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Abstract--In recent years, distribution networks have been increasingly affected by the random nature of 

harmonic sources introduced by nonlinear load and renewable energy sources (RES) such as photovoltaic (PV) 
systems. This paper presents an approach based on Genetic Algorithm (GA) and Monte-Carlo Simulation 
(MCS) for the optimal planning of single-tuned passive harmonic filters (PHFs) in a distribution network. The 
resistance and inductance of the lines within the network are modeled by frequency dependent characteristics. 
The probabilistic characteristics of the load and PV system currents are also considered for optimal planning 
of PHFs. In our optimization model, the objective function minimizes the total PHF installation cost and the 
energy losses, by considering the total harmonic distortion (THD) of bus voltages and maximum capacity of 
PHF as constraints. The proposed method is validated by a simulation study using an unbalanced three-phase 
real distribution system. An advantage of this method over most of the conventional approaches is that both 
harmonic current magnitude and phase angle of real PV systems are taken into account. Numerical results 
show the applicability and effectiveness of the proposed method. 
 

Index Terms--harmonic mitigation, high photovoltaic penetration, passive harmonic filter, probabilistic 
planning. 

I.  INTRODUCTION 
Harmonic problems arising from the power electronic-based devices and nonlinear loads are increasing in 
distribution networks. On the other hand, penetration of renewable energy sources (RES), especially 
photovoltaic (PV) systems [1] with power electronic converters is continuously increasing [2]. Due to 
increasing harmonic currents of nonlinear loads and PV systems, total harmonic distortion of voltage (THDv) 
is increasing. In addition, energy losses [3] and the risk of resonance phenomenon [4] may elevate by 
installing PV systems. Harmonic currents produced by nonlinear loads and PV systems are unpredictable 
mainly due to different consumers’ energy consumption patterns and intermittent shading (due to changing 
weather conditions caused by clouds, storms, rain, etc.), respectively [5]. Therefore, probabilistic methods 
should be applied for harmonic analyses [6]. Optimal filter planning is one of the solutions to mitigate 
harmonic problems [7]. Passive harmonic filters (PHFs) are divided into series, shunt, and series-shunt types. 
Series and shunt filters mitigate harmonic current in specific order(s) by providing high and low impedance 
paths, respectively [8]. In addition, active harmonic filters produce proper harmonic currents to decrease 
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THDv [9]. The PHFs are still widely used in power systems due to simplicity and low cost [10]. Single-tuned 
is the most popular, efficient, and economical type of shunt PHFs [11]. Although in many works, angles of 
harmonic orders are neglected in harmonic analyses, it is important to consider both magnitude and angle of 
harmonic currents injected in case of high nonlinear loads and PV systems penetration. By considering the 
angles of harmonic currents, some harmonic components may cancel out each other. Therefore, the optimal 
capacity of PHF may be decreased. The IEEE Standard 519-2014 provides a guideline for the limitation and 
mitigation of harmonics. 

Many studies on optimal PHF planning have been conducted in the literature that can be divided to 
deterministic and probabilistic methods. For instance, authors of [12, 13, 14] applied deterministic methods 
to simultaneously minimize the investment cost, total harmonic distortion of current (THDI) and THDv of 
the system buses through a multi-objective filter planning optimization model. However, system losses are 
neglected in this process. In [15], several objective functions are considered as performance indices in the 
filter-planning problem but optimal placement and sizing are not performed simultaneously. In [16], 
minimization of power losses and investment cost of PHFs are considered as the objectives of the optimal 
planning problem. Voltage limits, number/size of installed PHFs, location of PHFs installation and THDv of 
all buses are taken into account as constraints. In [17], optimal planning of distributed generation (DG) is 
added to the objective function of [16] and is simultaneously solved with planning of PHF. Authors of [18] 
propose the optimal sizing of single-tuned filters to maximize power factor (PF) and transmission efficiency 
while minimizing energy loss; however, PHF cost is not taken into account. In another study, a multi-
objective planning of PHFs and capacitors is performed to decrease PHF cost, energy losses as well as 
voltage distortion and deviation [19]. In [20, 21], an optimal multi-objective design method (without optimal 
placement) is proposed for different types of PHFs based on the modified Bat algorithm and Pareto front to 
minimize power loss, THDv, and THDI. In a number of research works, the optimal design of PHF is 
proposed for increasing the loading of distribution/service transformers. For instance, in [22], comparative 
evaluation of PHFs is proposed to minimize harmonic loss factor (FHL), THDv, THDI, and displacement 
power factor (DPF). In [23], an optimal passive filter design approach is provided to maximize the power 
factor considering frequency-dependent line losses, under the harmonically contaminated voltages and 
currents. Optimal filter parameters are also calculated in [24] using different optimization algorithms to 
maximize the suggested power factor function. 

