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Abstract: A rating system (RS) comprises a rating metric defined by a discrete set of integers 

contained in an interval (e.g.,      ), and an aggregation rule. RSs are widely used in various 

fields to capture and summarize individuals’ opinions on alternatives. In this paper we argue that 

the multi-attribute additive value model (MAVM) should be used as a benchmark to analyze the 

reliability of RSs, and present some tight bounds on the parameter   and overall rating scores, 

which guarantee the consistency between the RS       and MAVM at the ranking and rating 

levels. Interestingly, the tight bounds at the rating level are twice as large as those at the ranking 

level. The results in this paper can provide new insights about the reliability analysis of RSs.  

Keywords: Rating systems, multi-attribute additive value model, asymmetric information, 

reliability, consistency 

1. Introduction 

Rating systems (RSs) are widely used in business, management, education and many other 

fields as a method to capture and summarize individuals’ opinions on alternatives [16, 17, 36, 38, 

46, 47, 52]. Typically, the RS is an effective tool to deal with asymmetric information between 
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sellers and customers in the market [1, 8, 45]. Using RSs, products, candidates, or enterprises are 

often assessed to obtain rankings or ratings in different decision making situations. For example, 

a company may rate a candidate to decide whether to offer a job; an investor may consult the 

rating information of enterprises; and a bank may rate customers to determine their credit limits. 

An RS usually comprises a rating metric defined by a set of integers contained in a finite 

interval, and an aggregation rule which combines individual rating information into an overall 

rating score [7]. For instance, a binary metric        refers to a 3-point scale containing three 

rating options: −1, 0, 1. The aggregation rule might be a simple weighted average to perform the 

aggregation process. Using the RSs information, decisions such as buying a product or selecting 

an excellent employee can be made.  

The reliability analysis is one of the most challenging issues in the RS research because 

inconsistent decision outcomes may occur under different RSs. In the existing literature, three 

ways to analyze the reliability of RSs have been proposed: 

(1) Misunderstanding of the meaning of the scale. Most research on rating scales empirically 

explores how people rate when given different rating scales [9, 13, 20, 21, 25, 35], and it is found 

that people often do not understand the meaning of the scale in an RS [2, 34, 39]. Preston and 

Colman [42] showed that the 2-point, 3-point and 4-point scales performed significantly worse on 

several indices of reliability, validity and discriminating power than scales with more response 

categories. Weijters et al. [50] pointed out that scale formats have strong effects on response 

distributions and mis-response to reversed items, and then formulated recommendations on the 

choice of a scale format. Schwarz et al. [44] found that using a scale        leads to different 

rating results from using a scale      , which implies that the actual numeric values used in an 
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RS will affect raters’ expression of true opinions. If an RS cannot capture the details of people’s 

true opinions, it may be difficult to make an effective decision, and thus the reliability of the RS 

is debatable. Similar studies can be found in the decision making models dealing with linguistic 

scales (e.g., [22, 28]). 

(2) Strategic behaviors. Another explanation attributes inconsistent decision outcomes to raters’ 

strategic behaviors. Cleveland and Murphy [10] and Murphy et al. [41] pointed out that raters 

may have different individual goals due to the fact that they may come from different domains or 

they all own particular interests. These goals will affect the effectiveness of the evaluation 

information they provide, which in turn affects the reliability of the final decision outcome. For 

example, a rater may use strategic behaviors to make his/her most preferred alternative(s) 

selected. In decision analysis, there exist some similar studies to examine the impacts of strategic 

behaviors on decision outcomes, and to provide some effective mechanisms for defending against 

strategic manipulations [11, 14, 15, 40, 49]. 

(3) Rounding process in RSs. Bargagliotti and Li [4] proposed a novel view that different 

decision outcomes may occur without human fault. Instead, the use of the rounding process in 

RSs plays an important role. They investigated the consistency between the scale metric       

and the binary metric        at the representation and aggregation levels. It is proved that any 

two opinions represented by the same rating in the scale metric are also represented by the same 

rating in the binary metric if and only if   is odd and     is not divisible by 4. Besides, 

several sufficient conditions are provided to guarantee the same aggregation decision outcome 

when consulting both metrics. 

The existing research has provided useful insights about the reliability analysis of RSs, but 
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most of them empirically investigated the impact of people’s psychological and behavioral factors 

on the reliability of RSs. Although Bargagliotti and Li [4] proposed an analytical view about the 

RSs’ reliability, we find that there are some gaps that should be further filled: 

(1) The ranking and rating consistency of multiple alternatives in RSs. Bargagliotti & Li [4] 

only investigated the consistency of a single alternative between the scale metric       and the 

binary metric        at the representation and aggregation levels. It is common that we want to 

obtain the ranking or ratings of multiple alternatives in practical RS problems. For example, when 

someone is going to buy a smart phone online, what she may mostly care about is the ranking of 

the alternative smart phones on sale. Besides, a number of hotels are rated different stars (e.g., a 

five-star hotel). Therefore, we argue that it is of key importance to study the consistency of 

multiple alternatives in RSs at the ranking and rating levels to cope with real-world RS decision 

problems. 

(2) The consistency between RSs and multi-attribute additive value model (MAVM) [31]. 

