodic-

ity to a strange attractor through torus breakdown. While it is
not possible to construct such cross sections from experimen-
tal data in the PO reaction it is interesting to note that return
maps constructed from compound III of chaotic behavior in a
region separating a 11 and a 12 MMO state at pH 6.3 (see Fig.
1) displayed a similar almost unimodal structure (see Fig. S10
in the SM). A similar return map (next amplitude map of O2
oscillations) for chaos at the 11→ 12 MMO transition induced
by stationary magnetic fields was reported in ref. 30. These
maps are clearly different from those shown in Fig. S4 in that
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FIG. 8. Cross sections showing the wrinkling of tori and transition to toroidal chaos in the simulations of the OLK model induced by changes
in k8. Cross section projected in the NADH-NAD• plane. k9 = 8×107 M−1 s−1 and A, k8 =4.4×107 M−1 s−1 and k12= 1.256×10−7 M/s. B,
k8 =4.5×107 M−1 s−1 and k12= 1.2388×10−7 M/s. C, k8 =4.55×107 M−1 s−1 and k12= 1.2302×10−7 M/s.

their slopes on the increasing part are much steeper. Never-
theless, while this may be seen as an interesting observation
more evidence is needed to establish that the non-periodic os-
cillations in these transition regions do correspond to toroidal
chaos.

VI. DISCUSSION

In the present work we have presented new experimental
results showing complex dynamics in the oscillating PO reac-
tion. For example, we have added several newly observed
dynamic states, many of which occur in narrow parameter
regions, and hence are difficult to stabilize experimentally.
Therefore, these state are sometimes only observed as tran-
sients. From these observations we have constructed a new
bifurcation phase diagram (Fig. 1) with a high level of de-
tail. However, there are undoubtedly many more complex
dynamic states (periodic, quasiperiodic and chaotic), which
remain to be found experimentally, especially since the exper-
imental studies have been concentrated on the two extremes of
the pH interval, namely pH 5.2 and pH 6.3. We also present
new analyses of the various chaotic regions found in the ex-
perimental system, mainly in terms of return maps.

In addition, we have studied a new variant of the BFSO
model19 of the PO reaction. This version is more realistic
than previous versions because it involves the chemistry of
the phenolic compound in the reaction mechanism and it can,
at least phenomenologically, reproduce almost all of the dy-
namic behaviors observed experimentally. For example, it
can reproduce the experimentally observed period-doubling
scenario when the concentration of the phenol is increased37

(data not shown). This can only be done indirectly in the orig-
inal BFSO model.19 However, it is also worth pointing out
that the model like its predecessors is only semiquantitative
in that not all rate constants are known, and, in particular, for
many of them we do not know if and how they depend on

pH. The pH-dependency of k9 was inferred from the charge
of NADH/NAD•/NAD+ based on their pK values of around
3.5.32 However, also other reactions in the PO network may
be pH-sensitive even if this is not obvious from their chemical
reaction schemes. In section V A 1 we have discussed a few
of these reactions and come up with the proposal that a strong
candidate is reaction (8) in Table I. However, we also realize
that most likely the pH-sensitivity of the dynamics of the PO
reaction can be ascribed to more than one reactions as will be
discussed below.

The new model, like the original BFSO model, deviates
from the experimental system on several accounts. For exam-
ple, there is a slight difference between the model and the ex-
periments in terms of the frequency of the oscillations: the fre-
quency in the model simulations is generally some 30% lower
than in the experiments. There also seems to be an apparent
discrepancy between the experimental bifurcation phase di-
agram (Fig. 1) and the diagrams calculated from the OLK
model (Figs. 2 and 5). For example, the transition from
a period-1 oscillation to a period-2 oscillation in the model
simulations begins at a lower flow rate for the period-adding
scenario (low k9 or high k8 value) compared to the period-
doubling scenario (high k9 or low k8 value). In the experi-
ment this seems to be the other way around. However, this
discrepancy may be resolved if we include other pH-sensitive
rate constants. For example reducing k7 from around 2×107

M−1s−1 (expected for a pH=5.2) to around 3×106 M−1s−1

(expected for a pH=6.3) using the results from section V A 1
does not change the sequence of periodic and chaotic states
in the bifurcation diagram in e.g. Fig. 3B (k9=3.5×107

