
 

 

 

 

 

 

 

University of Southern Denmark

A Decision Making Model with Utility from Anticipation and Disappointment

He, Ying; Dyer, James; Butler, John

Published in:
Journal of Multi-Criteria Decision Analysis

DOI:
10.1002/mcda.1657

Publication date:
2019

Document version:
Accepted manuscript

Citation for pulished version (APA):
He, Y., Dyer, J., & Butler, J. (2019). A Decision Making Model with Utility from Anticipation and Disappointment.
Journal of Multi-Criteria Decision Analysis, 26(1-2), 35-50. https://doi.org/10.1002/mcda.1657

Go to publication entry in University of Southern Denmark's Research Portal

Terms of use
This work is brought to you by the University of Southern Denmark.
Unless otherwise specified it has been shared according to the terms for self-archiving.
If no other license is stated, these terms apply:

            • You may download this work for personal use only.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying this open access version
If you believe that this document breaches copyright please contact us providing details and we will investigate your claim.
Please direct all enquiries to puresupport@bib.sdu.dk

Download date: 24. May. 2023

https://doi.org/10.1002/mcda.1657
https://doi.org/10.1002/mcda.1657
https://portal.findresearcher.sdu.dk/en/publications/aae1c81b-29d9-41d9-8ef2-795b814f3d07


1 

Running Title: Utility from Anticipation and Disappointment 

 A Decision Making Model with Utility from Anticipation and 

Disappointment 

Ying He§, James S. Dyer†, John C. Butler* 

Department of Business and Economics,  
University of Southern Denmark, Campusvej 55, DK-5230 Odense M, Denmark§  

Department of Information, Risk, and Operations Management†,  
Department of Finance* 

McCombs School of Business, The University of Texas at Austin, Austin, Texas, 78712 US 
yinghe@sam.sdu.dk, j.dyer@mccombs.utexas.edu, butlerjc@mccombs.utexas.edu 

Abstract: We propose a descriptive model to capture the trade-off between anticipation and 
either elation or disappointment subject to an optimism/pessimism bias in decision making. In our 
model, there are two periods of the decision-making process. In the first period, the DM anticipates 
receiving the future payoffs with subjective probabilities for the lottery outcomes that may 
deviate from the objective probabilities for these payoffs. In the second period, the DM evaluates 
the lottery outcomes based on the objective probabilities but compares the received outcome with 
a level of anticipation formed in the first period. The DM will experience elation or 
disappointment when this outcome is above or below her level of anticipation, respectively. We 
provide an axiomatic framework for our model. Finally, we also show that the model allows risk 
attitudes that cannot be accommodated by existing models and has implications in portfolio 
selection and asset pricing problems in finance. 

Key words: decision making, risk attitude, optimism and pessimism bias, anticipation and 
disappointment/elation, portfolio selection, gambling  

1. Introduction

When the mega millions jackpot prize reached its highest level of $1.6 billion on Jan 13, 2016 in US, 

the public experienced lottery fever. The topic “#IfIWonTheMegaMillions” was trending on Twitter 

during that week as people anticipated how their life would change in the event that they won the jackpot. 

Even though the chance of winning the prize was minuscule – 1 in 258,890,850 as listed on the website 

of www.megamillions.com – many people were still willing to pay a few dollars to play it. These lottery 

tickets allowed them to dream about what they would do with hundreds of millions of dollars. In a 

decision-making context like this, a lottery buyer may derive utility from the process of anticipating a 

desirable outcome (Lowenstein 1987, Lowenstein and Elster 1992). However, anticipating the elation 
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from winning the jackpot prize also increases the chance of being disappointed (van Dijk et al 2003), 

as the probability of not winning is very high. In this paper, we propose a model to capture the trade-

off between anticipation and either elation or disappointment in a decision-making problem when the 

decision maker’s level of anticipation may be affected by an optimistic or pessimistic bias. 

To model the tradeoff between anticipation and disappointment, Gollier and Muermann (2010), 

hereafter the GM model, proposed a model based on the assumption of optimal anticipation, which is 

consistent with the line of research on optimal beliefs in expected utility introduced by Brunnermeier 

and Parker (2005) and Brunnermeier et al. (2007). This optimal anticipation model implies that the 

decision maker (DM) has preferences over her beliefs – here the probability of winning – in addition to 

preferences over the outcomes of a lottery (Akerlof and Dikens, 1982). Therefore, the DM will 

rationally choose subjective probabilities to balance the utility from anticipation and the disutility from 

disappointment, forming an optimal anticipation in the model. However, research in psychology and 

behavioral decision theory has identified cognitive biases that capture the irrationality of a DM and may 

influence how she chooses her subjective probabilities (Tversky and Kahneman 1973, Chiodo et al. 

2004). A cognitive bias related to an individual’s belief formation is the optimism/pessimism bias. 

Individuals with an optimistic bias believe that their chance of experiencing a negative outcome is less 

than others; while a pessimistic bias implies the opposite (Alloy and Ahrens 1987, Helweg-Larsen and 

Shepperd 2001, Helweg-Larsen et al. 2002, Shepperd et al. 2002).  

Optimism and pessimism have both trait and state components (Luthans 2002, Luthans and 

Youssef, 2007). Trait optimism represents stable individual differences in the level of optimism 

generally experienced, while state optimism captures the optimism that may change based on situation 

or context (Kluemper 2009). For instance, the same person may be generally more pessimistic than 

others due to her personality (a trait) and still believe she has an inflated chance of winning the lottery 

after a lucky experience (a state) playing another game of chance. 

To model the optimism/pessimism bias we relax the optimal anticipation assumption in the GM 

model in this paper. We focus on studying how optimism\pessimism will influence the decision making 

given the tradeoff between anticipation and disappointment/elation. Brunnermeier and Parker (2005) 

also argue that subjective probabilities are formed via an unconscious process leading us to speculate 

that a DM may not always be capable of finding her optimal subjective beliefs in the GM sense.  She 

may act as through she has an optimistic or pessimistic bias relative to the GM optimal anticipation 

model. 
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This generalization allows our model to explain risk attitudes that cannot be described by expected 

utility (EU), rank-dependent utility (RDU), or the GM model. For example, our model allows the same 

DM to exhibit both risk averse and risk seeking behaviors given different anticipation levels, which 

may explain why an individual purchases insurance but also participates in games of chance. Our model 

also avoids the issue of violating stochastic dominance and transitivity that exists in other models that 

allow for gambling (e.g. Fishburn 1980, Schmidt 1998, Diecidue et al 2004). We also show that in a 

portfolio choice problem our model is consistent with the empirical finding that optimism will lead to 

more investment in a risky asset relative to the risk-free asset (Manju and Robinson 2007, Balasuriya 

et al 2010, Nosic and Weber 2010), while GM conflicts with this observed behavior. We believe that 

this conflict stems from the optimal anticipation assumption in the GM model. Our extension of the GM 

model makes it possible to study how to induce changes in the anticipation level that influences the 

DM’s choice behavior.  

In addition, we provide the axiomatic foundations of our model by combining Savage’s (1954) 

subjective expected utility (SEU) with von Neumann and Morgenstern’s (1944) expected utility (EU) 

in one framework. This development results in a more general and flexible additive model of utility that 

is equivalent to a special case of the GM model if the DM does choose a subjective probability 

distribution to maximize her total utility. These axioms highlight the implied assumptions regarding 

choice that lead to this class of models. If these axioms are reasonable descriptions of behavior, then 

that observation supports the intuitive justification for them.  

The model proposed here is consistent with the assumption that people derive utility from 

anticipating an outcome in addition to experiencing the outcome (Akerlof and Dickens 1982, 

Loewenstein 1987, Lowenstein and Elster 1992). Our approach is also related to the disappointment 

models that have been studied extensively (Bell 1985, Loomes and Sugden 1986, Gul 1991, Jia et al. 

2001, Delquié and Cillo 2006). Our model also shares some similarities with the reference dependent 

utility model proposed by Köszegi and Rabin (2006, 2007), which consists of two types of utility, 

consumption utility and gain-loss utility. However, our model focuses on capturing the tradeoff between 

anticipation and disappointment, which distinguishes it from Köszegi and Rabin’s model. In the multi-

criteria decision analysis area, the role of emotion and bounded rationality in multi-criteria decision 

analysis has been discussed by Sebora and Kesner (1996), Wenstøp (2005), Tsoukiàs (2005), and 

Daellenbach (2005). Our proposed model contributes to this stream of work by modeling the tradeoff 

between anticipation and disappointment as two criteria in decision making process.  

http://www.springerlink.com/content/?Author=Philippe+Delqui%c3%a9
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The rest of the paper is organized as follows. In section 2, we motivate our model by a simple 

example where DM’s anticipation is subject to optimism/pessimism bias. In section 3, we formally 

present our anticipation and disappointment/elation tradeoff model as well as the preference conditions 

that provide the axiomatic foundations of the model. In Section 4, we discuss the risk attitudes captured 

by our model that cannot be described by EU, RDU, or GM, including a model that explains the 

coexistence of gambling and insurance buying behavior. Section 5 applies our model to the portfolio 

choice problem and discusses the implications of our model for the equity premium puzzle. Section 6 

concludes the paper. All the proofs are provided in the appendix. 

2. Motivating Example 

To motivate our descriptive model, consider the evaluation of a simplified lottery. Suppose the 

objective chance of winning $100,000 dollars is only 1 out of a hundred thousand, i.e., 1/105, and the 

lottery pays zero otherwise. A rational buyer who is an Expected Utility (EU) maximizer and risk averse 

should not pay more than $1 (the expected payoff) for such a lottery ticket. However, we may observe 

tickets selling for a higher amount, say $4. The lottery buyers may be induced to buy tickets via lottery 

advertisements that encourage people to imagine winning the lottery. This may cause the buyer to 

become optimistic due to the increased ease of imagining winning the lottery which in turn creates a 

high level of anticipation due to an inflated subjective probability of winning. 

However, savoring the utility of this higher level of anticipation comes at a cost. When the lottery 

is resolved, the buyer will experience the utility of either elation or disappointment by comparing the 

actual outcome to her level of anticipation. Based on the objective probability, the buyer knows that the 

higher the anticipation level that she savors, the more she will be disappointed when the realized payoff 

of the lottery falls below this anticipation level. Thus, the buyer may want to choose a subjective 

probability of winning 𝑝𝑝∗  to optimally balance the anticipated utility gain from savoring and the 

experienced utility loss from disappointment or gain from elation. Such a process leads to the GM (2010) 

optimal anticipation model. 

In contrast, our model incorporates the optimism/pessimism bias into the decision making process.  

When our DM is subject to the optimism bias, the DM facing a lottery with a 1/105 chance of winning 

$100,000 may enjoy anticipating winning the lottery with probability 𝑝𝑝′ > 𝑝𝑝∗, even though 𝑝𝑝∗ is the 

probability that optimally trades off the utility of anticipation and the utility of disappointment. In other 

words, she attempts to find her optimal belief in a manner consistent with GM, but an optimistic bias 
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prevents her from finding the true optimum. A contextual factor may make the DM believe that she has 

a higher chance than others to win the prize, such as the fact that a close friend of the DM just won a 

large prize from a lottery.  

If the DM is subject to a pessimism bias, she might anchor on losing the lottery, 𝑝𝑝 = 0, and 

insufficiently adjust her beliefs to 𝑝𝑝′, so that 𝑝𝑝′ <  𝑝𝑝∗. For instance, losing previous lotteries may cause 

the DM to feel very pessimistic about winning the prize. Or, a naturally pessimistic DM may observe a 

friend winning a large prize in a lottery as in the previous example, and interpret this as reducing the 

chance that she will win because there is only so much luck to go around. In the GM model, the DM’s 

anticipation for risky payoffs will not be affected by contextual states or personality traits, and the 

optimism/pessimism bias does not influence the decision-making process. 