Essentially, RS is a method used to aggregate individuals’ preferences. Such a problem has been 

extensively studied in economics in the fields of social choice and decision theory [3, 6, 18, 26, 

32, 33, 37]. In decision theory, group utility is studied based on axiomatic approach, which 

provides a solid theoretical foundation for studying preferences aggregation. Axioms are 

observable conditions on the preferences, which make the utility theory testable on behavioral 

level. RS is proposed as a method to aggregate individuals’ preferences to fulfill the same 

purpose as group utility theory; but it lacks such a theoretical foundation. Therefore, it is 

interesting to investigate how RS can be connected to the group utility theory. The MAVM is a 

classical model in multi-attribute utility theory [18, 19, 27, 31, 33, 48], which has been used to 
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axiomatize group utility [32]. It has the high interpretability of numerical scores that can be 

decomposed into individual values (e.g., [24, 30]). However, when evaluating products, 

candidates, or enterprises in business, we often use RSs (not MAVM). In essence, RS problems 

can be modeled by multiple attribute decision making because evaluating an alternative by 

multiple raters is equivalent to that by multiple attributes [29], and in the aggregation rules of RSs 

the additive model is widely employed [4, 7]. Therefore, RS can be considered as an approximate 

model of MAVM, and thus it is necessary to study the consistency between RS and MAVM. 

When the decision outcomes between RS and MAVM are consistent, we argue that the RS is 

reliable.  

Similar to Bargagliotti & Li [4], it is assumed that the perceived state (PS) of a rater for the 

quality of an alternative exists, and the available metric requires the rater to choose a discrete 

rating to represent the PS for the alternative. In this paper, we model PS by a continuous 

measurement in the interval      , and the PSs are assumed to be linearly transformed (with 

rounding) into discrete integer ratings in the interval      , called the RS      . We argue that 

the PSs could be regarded as values of an alternative associated with multiple raters because the 

PSs and values are essentially the same thing and both of them measure how satisfied people are 

with an alternative [3, 12, 26, 31, 33]. Then, the MAVM is employed as the basis to analyze the 

reliability of RSs. We analytically present some tight bounds on the parameter   and overall 

rating scores to guarantee the consistency between the RS       and MAVM at the ranking and 

rating levels. Interestingly, the tight bounds at the rating level are twice as large as those at the 

ranking level. Furthermore, we present the detailed simulation analysis to show more findings on 

the consistency of decision outcomes between RS and MAVM. 
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The results in this paper can provide useful insights for the reliability analysis of RSs. If PSs 

are available, MAVM can be employed to get reliable results. However, RS is widely used as an 

approximate model of MAVM in practical decision problems, which sometimes leads to 

unreliable results. For instance, two candidates (A and B) compete for a position, and three 

interviewers with same importance rate A and B on the scale      . The interviewers’ PSs are 

0.82, 0.91, 0.86 for A; and 0.86, 0.89, 0.88 for B. Using the RS      , the interviewers rate A as 4, 

5, 4; and B as 4, 4, 4, respectively. Then the weighted average scores of A and B are 4.3 and 4, 

respectively, and thus A is more preferred. However, on the basis of MAVM, the aggregation 

results of PSs are 0.863 and 0.877 for A and B, respectively, and thus B is more preferred. 

Therefore, the RS leads to the inconsistent decision outcome with MAVM. In this paper, using 

MAVM as a benchmark, we provide some analytical conditions to show the key roles of the 

parameter   and overall rating scores in the reliability analysis of RSs.  

The remainder of this paper is organized as follows. The next section introduces the framework 

to study the consistency between RS and MAVM. Then, we present the analytical consistency 

conditions between RS and MAVM at the ranking and rating levels in Section 3. Following this, 

in Section 4 simulation experiments are demonstrated to further explore the properties of RSs, 

and a hypothetical example of application is presented to illustrate the usability of the obtained 

results in practical RS problems. Finally, conclusion and future perspectives are included in 

Section 5. 

2. Framework 

An RS comprises a rating metric and an aggregation rule. The rating metric is a discrete set of 

integers contained in an interval. Let          be the set of integers between   and   which 
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contains   and  . Let              be the rating of alternative   associated with rater  . For 

alternative   and   raters,             denotes the space of all possible m-tuples 

               . The aggregation rule is some type of averaging function over                . 

Definition 1 (Bargagliotti and Li [4]): An RS is the pair (          ) where   is an 

aggregation function from             to the interval      : 

                    

In this paper, we assume that the rating metric is the RS      , which will not change the 

essence of an RS, and we consider that the RS aggregation rule is a weighted average. 

Similar to [4], it is assumed that the PS of a rater for an alternative exists, and the available 

metric requires the rater to choose a discrete rating to represent his/her PS for the alternative. In 

this paper, we model the PSs as continuous values in the interval      , and assume that there 

exists a linear transformation process (with rounding) from PSs to ratings. Let         be a PS, 

and the PS can be transformed into a rating,  , in a       metric based on Eqs. (1) and (2): 

                                       (1) 

                                           (2) 

where    is the value in the interval       linearly transformed from  , and rounding is a 

rounding operation. When    is located at halfway between two integer values, in this paper   

will be the larger one. For instance, there is a PS that      , and then its rating is   

                  when the rating metric is      . This assumption is also made in the 

previous literature on RS. However, it should be noted that if another rounding point is adopted, 

all results of this paper are still valid. 

The RS problem can be modeled by multiple attribute decision making because evaluating an 
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alternative by multiple raters is equivalent to the group decision making problem where 

individuals’ values are aggregated to a group value by multiple attribute value function [5, 6, 18, 

29, 31]. Thus, in this paper we consider the following multiple attribute decision making 

problem:  

Let                be a set of alternatives;                be a set of attributes, 

where an attribute is equivalent to a rater in the RS; and               
  be a weight 

vector of attributes such that      and    
 
     . Let           , where     denotes 

the PS of alternative    associated with attribute   . Let           , where 

                   , obtained via Eqs. (1) and (2), is the rating of alternative    associated 

with attribute    in the RS      . 