M−1s−1), but the 10 → 11 transition starts at considerably
higher value of k12. Furthermore, for k7= 3×106 M−1s−1 the
width of the region exhibiting concatenated 1011 dynamics
between the 10 state and 11 state in the period-adding region
of Fig. 5 (see also Fig. 6B) increases. Hence, including the
pH-sensitivity of other reactions in Table I brings the model
in better accordance with the experimental facts.
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Quasiperiodicity, or more precisely secondary quasiperiod-
icity ocurring on period-doubled n-periodic trajectories (n=
1,2,3,...), was predicted by the original BFSO model,39 but
is also found here in the OLK-model. However, it has been
difficult to observe such behavior in the experimental sys-
tem. The only stable experimental example of secondary
quasiperiodicity is that occurring on a period-doubled period-
1 trajectory (see Fig. S5 in the SM). The higher forms of
secondary quasiperiodicity, i.e. those occurring on period-
doubled period-2 and period-3 trajectories (see Fig. 7 and
Fig. S7) have not yet been observed experimentally as stable
states although an example of quasiperiodicity on a period-
doubled period-2 was measured as a transient (see Fig. S11 in
the SM). This is not surprising as measurements of such be-
havior require recording of data over very long time periods
with minimal fluctuations in experimental conditions. How-
ever, traces of such behavior may be found in return maps
obtained from chaotic windows separating two MMO states,
where some similarity can be found between model and ex-
perimental maps (compare Fig. S9F and S10 in the SM).

As mentioned above the current OLK model is not radi-
cally different from the original BFSO model and therefore
it should be fairly simple to reduce it to the same 6-variable
activator-inhibitor model proposed in ref. 55 and its three sub-
networks by eliminating the the phenol (ROH) and its corre-
sponding radical (RO•) in addition to compound I, compound
II, hydrogen peroxide (H2O2) and NADH. Hence, it can be
deduced that homoclinic orbits are present in the OLK model
as well. The three subnetworks of the 6-variable BFSO model,
which are organized around superoxide (O−2 ), ferrous perox-
idase (Per(II)) and ferric peroxidase (Per(III)) each contain
one autocatalytic loop. Mechanistically these subnetworks are
reminiscent of earlier simple models of the PO reaction.27,42

These simple models also captured many of the essential fea-
tures of the dynamics in the experimental system. If we com-
pare the Per(III) subnetwork from ref. 55 to the simple model
in ref. 42 we find very similar dynamics and attractor struc-
ture. Both models contain a saddle-focus fixed point where
the unstable manifold is spanned by a pair of complex conju-
gated eigenvectors and the stable manifold is one-dimensional
as in the original Rössler attractor.1 Also the return maps of
the two chaotic attractors are similar as can be seen in Fig.
S12 in the SM. Furthermore, these return maps are similar in
structure to some return maps found experimentally.2,42 Here
the stretching and folding of maps1 are very clear.

In conclusion the PO oscillating reaction, while being per-
haps technically challenging to study, is rich in dynamical be-
haviors and may be considered a true model system for biolog-
ical dynamics. Interestingly, this reaction is known to occur
in vivo in cells.62,63

SUPPLEMENTARY MATERIAL

See supplementary material for information on computa-
tional and experimental details and to see supplementary fig-
ures.
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1 Computational details

The differential equations corresponding to the OLK model were solved numerically using the COPASI
Software [1]. The integration method was LSODA and the step size was 0.2, relative error was 10−6, and
the absolute error was 10−12. Numerical integrations at time ≤ 100000 s were discarded.The bifurcation
phase diagrams spanned by k12 and k9 in Figure 1 and k12 and k8 in Figure 5 in the main text were
computed using more than 500 computed values of [Per(VI)] on cross sections defined by d[Per(II)]/dt =
0 (corresponding to a peak of Per(II)). From each cross section the period was calculated using a home-
made MatLab (MathWorks, Kista, Sweden) script. If there were no repeats in the value of [Per(VI)] for
20 consecutive points on each cross section, the period was taken as large (≥ 20). Bifurcation diagrams,
return maps and cross sections in the NADH-NAD• plane were also computed from cross sections as
described above. For each value of k12 over 500 points on the cross section were computed and plotted
vertically. Each bifurcation diagram contains 500 values of k12. Calculations of Lyapunov exponents and
Lyapunov dimension were likewise made using the COPASI software. The 5 largest Lyapunov exponents
were calculated for a time period of ≥2×106 s. Fixed points and eigenvalues for the Per(III) subnetwork
in ref. [2] and the simple PO model in ref. [3] were also calculated using the COPASI software.