However, in many cases, harmonic currents caused by nonlinear loads and PVs have a probabilistic nature. 
For example, in [25], a linear approximation method and a chance-constrained programming model are 
presented for optimal planning of single-tuned PHFs in an industrial network. The objective is to minimize 
the total filter installation cost, while harmonic current limits and filter component constraints are satisfied 
with predetermined confidence levels. However, energy losses and optimal sitting of PHFs are not 
considered in the objective function. The authors of [26] present a new method considering the probabilistic 
characteristics of harmonic current sources for planning of single-tuned PHFs in a power system. The 
objective is to minimize the voltage distortion throughout the system while determining the optimal filter 
locations and sizes. However, PHF cost and energy losses are not taken into account in that work. In [27], 
the disadvantages of [25] and [26] are covered without considering the energy losses.  

In [28], a simplified heuristic approach is proposed for PHF planning to improve power quality indices 
and minimize the total costs of filter and losses. In the same work, both deterministic and uncertain 
frameworks are taken into account. 

In [29], a new method for studying PHFs planning using Simultaneous Perturbation Stochastic 
Approximation (SPSA) is presented and the optimal number, placement, and sizing of PHFs are calculated. 
However, only PHF cost is included in the objective function and reduction of energy losses is not taken into 
account. The objective function and constraints of [30] are very similar to those of [29], but, in [30] three 
load levels are considered for load modeling and an Adaptive Dynamic Clone Selection Algorithm (ADCSA) 
is applied for optimization. However, reduction of energy losses is not considered in [30]. 
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In [10], multiple scenarios including different load levels and harmonic currents are studied for PHF 
planning. However, similar to [30], energy losses are not modeled in the objective function. Authors of [31] 
present an approach of combining Feasible-Direction Method and a Genetic Algorithm (FDM+GA) to 
investigate the planning of PHFs. However, the optimal placement of PHF is not determined in planning 
approach. In [32], optimal multi-objective planning of PHFs using Hybrid Differential Evolution (HDE) 
method is investigated. Objective function is defined under three loading levels, but, optimal placement and 
sizing of PHFs is not computed. Likewise, in [33], a methodology is presented for probabilistic harmonic 
resonance assessment considering power system uncertainties. This approach uses both Monte-Carlo 
Simulation (MCS) and harmonic resonance mode analysis techniques.   

Authors of [34] presented a method for planning PHFs, based on combining Sequential Neural-network 
Approximation and Orthogonal Arrays (SNAOA). In the objective function, the impacts of THDv and THDI 
are considered, but, energy losses and PHF cost are not taken into account. In [35], PHF cost is modeled to 
tackle the shortcoming of [34], but, still energy losses are not included in the optimization. 

A scheme for mitigating harmonic problems in distribution systems is presented in [36] by deploying 
multiple low-cost distributed plug-in active filters and using MCS-based probabilistic harmonic power flow 
method. 

In [37], optimal designing of single-tuned PHFs corresponding to the minimum power losses is addressed. 
However, optimal PHFs placement and cost are not considered. Authors of [38] formulate the planning 
problem of PHFs as a probabilistic multi-objective optimization problem by using a heuristic approach. In 
[38], the objective function consists of PHF installation cost, probabilistic THDv, and fundamental voltage 
index. However, the candidate buses for PHF installation are limited and energy losses are not included in 
the optimization. Optimal probabilistic planning of PHFs is presented in [39] by considering THDv limits 
and filter capacity as constraints. In the same work, PHFs investment cost and imaginary parts of the 
harmonic currents are considered, but, energy losses are not taken into account. Authors of [40] present an 
optimal planning approach for PHFs using the HDE method and considering variations of system impedance, 
harmonic current sources, and filter tuning frequency. However, investment cost of filter and energy losses 
are not considered. In [41], the application of PHF at the hybrid renewable microgrid has addressed to reduce 
THDv and PHF cost taken into account uncertainties of RES. 