Assume that the DM facing a lottery with a 1/105 chance of winning $100,000 is subject to the 

optimism bias and arrives at 𝑝𝑝′ = 0.9 > 𝑝𝑝∗, as the subjective probability of winning. Suppose the 

certainty equivalent of the lottery is $80,000 under this subjective probability 𝑝𝑝′ . Then, the utility 

𝑣𝑣($80,000) is savored during the period before the lottery is resolved. This anticipation also induces a 

reference level against which the outcomes of the lottery are compared at the time of resolution. This 

reference level may be a linear function of the anticipation level, i.e. 𝛾𝛾$80,000, where 𝛾𝛾 captures the 

sensitivity of the anticipation level to the reference level. The buyer experiences disappointment when 

the outcome of the lottery falls below the reference level; otherwise, she experiences the elation of 

winning the lottery. In our example, 𝛾𝛾 is likely to be small, maybe 𝛾𝛾 = 0.2; otherwise the buyer will be 

discouraged from buying the lottery due to the possibility of a major disappointment. The utility from 

anticipation may not be as strong as the experienced utility. For this example, we assume 𝑣𝑣 is of the 

same form as 𝑢𝑢  with a linear scaling factor, e.g., 𝑣𝑣 = 0.3𝑢𝑢 . Therefore, the total utility of ex ante 

savoring and ex post experienced utility is 

𝑣𝑣($80,000 ) + �
1

105
𝑢𝑢($100,000− 0.2 × $80,000 ) + �1−

1
105

� 𝑢𝑢($0 − 0.2 × $80,000)� 

where the second term in brackets is the expected utility from disappointment and elation based on the 

objective probability of winning the lottery.  

In the economics literature (e.g. Bénabou and Tirole 2002, Epstein and Kopylov, 2007), optimism 

(pessimism) is defined as assigning higher subjective probabilities over better (worse) outcomes. We 

define anticipation as the certainty equivalent of a risky alternative based on subjective probabilities. 

This is consistent with defining optimism (pessimism) as a higher (lower) anticipation level due to 
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moving subjective probability mass from lower (higher) outcomes to higher (lower) outcomes. The 

assumption that the DM may be subject to an optimism/pessimism bias means that her anticipation level 

will be based on a 𝑝𝑝′ ≠  𝑝𝑝∗ that may be both state and context dependent. This provides an extra degree 

of freedom for our model relative to Gollier and Muermann (2010) and Jouini et al (2013) that always 

assume the DM will select the optimal anticipation level. Therefore, it is no surprise that our model 

provides more flexibility in capturing different risk attitudes and risky behaviors that are influenced by 

this type of bias. Nevertheless, this additional flexibility does offer some unique insights that highlight 

the psychological role of optimism/pessimism on anticipation and its influence in risky decisions.  

3. Anticipation and disappointment/elation tradeoff model 

3.1 The model 

Formally, we define an objective lottery on a set of payoffs 𝑋𝑋 ⊆ ℝ as a simple probability measure 𝜇𝜇 

which assigns nonzero probabilities to a finite number of elements in 𝑋𝑋. The set of payoffs 𝑋𝑋 contains 

both positive and negative payoffs as well as zero. Thus, 𝜇𝜇(𝑥𝑥) is interpreted as the probability assigned 

to payoff 𝑥𝑥 under objective lottery 𝜇𝜇. The set of objective lotteries is denoted by 𝒫𝒫, which contains all 

simple probability measures defined on 𝑋𝑋. These objective lotteries may be generated by some random 

mechanism such as a roulette wheel or a die, or by some probability assessment process including the 

elicitation of probabilities from experts. When a DM evaluates an objective lottery, she may form 

subjective beliefs that are inconsistent with the probabilities given in the objective lottery due to 

optimism/pessimism as we discussed in the introduction. This subjective belief induces the anticipation 

level savored by the DM denoted by 𝑎𝑎𝑓𝑓 for each subjective lottery anticipated by the DM.  A subjective 

lottery 𝑓𝑓 is a function from state space to payoffs, namely 𝑓𝑓: 𝑆𝑆 → 𝑋𝑋; the set of subjective lotteries is 

denoted by ℱ. Consistent with GM model, this anticipation level is defined as the certainty equivalent 

of the subjective lottery 𝑓𝑓, i.e., 𝑎𝑎𝑓𝑓 ≔ 𝑣𝑣−1�𝐸𝐸𝑣𝑣(𝑓𝑓)�.  

Our model is consistent with following decision process. When a DM evaluates an objective lottery 

𝜇𝜇 that is paid in the future, she first forms a subjective lottery 𝑓𝑓 based on her beliefs that may be subject 

to either an optimistic or a pessimistic bias. Before the objective lottery is resolved, she anticipates this 

subjective lottery and forecasts the possible elation or disappointment she will experience by comparing 

the resolved objective lottery to the anticipation level 𝑎𝑎𝑓𝑓 induced by 𝑓𝑓. This process makes her overall 

utility from choosing lottery 𝜇𝜇 under subjective lottery 𝑓𝑓 consist of two parts. The first part is the utility 

from savoring the anticipation level 𝑎𝑎𝑓𝑓; the second part is the forecast experienced utility from possible 



He, Dyer, and Butler: Utility from Anticipation and Disappointment 

7 
 

disappointment and elation. Using these concepts, our model is formally given below 

𝑈𝑈(𝑓𝑓, 𝜇𝜇) = 𝑣𝑣(𝑎𝑎𝑓𝑓) + � 𝑢𝑢�𝑥𝑥 − 𝛾𝛾𝑎𝑎𝑓𝑓�𝜇𝜇(𝑥𝑥)
𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜇𝜇)

 (1) 

where 𝑈𝑈(𝑓𝑓, 𝜇𝜇) is the evaluation of objective lottery 𝜇𝜇 under a subjective lottery 𝑓𝑓, 𝑎𝑎𝑓𝑓 is the anticipation 

level induced by 𝑓𝑓, and 𝛾𝛾𝑎𝑎𝑓𝑓 is a reference level that depends on the anticipation level linearly, with 𝛾𝛾 

modeling the sensitivity of the reference level to the anticipation level. For any realized payoff 𝑥𝑥 ∈

𝑠𝑠𝑢𝑢𝑝𝑝𝑝𝑝(𝜇𝜇), the DM experiences 𝑥𝑥 − 𝛾𝛾𝑎𝑎𝑓𝑓, which produces elation when 𝑥𝑥 > 𝛾𝛾𝑎𝑎𝑓𝑓  and disappointment 

when 𝑥𝑥 < 𝛾𝛾𝑎𝑎𝑓𝑓 . Such a linear reference level is a popular form commonly adopted in the literature 

(Gollier and Muermann 2010, Baucells and Sarin 2007, 2010, Baucells et al 2011) because of its 

tractability. 

Our model does not specify a functional relationship between the utility functions 𝑢𝑢 and 𝑣𝑣, which 

provides a great deal of generality. For example, we might assume that utility 𝑣𝑣 is obtained from 𝑢𝑢 by 

a scaling factor, i.e., 𝑣𝑣 = 𝑘𝑘𝑢𝑢  for 𝑘𝑘 ∈ [0,1] . This assumption implies that DM’s preference over 

subjective lotteries is the same as that over objective lotteries, but she derives less utility from 

anticipating outcomes compared with that from the experienced utility and is consistent with the 

assumption in the GM model. 

The DM forms her anticipation 𝑎𝑎𝑓𝑓  based on her subjective probability distribution, which is 

subject to the influence of optimism/pessimism. Therefore, the anticipation axiomatized in our paper 

can be independent of the objective lottery 𝜇𝜇, which should be considered as a parameter of the utility 

model rather than a choice object. This is consistent with the anticipation defined in the GM model 

where the subjective lottery may have payoffs outside the support of the objective lottery (Gollier and 

Muremann 2010). However, our model does not exclude a possible relationship between the 

anticipation and the objective lottery when applied in a specific context where the objective lottery may 

induce constraints on the DM’s subjective beliefs.  

When both 𝑣𝑣 and 𝑢𝑢 are linear functions and 𝑎𝑎𝑓𝑓 = 𝐸𝐸𝜇𝜇: = ∑ 𝑥𝑥𝜇𝜇(𝑥𝑥)𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜇𝜇) , our model reduces to 

the disappointment model proposed by Bell (1985). Therefore, we could reinterpret Bell (1985) as a 

model that assumes that anticipation is based on subjective probabilities that coincide with objective 

probabilities. Further, if the DM’s preferences are not affected by anticipation, elation, or 

disappointment, 𝛾𝛾𝑎𝑎𝑓𝑓 = 0, 𝑣𝑣�𝑎𝑎𝑓𝑓� is a constant, and our model reduces to the expected utility model. 

Under the assumption of optimal anticipation, model (1) reduces to the GM model with an additive 

habit form (see section 3.3 Gollier and Muermann).  
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3.2 The axiomatic foundations of the model 

We assume that there is a preference order ≿ on the product set ℱ × 𝒫𝒫, with the corresponding ≻, ≺, 

and ∼ defined in the traditional way. Our proposed model is axiomatized based on a set of assumptions 

on the preference order ≿, which imply the existence of our anticipation and disappointment tradeoff 

model. Following Savage’s subjective expected utility theory (Fishburn, 1970), we define a DM’s 

subjective lottery 𝑓𝑓 ∈ ℱ as a Savage act, which is a random variable that assigns different outcomes to 

different random events. The assumptions of the model are listed below. 

A1 (Weak Order). ≿ on ℱ × 𝒫𝒫 is complete and transitive. 

A2. (Shifted Independence of Subjective Lotteries) For any 𝜇𝜇, 𝜆𝜆 ∈ 𝒫𝒫, any 𝑓𝑓 ∈ ℱ, there is a 

unique quantity Δ(𝑓𝑓):ℱ →  𝑋𝑋 such that (0, 𝜇𝜇) ≿ (0, 𝜆𝜆) if and only if �𝑓𝑓, 𝜇𝜇 + Δ(𝑓𝑓)� ≿ �𝑓𝑓, 𝜆𝜆 + Δ(𝑓𝑓)�. 

A3. (Independence of Objective Lottery after Shifting) For any 𝜇𝜇 ∈ 𝒫𝒫 , any 𝑓𝑓,𝑔𝑔 ∈ ℱ , and 

Δ(𝑓𝑓),Δ(𝑔𝑔) from A2, �𝑓𝑓, 𝜇𝜇 + Δ(𝑓𝑓)� ≿ �𝑔𝑔, 𝜇𝜇 + Δ(𝑔𝑔)� if and only if �𝑓𝑓, 𝜆𝜆 + Δ(𝑓𝑓)� ≿ �𝑔𝑔, 𝜆𝜆 + Δ(𝑔𝑔)�  for 

any 𝜆𝜆 ∈ 𝒫𝒫. 

In A1, we consider a preference over all possible pairs of subjective and objective lotteries, even 

though it may seem reasonable for a DM to anticipate only a subset of subjective lotteries when faced 

with a specific objective lottery. With introspection, the DM may be able to consider whether her 

preference over all the lotteries in the product set should satisfy A2 and A3.  

A2 and A3 are two independence conditions assumed on ℱ ×𝒫𝒫. In a special case when Δ(𝑓𝑓) =

0 for any 𝑓𝑓 ∈ ℱ, both A2 and A3 reduce to the classical utility independence condition (Keeney and 

Raiffa 1993). In the context of this paper where preferences are reference dependent, the unique Δ(𝑓𝑓) 

captures how the preferences over objective lotteries depend on the reference level induced by 

anticipating a subjective lottery 𝑓𝑓. Specifically, when DM anticipates 𝑓𝑓 ≿ 0, the higher anticipation 

induces a higher reference level than that induced by anticipating nothing, which we interpret as an 

anticipation level of 0. Then, this reference level is used to compare the objective lotteries 𝜇𝜇 and 𝜆𝜆. 

Adding Δ(𝑓𝑓) to the payoffs of 𝜇𝜇 and 𝜆𝜆 can offset the effect of the increased reference level, making the 

comparison between 𝜇𝜇 and 𝜆𝜆 the same as before.  