The PS measures how satisfied people are with an alternative, essentially,     also represents 

the value of alternative    over attribute    in the framework of MAVM [3, 12, 26, 31, 33]. 

Therefore, the MAVM is employed to weigh all attributes according to the PSs provided. Then 

the value of alternative    is determined by   :  

         
 
                                  (3) 

On the other hand, the evaluation information provided to the decision maker can be in the 

form of a collection of scale ratings capturing the quality of alternatives associated with raters 

(i.e., attributes). Then, the weighted average is used to derive the overall rating score of 

alternative    in the RS       by   :  

         
 
                                  (4) 

Next, we introduce the concepts of the ranking and rating as follows: 

(i) Ranking. Let              be the values of alternatives using MAVM, from which we can 
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obtain the ranking of alternatives:                   if    is the     largest element in 

            . For example, suppose that               are the values of three alternatives using 

MAVM, then                  . Similarly, let              be the overall rating scores 

of alternatives using the RS      , from which the ranking of alternatives can be derived: 

                if    is the     largest element in             . 

Based on the ranking of alternatives, we can easily have the following results: 

(1)                                      . 

(2)                                      . 

(3)                                  . 

(4)                                  . 

(ii) Rating. When considering MAVM, similar to Eqs. (1) and (2), we can transform 

             into ratings in the RS       by                              . For 

example, let                          be the values of three alternatives using MAVM, and 

then                                  in the RS      . When considering the RS 

     , we can obtain the ratings of alternatives by                          .  

Based on the ratings of alternatives, we can easily have the following results: 

(1)                                    . 

(2)                                    . 

(3)                                    . 

(4)                                . 

(5)                                . 

(6)                                 . 
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As mentioned above, in practical decision making problems, the inconsistency between RS and 

MAVM may occur. We use Example 1 to illustrate this issue. 

Example 1: A decision maker is going to make a choice among two alternatives    and   . 

The PSs of    and    over three attributes are                                and 

                              , respectively. Let the RS be       , and let the weights of all 

attributes be equal. Then, the inconsistency of decision outcomes between RS and MAVM will 

arise: 

(i) Considering the ranking level.                                 because 

                           and                           . In the RS 

       the ratings of two alternatives over three attributes are                       and 

                     , respectively. As a result,                             because 

                 and               .  

(ii) Considering the rating level.                               because 

                                   and                            

       ; while                           because                            

  and                           . 

The MAVM is a foundational and well-justified theory to evaluate alternatives, and thus we 

argue that MAVM should be used as a benchmark to study the reliability of RSs. If an RS is 

reliable, the decision outcomes between RS and MAVM should be consistent. Therefore, in order 

to analyze the reliability of RSs, we study the consistency issue between RS and MAVM at the 

ranking and rating levels. The consistency between RS and MAVM at the ranking and rating 

levels are formally defined in Definitions 2 and 3.  
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Definition 2: An RS is consistent with MAVM at the ranking level if the rankings of any two 

alternatives    and    conveyed by the RS and MAVM are the same, i.e., one of the following 

conditions holds, 

(1)                                                                . 

(2)                                                                . 

(3)                                                                . 

Definition 3: An RS is consistent with MAVM at the rating level if the ratings of any two 

alternatives    and    conveyed by the RS and MAVM are the same, i.e., one of the following 

conditions holds, 

(1)                                                            . 

(2)                                                            . 

(3)                                                            . 

Furthermore, the framework to analyze the consistency between RS and MAVM is presented in 

Fig. 1. 

Fig. 1: Framework to analyze the consistency between RS and MAVM  

Transforming PSs 

into ratings   

PSs are averaged 

into the values of 

alternatives

Ranking based on 

values

Ratings are averaged 

into the overall rating 

scores of alternatives

Consistency 

analysis at the 

rating level

If using MAVM

If using RS
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Ratings based on 
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The perceived states 

(PSs) of alternatives 
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The detailed procedures for the consistency analysis between RS and MAVM at the ranking 

and rating levels are presented below: 

Step 1: Provide the PSs of alternatives associated with attributes (or raters). 
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Step 2: In the case of the MAVM, PSs are aggregated into the values of alternatives based on 

Eq. (3).  

Step 3: In the case of the RS, PSs are transformed into ratings, and then ratings are aggregated 

into the overall rating scores of alternatives based on Eq. (4). 

Step 4: Derive the ranking and ratings of alternatives based on the obtained values and overall 

rating scores, and then conduct the consistency analysis between RS and MAVM at the ranking 

and rating levels.  

3. Consistency between RS and MAVM at the ranking and rating levels 

In this section, we present the consistency conditions between RS and MAVM at the ranking 

and rating levels to study the reliability issue of RSs.  

First, we present Lemma 1. 

Lemma 1: Let            ,                   and                  , 

where     is an integer. Then,        
       

 
 
       

 
 . 

The proof of Lemma 1 is provided in Appendix A. 