In the present paper, optimal probabilistic PHF placement and sizing are performed simultaneously by 
considering nonlinear loads and high PV penetration to minimize THDv, PHFs cost, and energy losses. THDv 
of buses and maximum capacity of filter are considered as constraints. In addition, unlike most of the 
reviewed literature, both magnitude and phase angle of harmonic currents are included in our stochastic 
studies for PHF planning. To do so, PV harmonic currents are measured by a power analyzer for one week 
for a single-phase PV system in a real distribution network. Then, by using distribution fitting techniques, 
the Probabilistic Distribution Function (PDF) of PV magnitudes and phase angles are calculated for 
harmonic orders 1st to 25th. Probabilistic harmonic power flow is also performed by MCS. Inverse-
transform method is considered for random variable generation. Additionally, the PDF of load is assumed 
as a normal PDF. Finally, the resistance and inductance of lines within the examined distribution network 
are modeled by frequency dependent characteristics.  
The rest of this paper is structured as follows: in Section II, the modeling of filter and distribution network 
is introduced. Also, probabilistic harmonic load flow and calculation method for PDF of PV current 
magnitude and phase angle are discussed. Cost function and the methods for optimization are explained in 
Section III. In Section IV, computer simulations and numerical results are presented and analyzed. Finally, 
Section V concludes the paper with a brief summary.  
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II.  SYSTEM MODELING 
A.  Filter Modeling 
PHFs are divided into three groups including series, shunt, and series-shunt. The most common type of PHF 
is the single-tuned (notch) filter. In the present paper, this filter type is used to mitigate harmonic effects of 
nonlinear loads and PV systems due to its low cost and high efficiency. The notch filter presents a low 
impedance in a specific harmonic current and connects in shunt with the power system (Fig. 1). In addition 
to harmonic mitigation, notch filters can provide power factor correction. 
 

 
Fig. 1.  Single-tuned filter 

 
In notch filters, harmonic tuning order (nres) can be calculated as 

nres = 
fres
f1

 (1) 

where fres and f1 are resonance and nominal frequencies, respectively. 
The three-phase rated capacitive power (Qcap) of capacitance and reactive power (Qind) of inductance can 

be calculated according to the following equations [42] (see Appendix section for more information). In 
addition, three-phase RMS values for reactive powers of capacitance (Qrmscap

) and inductance (Qrmsind
) are 

calculated according to the following equations 

Qcap = Qtot . (1 −  
1

nres
2 )       ,      Qrmscap

 = 3 ×���Vicap�
2

i=1

×��(Ii)2

i=1

 

Qind = Qtot . (nres
2  −  1)        ,       Qrmsind

 = 3 ×���Viind�
2

i=1

×��(Ii)2

i=1

 
(2) 

where Qtot is the three-phase rated reactive power of a single-tuned filter. Vicap and Viind represent ith order 
harmonic of voltage across capacitor and inductor, respectively. Ii is ith order of filter current. 

PHF power loss can be calculated by the following equations 

Xind= U1
2

Qind
   → Ract=

Xind
Qf

 → I1= Qtot
√3×U1

 → Pact=3×Ract×I1
2 (3) 

where Xind is the inductive reactance for one phase, U1 is nominal line-line voltage, Ract is resistance of PHF, 
Qf is quality factor, I1 is nominal current magnitude, and Pact is power loss of PHF. 

B.  Distribution Line Modeling 
Due to the skin effect, the internal conductor inductance decreases because of less internal flux linkages 

and the resistance increases because the effective cross-sectional area decreases [43]. Frequency polynomial 
characteristic can be defined as (4) for modeling frequency-dependent behavior of power lines.  
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y�fh�=�(1-a)+a×�
fh
f1
�

b

�×y�f1� (4) 

where y�fh� and y�f1� represent resistance or inductance for hth and first order harmonics, respectively. a 
and b are parameters specifying the degree of frequency dependence. This model is used for cables and 
transformers, while, low voltage (LV) overhead lines are modeled by a tower type of DIgSILENT that 
considers frequency dependence of lines automatically. To do this, the parameters such as DC-resistance, 
geometrical mean radius (GMR), outer diameter, and distance between overhead and ground lines are set in 
DIgSILENT. Values of a and b are obtained from DIgSILENT Library and shown in Table I. These values 
are selected according to voltage level of cables and transformer. 
 

TABLE I 
Values of a and b for cables and transformer 

Equipment Resistance Inductance 

Cables a=0.1 ; b=0.9 a=1 ; b=-0.65 

Transformer a=0.2 ; b=1.5 a=1 ; b=-0.03 

 

C.  Probabilistic Distribution Functions of Load and PV Harmonic 
THDI of PV system increases when the power production decreases or THDv of PV bus increases [44]. 