The preferences described in A2 and A3 are implied by the tradeoff model (1). The preference 

(0, 𝜇𝜇) ≿ (0, 𝜆𝜆) may be written 

𝑣𝑣(0) + 𝔼𝔼𝑢𝑢(𝜇𝜇 − 𝛾𝛾0) ≥ 𝑣𝑣(0) + 𝔼𝔼𝑢𝑢(𝜆𝜆 − 𝛾𝛾0) 

which is equivalent to  
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𝑣𝑣�𝑎𝑎𝑓𝑓� + 𝔼𝔼𝑢𝑢(𝜇𝜇) ≥ 𝑣𝑣�𝑎𝑎𝑓𝑓� + 𝔼𝔼𝑢𝑢(𝜆𝜆) 

To incorporate the reference effect in the utility 𝑢𝑢 and to maintain the preference order, the above 

inequality can be written equivalently as 

𝑣𝑣�𝑎𝑎𝑓𝑓� + 𝔼𝔼𝑢𝑢�𝜇𝜇 + 𝛾𝛾𝑎𝑎𝑓𝑓 − 𝛾𝛾𝑎𝑎𝑓𝑓� ≥ 𝑣𝑣�𝑎𝑎𝑓𝑓� + 𝔼𝔼𝑢𝑢�𝜆𝜆 + 𝛾𝛾𝑎𝑎𝑓𝑓 − 𝛾𝛾𝑎𝑎𝑓𝑓� 

This expression implies that there exists 𝛥𝛥(𝑓𝑓) = 𝛾𝛾𝑎𝑎𝑓𝑓  such that �𝑓𝑓, 𝜇𝜇 + Δ(𝑓𝑓)� ≿ �𝑓𝑓, 𝜆𝜆 + Δ(𝑓𝑓)�. This 

𝛥𝛥(𝑓𝑓) is unique since the above relation holds for any 𝜇𝜇, 𝜆𝜆 ∈ 𝒫𝒫. This condition says that when the DM 

compares two objective lotteries under the same anticipation level, the preference between these two 

lotteries is unchanged at a “higher” anticipation level after the payoffs of both lotteries are compensated 

by the same amount implied by the higher anticipation level. Further, this compensation 𝛥𝛥(𝑓𝑓) depends 

only on the anticipation 𝑎𝑎𝑓𝑓 and is therefore independent of the objective lotteries 𝜇𝜇 and 𝜆𝜆. A similar 

compensation idea has been used in the literature for axiomatizing reference dependent preferences 

(Rozen 2010, He et al. 2013).  

To illustrate A2, consider another example involving a lottery. Assume that there are two lottery 

tickets available whose payoffs are represented by 𝜇𝜇𝐴𝐴 = {0.45, $10𝑘𝑘; 0.55, $0}  and 𝜇𝜇𝐵𝐵 =

{0.35, $20𝑘𝑘; 0.65, $0} respectively. Suppose that a lottery buyer prefers 𝜇𝜇𝐴𝐴 to 𝜇𝜇𝐵𝐵 when she anticipates 

winning nothing from playing. This is the marginal preference order over the objective lotteries when 

𝑎𝑎𝑓𝑓 = 0. Now, suppose the lottery buyer’s anticipation is induced to a higher level due optimism bias 

because she knows that her close friend won a large prize from buying a similar lottery ticket, so that 

𝑎𝑎𝑔𝑔 = $5𝑘𝑘. Given a higher anticipation level, the buyer’s reference level used to compare lotteries may 

increase. At the higher reference level, the DM will feel that the additional value offered by these two 

lotteries is less because she already anticipates a gain associated with them. Hoch and Loewenstein 

(1991) refer to this phenomenon as a feeling of potential deprivation that results when she anticipates a 

future value.  

However, if the payoffs of the lotteries are all increased by the same increment, e.g., 𝛥𝛥�𝑎𝑎𝑔𝑔� = $4𝑘𝑘, 

so that this reduction in the value of the lotteries is compensated, the DM will rank lotteries in the same 

way as before. In our example, we may expect (0, 𝜇𝜇𝐴𝐴) ≿ (0, 𝜇𝜇𝐵𝐵)  implies ($5𝑘𝑘, 𝜇𝜇𝐴𝐴 + $4𝑘𝑘) ≿

($5𝑘𝑘, 𝜇𝜇𝐵𝐵 + $4𝑘𝑘), which is the situation described in A2. 

A3 is also implied by our model (1). In model (1), �𝑓𝑓, 𝜇𝜇 + Δ(𝑓𝑓)� ≿ �𝑔𝑔, 𝜇𝜇 + Δ(𝑔𝑔)� is represented 

by 
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𝑣𝑣�𝑎𝑎𝑓𝑓� + 𝔼𝔼𝑢𝑢�𝜇𝜇 + 𝛥𝛥(𝑓𝑓) − 𝛾𝛾𝑎𝑎𝑓𝑓� ≥ 𝑣𝑣�𝑎𝑎𝑔𝑔� + 𝔼𝔼𝑢𝑢�𝜇𝜇 + 𝛥𝛥(𝑔𝑔) − 𝛾𝛾𝑎𝑎𝑔𝑔� 

where the unique 𝛥𝛥(𝑓𝑓) = 𝛾𝛾𝑎𝑎𝑓𝑓. Thus, the inequality above is equivalent to 

𝑣𝑣�𝑎𝑎𝑓𝑓� + 𝔼𝔼𝑢𝑢(𝜇𝜇) ≥ 𝑣𝑣�𝑎𝑎𝑔𝑔� + 𝔼𝔼𝑢𝑢(𝜇𝜇) 

which is also equivalent to 

𝑣𝑣�𝑎𝑎𝑓𝑓� + 𝔼𝔼𝑢𝑢�𝜆𝜆 + 𝛥𝛥(𝑓𝑓) − 𝛾𝛾𝑎𝑎𝑓𝑓� ≥ 𝑣𝑣�𝑎𝑎𝑔𝑔� + 𝔼𝔼𝑢𝑢�𝜆𝜆 + 𝛥𝛥(𝑔𝑔) − 𝛾𝛾𝑎𝑎𝑔𝑔� 

or �𝑓𝑓, 𝜆𝜆 + Δ(𝑓𝑓)� ≿ �𝑔𝑔, 𝜆𝜆 + Δ(𝑔𝑔)� for any 𝜆𝜆 ∈ 𝒫𝒫. 

A3 describes the preferences over subjective lotteries represented by model (1). Anticipating a 

subjective lottery 𝑓𝑓 has two effects on the total utility. It produces the utility from savoring as well as 

the reference effect of the experienced utility. When reflecting on her welfare from receiving the same 

objective lottery, different anticipated subjective lotteries can induce different reference levels. For the 

objective lottery under consideration, if the different reference effects are compensated according to the 

subjective lotteries respectively, A3 assumes that the lottery buyer has a consistent ranking of subjective 

lotteries according to the savoring utility, independent of the objective lottery considered. 

As both A2 and A3 are necessary conditions implied by model (1), any preferences that violate 

them are inconsistent with model (1). Further, in Theorem 1 below, we also show that together with 

two extra assumptions A4 and A5 below, A1, A2 and A3 are also sufficient to imply a general 

anticipation and disappointment/elation tradeoff model (4), which reduces to model (1). Thus, our 

assumptions can be used to characterize preferences that can be described by model (1). 

Based on A2, we can compare objective lotteries without considering the subjective lottery 𝑓𝑓 once 

Δ(𝑓𝑓) is added to the payoffs. Therefore, the preference order ≿ on ℱ × 𝒫𝒫 induces a marginal preference 

order ≿𝒫𝒫 on 𝒫𝒫 defined as 𝜇𝜇 ≿𝒫𝒫 𝜆𝜆 if and only if �𝑓𝑓, 𝜇𝜇 + Δ(𝑓𝑓)� ≿ �𝑓𝑓, 𝜆𝜆 + Δ(𝑓𝑓)� for some 𝑓𝑓 ∈ ℱ. Such 

a marginal preference order is well defined, as it does not depend on 𝑓𝑓 under A2, which captures the 

ordering of objective lotteries when there are no anticipation or reference effects. Similarly, we can also 

compare different subjective lotteries 𝑓𝑓 at different levels of 𝜇𝜇 once we adjust 𝜇𝜇 by Δ(𝑓𝑓). Thus, under 

A3, we can define another marginal order ≿ℱ  on ℱ  as 𝑓𝑓 ≿ℱ 𝑔𝑔  if and only if �𝑓𝑓, 𝜇𝜇 + Δ(𝑓𝑓)� ≿

�𝑔𝑔, 𝜇𝜇 + Δ(𝑔𝑔)� for some 𝜇𝜇 ∈ 𝒫𝒫. This order captures DM’s feelings from the savoring process (only), as 

the reference effect has been eliminated after compensation.  

Our next two assumptions are about the marginal preference orders ≿ℱ  and  ≿𝒫𝒫  on ℱ  and 𝒫𝒫 , 

respectively. We assume that the marginal preference order ≿ℱ over the subjective lotteries satisfies the 

Savage SEU model axioms and the marginal preference order ≿𝒫𝒫 over the objective lotteries satisfies 
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von Neumann Morgenstern’s axioms.  

A4. (Savage’s Axioms on Subjective Probabilities). Savages’s Axioms (P1-7) (Fishburn 1970) 

are satisfied by ≿ℱ on ℱ. 

A5. (vNM’s Axioms on Objective Probabilities) vNM’s Axoms (Fishburn, 1970) are satisfied 

by ≿𝒫𝒫 on 𝒫𝒫.  

Based on A1-A5, we have the following representation theorem for the preference order ≿ on 

ℱ × 𝒫𝒫, where 𝑠𝑠𝑢𝑢𝑝𝑝𝑝𝑝(𝜇𝜇) ≔ {𝑥𝑥:𝜇𝜇(𝑥𝑥) > 0}.  

Theorem 1 (Anticipation-Disappointment Tradeoff). Assumptions A1- A5 hold if and only if there is 

a reference point function Δ(𝑓𝑓) ∶ ℱ → 𝑋𝑋, a unique probability measure 𝑃𝑃∗ on 𝑆𝑆, and a real-valued 

function 𝑈𝑈:ℱ × 𝒫𝒫 → ℝ  such that the preference order ≿ on  ℱ × 𝒫𝒫 satisfies 

(𝑓𝑓, 𝜇𝜇)  ≿ (𝑔𝑔, 𝜆𝜆) ⇔ 𝑈𝑈(𝑓𝑓, 𝜇𝜇) ≥ 𝑈𝑈(𝑔𝑔, 𝜆𝜆) 

where 

𝑈𝑈(𝑓𝑓, 𝜇𝜇) = � 𝑣𝑣�𝑓𝑓(𝑠𝑠)�𝑃𝑃∗(𝑠𝑠)
𝑠𝑠∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑃𝑃∗)

+ � 𝑢𝑢�𝑥𝑥 − Δ(𝑓𝑓)�𝜇𝜇(𝑥𝑥)
𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜇𝜇)

 (2) 

with 𝑣𝑣(0) = 0, 𝑢𝑢(0) = 0, and  Δ(0) = 0. If another 𝑣𝑣′  and 𝑢𝑢′  also satisfy the representation (2), 

there exist 𝑎𝑎, 𝑏𝑏, 𝑐𝑐 ∈ ℝ such that 𝑣𝑣 = 𝑎𝑎𝑣𝑣′ + 𝑏𝑏 and 𝑢𝑢 = 𝑎𝑎𝑢𝑢′ + 𝑐𝑐.  

A1-A5 imply that a unique subjective probability measure 𝑃𝑃∗ defined on the state space 𝑆𝑆 can be 

inferred from the preference over the subjective lottery 𝑓𝑓. The preference order ≿ is represented by an 

additive expected utility model, where the expected utility over the objective lottery depends on a 

reference level determined by the subjective lottery 𝑓𝑓.  

A unique anticipated payoff 𝑎𝑎𝑓𝑓 can be determined for each subjective lottery 𝑓𝑓 by defining the 

anticipation 𝑎𝑎𝑓𝑓 ∈ 𝑋𝑋 as the certainty equivalent for f. 