2 Experimental details

Experiments with the PO reaction were conducted at 28 (± 0.1) ◦C in a 2 × 2 × × 4.3 cm quartz cuvette
fitted with a home-made temperature-controlled cuvette holder essentially as in refs. [4, 5, 6, 7]. The
cuvette was connected to a Zeiss S10 (Carl-Zeiss, Jena) diode-array spectrophotometer through optical
fibres. The reaction mixture was an 8 ml aqueous solution containing 0.1 M sodium acetate pH 5.2-5.8
or 0.1 M sodium phosphate pH 5.9-6.3. The mixture further contained 1.5 to 2.6 µM peroxidase (Roche,
Mannheim) 0.2 µM methylene blue and 200-600 µM 4-hydroxybenzoic acid. Oxygen enters the well-
stirred reaction mixture from a 7 ml gas head space containing 1.05 % O2/N2 gas mixture. The rate of
diffusion of oxygen into the reaction mixture is given by the equation (see also Table 1 in the main text):

PhyLife, Institute of Biochemistry and Molecular Biology
University of Southern Denmark , Campusvej 55, DK-5230 Odense M, Denmark e-mail: lfo@bmb.sdu.dk

1



2 Lars Folke Olsen and Anita Lunding

vO2 = K ([O2]eq− [O2]) (1)

The value of K measured for the experiments below ranged from 5.7× 10−3 to 6.0× 10−3 s−1, except for
the data in Fig. S5 where K = 4.8 × 10−3 s−1. NADH (Roche, Mannheim) was supplied to the reaction
mixture by infusion of a 0.1 M solution of NADH in distilled water through a capillary with its tip
below the surface. In our study we used the mean NADH concentration as a bifurcation parameter in the
following way: The NADH infusion rate was adjusted (30−50 µL/h) such that the average concentration
of NADH remained constant while the dynamics of the reaction was recorded. Then the pumping rate
was changed to allow the NADH concentration to settle on another mean level associated with a different
behavior. Thus, changing the mean NADH concentration allows for the observation of different dynamical
behaviors as well as an unambiguous determination of the order in which they occur. One could also
use the NADH flow rate as a bifurcation parameter (as in the numerical simulations). The flow rate of
course, determines the average NADH concentration, although the relation between the two is nonlinear.
However, this approach, while it makes for a somewhat more straightforward comparison of the data and
the simulations, is less reliable. This is because, in spite of great precautions to prepare identical NADH
stock solutions, small variations in concentration of NADH in the stock solutions are unavoidable. If
uncontrolled, these variations will affect the dynamics and are therefore a potential source of error. In
short, the use of mean NADH concentration as described here removes an otherwise inevitable source of
inter-experiment variability.

For experiments using magnetic fields we placed the cuvette between the ironpoles of a 4 in. horizontal
electromagnet (Walker Scientific Inc.,Worcester, MA). The residual magnetic flux of the electromagnet,
which is considered as zero-field, is 30 G. The static magnetic flux was measured in the middle of the
cuvette with a Hall probe connected to a Gaussmeter (F. W. Bell, Orlando, FL). Magnetic fields were
always switched on and off when the oxygen concentration reached its minimum after a large amplitude
oscillation. The residual magnetic field of the electromagnet was measured as 30 G immediately before
switching on the current to the electromagnet. After switching off the current, the magnetic field returned
to a value between 25 and 35 G. For further details see ref. [7].

Reconstruction of chaotic attractors from experimental data were done using Taken’s delay method[8].
Return maps were constructed from the phase plots as described in ref. [9].
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Supplementary figures

Fig. S1 Period-adding mixed mode scenario in the PO reaction. The figure shows oscillations in the absorption of compound
III (Per(VI)) following progressive increases in the mean NADH concentration (mediated by changes in infusion rate of
NADH into the reaction system). The pH was 6.3. Other conditions as listed in section 2 . The sequence of LS states
depicted are 10 (blue) → 11 (green) → 12 (cyan) → 13 (red) → chaos (black) → 04 (dark red) → 02 (dark green) → 01

(gray).
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Fig. S2 Experimental evidence for a concatenated state separating the 10 MMO state and the 11 MMO state at ph 6.3. The
top curve shows the absorption at 418 nm due to compound III as the NADH concentration is allowed to slowly decrease.
The level of NADH (measured as the absorption at 360 nm) was originally set to correspond to a 11 MMO state by adjusting
the NADH flow rate accordingly. At around 12000 s the NADH flow rate is reduced such that the NADH level decreases
slowly as shown in the bottom graph. This induces a transition from the 11 MMO state to the 10 MMO state. In the time
domain indicated by the horizontal bar we observe a transient 1011 concatenated state.
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Fig. S3 Time series of compound III (Per(VI)), 3D phase plot and return map. A, Time series of absorbance at 418 nm due
to compound III. B, 3D reconstructed phase plot of the data in A using the method of Takens [8] and a time delay of 6 s. C,
Return map constructed from the intersections of the phase plot with the plane transversal to the flow indicated in B.