Due to the random nature of the irradiance, PV harmonics are probabilistic and thus, can be modeled by PDF 
[45, 46, 47, 48]. To represent the harmonic behavior of grid-connected PVs, harmonic current magnitudes 
and angles of a PV farm are measured initially by a power analyzer within one week in an unbalanced three-
phase real distribution system. Then, the best probabilistic distribution function is recognized for different 
harmonic orders using distribution fitting feature in MATLAB. Based on this, it is possible to display the 
fitted distribution over plots of PDF, cumulative distribution function (CDF), probability plots, and survivor 
functions. Also, two or more traditional PDFs and non-parametric functions can be fitted by comparing the 
results, and select the most valid model. In Fig. 2, some best PDF fittings of harmonic current magnitude 
and angle of the studied PV are shown. 
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Fig. 2.  Best PDF fittings of harmonic current magnitude and angle for 3rd, 5th, and 7th orders 

 
After specifying the most valid PDF for harmonic current magnitude and phase angle in any order (e.g. 

normal and non-parametric PDF for 5th order harmonic current magnitude and angle, respectively), the 
inverse CDF is calculated. As explained in the MCS, there are various general methods for generating one-
dimensional random variables from a prescribed distribution. In the present paper, the inverse-transform 
method is considered for random variable generation to increase the convergence rate of MCS. The random 
variable can be calculated as 

X=F -1(U) (5) 

where U is the uniform distribution, F-1 is inverse CDF, and X is random variable. Fig. 3 shows the concept 
of this method [49]. 

 

 
Fig. 3.  Inverse-transform method 

 
Considering the central limit theorem, the annual average for residential load distribution can be 

represented by a normal distribution function even if the individual daily loads are not normally distributed. 
Such assumption has also been made in numerous research works where a normal distribution function is 
applied for residential loads in distribution systems (e.g. [48, 50]). Standard deviation is assumed not very 
large (equal to 20%) to decrease the variation of load; and thus guarantee the worst case of THDv. Fig. 4 
shows the mean value for load harmonic current magnitude and phase angle calculated according to [51]. 

 

 
a. Load harmonic magnitude 

 
b. Load harmonic phase angle 
Fig. 4.  Load harmonic current 
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D.  Probabilistic Harmonic Load Flow by MCS 
Since PV generation and load are mostly uncertain, probabilistic studies should be carried out. In order to 

handle the probabilistic load flow problem, some approaches have been studied in the literature. The 
proposed procedures could be divided into MCS-based, analytical, and approximate methods [52]. 

MCS is an iterative method to solve the probabilistic problem. In this approach, first of all, sufficient 
numbers of samples should be generated. There are various general methods for generating one-dimensional 
random variables from a prescribed distribution including inverse-transform, Alias, composition, 
acceptance-rejection, etc. [49]. As already mentioned, the inverse-transform method is considered in the 
present work for random variable generation.  

Unbalanced harmonic load flow is performed in DIgSILENT. In this regard, harmonics of loads and PVs 
are modeled as current source including magnitude and angle for orders 1 to 25. For the nodes that contain 
both load and PV, the total harmonic current can be calculated using Kirchhoff's Current Law in each order. 
In the harmonic load flow calculation, a steady-state network analysis is carried out at each frequency at 
which harmonic sources are defined. 

THDv of buses can be calculated by harmonic load flow and the generated samples of harmonic current 
sources. Calculating THDv is continued until maximum sample number of MCS is reached. As a result, the 
PDF of variables such as THDv and energy losses are provided. 

III.  OBJECTIVE FUNCTION AND SOLVING METHOD 
The objective function that should be maximized is defined as (6) based on net present value: 

 maximize: ���BLOSS× �
1+ir
1+dr

�
L

�
N

L=1

− CPHF� (6) 

where BLOSS is benefit of loss reduction, CPHF is PHF investment cost, ir and dr are inflation and discount 
rates, and N is the number of operation years. Since the benefit of loss reduction is realized during the 

planning and operation horizon, its value is multiplied by �1+ir
1+dr

�
L
to calculate the present value. Benefit of 

loss reduction is defined as: 

BLOSS =
1
𝑀𝑀
��(LOSSold)S −

M

S=1

(LOSSnew)S�×Prm×24×360 (7) 

where S and M are generated samples and the maximum sample number of MCS, respectively. (LOSSold)S 
and (LOSSnew)S are losses for generated sample S before and after PHF planning, respectively. Therefore, 
the expected value of loss reduction is calculated in (7). Also, Prm is the average daily energy price. The 
hourly benefit is multiplied by 24 to calculate daily benefit and daily benefit is multiplied by 360 to calculate 
annual benefit. 

PHF investment cost [53] can be defined as 
CPHF = (Cact×Pact ) + (Cfixcap

+ Ccap×Qrmscap
) + (Cind×Qrmsind

) (8) 
where Cact  is the PHF resistance cost and Cfixcap

 is fixed cost of capacitor installation. Also, Ccap  and Cind are 
the PHF capacitor and inductor costs, respectively. 