𝑣𝑣(𝑎𝑎𝑓𝑓) = � 𝑣𝑣�𝑓𝑓(𝑠𝑠)�𝑃𝑃∗(𝑠𝑠)
𝑠𝑠∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑃𝑃∗)

 (3) 

For any 𝑓𝑓 ∼ℱ 𝑔𝑔, we assume Δ(𝑓𝑓) = Δ(𝑔𝑔), namely if a DM feels two subjective lotteries are indifferent 

for savoring, these two subjective lotteries produce the same reference effect. This is also consistent 

with the GM model, where the reference effect is determined by the certainty equivalent of subjective 

lottery. Then, for each 𝑓𝑓, we define Δ�𝑎𝑎𝑓𝑓� ≔ Δ(𝑓𝑓), which reduces model (2) to 

𝑈𝑈(𝑓𝑓, 𝜇𝜇) = 𝑣𝑣(𝑎𝑎𝑓𝑓) + � 𝑢𝑢�𝑥𝑥 − Δ�𝑎𝑎𝑓𝑓�� 𝜇𝜇(𝑥𝑥)
𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜇𝜇)

 (4) 

Model (4) allows for a general form of the functional relationship between the reference level and the 

anticipation level. Since a linear reference level function is widely adopted in the literature (Gollier and 
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Muermann 2010, Baucells and Sarin 2007, 2010, Baucells et al 2011) because of its tractability, we also 

show that if the following axiom is assumed, the reference function 𝛥𝛥�𝑎𝑎𝑓𝑓� becomes linear in 𝑎𝑎𝑓𝑓, which 

gives model (1). 

A6 (Linear Shifting). For any 𝜇𝜇, 𝜆𝜆 ∈ 𝒫𝒫 and any anticipation levels 𝑎𝑎 ≥ 𝑏𝑏 ∈ 𝑋𝑋, there exists a 

unique 𝛥𝛥(𝑎𝑎 − 𝑏𝑏) ∈ 𝑋𝑋 such that (𝑏𝑏, 𝜇𝜇) ≿ (𝑏𝑏, 𝜆𝜆) if and only if �𝑎𝑎, 𝜇𝜇 + 𝛥𝛥(𝑎𝑎 − 𝑏𝑏)� ≿ �𝑎𝑎, 𝜆𝜆 + 𝛥𝛥(𝑎𝑎 − 𝑏𝑏)�. 

A6 states that when the anticipation becomes higher, the compensation made to objective lotteries 

should depend on the incremental change in the anticipation. Under this condition and A2 assumed 

before, we can show that Δ�𝑎𝑎𝑓𝑓� is a linear function of 𝑎𝑎𝑓𝑓. 

Theorem 2. A6 implies that model (4) can be reduced to model (1) with a linear reference level 

function:  Δ�𝑎𝑎𝑓𝑓� = 𝛾𝛾𝑎𝑎𝑓𝑓 for some 𝛾𝛾 ∈ ℝ.  

𝑈𝑈(𝑓𝑓, 𝜇𝜇) = 𝑣𝑣(𝑎𝑎𝑓𝑓) + � 𝑢𝑢�𝑥𝑥 − 𝛾𝛾𝑎𝑎𝑓𝑓�𝜇𝜇(𝑥𝑥)
𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜇𝜇)

 (1) 

Our model (4) can be validated by empirically testing the assumptions used to derive it. 

Assumptions 4 and 5 are standard in EU and SEU, so testing them can be carried out by following 

extant literature.  We focus on A2 and A3, which are the key assumptions that justify the additive 

structure with the reference point in our model. For this purpose, we can simply consider binary lotteries, 

as any lottery can be obtained by compounding binary lotteries. If these assumptions hold for binary 

lotteries, they should also hold for other finite outcome lotteries (simple lotteries). 

One way to test A2 is to ask subjects to compare two objective lotteries while manipulating their 

subjective lotteries and the associated compensation, namely Δ(𝑓𝑓). This might be done by manipulating 

the outcomes experienced from “objective” lotteries so that the participants experience a higher 

proportion of good outcomes than the purported objective probability would justify. One could 

investigate whether these subjects believe that they are “lucky” or that they have a “hot hand” to use 

the sports analogy, or perhaps they feel like they are “due” for a bad outcome.  One could then compare 

how this manipulation effects their valuations of subsequent lotteries that may be made more favorable 

by the addition of a compensation Δ(𝑓𝑓), or less favorable by subtracting that quantity.  A similar 

approach could be used to test A3. 

Alternatively, an easier way to validate assumptions A2, A3 and A6 is to explain them to a DM. 

Then, ask the DM whether she believes her preferences can be described by them in the context of 

trading off anticipation and disappointment. If the DM feels that these assumptions can reasonably 



He, Dyer, and Butler: Utility from Anticipation and Disappointment 

13 
 

describe her preferences, we can conclude that these preference conditions are satisfied. One could then 

collect preference data to fit a parametric model form of (1) and to empirically estimate the linear 

shifting parameter 𝛾𝛾. 

In extant research, both anticipation and disappointment have been empirically tested separately. 

For example, van Dijk et al (2003) showed that people intentionally lower their subjective expected 

payoff for a lottery to avoid a large disappointment in the future.  Lowenstein (1987) found that people 

derive utility from anticipating the payoff ex ante in a deterministic payoff setting. Mellers (2000) 

summarizes a number of studies relating decision making and the relative pleasure of outcomes.   

Studies of gambles and anticipated grades in a psychology course support the notion that the anticipated 

outcome influences experienced utility and gives credence to the role of disappointment as a descriptive 

concept. In a particularly interesting study in our context, Shepherd et al. (1996) asked college students 

to estimate their starting salaries upon graduation; the class of students contained sophomores, juniors 

and seniors.  These assessments occurred at two points in time: the start of the semester and two weeks 

prior to the end of the semester.  All students were optimistic in their initial estimates of salaries – they 

estimated above the average starting salaries for their college – but only seniors without job offers 

significantly reduced their estimated salaries in the second assessment. As Shepherd et al. argue, it is 

true that seniors might have had more information supporting a downward revision in salary, but it is 

also plausible that they were utilizing defensive pessimism to avoid being disappointed in the near 

future while sophomores and juniors had more time to savor an unrevised optimistic salary. These 

studies provide a solid foundation for future empirical work on testing the tradeoff between anticipation 

and disappointment consistent with our model (1). 

4. Risk attitude  

We now focus on the implications of our model in decision making situations. As we do not emphasize 

the subjective lottery 𝑓𝑓 that induces the anticipation level, we drop the subscript 𝑓𝑓 from 𝑎𝑎𝑓𝑓 for ease of 

exposition and (1) becomes  

𝑈𝑈(𝑎𝑎, 𝜇𝜇) = 𝑣𝑣(𝑎𝑎) + � 𝑢𝑢(𝑥𝑥 − 𝛾𝛾𝑎𝑎)𝜇𝜇(𝑥𝑥)
𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜇𝜇)

 

Following Jouini et al. (2013), we also assume that the anticipation 𝑎𝑎 is bounded by the minimum and 

the maximum possible payoffs of lottery 𝜇𝜇, namely 𝜇𝜇𝑚𝑚𝑚𝑚𝑚𝑚 ≤ 𝑎𝑎 ≤ 𝜇𝜇𝑚𝑚𝑚𝑚𝑥𝑥, where 𝜇𝜇𝑚𝑚𝑚𝑚𝑚𝑚 = min{𝑠𝑠𝑢𝑢𝑝𝑝𝑝𝑝(𝜇𝜇)} 

and 𝜇𝜇𝑚𝑚𝑚𝑚𝑥𝑥 = max{𝑠𝑠𝑢𝑢𝑝𝑝𝑝𝑝(𝜇𝜇)}. 
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4.1 Optimism, pessimism, and risk attitude  

As previously discussed, a DM’s attitude toward an uncertain future outcome may be classified 

into two categories, optimistic or pessimistic. Intuitively an optimistic DM believes better outcomes are 

more likely to occur and therefore may take more risks than a DM who is pessimistic. This positive 

relationship between optimism and risk seeking behavior has been modeled and tested in the literature 

(Misina 2005, Anderson and Galinsky 2006, Dillenberger and Rozen 2015). However, there may be 

situations where pessimistic people are more risk seeking; for instance, desperate people may take more 

risky actions (Lybbert and Barrett, 2011). In another study, Mansour et al (2008) found that pessimism 

is positively correlated with risk tolerance, implying that more pessimistic people are more risk seeking. 

In this paper, we call these two types of interaction between anticipation and risk attitude increased risk 

seeking behavior due to optimism (pessimism), respectively, and show that our model (1) can be used 

to describe both. 

Following convention, we define the risk attitude by comparing the expected utility of a lottery 𝜇𝜇 

with the utility of its mathematical expectation 𝐸𝐸𝜇𝜇 ≔ ∑ 𝑥𝑥𝜇𝜇(𝑥𝑥)𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜇𝜇)   under anticipation 𝑎𝑎 . If 

𝑈𝑈(𝑎𝑎, 𝜇𝜇) > (=, <)𝑈𝑈(𝑎𝑎,𝐸𝐸𝜇𝜇), we say the DM is risk seeking (neutral, averse). The certainty equivalent 

𝐶𝐶𝐸𝐸(𝑎𝑎, 𝜇𝜇)  for a lottery 𝜇𝜇  depends on the anticipation 𝑎𝑎 , which is determined from 

𝑈𝑈�𝐶𝐶𝐸𝐸(𝑎𝑎, 𝜇𝜇),𝐶𝐶𝐸𝐸(𝑎𝑎, 𝜇𝜇)� = 𝑈𝑈(𝑎𝑎, 𝜇𝜇). 

In Proposition 1, we use 𝑣𝑣′  and 𝑢𝑢′  to denote the derivatives of 𝑣𝑣  and 𝑢𝑢  with respect to a, 

respectively. The proposition states that, in our model, more optimism about a lottery (a higher level of 

anticipation) could either increase or decrease the risk premium of that lottery.  

Proposition 1. Under the assumptions of model (1), for a given lottery 𝜇𝜇, 𝐶𝐶𝐸𝐸(𝑎𝑎, 𝜇𝜇) depends on 𝑎𝑎 in 

the following ways: 

i. If 𝑣𝑣′(𝑎𝑎) − 𝛾𝛾∑ 𝑢𝑢′(𝑥𝑥 − 𝛾𝛾𝑎𝑎)𝜇𝜇(𝑥𝑥)𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜇𝜇) ≥ 0 , then𝜕𝜕𝜕𝜕𝜕𝜕(𝑚𝑚,𝜇𝜇)
𝜕𝜕𝑚𝑚

≥ 0.  The DM exhibits increased risk 

seeking behavior due to optimism. 

ii. If 𝑣𝑣′(𝑎𝑎) − 𝛾𝛾∑ 𝑢𝑢′(𝑥𝑥 − 𝛾𝛾𝑎𝑎)𝜇𝜇(𝑥𝑥)𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜇𝜇) ≤ 0, then 𝜕𝜕𝜕𝜕𝜕𝜕(𝑚𝑚,𝜇𝜇)
𝜕𝜕𝑚𝑚

≤ 0. The DM exhibits increased risk 

seeking behavior due to pessimism. 

Proposition 1 states that whether a DM exhibits increased risk seeking behavior due to optimism 

or pessimism is determined by the comparison between the marginal utility from anticipation and the 

marginal expected experienced utility. When 𝑣𝑣′(𝑎𝑎) ≥ 𝛾𝛾 ∑ 𝑢𝑢(𝑥𝑥 − 𝛾𝛾𝑎𝑎)𝜇𝜇(𝑥𝑥)𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜇𝜇) , the utility from the 

increase in anticipation derived by the DM is larger than the utility loss from the increase in 



He, Dyer, and Butler: Utility from Anticipation and Disappointment 

15 
 

disappointment, and thus the DM’s increased risk seeking behavior is due to optimism. 

Case i in Proposition 1 may be common for lottery players who may derive more utility from a 

higher anticipation than they lose from disutility due to the potential disappointment. This is consistent 

with the observation that many people purchase a lottery ticket as a way to enjoy anticipating a very 

desirable outcome. Proposition 1 predicts that for DMs that gamble and buy lottery tickets, high levels 

of optimism are associated with more risk seeking behavior. This also explains why lottery companies 

spend money on advertisements that depict people winning the lottery to increase the anticipation level 

of the public such that they might become more risk seeking and buy more chances to win. 