Let    and    be any two alternatives in               , and they are evaluated on 

multiple attributes (or raters)               . Let     and     denote the PSs of 

alternatives    and    associated with attribute   , respectively. Let    and    be the values 

of alternatives    and    obtained by MAVM, i.e.,          
 
    and          

 
   , 

where               
  is the weight vector of attributes. Let     and     denote the 

rating information of alternatives    and    associated with attribute    transformed from     

and    . Let    and    be the overall rating scores of alternatives    and    obtained by RS, 

i.e.,          
 
    and          

 
   . 
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3.1 Tight bounds on   

Based on Definition 2 and Lemma 1, we present the consistency condition (a tight lower bound) 

about   between RS and MAVM at the ranking level (see Theorem 1). Notably, a tight lower 

bound means a maximum lower bound in mathematics. 

Theorem 1: When using the RS       to evaluate any two alternatives    and   , we have 

that 

(1) When        , there are two cases:  

(i) for any   
 

       
, the RS       is always consistent with MAVM at the ranking level for 

alternatives    and   . 

(ii) for any   
 

       
, there exist some cases that the RS       is inconsistent with MAVM 

at the ranking level for alternatives    and   . 

(2) When        , there exist some cases that the RS       is inconsistent with MAVM 

at the ranking level for alternatives    and    for any          .  

The proof of Theorem 1 is provided in Appendix A. 

According to Theorem 1, there exists a critical value of  , which is determined by 
 

       
 if 

       . When   is larger than the critical value, the RS       is consistent with MAVM at 

the ranking level. Meanwhile, the critical value is tight, and for any   
 

       
, there exist some 

cases that the RS       is inconsistent with MAVM at the ranking level.  

On the other hand, if        , the critical value does not exist, and there exist some cases 

that the RS       is inconsistent with MAVM at the ranking level for any          . 

Next, based on Definition 3 and Lemma 1, we present a tight lower bound on  , which 

guarantees the consistency between RS and MAVM at the rating level (see Theorem 2). 
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Theorem 2: When using the RS       to evaluate any two alternatives    and   , we have 

that 

(1) When        , there are two cases:  

(i) for any   
 

       
, the RS       is always consistent with MAVM at the rating level for 

alternatives    and   . 

(ii) for any   
 

       
, there exist some cases that the RS       is inconsistent with MAVM 

at the rating level for alternatives    and   . 

(2) When        , there exist some cases that the RS       is inconsistent with MAVM 

at the rating level for alternatives    and    for any          .  

The proof of Theorem 2 is provided in Appendix A. 

According to Theorem 2, if        , the tight lower bound on   is 
 

       
 at the rating 

level, and is twice as large as that at the ranking level.  

Theorems 1 and 2 reveal that there exist two tights bounds on the parameter   determined by 

the value difference of alternatives (i.e.,        ): When   is larger than the bounds, there 

exists the consistency between RS and MAVM at the ranking and rating levels; Otherwise, 

inconsistent cases may occur. 

3.2 Tight bounds on overall rating scores 

Based on Definition 2 and Lemma 1, we present a tight lower bound on overall rating scores, 

which guarantees the consistency between RS and MAVM at the ranking level (see Theorem 3). 

Theorem 3: When using the RS       to evaluate any two alternatives    and   , we have 

that 

(1) When          , the RS       is always consistent with MAVM at the ranking level 
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for alternatives    and    for any          . 

(2) When          , there exist some cases that the RS       is inconsistent with MAVM 

at the ranking level for alternatives    and    for any          . 

The proof of Theorem 3 is provided in Appendix A. 

According to Theorem 3, there exists a critical value of  . When          , the RS       

is consistent with MAVM at the ranking level. Meanwhile, the critical value is tight, and when 

         , there exist some cases that the RS       is inconsistent with MAVM at the 

ranking level. 

Now, based on Definition 3 and Lemma 1, we present the consistency condition about overall 

rating scores between RS and MAVM at the rating level (see Theorem 4).  

Theorem 4: When using the RS       to evaluate any two alternatives    and   , we have 

that 

(1) When          , the RS       is always consistent with MAVM at the rating level for 

alternatives    and    for any          . 

(2) When          , there exist some cases that the RS       is inconsistent with MAVM 

at the rating level for alternatives    and    for any          . 

The proof of Theorem 4 is provided in Appendix A. 

According to Theorem 4, the tight lower bound on overall rating scores is   at the rating level, 

and is twice as large as that at the ranking level. 

Theorems 3 and 4 present two tights bounds determined by overall rating score difference of 

alternatives (i.e.,        )：There are consistent outcomes between RS and MAVM at the 

ranking level when          , and at the rating level when          . 
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Although the tight bounds of the parameter   and overall rating scores are both useful to 

present theoretical insights about the reliability of RSs, there are some key differences between 

them: The tight bounds on the parameter   are determined by the value difference of 

alternatives, and in practical RS problems we often don’t know the values of alternatives, which 

limits its practical use. Instead, the tight bounds on overall rating scores depend directly on the 

rating information (not PSs), and thus provide a more practical tool to analyze the reliability of 

RSs. For example, an RS platform can directly judge whether the obtained RS results are reliable 

according to the data of    and    (see Section 4.2). 

4. Simulation analysis and illustrative examples 

In this section, we design simulation experiments to further explore the reliability of RSs. 

Moreover, we present a hypothetical example of application to illustrate the usability of the 

obtained results in practical RS problems. 

4.1 Simulation analysis 

The consistency conditions obtained analytically in Theorems 1-4 provide a basis to support 

the reliability analysis of RSs. But it is still unclear that: 

(1) how the value difference of alternatives will influence the consistency between RS and 

MAVM when   is smaller than the critical values obtained in Theorems 1 and 2;  

(2) how the overall rating score difference of alternatives will influence the consistency 

between RS and MAVM when the difference is smaller than the critical values obtained in 

Theorems 3 and 4.  