Constraints consist of THDv, RMS voltage limit, and PHF component limit. THDv constraint can be 
defined as: 

P�THDv,i ≤THDv,max�>C   ;     ∀ i∈ Nb (9) 
where THDv,max is the maximum allowed THDv at any node i within the studied network with Nb nodes and 
P{.} denotes the probability of event {.}. Also, C is the confidence or limit level of the allowable probability 
that is assumed to be 95% in this paper [54]. According to [8] and IEEE Standard 1159-2009, the utilization 
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voltage is permitted to be in the range of -10 to +10 percent of the nominal voltage. As the PHF component 
constraint, maximum rated reactive power of PHF is limited to 127 kVAr. 

Fig. 5 shows the flowchart of the solution methodology. Firstly, modeling of cables, transformers, and 
overhead lines is performed to consider frequency dependence of distribution line. Also, PDF and inverse 
CDF of PVs are calculated by distribution fitting techniques introduced in Section II-C. In the next step, 
maximum iterations for GA and number of generated samples for MCS are assumed equal to 30 and 100 
respectively. Also, the initial generation of GA is created. The format of the gene is shown in Fig. 6. The 
population size of GA is 200. The range of PHF number, tuning order, rated reactive power, and PHF 
placement are between 1 to 7, 2 to 15, 1 to 127 (kVAr), and 0 to 31, respectively. 

 

 
Fig. 5.  Flowchart of the solution methodology 
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PHF numbers Tuning order                          Rated reactive power ( Qtot)      PHF placement 

Fig. 6.  The gene’s representation 
 

The number of PHFs is optimized by GA. According to Fig. 6, when the number of PHFs is for instance 
equal to 4 in a generation of GA, the number of genes is equal to 67 (3 genes for PHF number, (4×4) genes 
for tuning order, (4×7) genes for rated reactive power, and (4×5) genes for PHF placement). In other words, 
for each PHF, a string containing 16 genes (4 genes for tuning order, 7 genes for rated reactive power, and 
5 genes for PHF placement) is added to the number of genes. In general, the PHF number is the number of 
PHFs that are placed in different places by different rated reactive powers and tuning orders (1 PHF in each 
place). 

In the third step, samples of harmonic current magnitude and angle for PVs are determined by inverse-
transform method introduced in Section II-C. To calculate samples of nonlinear loads, a stochastic number 
is generated according to a normal distribution function. In the next step, unbalanced harmonic load flow is 
performed by considering load and PV harmonics. Then energy losses, THDv, and thus, value of cost 
function are evaluated. In the fifth step, the stop criterion for scenario making by MCS is checked.  

In the sixth step, if the THDv constraint is not violated, the expected value of the objective function is 
calculated for the current generation. Then, the stop criterion for the outer loop (which counts the number of 
GA iterations) is checked. If the maximum number of iterations is reached, the best solution that has the 
maximum loss reduction and minimum PHF cost is recognized and printed. 

IV.  NUMERICAL RESULT 
As demonstrated in Fig. 7, the case study system is a 383-buses real LV distribution system located in 

Yazd province, Iran.  
This system is connected to a 20 kV system by a 20 kV / 0.4 kV transformer while feeding 299 nonlinear 

residential loads. This network is feeding two main feeders that can be divided into upstream (above) and 
downstream (below) the transformer. In the sub system below the transformer, two single-phase PV systems 
labeled as PV1 and PV2, each with the capacity of 5 kW, are located at the end of the feeder connected 
between phase A and neutral. By considering PV1 and PV2, total active and reactive loads of the feeder 
below transformer are 141 kW and 64 kVAr, respectively. When no PVs are connected to the network, the 
maximum active and reactive powers of phase A, B and C are almost equal to 50 kW and 21 kVAr, 
respectively. Therefore, penetration of PVs located in the real network is equal to 20%. In simulations, the 
penetration of PVs is initially increased to 50 % by adding 5 kW PVs to buses T525, T660, and T531. Then, 
the penetration of PVs reaches 80% (which is regarded here as a high penetration rate) by adding 5 kW PVs 
to buses T529, T533, and T538. PV nodes for each penetration are summarized in Table II. 

 
TABLE II 

PV nodes for each penetration 
Penetration (%) PV nodes 

20 T379 and T371 

50 T379, T371, T525, T660, and T531 

80 T379, T371, T525, T660, T531, 
T529, T533, and T538 

 

                   
 

0 or 1 0 or 1 0 or 1 0 or 1 0 or 1 0 or 1 0 or 1 0 or 1 0 or 1 0 or 1 0 or 1 0 or 1 0 or 1 0 or 1 0 or 1 0 or 1 0 or 1 0 or 1 0 or 1
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Fig. 7.  Case study system 

 
Firstly, the impact of considering harmonic current phase angle on THDv and losses is evaluated. Fig. 8 

displays box plots of THDv for different buses without PVs. The top and bottom of each box are the 25th and 
75th percentiles of the results, respectively. Also, the line in the middle of each box is the median. As can be 
seen in Fig. 8, considering phase angle as the real network condition decreases the THDv compared to the 
situation without phase angle. When harmonic currents are modeled by both phase angle and magnitude, 
some harmonic currents may cancel out each other and thus, magnitude of harmonic current flowing 
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throughout the network and consequently, THDv is decreased. Due to the harmonic current magnitude 
reduction, total and harmonic losses for line and transformer are decreased as well (see Table III). This shows 
the importance of considering phase angles in modeling harmonic currents. However, phase angles are 
ignored in many studies.  