Similarly, in case ii of Proposition 1 a DM worries more about the possible disappointment. If she 

is more pessimistic, her anticipation will be lower. Therefore, she will be less concerned about the 

possible utility loss from a larger disappointment associated with higher anticipation. This is consistent 

with the empirical finding that a negative emotional state may cause people to become more risk seeking 

(Zhao 2006, Chuang and Lin 2007), because they value the chance of elation from receiving a better 

than anticipated lottery outcome that would improve their negative emotional state (low anticipation).  

Notice that most existing models do not allow the coexistence of the two-way influence of 

optimism/pessimism on risk attitude revealed in our model. In EU, shifting probability mass from the 

bad outcome to the good outcome will increase the expected utility of a lottery. Thus, a more optimistic 

attitude always implies less risk averse behavior in the EU model. In rank-dependent utility, optimism 

and pessimism can be modeled by the weighting function. However, pessimism leads to increasing the 

weights on lower ranked outcomes, which will lower the certainty equivalent of the lottery, implying 

more risk averse behavior (Diecidue and Wakker 2001, Wakker 2010). In GM, anticipation is 

endogenously determined from the optimal anticipating process, which does not allow the analysis we 

conducted here. 

4.2 Wealth effect on risk attitude 

By allowing different levels of anticipation due to the optimism/pessimism bias, our model can 

also capture how the DM’s anticipation mediates the wealth effect on her risk attitude. For any lottery 

𝜇𝜇  under anticipation 𝑎𝑎  at wealth level 𝑤𝑤 , there is a unique certainty equivalent 𝐶𝐶𝐸𝐸  that solves the 

equation 𝑈𝑈(𝑤𝑤 + 𝐶𝐶𝐸𝐸,𝑤𝑤 + 𝐶𝐶𝐸𝐸) = 𝑈𝑈(𝑤𝑤 + 𝑎𝑎,𝑤𝑤 + 𝜇𝜇). For a given 𝑎𝑎, this certainty equivalent is a function 

of 𝑤𝑤 . In this subsection, we use 𝐶𝐶𝐸𝐸′(𝑤𝑤)  to denote the derivative of 𝐶𝐶𝐸𝐸  with respect to wealth to 

emphasize this point. Based on model (1), the equation that defines the certainty equivalent can be 
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written as 

𝑣𝑣(𝑤𝑤 + 𝐶𝐶𝐸𝐸) + 𝑢𝑢�𝑤𝑤 + 𝐶𝐶𝐸𝐸 − 𝛾𝛾(𝑤𝑤 + 𝐶𝐶𝐸𝐸)� 

= 𝑣𝑣(𝑤𝑤 + 𝑎𝑎) + ∑ 𝑢𝑢�𝑤𝑤 + 𝑥𝑥 − 𝛾𝛾(𝑤𝑤 + 𝑎𝑎)�𝜇𝜇(𝑥𝑥)𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜇𝜇)                              (5) 

We can investigate how the certainty equivalent is affected by the wealth level 𝑤𝑤 at different levels of 

anticipation by taking the derivative with respect to 𝑤𝑤 on both sides of (5) and solving for 𝐶𝐶𝐸𝐸′(𝑤𝑤). 

𝐶𝐶𝐸𝐸′(𝑤𝑤)  = 𝑣𝑣′(𝑚𝑚+𝑤𝑤)−𝑣𝑣′(𝑤𝑤+𝜕𝜕𝜕𝜕)+(1−𝛾𝛾)�∑ 𝑠𝑠′�𝑤𝑤+𝑥𝑥−𝛾𝛾(𝑤𝑤+𝑚𝑚)�𝜇𝜇(𝑥𝑥)𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜇𝜇) −𝑠𝑠′�𝑤𝑤+𝜕𝜕𝜕𝜕−𝛾𝛾(𝑤𝑤+𝜕𝜕𝜕𝜕)��
𝑣𝑣′(𝑤𝑤+𝜕𝜕𝜕𝜕)+(1−𝛾𝛾)𝑠𝑠′�𝑤𝑤+𝜕𝜕𝜕𝜕−𝛾𝛾(𝑤𝑤+𝜕𝜕𝜕𝜕)�

  

Under the standard assumptions that 𝑣𝑣′ > 0  and 𝑢𝑢′ > 0 , the sign of 𝐶𝐶𝐸𝐸′(𝑤𝑤)  is determined by the 

numerator. Thus, we have the following proposition about the sign of 𝐶𝐶𝐸𝐸′(𝑤𝑤).  

Proposition 2. When  𝛾𝛾 = 1, 𝑣𝑣′′ ≤ (≥)0, we have: 𝐶𝐶𝐸𝐸′(𝑤𝑤) ≥ (≤)0 if and only if 𝑎𝑎 ≤ (≥)𝐶𝐶𝐸𝐸; when 

𝛾𝛾 ∈ [0,1), we have: 

i. If 𝑢𝑢′′′ ≥ 0,𝑢𝑢′′ ≥ 0, 𝑣𝑣′′ ≤ 0, 𝑎𝑎 ≤ 𝐶𝐶𝐸𝐸 and 𝐸𝐸𝜇𝜇 ≥ (1 − 𝛾𝛾)𝐶𝐶𝐸𝐸 + 𝛾𝛾𝑎𝑎 implies 𝐶𝐶𝐸𝐸′(𝑤𝑤) ≥ 0. 

ii. If 𝑢𝑢′′′ ≥ 0,𝑢𝑢′′ ≤ 0, 𝑣𝑣′′ ≤ 0, 𝑎𝑎 ≤ 𝐶𝐶𝐸𝐸 and 𝐸𝐸𝜇𝜇 ≤ (1 − 𝛾𝛾)𝐶𝐶𝐸𝐸 + 𝛾𝛾𝑎𝑎 implies 𝐶𝐶𝐸𝐸′(𝑤𝑤) ≥ 0. 

iii. If 𝑢𝑢′′′ ≤ 0,𝑢𝑢′′ ≥ 0, 𝑣𝑣′′ ≤ 0, 𝑎𝑎 ≥ 𝐶𝐶𝐸𝐸 and 𝐸𝐸𝜇𝜇 ≤ (1 − 𝛾𝛾)𝐶𝐶𝐸𝐸 + 𝛾𝛾𝑎𝑎 implies 𝐶𝐶𝐸𝐸′(𝑤𝑤) ≤ 0. 

iv. If 𝑢𝑢′′′ ≤ 0,𝑢𝑢′′ ≤ 0, 𝑣𝑣′′ ≤ 0, 𝑎𝑎 ≥ 𝐶𝐶𝐸𝐸 and 𝐸𝐸𝜇𝜇 ≥ (1 − 𝛾𝛾)𝐶𝐶𝐸𝐸 + 𝛾𝛾𝑎𝑎 implies 𝐶𝐶𝐸𝐸′(𝑤𝑤) ≤ 0. 

Moreover, if we replace 𝑣𝑣′′ ≤ 0 with 𝑣𝑣′′ ≥ 0 and 𝑎𝑎 ≤ (≥)𝐶𝐶𝐸𝐸 with 𝑎𝑎 ≥ (≤)𝐶𝐶𝐸𝐸, the sign of 𝐶𝐶𝐸𝐸′(𝑤𝑤) is 

unchanged. 

When 𝛾𝛾 = 1 , the DM uses the anticipation as the reference point to predict the level of 

disappointment and the sign of 𝐶𝐶𝐸𝐸′(𝑤𝑤) is determined by the sign of 𝑎𝑎 − 𝐶𝐶𝐸𝐸. If we assume 𝑣𝑣′′ ≤ 0, a 

relatively optimistic DM who anticipates 𝑎𝑎 ≥ 𝐶𝐶𝐸𝐸 becomes more risk averse with an increase in wealth, 

𝐶𝐶𝐸𝐸′(𝑤𝑤)  ≤ 0; and a relatively pessimistic DM who anticipates 𝑎𝑎 ≤ 𝐶𝐶𝐸𝐸 becomes less risk averse with 

an increase in wealth, 𝐶𝐶𝐸𝐸′(𝑤𝑤) ≥ 0. 

When 𝛾𝛾 ≠ 1, the sign of 𝐶𝐶𝐸𝐸′(𝑤𝑤) not only depends on the sign of 𝑎𝑎 − 𝐶𝐶𝐸𝐸 but also on the sign of 

𝐸𝐸𝜇𝜇 − [(1 − 𝛾𝛾)𝐶𝐶𝐸𝐸 + 𝛾𝛾𝑎𝑎], as summarized by Proposition 2. These four cases demonstrate that our model 

has the descriptive power to capture many different ways that optimism and pessimism can mediate the 

wealth effect on risk aversion. For instance, in case ii of Proposition 2, 𝑎𝑎 ≤ 𝐶𝐶𝐸𝐸 and 𝐸𝐸𝜇𝜇 ≤ (1 − 𝛾𝛾)𝐶𝐶𝐸𝐸 +

𝛾𝛾𝑎𝑎 implies 𝐸𝐸𝜇𝜇 ≤ 𝐶𝐶𝐸𝐸 (risk seeking). So, in this case, a DM who is relatively pessimistic (𝑎𝑎 ≤ 𝐶𝐶𝐸𝐸) and 

risk seeking (𝐸𝐸𝜇𝜇 ≤ 𝐶𝐶𝐸𝐸 ) will become more risk seeking at a higher level of wealth 𝐶𝐶𝐸𝐸′(𝑤𝑤) ≥ 0 . 

Similarly, in case iv, 𝑎𝑎 ≥ 𝐶𝐶𝐸𝐸 and 𝐸𝐸𝜇𝜇 ≥ (1 − 𝛾𝛾)𝐶𝐶𝐸𝐸 + 𝛾𝛾𝑎𝑎 implies 𝐸𝐸𝜇𝜇 ≥ 𝐶𝐶𝐸𝐸 (risk aversion). In this case, 

a DM who is relatively optimistic (𝑎𝑎 ≥ 𝐶𝐶𝐸𝐸) and risk averse (𝐸𝐸𝜇𝜇 ≥ 𝐶𝐶𝐸𝐸) will become more risk averse 

at a higher level of wealth 𝐶𝐶𝐸𝐸′(𝑤𝑤) ≤ 0.  
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Among these four cases, cases i and iii are of special interest, as they describe two seemingly 

conflicting empirical observations that people with lower levels of wealth can be either more risk averse 

or more risk seeking (Caballero 2010, Vieider et al 2012). For case i, it is straightforward to show that 

𝑎𝑎 ≤ 𝐶𝐶𝐸𝐸 ≤ 𝐸𝐸𝜇𝜇 implies 𝐸𝐸𝜇𝜇 ≥ (1 − 𝛾𝛾)𝐶𝐶𝐸𝐸 + 𝛾𝛾𝑎𝑎. Recognizing that case i can be obtained from 𝑎𝑎 ≤ 𝐶𝐶𝐸𝐸 ≤

𝐸𝐸𝜇𝜇, we can conclude that a DM with an anticipation level lower than the certainty equivalent of the 

lottery 𝑎𝑎 ≤ 𝐶𝐶𝐸𝐸 and exhibiting risk averse behavior 𝐶𝐶𝐸𝐸 ≤ 𝐸𝐸𝜇𝜇 will become more risk averse when her 

wealth level decreases, i.e., 𝐶𝐶𝐸𝐸′(𝑤𝑤) ≥ 0. This is consistent with the observation that people with lower 

levels of wealth are often more risk averse than people with higher levels of wealth and are therefore 

less likely to participate in high risk/return investment activities, resulting in the “poverty trap” (Mosley 

and Verschoor, 2005, Yesuf and Bluffstone 2009). 