Fig. S4 Return maps constructed from phase plots as that in Figure S3 at different pH values: A, pH 6.3; B, pH 5.7; C, pH
5.5; D, pH 5.2.
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Fig. S5 Secondary quasiperiodicity in the PO reaction. A, Experimental bifurcation diagram following changes in the con-
centration of 4-hydroxybenzoic acid. The maxima of oscillations of compound III (measured as the absorption at 418 nm)
are plotted against the concentration of 4-hydroxybenzoic acid. B, 3D reconstructed phase plot for the situation indicated by
the arrow in A where the hydroxybenzioc acid concentration is 380 µM; the delay method of Takens [8] was used for the
reconstruction of the attractor and the time delay was 6s. C, Return map construced from the intersection of the phase plot
with the plane transversal to the flow indicated in B.
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Fig. S6 Position of secondary quasiperiodicity in the 2D phase diagram of dynamic behaviors (oscillations and chaos) in
the OLK model (equations 5-16 in the main text) spanned by rate constants k8 and k12 and with k9 = 8× 107 M−1. Other
parameters are as listed in Table 1 in the main text. The initial concentration of peroxidase (Per(III)) is 3 × 10−6 M and
the initial concentration of the phenolic compound (ROH) is 2 × 10−4 M. All other initial concentrations are zero. The text
"QP" marks the beginning of quasiperiodic region in the yellow tongue. The arrow indicates the direction of changes in
parameters that lead to wrinkling and breakdown of torus shown in Fig. 8 in the main text.
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Fig. S7 Secondary quasiperiodicity in the OLK model for k8== 4× 107 M−1 and k9 = 4 × 107 M−1 s−1. Other parameters
are as listed in Table 1 in the main text. A, Bifurcation diagram for k12 ranging from 9.5× 10−8 M/s to 1.36×10−7. B,
Magnification of the boxed region in A. The arrow in B indicates the region with secondary quasiperiodicity. The initial
concentration of peroxidase (Per(III)) is 3 × 10−6 M and the initial concentration of the phenolic compound (ROH) is 2 ×
10−4 M. All other initial concentrations are zero.
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Fig. S8 Cross sections showing the wrinkling of tori and transition to toroidal chaos in the simulations of the OLK model
induced by changes in k6. Cross section projected in the NADH-NAD• plane. k8 = 4 ×107 M−1 s−1, k9 = 6×107 M−1

s−1. A, k6 =1.10×107 M−1 s−1 and k12= 1.271×10−7 M/s. B, k6 =1.08×107 M−1 s−1 and k12= 1.271×10−7 M/s. C, k6
=1.06×107 M−1 s−1 and k12= 1.27×10−7 M/s. D, k6 =1.04×107 M−1 s−1 and k12= 1.27×10−7 M/s. E, k6 =1.0×107 M−1

s−1 and k12= 1.27×10−7 M/s. F, k6 =0.96×107 M−1 s−1 and k12= 1.27×10−7 M/s. Other parameters are as listed in Table 1
in the main text. The initial concentration of peroxidase (Per(III)) is 3× 10−6 M and the initial concentration of the phenolic
compound (ROH) is 2 × 10−4 M. All other initial concentrations are zero.
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Fig. S9 Return maps of compound III (Per(VI)) in simulations of the the OLK model for parameters corresponding to Fig.
S8, i.e. k8=4.0 × 107 M−1 s−1, k9= 6.0 × 107 M−1 s−1 and A, k6 =1.1×107 M−1 s−1 and k12= 1.271×10−7 M/s. B, k6
=1.08×107 M−1 s−1 and k12= 1.271×10−7 M/s. C, k6 =1.06×107 M−1 s−1 and k12= 1.27×10−7 M/s. D, k6 =1.04×107

M−1 s−1 and k12= 1.27×10−7 M/s. E, k6 =1.0×107 M−1 s−1 and k12= 1.27×10−7 M/s. F, k6 =0.96×107 M−1 s−1 and k12=
1.27×10−7 M/s. The return maps were obtained from cross sections as described in section 1.
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Fig. S10 Experimental return map constructed from phase plot as that in Figure S3 of chaotic dynamics in the parameter
region (average NADH concentration) separating the 11 and the 12 MMO states in the experimental system. The chaotic state
was induced by applying a 500 G magnetic field to oscillations in the 11 MMO state. Applying a slightly higher magnetic
field of 1000 G would induce a transition in dynamics from the 11 MMO state to the 12 MMO state.
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Fig. S11 Experimental evidence for secondary quasiperiodicity on a period-doubled period-2? Top curve is a transient in
the concentration of O2 in the experimental system at pH 6.1 at a concentration of NADH at the 11 → 12 transition. Bottom
curve represents a simulation of the OLK model (O2 concentration) with parameters as those corresponding to Fig. 8A in
the main text.
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Fig. S12 Return maps of the BFSO Per(III) subnetwork and the Olsen83 model. A, Return map of compound III constructed
from section at d[O2]

dt = 0. Parameters as in [2]. B, Return map of Y constructed from section at dA
dt = 0. Parameters as in [3].
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