  

 
(a) Without considering phase angles 

 
(b) Considering phase angles 

Fig. 8.  Box plot of THDv for some buses (rated power is considered as base value) 
 

TABLE III 
Relation between phase angle and losses (rated power is considered as base value) 

Case (without PV) 
Harmonic 

losses (kW) 
Total power 
losses (kW) 

Harmonic 
losses (kW) 

Total power 
losses (kW) 

Lines Transformer 
Without considering phase angles 1.06028 14.8295 3.08661 12.6882 
Considering phase angles 0.05445 13.8238 0.09056 9.6922 

 
In Fig. 9, the active and reactive powers for each harmonic order are shown for the secondary side of 

transformer (for 80% PV penetration). It should be noted that fundamental frequency active and reactive 
powers are equal to 19.6 kW and 28 kVAr, respectively. 

 

 
Fig. 9.  Active and reactive powers for secondary side of transformer 
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Note that the current harmonic magnitudes of load and PV for orders 2-25 are relatively low and in 
addition, since phase angles of harmonic currents are also considered, some harmonic currents cancel each 
other and thus, as can be seen in Fig. 9, the harmonic active and reactive powers are very low compared with 
the fundamental frequency powers. Therefore, with respect to these powers, the losses associated with 
harmonic orders are also very low. 

It is noteworthy that network topology and characteristics such as loading conditions and length of 
distribution lines could affect the harmonic losses. For example, if the system loading is increased or length 
of lines are considered relatively longer in the test system, it can be clearly observed that the loss values 
increase. In this regard, please, see Table IV in which 80% PV penetration is assumed. 

Fig. 10 shows the THDv of some buses without and with different PV penetration rates. 
 

TABLE IV 
Relation between power losses, load, and length of line 

Case 
Harmonic losses 

(kW) 
Total power 
losses (kW) 

Harmonic 
losses (kW) 

Total power 
losses (kW) 

Lines Transformer 
Present network 0.10186 11.8598 0.13473 8.1867 
Multiply load by 1.2 0.15326 18.6686 0.20999 12.6605 
Multiply length of line by 4 0.64779 70.1259 0.17399 11.5386 
Multiply length of line by 4 and load by 1.2 1.08170 127.1628 0.31273 20.1047 

 

  
(a) No PVs  (b) 20% PVs penetration 

  
(c) 50% PVs penetration (d) 80% PVs penetration 

Fig. 10.  THDv of some buses (fundamental component is considered as base value) 
 

Simulation results indicate that THDv of buses increase as we get farther from the service transformer due 
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to the nonlinear loads and harmonic currents injection by PVs. More importantly, by connecting more PVs 
to the network, THDvs increase and go beyond the permissible ranges, but, the growth rate of THDvs is 
mitigated. Therefore, with increasing penetration of PVs, the network faces harmonic problems, which have 
to be addressed suitably. Here, optimal planning of PHFs is used as an effective solution to mitigate the 
mentioned issues. To this end, single-tuned PHFs with the quality factor (Qf) of 30 [35] are assumed to be 
optimally placed within the network. In Table V, the economic parameters used for simulations, including 
the value of Prm, number of operation years, and inflation and discount rates [55] are reported. Also, Cact  
[41], Cfixcap

, Ccap , and Cind  are shown in this table [53].  
 

TABLE V 
Economic parameters 

Prm ($/kWh) N 
(year) 

ir 
(%) 

dr 
(%) 

Cact  
($/kW) 

Cfixcap
 

($) 
Ccap  

($/kVAr) 
Cind  

($/kVAr) 
0.06364 20 1.5 9 100 100 15 300 

 
Based on the optimization results for 80% PV penetration, the optimal capacity ( Qtot), Qrmscap

, Qrmsind
, 

PHF cost, the harmonic tuning order, location of the three-phase star-connected PHFs, and Average RMS 
voltage of PHF location are determined as shown in Table VI. In Fig. 11, individual harmonic voltage 
distortions (HDv) and voltage waveform of T379 before and after planning are shown. 