Therefore, in this section, given a pair of alternatives (   and   ) and   attributes (raters), 

we use simulation experiments to further study the impact of the value difference and overall 
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rating score difference of two alternatives on the consistency between RS and MAVM. 

In Simulation experiment 1 we randomly generate    and    to satisfy          
     

 
 
 

 
  

when setting                . Clearly, smaller   values show smaller differences between    

and   , and according to Theorem 1 the inconsistency between the RS       and MAVM may 

occur at the ranking level for any                . Thus, in Simulation experiment 1 we study 

the impact of different         values on the inconsistency between RS and MAVM at the 

ranking level, by exploring the average inconsistency ratios under different   values. 

Meanwhile, we present a revised version of Simulation experiment 1, called Simulation 

experiment 1', to randomly generate    and    to satisfy          
         

 
 
   

 
  when 

setting                 , and then to show the average inconsistency ratios under different    

values at the rating level. 

The details of Simulation experiments 1 and 1' are provided in Appendix B. 

We set different input parameters  ,  ,   and   , and run Simulation experiments 1 and 1' 

10000 times to obtain the average values of   and   , which reflect the average inconsistency 

ratios of decision outcomes between RS       and MAVM at the ranking and rating levels, 

respectively. The average values of   and    are presented in Fig. 2. 

Fig. 2: The average   and    values in Simulation experiments 1 and 1' 
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(a)                                       (b) 

From Fig. 2, we find the following observations: 

(i) Fig. 2 (a) and Fig. 2 (b) show that the inconsistency ratios (average   and    values) will 

be close to 0 if       and       . The observation shows that there is still a quite high ratio 

of keeping consistency (close to 1) between RS and MAVM at the ranking and rating levels when 

the critical values obtained in Theorems 1 and 2 are reduced to certain degree. This finding 

indicates that a smaller   can keep the RS reliable in the vast majority of cases.  

(ii) Fig. 2 (a) shows that increasing the values of   will result in decreasing the average   

values under different   and   values. This means that a larger difference between    and    

will lead to a smaller inconsistency ratio at the ranking level, and thus lead to higher reliability of 

RSs.  

(iii) Fig. 2 (b) shows that a larger difference between    and    will lead to a smaller 

inconsistency ratio at the rating level, and thus lead to higher reliability of RSs when       . 

However, when       , Fig. 2 (b) shows lower average values of    under different   and 

  values as the decrease of   . This means that a very small difference between    and    will 

lead to a small inconsistency ratio at the rating level, and thus lead to high reliability of RSs. This 

observation is very different from the results at the ranking level, and can be explained as 
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follows: 

The         value is small when       , and thus the difference between    and    is 

small too. As a result, there is a high possibility that                               

                         , which leads to high reliability of RSs at the rating level. 

In Simulation experiment 2 we randomly generate    and    to satisfy            

       when setting                . Clearly, smaller   values show smaller differences 

between    and   , and according to Theorem 3 the inconsistency between the RS       and 

MAVM may occur at the ranking level for any                . Thus, in Simulation 

experiment 2 we study the impact of different         values on the inconsistency between RS 

and MAVM at the ranking level, by exploring the average inconsistency ratios under different   

values. 

Meanwhile, we present a revised version of Simulation experiment 2, called Simulation 

experiment 2', to randomly generate    and    to satisfy                      when 

setting                 , and then to show the average inconsistency ratios under different    

values at the rating level. 

The details of Simulation experiments 2 and 2' are provided in Appendix B. 

We set different input parameters  ,  ,   and   , and run Simulation experiments 2 and 2' 

10000 times to obtain the average values of   and   , which reflect the average inconsistency 

ratios of decision outcomes between the RS       and MAVM at the ranking and rating levels, 

respectively. The average values of   and    are presented in Fig. 3. 

Fig. 3: The average   and    values in Simulation experiments 2 and 2  
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(a)                                      (b) 

From Fig. 3, we have the following findings: 

(i) Fig. 3 (a) and Fig. 3 (b) show that increasing the values of   and    will result in 

decreasing the average   and    values under different   and   values. This means that a 

larger difference between    and    will lead to a smaller inconsistency ratio at the ranking and 

rating levels, and thus lead to higher reliability of RSs. 

(ii) Fig. 3 (a) shows that the inconsistency ratio will be close to 0 if      . This observation 

shows that there is still a quite high ratio of keeping consistency (close to 1) between RS and 

MAVM at the ranking level when            . It indicates we can use a smaller critical value 

(e.g., 0.4) to guarantee the consistency between RS and MAVM at the ranking level. Similarly, 

Fig. 3 (b) shows that we can use a smaller critical value (e.g., 1.6) to guarantee the reliability of 

RSs at the rating level in the majority of cases.  

As complementary to Theorems 1-4, the results in Simulation experiments 1, 1', 2 and 2' can 

further provide useful suggestions to improve the decision making reliability in RSs. 

(1) Quite high reliability can still be kept at the ranking and rating levels when the obtained 

critical values in Theorems 1-4 are reduced to certain degree. 

(2) The values and overall rating scores of alternatives play important roles in the reliability of 
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RSs. A large value difference or overall rating score difference of alternatives will lead to a low 

inconsistency ratio at the ranking level, and thus lead to higher reliability of RSs. When 

considering the rating level, a middle value difference of alternatives will result in a high 

inconsistency ratio, while a large overall rating score difference of alternatives will lead to a low 

inconsistency ratio. 