Similarly, if the condition 𝑎𝑎 ≥ 𝐶𝐶𝐸𝐸 ≥ 𝐸𝐸𝜇𝜇  is satisfied then using the result of case iii, we can 

conclude that a DM with an anticipation level higher than the certainty equivalent 𝑎𝑎 ≥ 𝐶𝐶𝐸𝐸  and 

exhibiting risk seeking behavior 𝐶𝐶𝐸𝐸 ≥ 𝐸𝐸𝜇𝜇  will become more risk seeking when her wealth level is 

decreased, i.e., 𝐶𝐶𝐸𝐸′(𝑤𝑤) ≤ 0. The result of this case matches the observation that DMs with lower levels 

of wealth may be more involved in gambling than DMs with higher wealth levels (Lesieur 1992). When 

gambling, people may anticipate favorable results; in our terms, gamblers are optimistic about the 

payoff of a lottery, i.e., 𝑎𝑎 ≥ 𝐶𝐶𝐸𝐸. Thus, the certainty equivalent of a lottery for a high wealth gambler is 

smaller than that for a low wealth gambler, which results in relatively less gambling for high wealth 

DMs. Bosch-Domènech and Benach (2005) and Bosch-Domènech and Silvestre (2006) found that 

people with lower levels of wealth are more risk seeking than people with higher levels of wealth when 

facing lotteries with large absolute payoffs. This empirical finding may also be explained by case iii, 

since a lottery with large payoffs is more likely to induce a high anticipation leading to more risk seeking 

behavior for people with lower levels of wealth.  

4.3 Utility of Gambling 

A widely recognized puzzle in decision theory is the coexistence of gambling and insurance 

purchasing, implying that people are simultaneously risk seeking and risk averse (Friedman and Savage 

1948). This puzzling problem can be traced back to the work of von Neumann and Morgenstern who 

believed that gambling behavior is inconsistent with expected utility theory (von Neumann and 

Morgenstern 1944, p. 28 and Bleichrodt and Schmidt 2002). Only a few studies have axiomatized the 

utility of gambling (e.g. Diecidue, et al. 2004), and typically the utility of gambling is modeled by 

appending an extra utility term to the standard expected utility model or by applying different utility 
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functions to non-degenerate and degenerate lotteries (Fishburn 1980, Conlisk 1993 Schmidt 1998, 

Diecidue et al. 2004). 

Insurance purchasing behavior is consistent with a risk averse expected utility function, which is 

a special case of our model. Gambling behavior is consistent with the increased risk seeking behavior 

due to optimism discussed in previous section. Beyond allowing the coexistence of gambling and 

insurance buying, our model also avoids violating stochastic dominance and transitivity, which is not 

true for most models capable of explaining this phenomenon (Fishburn 1980, Schmidt 1998, Diecidue 

et al 2004). Bleichrodt and Schmidt (2002) propose a context dependent model that does not violate 

stochastic dominance, but it does violate another desirable property: transitivity of preference (Luce 

2000, MacCrimmon 1968). Our model is consistent with transitivity because the total ex ante utility is 

a representation of a transitive preferences order. In the appendix, we also show that stochastic 

dominance will not be violated when the DM’s anticipation is increasing for more preferred lotteries 

and the effect of disappointment is not too large. 

5. Portfolio selection and the equity premium puzzle 

In this section, we demonstrate that our model can be used to explain the equity premium puzzle 

without conflicting with intuitive interpretations of risk preference as in the GM model. The equity 

premium puzzle was first formalized by Mehra and Prescott (1985) who observed that accounting for 

the historical returns on risky securities requires unrealistic high levels of risk aversion. A portfolio 

selection problem involves the following choices. A decision maker has initial wealth denoted by 𝑤𝑤 ∈

ℝ . She selects 𝛿𝛿 ∈ ℝ  to invest in the risky asset, which has an uncertain gross return 𝜁𝜁 ∈ 𝒫𝒫 . Her 

remaining wealth 𝑤𝑤 − 𝛿𝛿 is invested in a risk-free asset, which has a certain gross return 𝑟𝑟. The objective 

is to select an optimal 𝛿𝛿 to maximize her utility from holding both the risky and risk-free assets. 

In the GM model, for any given level of the allocation to the risky asset, the DM selects her 

anticipation level so that her total ex ante utility is maximized. Thus, this optimal anticipation level is a 

function of the allocation to the risky asset. Then, under the assumption of optimal anticipation, the DM 

optimizes the allocation to the risky asset to maximize her total ex ante utility. By solving a problem set 

up in this way, GM obtained the result that optimism is negatively related to allocation to the risky asset, 

which is counterintuitive. They acknowledged that their result is somewhat surprising and that it 

conflicts with the results in the literature (Brumnermeier and Parker 2005, Gollier 2005). Empirical 

studies have also confirmed that more optimistic investors tend to hold more risky assets (Manju and 
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Robinson 2007, Balasuriya 2010, Nosic and Weber 2010). In a modified GM model (Jouini et al. 2013), 

the feasible domain of the anticipation level is adjusted to show that the GM model can be consistent 

with empirical studies on the relationship between optimism and investment in the risky asset. In this 

paper, we relax the requirement that the DM will be able to optimize her anticipation level intentionally 

when facing a portfolio selection problem and propose that the surprising result in the GM model may 

occur because of the optimal anticipation assumption.  

We allow the anticipation level to be influenced by contextual factors and set up the portfolio 

decision model as follows. The DM forms anticipation 𝑎𝑎  for the random risky return 𝜁𝜁 , which is 

bounded by the minimum and maximum possible outcomes of 𝜁𝜁 , i.e, 𝑎𝑎 ∈ [𝜁𝜁𝑚𝑚𝑚𝑚𝑚𝑚, 𝜁𝜁𝑚𝑚𝑚𝑚𝑥𝑥] . Then, her 

anticipated total wealth is given by (𝑤𝑤 − 𝛿𝛿)𝑟𝑟 + 𝛿𝛿𝑎𝑎 = 𝑤𝑤𝑟𝑟 + (𝑎𝑎 − 𝑟𝑟)𝛿𝛿. The utility from anticipation is 

𝑣𝑣(𝑤𝑤𝑟𝑟 + (𝑎𝑎 − 𝑟𝑟)𝛿𝛿)  and the expected experienced utility is ∑ 𝑢𝑢 �(𝑤𝑤 − 𝛿𝛿)𝑟𝑟 + 𝛿𝛿𝑥𝑥 − 𝛾𝛾�(𝑤𝑤 −𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜁𝜁)

𝛿𝛿)𝑟𝑟 + 𝛿𝛿𝑎𝑎�� 𝜁𝜁(𝑥𝑥) = ∑ 𝑢𝑢(𝑤𝑤𝑟𝑟(1 − 𝛾𝛾) + [(𝑥𝑥 − 𝑟𝑟) − 𝛾𝛾(𝑎𝑎 − 𝑟𝑟)]𝛿𝛿)𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜁𝜁) 𝜁𝜁(𝑥𝑥) . Utilizing these 

components in (1), the DM optimizes the allocation of her wealth to risky asset 𝛿𝛿  by solving the 

following problem 

max
𝛿𝛿

𝑈𝑈(𝛿𝛿) = 𝑣𝑣(𝑤𝑤𝑟𝑟 + (𝑎𝑎 − 𝑟𝑟)𝛿𝛿) + � 𝑢𝑢(𝑤𝑤𝑟𝑟(1 − 𝛾𝛾) + [(𝑥𝑥 − 𝑟𝑟) − 𝛾𝛾(𝑎𝑎 − 𝑟𝑟)]𝛿𝛿)
𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜁𝜁)

𝜁𝜁(𝑥𝑥) 

     (6) 

If we assume that both 𝑣𝑣 and 𝑢𝑢 are concave functions, 𝑈𝑈(𝛿𝛿) is also a concave function of 𝛿𝛿 as the 

sum of concave functions is still concave. Under these assumptions, we first consider the problem of 

optimal investment decision.   

Proposition 3. The optimal investment in the risky asset in (6) is 𝛿𝛿∗ > (=, <)0  if and only if  

𝑣𝑣′(𝑤𝑤𝑤𝑤)(𝑚𝑚−𝑤𝑤)
𝑠𝑠′�𝑤𝑤𝑤𝑤(1−𝛾𝛾)�

> (=, <)[𝛾𝛾(𝑎𝑎 − 𝑟𝑟) − (𝐸𝐸𝜁𝜁 − 𝑟𝑟)] . 

We expect a DM who invests in the financial market to anticipate that the risky asset return exceeds 

the risk-free return 𝑎𝑎 − 𝑟𝑟 > 0; otherwise the investor would not choose to invest in the risky asset. 

Therefore, we can rewrite the optimal investment condition in Proposition 1 as 𝛿𝛿∗ > 0 if and only if  

𝑣𝑣′(𝑤𝑤𝑤𝑤)
𝑠𝑠′�𝑤𝑤𝑤𝑤(1−𝛾𝛾)�

> 𝛾𝛾 − 𝜕𝜕𝜁𝜁−𝑤𝑤
𝑚𝑚−𝑤𝑤

.  As the risk premium of the risky asset, we also know 𝐸𝐸𝜁𝜁 − 𝑟𝑟 is positive. Now, 

we consider two cases by comparing 𝑎𝑎 and 𝐸𝐸𝜁𝜁. 

• When the anticipated return is relatively low, i.e. 𝑎𝑎 < 𝐸𝐸𝜁𝜁, 𝛾𝛾 − 𝜕𝜕𝜁𝜁−𝑤𝑤
𝑚𝑚−𝑤𝑤

 is always negative as 𝛾𝛾 ∈

[0,1]. In this case, 𝑣𝑣′(𝑤𝑤𝑤𝑤)
𝑠𝑠′�𝑤𝑤𝑤𝑤(1−𝛾𝛾)�

> 𝛾𝛾 − 𝜕𝜕𝜁𝜁−𝑤𝑤
𝑚𝑚−𝑤𝑤

 always holds as 𝑣𝑣′ and 𝑢𝑢′ are both positive. The case 
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𝑎𝑎 < 𝐸𝐸𝜁𝜁 may happen in two situations. If the DM is pessimistic, the expectation of the subjective 

probability distribution is lower than that of the objective one. Then, under a concave utility 𝑣𝑣, 

the anticipation defined as the certainty equivalent of subjective distribution will be even lower. 

If the DM is optimistic, 𝑎𝑎 < 𝐸𝐸𝜁𝜁  may still hold when 𝑣𝑣  is concave as long as the subjective 

distribution does not deviate from the objective distribution too much.  

• When the anticipated return is relatively high, e.g. 𝑎𝑎 > 𝐸𝐸𝜁𝜁, 𝛾𝛾 − 𝜕𝜕𝜁𝜁−𝑤𝑤
𝑚𝑚−𝑤𝑤

 is always smaller than one. 

In this case 𝛿𝛿∗ > 0 occurs if the marginal utility ratio  𝑣𝑣′(𝑤𝑤𝑤𝑤)
𝑠𝑠′�𝑤𝑤𝑤𝑤(1−𝛾𝛾)�

 is always larger than one. 

Thus, this result implies that when anticipation is relatively high, the DM will invest in the risky 

asset only if the marginal utility she derives from anticipation is large enough to counter the 

potential disappointment.   

Now, we treat the anticipated return 𝑎𝑎 as a parameter and analyze how it influences the optimal 

investment level denoted by 𝛿𝛿∗(𝑎𝑎).  

Proposition 4. There exists 𝑀𝑀 ∈ ℝ such that 𝑑𝑑𝛿𝛿
∗(𝑚𝑚)
𝑑𝑑𝑚𝑚

≥ 0 if and only if 𝑣𝑣′(𝑤𝑤𝑟𝑟 + (𝑎𝑎 − 𝑟𝑟)𝛿𝛿∗) ≥ 𝑀𝑀. 

This proposition states that when the marginal utility from anticipation is large enough at the 

optimal investment level, i.e., 𝑣𝑣′(𝑤𝑤𝑟𝑟 + (𝑎𝑎 − 𝑟𝑟)𝛿𝛿∗) > 𝑀𝑀 , the DM will invest more given a higher 

anticipation level. This is a very intuitive result. The DM will only increase the investment in a risky 

asset when the marginal utility she derives from anticipation is large enough to offset the utility loss 

from the potential disappointment. 