 
TABLE VI 

PHFs planning 

Rated reactive 
power (kVAr) 

Qrmscap
 

(kVAr) 
Qrmsind

 
(kVAr) 

PHF 
cost ($) 

Harmonic 
tuning 
order 

Location Average RMS voltage (pu) 
Phase A Phase B Phase C 

 

14 36.5 0.36 763.5 7 T371 
T371 

0.97 0.92 0.93 

77 80.6 7.07 3484.3 5 T632 
T632 

0.97 0.96 0.95 

39 14 0.82 562.8 15 T541 
T541 

0.95 0.96 0.94 

15 14 0.22 379.1 13 T519 
T519 

0.94 0.95 0.93 
 
As it can be seen in Fig. 11 (a), the odd orders have high values of HDV before planning. By solving the 

proposed optimization problem, the fifth, seventh, thirteenth, and fifteenth harmonics are selected as the 
optimal harmonic tuning order of the planned PHF. In addition, since the 5th order has the maximum value 
of HDV before planning, the highest cost and rated reactive power of PHFs (77 kVAr) is tuned for this order. 
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(a) Before planning 

 
(b) After planning 

Fig. 11.  Harmonic distortion for T379 
  
As it can be understood in Fig. 11 (b), the 5th, 7th, 13th, and 15th orders HDV are decreased due to PHFs 

planning resulting to a better voltage quality. 
 To consider the worst case of harmonic, it is assumed that all loads are equal to their maximum power 

(full load). Adding PHFs to the network increase the voltage magnitude especially for the nearby buses. 
However, as can be seen in Table VI, due to heavy loading in this case study, the RMS voltages of PHF 
candidate buses do not exceed the allowable range after placing planned PHFs. As can be seen in Fig. 12 
(voltage profile of upstream and downstream feeders for phases A, B, and C), by full loading (100%) and 
PHF planning, the RMS voltages of all buses are limited between 0.91 and 0.99. Therefore, RMS voltage 
constraint is satisfied. 
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(a) Upstream feeder 

 
(b) Downstream feeder 

 
Fig. 12.  Voltage profile of feeders for phases A, B, and C in full (100%) load 

 
Adding PHF to the case with low loading may increase voltage magnitude over allowable. For low loading 

condition, for example 20% (a very low loading) is considered as worst case. For this situation, as can be 
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seen in Fig. 13, the RMS voltages of all buses are limited to ±10% of nominal voltage. 
 

 
(a) Upstream feeder 

 
(b) Downstream feeder 

 
Fig. 13.  Voltage profile of feeders for phases A, B, and C in 20% loading 
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In the present case, since all PV units are connected between phase A and neutral, RMS voltage of phase 
A is bigger than other phases for downstream feeder. 

Table VII shows the average power losses for different phases of lines and transformer in various cases. 
 

 TABLE VII 
Average power losses in different cases 

Case 

Harmonic 
losses 
(kW) 

Total 
power 
losses 
(kW) 

Harmonic 
losses 
(kW) 

Total 
power 
losses 
(kW) 

Phase A 
losses 
(kW) 

Phase B 
losses 
(kW) 

Phase C 
losses 
(kW) 

Lines Transformer Lines 
Without PV and PHF 0.07953 13.8488 0.13142 9.7330 4.7779 4.4634 4.5280 
With 20% PVs penetration 0.08756 13.4859 0.13620 9.5795 4.3898 4.5475 4.4610 
With 50% PVs penetration 0.09710 12.7441 0.13399 8.9626 3.9804 4.4575 4.2092 
With 80% PVs penetration 0.10186 11.8598 0.13473 8.1867 3.5511 4.2766 3.9303 
With 80% PVs penetration and PHF 0.17713 9.8163 0.03735 6.2663 2.5728 3.8989 3.1675 

 
According to Table VII, by increasing PVs penetration to 80%, harmonic losses (of lines) and total power 

losses (of lines and transformer) increase and decrease, respectively. Optimal PHF planning decreases total 
losses of lines and transformer. It should be noted that in DIgSILENT, only line losses can be divided into 
per-phase values. 
According to Table VI, since THDv values are higher for buses that are farther from the service transformer 
and especially the ones with PVs, T371 is proposed by the optimization algorithm as the candidate bus for 
PHF with rated reactive power equal to 14 kVAr. In addition, other PHFs are distributed in the network to 
decrease the losses.  

This improvement in THDv and losses is achieved at a net benefit of 17248.4 $. In addition, increasing 
the allowable PV penetration, as a results of provided harmonic mitigation, can decrease environmental 
emission, increase the reliability, limit voltage drops experienced by end-consumers, and defer facility 
investment and construction of traditional power plants. Also, in summer, PV production matches with 
cooling load and thus, increases network stability. Therefore, with considering these advantages, mitigating 
harmonic effects of high PV penetration is very beneficial.  
 