4.2 Hypothetical application 

In the following, we present a hypothetical example of application to illustrate the usability of 

the theoretical and simulation results. Suppose there are two cafes (   and   ) in a university 

campus. A team of marketing students conducts a consumer preference survey, and consumers 

(University staff and students) are invited to evaluate these two cafes from five attributes: 

Location     , Product quality     , Atmosphere     , Waiting time      and Space available 

    . In the example the weights of the attributes are equal. Here we only illustrate the usability 

of Theorems 1 and 3, and the cases of Theorems 2 and 4 are similar. 

In Case A, we illustrate the results of Theorem 1 and Simulation experiment 1. 

Case A: Consumers are asked to provide their PSs of the two cafes over the five attributes, and 

the PSs are presented in Table 1. 

Table 1 PSs and the tight bounds of   at the ranking level 

 
      Tight bounds at the 

ranking level ( )                               

Consumer 1 0.85 0.86 0.85 0.87 0.78 0.63 0.67 0.99 0.73 0.61 8.62 

Consumer 2 0.70 0.86 0.84 0.73 0.90 0.76 0.95 0.79 0.64 0.64 20 

Consumer 3 0.86 0.88 0.61 1.00 0.74 0.65 0.85 0.92 0.77 0.62 17.86 

Consumer 4 0.99 0.87 0.77 0.79 0.77 0.92 0.94 0.88 0.93 0.95 11.63 

Consumer 5 0.76 0.60 0.75 0.83 0.64 0.91 0.63 0.66 0.91 0.73 19.23 

Consumer 6 0.85 0.93 0.70 0.91 0.92 0.82 0.75 0.84 0.82 0.72 13.89 

Consumer 7 0.83 0.64 0.85 0.77 0.76 0.92 0.60 0.83 0.99 1.00 10.20 

Consumer 8 0.98 0.82 0.87 0.92 0.86 0.63 0.93 0.88 0.71 0.71 8.47 
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Consumer 9 0.62 0.99 0.92 0.98 0.80 0.88 0.64 0.64 0.73 0.88 9.26 

Consumer 10 0.87 0.92 0.86 0.92 0.88 0.68 0.65 0.71 0.73 0.76 5.43 

It is assumed that the consumers will provide their rating information through the 

transformation of PSs (i.e., Eqs. (1) and (2)) based on the rationality principle. Then, based on 

Theorem 1 we can obtain the tight bounds of   (see Table 1) to check the consistency between 

MAVM and RS at the ranking level, which measures the reliability of the RSs used by consumers. 

In the example, when the consumers use the RS with     , the 10 consumers’ evaluation 

results about the ranking of the two cafes are all reliable in the sense of MAVM. 

Further, let    be the proportion of the consumers who have consistent evaluations between 

MAVM and RS at the ranking level. Clearly,         . The larger the value of   , the higher 

proportion of consumers whose evaluation results are reliable. If     , all consumers’ 

evaluation results are reliable. The    values under different parameter   are present in Fig. 4. 

Fig. 4. The    values under different parameter   

 

According to Fig. 4, a high consistency proportion can still be kept when     even though 

most of the tight bounds on   are larger than 8 (See Table 1). This result indicates that there still 

exists high reliability in most cases when the tight bound on   at the ranking level is obviously 

reduced, which coincides with Simulation experiment 1. 
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Further, we use case B to illustrate the results of Theorem 3 and Simulation experiment 2. 

Case B: In practical RS problems, we often don’t know people’s PSs, and Theorem 3 provides 

a useful tool to determine whether the consistency exists between MAVM and RS at the ranking 

level (i.e., the reliability of the RS can be guaranteed). Suppose ten consumers are asked to rate 

the two cafes using the RS      . Table 2 shows the rating information and the corresponding 

overall rating score differences.  

Table 2 The ratings with the RS       and the corresponding overall rating score differences 

 
      

        
Consistency at the 

ranking level                               

Consumer 1 5 5 5 5 5 4 4 6 4 4 0.6 Yes 

Consumer 2 4 5 5 4 5 5 6 5 4 4 0.2 No 

Consumer 3 5 5 4 6 4 4 5 6 5 4 0 No 

Consumer 4 6 5 5 5 5 6 6 5 6 6 0.6 Yes 

Consumer 5 5 4 5 5 4 5 4 4 5 4 0.2 No 

Consumer 6 5 6 4 5 6 5 5 5 5 4 0.4 Yes 

Consumer 7 5 4 5 5 5 6 4 5 6 6 0.6 Yes 

Consumer 8 6 5 5 6 5 4 6 5 4 4 0.8 Yes 

Consumer 9 4 6 6 6 5 5 4 4 4 5 1 Yes 

Consumer 10 5 6 5 6 5 4 4 4 4 5 1.2 Yes 

Theorem 3 shows that           can guarantee the consistency between MAVM and RS 

at the ranking level, and Simulation 2 indicates that there is still a high possibility to keep the 

consistency when            . The results in Table 2 coincide with Theorem 3 and 

Simulation 2. In summary, both the theoretical results and simulation results are validated in the 

hypothetical application. 