Our model can explain the equity premium puzzle without conflicting with the finding that 

optimism leads to increased investment in the risky asset. As shown by Proposition 4, our model can be 

used to represent preferences with either 𝑑𝑑𝛿𝛿
∗(𝑚𝑚)
𝑑𝑑𝑚𝑚

≥ 0 or 𝑑𝑑𝛿𝛿
∗(𝑚𝑚)
𝑑𝑑𝑚𝑚

≤ 0 depending on the functional form 𝑣𝑣 

used to model utility from anticipation. To be consistent with the empirical finding on the relationship 

between optimism and risk taking, we should assume preferences exhibit 𝑑𝑑𝛿𝛿
∗(𝑚𝑚)
𝑑𝑑𝑚𝑚

≥ 0. To explain the 

equity premium puzzle, we propose that if DMs in the financial market are relatively pessimistic, they 

form a lower anticipation which induces a smaller demand for the risky asset as 𝑑𝑑𝛿𝛿
∗(𝑚𝑚)
𝑑𝑑𝑚𝑚

≥ 0 . This 

reduced demand implies a lower price of the risky asset and hence a higher return that explains the large 

return observed on the market. In this way, our model implies a decrease in the demand for the risky 

asset and an increase of the equity premium compared to the EU model.  
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6. Conclusion 

In this paper, we propose preference conditions for a descriptive model of decision making which 

incorporates both the utility from anticipation and the expected experienced utility – elation and 

disappointment – in a decision-making process. This model captures optimism bias and pessimism bias 

in decision making by dropping the optimal anticipation assumption adopted in the GM model. The 

level of anticipation serves two roles in our model. It is the source of the utility from anticipation in the 

period before the lottery is resolved as well as the reference point used to form elation and 

disappointment after the lottery is resolved.  

We show that our model can account for how optimism/pessimism could influence both the DM’s 

risk attitude as well as the wealth effect on that risk attitude. This risk attitude can accommodate the 

coexistence of insurance buying and gambling behavior that is inconsistent in the EU framework. 

Specifically, we discuss the implications of this model for understanding issues related to behavioral 

finance. In a simple setting with one risky and one risk-free asset, we show that our model can capture 

the widely observed behavior that an investor’s optimism is positively correlated with her investment 

level in the risky asset. It also provides an explanation for the equity premium puzzle that is consistent 

with this empirical finding.  

Our descriptive model captures how bias influences decision making, leading to behaviors that 

deviate from those predicted by the EU model. Therefore, our model has the potential to contribute to 

the behavioral operations management and behavioral finance literatures that have appeared in recent 

years, by incorporating behavioral issues into the standard models that are based on the rational EU 

framework. In the last two decades, due to the extensive research on behavioral decision making in 

decision theory and economics, research on behavioral issues in both operations management and 

finance contexts also made significant progresses. Interested readers are referred to Loch and Wu (2005), 

Giannoccaro (2013), and Bendoly et al (2015) for extensive reviews on the recent development of 

behavioral operations management. For behavioral finance, interested readers are referred to Thaler 

(2005), Ackert and Deaves (2010), and Hirshleifer (2015) for more detailed reviews of this area.  

We have explored how this model provides a better explanation for the equity premium puzzle 

extensively studied in finance, which is an example of its potential for understanding empirical 

observations in finance. In future research, there are a few other directions to consider. For example, it 

may be interesting to test how much a DM may deviate from the optimal anticipation described in GM’s 

https://www.cengage.co.uk/author/lucy-ackert
https://www.cengage.co.uk/author/richard-deaves
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model. Second there may be other mechanisms that could lead to similar decision models with multiple 

reference points.  For example, a DM may attempt to estimate 𝑝𝑝∗ with 𝑝𝑝′ ≠  𝑝𝑝∗ due to known biases in 

probability assessment rather than optimism or pessimism. Third, there are a few possible areas to apply 

the model in marketing research. For instance, advertising is a way to manipulate how consumers 

anticipate the quality of the product offered by sellers. It will be interesting to study how a consumer’s 

trade-off between anticipation and disappointment is influenced by the advertising effort, which further 

influences the pricing and revenue of a seller.  Finally, our model is a simple two-period model that does 

not consider the length of time between the DM’s decision to acquire a risky lottery and its resolution, 

or how some parameters of the decision model might change dynamically as the time to the resolution 

of the lottery is reduced. These issues could be areas for further work. 
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Appendix A. Proofs of Theorems 

Before we prove our results, we state a lemma proved by Kreps (pp 46, 1988) below which will be used 

in the proofs in this section. 

Lemma 5.6 (Kreps, 1988). If preference order ≿ on a set of simple lotteries 𝒫𝒫 satisfies vNM’s axioms, 

then (a) 𝑃𝑃 ≿ 𝑄𝑄  and 0 < 𝑎𝑎 < 𝑏𝑏 < 1  imply 𝑏𝑏𝑃𝑃 + (1 − 𝑏𝑏)𝑄𝑄 ≿ 𝑎𝑎𝑃𝑃 + (1 − 𝑎𝑎)𝑄𝑄 ;…; (c) 𝑃𝑃 ∼ 𝑄𝑄  and 𝑎𝑎 ∈

[0,1] imply 𝑎𝑎𝑃𝑃 + (1 − 𝑎𝑎)𝑅𝑅 ∼ 𝑎𝑎𝑄𝑄 + (1 − 𝑎𝑎)𝑅𝑅 for all 𝑅𝑅 ∈ 𝒫𝒫. 

Proof of Theorem 1: It is easy to verify A1 to A5 are necessary for model (1). To show sufficiency, we 

define an induced preference order over the product set ℱ × 𝒫𝒫 as below from the given preference order 

≿. We denote this induced preference order ≽ over the product set ℱ × 𝒫𝒫 as below. 

Definition of induced preference order ≽: For any (𝑓𝑓, 𝜇𝜇), (𝑔𝑔, 𝜆𝜆) ∈ ℱ × 𝒫𝒫, define (𝑓𝑓, 𝜇𝜇) ≽ (𝑔𝑔, 𝜆𝜆) if and 

only if �𝑓𝑓, 𝜇𝜇 + 𝛥𝛥(𝑓𝑓)� ≿ �𝑔𝑔, 𝜆𝜆 + 𝛥𝛥(𝑔𝑔)�  where 𝛥𝛥(𝑓𝑓)  is given in A2 which is a constant payoff 

determined by 𝑓𝑓.  

Based on the definition of the induced preference ≽, it is easy to see that the A2 and A3 assumed 

on the real preference ≿ imply that the induced preference ≽ satisfies the following conditions A2’ and 

A3’. 

A2’. For any 𝜇𝜇, 𝜆𝜆 ∈ 𝒫𝒫 and any 𝑓𝑓 ∈ ℱ, (0, 𝜇𝜇) ≽ (0, 𝜆𝜆) if and only if (𝑓𝑓, 𝜇𝜇) ≽ (𝑓𝑓, 𝜆𝜆). 

A3’. For any 𝜇𝜇, 𝜆𝜆 ∈ 𝒫𝒫 and any 𝑓𝑓,𝑔𝑔 ∈ ℱ, (𝑓𝑓, 𝜇𝜇) ≽ (𝑔𝑔, 𝜇𝜇) if and only if (𝑓𝑓, 𝜆𝜆) ≽ (𝑔𝑔, 𝜆𝜆) . 

Moreover, for the marginal preferences ≿ℱ  and ≿𝒫𝒫  defined in section 2, 𝑓𝑓 ≿ℱ 𝑔𝑔  iff  �𝑓𝑓, 𝜇𝜇 +

Δ(𝑓𝑓)� ≿ �𝑔𝑔, 𝜇𝜇 + Δ(𝑔𝑔)�  for some 𝜇𝜇 ∈ 𝒫𝒫  iff (𝑓𝑓, 𝜇𝜇) ≽ (𝑔𝑔, 𝜇𝜇)  for some 𝜇𝜇 ∈ 𝒫𝒫  and 𝜇𝜇 ≿𝒫𝒫 𝜆𝜆  iff �𝑓𝑓, 𝜇𝜇 +

Δ(𝑓𝑓)� ≿ �𝑓𝑓, 𝜆𝜆 + Δ(𝑓𝑓)�  for some 𝑓𝑓 ∈ ℱ  iff (𝑓𝑓, 𝜇𝜇) ≽ (𝑓𝑓, 𝜆𝜆)  for some 𝑓𝑓 ∈ ℱ . Thus, the marginal 

preference orders ≿ℱ and ≿𝒫𝒫 are also marginal preference orders induced by ≽ over one dimension of 

ℱ × 𝒫𝒫 when the other is fixed. 

Following the proof for Savage’s SEU model in Fishburn (1970, chapter 14), we define a “more 

likely than” order ≿∗ on the set of all subsets of 𝑆𝑆, i.e. a power set of 𝑆𝑆 denoted by P(𝑆𝑆) by 𝐴𝐴 ≿∗ 𝐵𝐵 ⇔

𝑓𝑓 ≿ℱ 𝑔𝑔 whenever (𝑥𝑥 ≿ 𝑦𝑦 , 𝑓𝑓 = 𝑥𝑥  on 𝐴𝐴, 𝑓𝑓 = 𝑦𝑦 on 𝐴𝐴𝑐𝑐 , 𝑔𝑔 = 𝑥𝑥  on 𝐵𝐵, 𝑔𝑔 = 𝑦𝑦 on 𝐵𝐵𝑐𝑐  ).  Fishburn (1970) 

showed that this “more likely than” order on the power set of 𝑆𝑆, i.e., P(𝑆𝑆), implies there exists a unique 

probability measure 𝑃𝑃∗ on P(𝑆𝑆) which satisfies  

1.  𝐴𝐴 ≿∗ 𝐵𝐵 ⇔ 𝑃𝑃∗(𝐴𝐴) ≥ 𝑃𝑃∗(𝐵𝐵) for any A, B ⊆ 𝑆𝑆.  



He, Dyer, and Butler: Utility from Anticipation and Disappointment 

29 
 

2.  �𝐵𝐵 ⊆ 𝑆𝑆,𝜌𝜌 ∈ (0,1)� ⇒ 𝑃𝑃∗(𝐶𝐶) = 𝜌𝜌𝑃𝑃∗(𝐵𝐵) for some 𝐶𝐶 ⊆ 𝑆𝑆;  

Further, Fishburn (1970) showed that this unique probability measure 𝑃𝑃∗ induces a probability measure 

𝑃𝑃𝑓𝑓 on the set of subsets of payoff set of 𝑋𝑋 for each 𝑓𝑓 ∈ ℱ in the following way. 

𝑃𝑃𝑓𝑓(𝑌𝑌): = 𝑃𝑃∗({𝑠𝑠,𝑓𝑓(𝑠𝑠) ∈ 𝑌𝑌}) for each 𝑌𝑌 ⊆ 𝑋𝑋 

Let 𝒫𝒫ℱ ≔ �𝑃𝑃𝑓𝑓 ,𝑓𝑓 ∈ ℱ� be the set of all probability measures defined above and 𝒫𝒫0 be the set of all 

simple probability measures on 𝑋𝑋, then it can be shown that 𝒫𝒫0 ⊆ 𝒫𝒫ℱ  (Fishburn 1970). Probability 

measures in 𝒫𝒫ℱ are denoted by 𝑃𝑃,𝑄𝑄 ∈ 𝒫𝒫ℱ to distinguish from the probability measures 𝜇𝜇, 𝜆𝜆 ∈ 𝒫𝒫. It is 

also obvious that 𝑃𝑃𝑓𝑓 is uniquely defined for each 𝑓𝑓 as 𝑃𝑃∗ is unique.  

Following Fishburn (1970), we extend the preference order ≿ℱ on ℱ to 𝒫𝒫0 as below 

For any 𝑃𝑃,𝑄𝑄 ∈ 𝒫𝒫0, 𝑃𝑃 ≿ℱ 𝑄𝑄 ⇔ 𝑓𝑓 ≿ℱ 𝑔𝑔 whenever 𝑃𝑃𝑓𝑓 = 𝑃𝑃 and 𝑃𝑃𝑔𝑔 = 𝑄𝑄 

Fishburn (1970) showed that an expected utility representation exists for ≿ℱ  on 𝒫𝒫0 (Theorem 14.4, 

Fishburn 1970). Then, the existence of expected utility is extended from simple acts to all acts which 

induce any 𝑃𝑃,𝑄𝑄 ∈ 𝒫𝒫ℱ (14.6, Fishburn 1970). We follow the same steps used by Fishburn to show our 

results holds for simple acts first.  