 
Fig. 14.  THDv after optimal planning of PHF for 80% PV penetration 

 
Fig. 14 shows the THDv values of buses by optimal planning of PHF for 80% PV penetration. As can be 

seen, due to PHFs planning, the THDv of buses are limited under allowable range (5%). 
Figs. 15 and 16 indicate PDF and CDF of THDv for some buses after PHF planning for this PV penetration. 
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Fig. 15.  PDF of THDv for some buses 

 
Fig. 16.  CDF of THDv for some buses 

 
As can be seen from Fig. 15, PDF of THDv for buses that are far from PVs is similar to normal distribution 

because loads are modeled by normal PDF and PVs are modeled according to measurements and a few of 
PVs harmonic orders (i.e. only harmonic current magnitude of 5th order) are modeled by normal PDF (see 
Fig. 2). Also, for the buses which are near PV system, due to the different PDF of loads and PVs, the PDF 
cannot be easily fitted by well-known distribution function. According to Fig. 16, THDvs of buses T379, 
T531, and T494 are equal to 3.132%, 1.937%, and 1.521%, respectively, obtained by 95% cumulative 
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probability. According to economic objective function (6), THDv of buses is maintained below 5% 
considering a 100% cumulative probability.  

The rated reactive power, tuning order, and placement of three-phase star-connected PHFs are calculated 
to limit THDv of phase A within the allowable range. By such PHFs, THDv of phases B and C caused by 
nonlinear loads decrease, too.  

Since the place of PV depends on consumers’ requests and it is assumed that distribution network accepts 
the requests as much as possible, in this paper, a quasi-worst-case scenario (80%) is considered for optimal 
PHF planning. 80% penetration is a hypothetical case to guarantee if the penetrations of phases A, B and C 
are increased to 80% in the future, unacceptable harmonic conditions will not occur in such a network. PHF 
planning introduced in this paper is a general approach and can be applied for other practical cases, too (e.g., 
when single-phase PVs are almost evenly connected to all phases or three-phase PVs are added to distribution 
network). 

In Fig. 17, the system frequency responses at T371, T632, T541, and T519 are shown. As it can be seen 
and also mentioned in [8], single-tuned PHF creates a parallel resonance point at a frequency below the tuned 
frequency. This resonant frequency must be safely away from main harmonics produced by the loads and 
PVs. 

 

 
Fig. 17.  System frequency response of T371, T632, T541, and T519 

 
The convergence analysis of GA is performed, and the results are shown in Fig. 18. It can be seen that the 

used iteration number is enough because GA is converged within a number of iterations less than 30. 
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Fig. 18.  Optimization process of GA 

V.  CONCLUSION 
This paper presented probabilistic optimization of PHFs considering real PV harmonic current and 

network data to mitigate harmonic impacts of PV and nonlinear loads. Due to the random nature of load and 
PV production, MCS was performed for probabilistic harmonic power flow. To increase the convergence 
rate of MCS while being computationally-efficient, the inverse-transform method was also applied for 
random variable generation. To increase the accuracy of results, the proposed method in this work considered 
both magnitude and phase angle of harmonic currents, frequency-dependent behavior of the network lines, 
and harmonic losses of the network. Also, the applicability and effectiveness of the proposed approach was 
tested and evaluated in a real distribution network using realistic information captured from the examined 
system.  

Simulation results indicated that considering current phase angle in harmonic analysis (which denotes the 
real network condition), could result in lower THDv values compared to situation where phase angle is 
neglected. It was also observed that THDv of buses increases with distance from the service transformer and 
PDFs of THDv for buses that are far from PV systems are very similar to a normal distribution. Furthermore, 
it is understood that by connecting more PVs to the network, THDvs are increased. Results also indicated 
that by increasing the PV penetration to 80%, harmonic losses and total power losses increase and decrease, 
respectively. Numerical results demonstrated also that by optimal PHF planning, THDvs of all buses could 
be kept within the allowable limits and total losses could be decreased.  

It should be mentioned that since the modeling approach in this paper is based on measurement, harmonic 
interactions between nonlinear loads and PV systems have not been taken into account; thus, it is worthy to 
address this issue in future studies. 
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VI.   APPENDIX 

 
By defining Qind and Qcap as following 

Qind≜
U1

2

Xind
=

U1
2

ωLind
=

U1
2

2πf1Lind
 

 

Qcap≜
U1

2

Xcap
=U1

2(ωCcap)=U1
2(2πf1Ccap) 

 
In resonance: (Xind)res=�Xcap�res

→2πfresLind= 1
2πfresCcap
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