5. Conclusion 

RSs are widely used to obtain the ranking or ratings of alternatives in decision making, and one 

of the most challenging issues in RS problems is reliability because different RSs may lead to 

inconsistent decision outcomes. In this paper, we use MAVM as a benchmark to study the 
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reliability of the RS      . Different from the existing research to investigate the impact of 

people’s psychological and behavioral factors on the reliability of RSs, in this paper we 

analytically reveal the mechanism from the view of the rounding process to guarantee the 

reliability of RSs at the ranking and rating levels. The main contributions are concluded as 

follows: 

(1) We find that there exist tight bounds on the parameter  , which are determined by the 

value difference of alternatives (see Theorems 1 and 2). When   is larger than the bounds, the 

consistency between RS and MAVM will hold at the ranking and rating levels; Otherwise, 

inconsistent cases may occur. Particularly, the tight bound on   at the rating level is twice as 

large as that at the ranking level. 

(2) We present the tight bounds on overall rating scores (see Theorems 3 and 4): The 

consistency between RS and MAVM will hold when the overall rating score difference among 

alternatives is larger than 1 at the ranking level and larger than 2 at the rating level.  

(3) We develop the detailed simulation analysis to show that the consistency between RS and 

MAVM at the ranking and rating levels can still be kept in most cases if the obtained tight bounds 

are reduced to certain degree. These simulation results further provide useful suggestions to 

improve the decision making reliability in RSs. 

The tight bounds on the parameter   and overall rating scores both provide interesting 

insights about the reliability of RSs in theoretical aspects, but they behave differently in practical 

RS problems: We can’t directly use the tight bounds of the parameter   to judge the reliability 

of the used RSs because we often don’t know the values of alternatives (i.e., people’s PSs) when 

using an RS. However, the tight bounds on overall rating scores depend directly on the rating 
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information (not PSs), and thus provide more practical tools to analyze the reliability of RSs.  

There are two limitations in this paper: (1) strategic behaviors are common in decision making 

activities [15, 23, 40, 43], but we assume that the decision makers honestly express their 

preferences using RSs; (2) the rating scores mean different things (the personalized individual 

semantics [51]) to different decision makers, but we don’t consider this issue in RSs. Therefore, it 

will be interesting to study the reliability of RSs in a decision context with strategic behaviors and 

personalized individual semantics. 
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Appendix A: Proofs 

The proof of Lemma 1:  

Let          and         . Transform them into the interval       via Eqs. (1) and (2), 

we have                   and                  . Then, we have: 
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Based on Eq. (5), we have        
        

 
 
        

 
 . 

This completes the proof of Lemma 1. 

The proof of Theorem 1:  

(1) We prove (i) based on reduction to absurdity as follows. 

We assume      , i.e.,                                . Based on Lemma 1, we 

have: 

                                              

 
 

 
                                                

 
 

 
                                        

                 

      
 

 
                                                                                            (6) 

If the inconsistency occurs at the ranking level, we have                            , 
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i.e.,       according to Definition 2. As a result, based on (6) we have  

      
 

 
               

 

 
                                                        (7) 

Then, we have that         
 

 
, i.e.,   

 

     
, which contradicts   

 

       
. Notably, 

we can prove (i) in the case of       in the same way. 

So, the RS       is always consistent with MAVM at the ranking level for alternatives    

and    if   
 

       
         . 

This completes the proof of (i). 

Next we prove (ii). We assume        , i.e.,                                . 

Because   
 

       
, we have that  

  
 

     
 

 

                                       
                  (8) 

Then, for any   
 

                                       
, there exist                    

satisfying Eq. (9). 

 
        

 

  

                                
                     (9) 

Thus, we have                                                       

and      , i.e.,                            . As a result, the inconsistency between the 

RS       and MAVM occurs at the ranking level accoding to Definition 2. Notably, we can 

prove (ii) in the case of       in the same way. 

Therefore, for any   
 

       
         , there exist some inconsistency cases between the 

RS       and MAVM at the ranking level for alternatives    and   .   

This completes the proof of (ii). 

(2) When        , i.e.,                                , we have: 

                                                      (10) 

For any          , we set    
 

 
           , and there exist                    

satisfying Eq. (11). 

 

                                    
                        

                                          

             (11) 
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Then, in this case      , i.e.,                            . As a result, the 

inconsistency between the RS       and MAVM occurs at the ranking level accoding to 

Definition 2. 

So, for any          , there exist some inconsistency cases between the RS       and 

MAVM at the ranking level for alternatives    and    when        .  

This completes the proof of (2). 

The proof of Theorem 2: 

(1) We prove (i) based on reduction to absurdity as follows. 

We assume      , i.e.,                              . Based on Lemma 1, we have 

Eq. (6), i.e.,       
 

 
                    .   

If the inconsistency occurs at the rating level, we have 

(a)                               and                                 . As 

a result, based on Eq. (6) we have  

      
 

 
               

 

 
                        (12) 

(b)                               and                                   

  . As a result, based on Eq. (6) we have 
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(c)                                       
 

 
 , then we have that 

  
 

       
 

 

                                         
               (14) 

For any   
 

                                         
, there exist                    

satisfying Eq. (15). 

 
        

 

  

                                  
                    (15) 

Thus, we have                                                       

and        , i.e.,                          . As a result, the inconsistency between the 

RS       and MAVM occurs at the rating level accoding to Definition 3.  

Notably, we can prove (i) in the case of       in the same way. 

So, the RS       is consistent with MAVM at the rating level for alternatives    and    if 
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         . 

This completes the proof of (i).                       

Next, we prove (ii). We assume        , i.e.,                              . 

Because   
 

       
, we have that  

  
 

     
 

 

                                       
                     (16) 

Then, for any   
 

                                       
, we set    
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and there exist                    satisfying Eq. (17). 

 

                                    

          
 

  
            

                                          

            (17) 

Then, in this case      , i.e.,                          . As a result, the inconsistency 

between the RS       and MAVM occurs at the rating level accoding to Definition 3. Notably, 

we can prove (ii) in the case of       in the same way. 

Therefore, for any   
 

       
         , there exist some inconsistency cases between the 

RS       and MAVM at the rating level for alternatives    and   .   

This completes the proof of (ii). 

(2) When        , i.e.,                              , we have: 

                                                        (18) 

For any          , we set    
 

 
           , and there exist                    

satisfying Eq. (19). 

 

                                    
                       

                                          

              (19) 

Then, in this case       , i.e.,                          . As a result, the inconsistency 

between the RS       and MAVM occurs at the rating level accoding to Definition 3. 

So, for any          , there exist some inconsistency cases between the RS       and 

MAVM at the rating level for alternatives    and    when        .  

This completes the proof of (2). 

The proof of Theorem 3:  
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(1) According to Eq. (6), we have       
       

 
. Similarly, we can obtain that       

       

 
, i.e., 
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We first consider the case of         . In this case,                            . 

Based on Eq. (20), we have        , i.e.,                                . Thus, 

for any           the RS       is consistent with MAVM at the ranking level for 

alternatives    and   . Notably, we can prove (1) in the case of           in the same way. 

This completes the proof of (1). 

(2) We assume          , i.e.,                            , then: 

                                                         (21) 

For any          , we set    
 

 
           , and there exist                    

satisfying Eq. (22). 

 
 

 
                                   
                            

                                          

                                            

              (22) 

Thus, in this case      , i.e.,                                . As a result, the 

inconsistency between the RS       and MAVM occurs at the ranking level accoding to 

Definition 2. Notably, we can prove (2) in the case of            in the same way. 

This completes the proof of (2). 

The proof of Theorem 4: 

(1) According to Eq. (20), we have 
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We first consider the case of         . In this case,                          . 

Based on Eq. (23), we have       
 

 
, i.e.,                              . Thus, for 

any           the RS       is consistent with MAVM at the rating level for alternatives    

and   . Notably, we can prove (1) in the case of           in the same way. 

This completes the proof of (1). 

(2) We assume          , i.e.,                              . Then:  
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                                                        (24) 

For any          , we set    
 

 
           , and there exist                    

satisfying Eq. (25). 

 
 
 

 
            

 

 
                        

                            

                                          

                                            

           (25) 

Thus, in this case,       i.e.,                              . As a result, the 

inconsistency between the RS       and MAVM occurs at the rating level accoding to 

Definition 3. Notably, we can prove (2) in the case of            in the same way. 

This completes the proof of (2). 

Appendix B: Simulations 

Simulation experiment 1 

Input:  ,   and  . 

Output:  . 

Step 1: Uniformly and randomly generate the PSs                      for alternatives 

   and    over   attributes in the interval      . Let    
 

 
    
 
    and    

 

 
    
 
   .  

Step 2: If          
     

 
 
 

 
 , go to next step; otherwise, go to Step 1. 

Step 3: Transform     into     in the RS       via Eqs. (1) and (2). Use Eq. (4) to obtain 

   
 

 
    
 
    and    

 

 
    
 
   . 

Step 4: Based on   ,   ,    and   , the rankings of alternatives can be obtained by the RS 

      and MAVM, respectively. 

Step 5: If inconsistency occurs at the ranking level (Definition 2 is not satisfied), then    ; 

otherwise    . 

Simulation experiment 1' 

Input:  ,   and   . 

Output:   . 

Step 1: Same to Step 1 in Simulation experiment 1. 

Step 2: If          
         

 
 
   

 
 , go to next step; otherwise, go to Step 1. 
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Step 3: Same to Step 3 in Simulation experiment 1. 

Step 4: Based on   ,   ,    and   , the ratings of alternatives can be obtained by the RS 

      and MAVM via Eqs (1) and (2), respectively. 

Step 5: If inconsistency occurs at the rating level (Definition 3 is not satisfied), then     ; 

otherwise     . 

Simulation experiment 2 

Input:  ,   and  . 

Output:  . 

Step 1: Uniformly and randomly generate the ratings                      for 

alternatives    and    over   attributes in the interval      . Let    
 

 
    
 
    and 

   
 

 
    
 
   .  

Step 2: If                  , go to next step; otherwise, go to Step 1. 

Step 3: Generate      
       

 
 
       

 
  in the interval      . Use Eq. (3) to obtain    

 

 
    
 
    and    

 

 
    
 
   . 

Step 4: Based on   ,   ,    and   , the rankings of alternatives can be obtained by the RS 

      and MAVM, respectively. 

Step 5: If inconsistency occurs at the ranking level (Definition 2 is not satisfied), then    ; 

otherwise    . 

Simulation experiment 2' 

Input:  ,   and  . 

Output:   . 

Step 1: Same to Step 1 in Simulation experiment 2. 

Step 2: If                   , go to next step; otherwise, go to Step 1. 

Step 3: Same to Step 3 in Simulation experiment 2. 

Step 4: Based on   ,   ,    and   , the ratings of alternatives can be obtained by the RS 

      and MAVM via Eqs. (1) and (2), respectively. 

Step 5: If inconsistency occurs at the rating level (Definition 3 is not satisfied), then     ; 

otherwise     . 