According to A4, we know ≿ℱ on 𝒫𝒫0 also satisfies Savage’s axioms. Under Savage’s axioms, 

Fishburn (pp 203, 1970) showed that the order ≿ℱ on 𝒫𝒫0 satisfies vNM’s three axioms (N1, N2, N3).  

N 1. ≿ℱ is a weak order on 𝒫𝒫0 

N 2. �𝑃𝑃 ≿ℱ 𝑄𝑄, 𝛼𝛼 ∈ (0,1)� ⇒ 𝛼𝛼𝑃𝑃 + (1 − 𝛼𝛼)𝑅𝑅 ≿ℱ 𝛼𝛼𝑄𝑄 + (1 − 𝛼𝛼)𝑅𝑅 for any 𝑅𝑅 ∈ 𝒫𝒫0; 

N 3. (𝑃𝑃 ≿ℱ 𝑅𝑅 ≿ℱ 𝑄𝑄) ⇒  𝛼𝛼𝑃𝑃 + (1 − 𝛼𝛼)𝑄𝑄 ≿ℱ 𝑅𝑅 and 𝑅𝑅 ≿ℱ 𝛽𝛽𝑃𝑃 + (1 − 𝛽𝛽)𝑄𝑄 for some 𝛼𝛼,𝛽𝛽 ∈ (0,1). 

In A5, we also assume that ≿𝒫𝒫  on 𝒫𝒫  satisfies vNM’s axioms. Thus, both the marginal 

preference orders  ≿ℱ  on 𝒫𝒫0  and ≿𝒫𝒫  on 𝒫𝒫  satisfy vNM’s axioms. Now, we extend the induced 

preference order ≽ on ℱ ×𝒫𝒫 to 𝒫𝒫0 × 𝒫𝒫 in the following way. 

 (𝑃𝑃, 𝜇𝜇) ≽ (𝑄𝑄, 𝜆𝜆) ⇔ (𝑓𝑓, 𝜇𝜇) ≽ (𝑔𝑔, 𝜆𝜆) whenever 𝑃𝑃𝑓𝑓 = 𝑃𝑃 and 𝑃𝑃𝑔𝑔 = 𝑄𝑄 

We will show that the preference order ≽ on 𝒫𝒫0 × 𝒫𝒫 satisfies vNM’s axioms and the expected 

utility representation for this order exists. For this purpose, we define a convex combination of two 

attribute lotteries (𝑃𝑃, 𝜇𝜇) and (𝑄𝑄, 𝜆𝜆) for 𝛼𝛼 ∈ [0,1], (𝑥𝑥,𝑦𝑦) ∈ 𝑋𝑋 × 𝑋𝑋 as [𝛼𝛼(𝑃𝑃, 𝜇𝜇) + (1 − 𝛼𝛼)(𝑄𝑄, 𝜆𝜆)](𝑥𝑥,𝑦𝑦) =
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�𝛼𝛼𝑃𝑃(𝑥𝑥) + (1 − 𝛼𝛼)𝑄𝑄(𝑥𝑥),𝛼𝛼𝜇𝜇(𝑦𝑦) + (1 − 𝛼𝛼)𝜆𝜆(𝑦𝑦)� , which gives a compound two attribute lottery on 

𝑋𝑋 × 𝑋𝑋. Then, we show that the preference order ≽ on 𝒫𝒫0 × 𝒫𝒫 satisfies the vNM’s axioms.  

N 1. (Weak Order) ≽  is a weak order on 𝒫𝒫0 × 𝒫𝒫 

This is true as ≽ induced from ≿ on ℱ × 𝒫𝒫 is a weak order. 

N 2. (Substitution) �(𝑃𝑃, 𝜇𝜇) ≽  (𝑄𝑄, 𝜆𝜆), 𝛼𝛼 ∈ (0,1)� ⇒ 𝛼𝛼(𝑃𝑃, 𝜇𝜇) + (1 − 𝛼𝛼)(𝑅𝑅,𝜎𝜎) ≽  𝛼𝛼(𝑄𝑄, 𝜆𝜆) + (1 − 𝛼𝛼) 

(𝑅𝑅,𝜎𝜎) for any (𝑅𝑅,𝜎𝜎) ∈  𝒫𝒫0 × 𝒫𝒫 

Proof: For (𝑃𝑃, 𝜇𝜇) ≽  (𝑄𝑄, 𝜆𝜆) , and (𝑅𝑅,𝜎𝜎) , there exist (𝑃𝑃′,𝜇𝜇′) ∼ (𝑃𝑃, 𝜇𝜇) , (𝑄𝑄′,𝜆𝜆′) ∼ (𝑄𝑄, 𝜆𝜆) , such that 

𝑃𝑃′ ≿ℱ  𝑄𝑄′  and 𝜇𝜇′ ≿𝒫𝒫 𝜆𝜆′ . As both ≿ℱ  on 𝒫𝒫0  and ≿𝒫𝒫  on 𝒫𝒫  satisfy vNM’s axioms, we have 𝛼𝛼𝑃𝑃′ +

(1 − 𝛼𝛼)𝑅𝑅 ≿ℱ  𝛼𝛼𝑄𝑄′ + (1 − 𝛼𝛼)𝑅𝑅  and 𝛼𝛼𝜇𝜇′ + (1 − 𝛼𝛼)𝜎𝜎 ≿𝒫𝒫 𝛼𝛼𝜆𝜆′ + (1 − 𝛼𝛼)𝜎𝜎  for any 𝑅𝑅 ∈ 𝒫𝒫0  and 𝜎𝜎 ∈ 𝒫𝒫 . 

Moreover, by the definition of ≿ℱ, we have 

𝛼𝛼𝑃𝑃′ + (1 − 𝛼𝛼)𝑅𝑅 ≿ℱ  𝛼𝛼𝑄𝑄′ + (1 − 𝛼𝛼)𝑅𝑅 ⇒ (𝛼𝛼𝑃𝑃′ + (1 − 𝛼𝛼)𝑅𝑅,𝛼𝛼𝜇𝜇′ + (1 − 𝛼𝛼)𝜎𝜎 )

≽ (𝛼𝛼𝑄𝑄′ + (1 − 𝛼𝛼)𝑅𝑅,𝛼𝛼𝜇𝜇′ + (1 − 𝛼𝛼)𝜎𝜎 ) 

Similarly, by the definition of  ≿𝒫𝒫, we have  

𝛼𝛼𝜇𝜇′ + (1 − 𝛼𝛼)𝜎𝜎 ≿𝒫𝒫 𝛼𝛼𝜆𝜆′ + (1 − 𝛼𝛼)𝜎𝜎 ⇒ (𝛼𝛼𝑄𝑄′ + (1 − 𝛼𝛼)𝑅𝑅,𝛼𝛼𝜇𝜇′ + (1 − 𝛼𝛼)𝜎𝜎 )

≽ (𝛼𝛼𝑄𝑄′ + (1 − 𝛼𝛼)𝑅𝑅,𝛼𝛼𝜆𝜆′ + (1 − 𝛼𝛼)𝜎𝜎 ) 

From the transitivity of  ≽, we have 

(𝛼𝛼𝑃𝑃′ + (1 − 𝛼𝛼)𝑅𝑅,𝛼𝛼𝜇𝜇′ + (1 − 𝛼𝛼)𝜎𝜎 ) ≽ (𝛼𝛼𝑄𝑄′ + (1 − 𝛼𝛼)𝑅𝑅,𝛼𝛼𝜆𝜆′ + (1 − 𝛼𝛼)𝜎𝜎 ) 

which implies that 𝛼𝛼(𝑃𝑃′, 𝜇𝜇′) + (1 − 𝛼𝛼)(𝑅𝑅,𝜎𝜎) ≽ 𝛼𝛼(𝑄𝑄′,𝜆𝜆′) + (1 − 𝛼𝛼)(𝑅𝑅,𝜎𝜎) 

Finally, from (𝑃𝑃′,𝜇𝜇′) ∼ (𝑃𝑃, 𝜇𝜇) and (𝑄𝑄′, 𝜆𝜆′) ∼ (𝑄𝑄, 𝜆𝜆), we have  

𝛼𝛼(𝑃𝑃, 𝜇𝜇) + (1 − 𝛼𝛼)(𝑅𝑅,𝜎𝜎) ≽ 𝛼𝛼(𝑄𝑄, 𝜆𝜆) + (1 − 𝛼𝛼)(𝑅𝑅,𝜎𝜎) 

N 3. (Archimedean) �(𝑃𝑃, 𝜇𝜇) ≽ (𝑅𝑅,𝜎𝜎) ≽ (𝑄𝑄, 𝜆𝜆)� ⇒  𝛼𝛼(𝑃𝑃, 𝜇𝜇) + (1 − 𝛼𝛼)(𝑄𝑄, 𝜆𝜆) ≽ (𝑅𝑅,𝜎𝜎)  and (𝑅𝑅,𝜎𝜎)  ≽

𝛽𝛽(𝑃𝑃, 𝜇𝜇) + (1 − 𝛽𝛽)(𝑄𝑄, 𝜆𝜆) for some 𝛼𝛼,𝛽𝛽 ∈ (0,1). 

Proof: For (𝑃𝑃, 𝜇𝜇) ≽ (𝑅𝑅,𝜎𝜎) ≽ (𝑄𝑄, 𝜆𝜆) , there exist (𝑃𝑃′,𝜇𝜇′) ∼ (𝑃𝑃, 𝜇𝜇) , (𝑅𝑅′,𝜎𝜎′) ∼ (𝑅𝑅,𝜎𝜎) , and (𝑄𝑄′,𝜆𝜆′) ∼

(𝑄𝑄, 𝜆𝜆), such that 𝑃𝑃′ ≿ℱ 𝑅𝑅′ ≿ℱ 𝑄𝑄′  and 𝜇𝜇′ ≿𝒫𝒫 𝜎𝜎′ ≿𝒫𝒫 𝜆𝜆′ . Since both ≿ℱ  on 𝒫𝒫0  and ≿𝒫𝒫  on 𝒫𝒫  satisfy 

vNM’s axioms, we conclude that there exist 𝛼𝛼1,𝛼𝛼2,𝛽𝛽1,𝛽𝛽2 ∈ (0,1) such that the following two relations 

hold 

𝛼𝛼1𝑃𝑃′ + (1 − 𝛼𝛼1)𝑄𝑄′ ≿ℱ 𝑅𝑅′ ≿ℱ 𝛽𝛽1𝑃𝑃′ + (1 − 𝛽𝛽1)𝑄𝑄′; 
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𝛼𝛼2𝜇𝜇′ + (1 − 𝛼𝛼2)𝜆𝜆′ ≿𝒫𝒫 𝜎𝜎′ ≿𝒫𝒫  𝛽𝛽2𝜇𝜇′ + (1 − 𝛽𝛽2)𝜆𝜆′; 

Now, let 𝛼𝛼 = Max{𝛼𝛼1,𝛼𝛼2} and 𝛽𝛽 = Min{𝛽𝛽1,𝛽𝛽2}, by Lemma 5.6 (a) in Kreps (pp 46, 1988) and the 

transitivity of ≿𝒫𝒫0 and ≿𝒫𝒫, we can conclude that 

𝛼𝛼𝑃𝑃′ + (1 − 𝛼𝛼)𝑄𝑄′ ≿ℱ 𝑅𝑅′ ≿ℱ 𝛽𝛽𝑃𝑃′ + (1 − 𝛽𝛽)𝑄𝑄′ 

𝛼𝛼𝜇𝜇′ + (1 − 𝛼𝛼)𝜆𝜆′ ≿𝒫𝒫 𝜎𝜎′ ≿𝒫𝒫  𝛽𝛽𝜇𝜇′ + (1 − 𝛽𝛽)𝜆𝜆′; 

Finally, by the definition of ≽, we have  

𝛼𝛼𝑃𝑃′ + (1 − 𝛼𝛼)𝑄𝑄′ ≿ℱ 𝑅𝑅′ ⇒ (𝛼𝛼𝑃𝑃′ + (1 − 𝛼𝛼)𝑄𝑄′,𝛼𝛼𝜇𝜇′ + (1 − 𝛼𝛼)𝜆𝜆′) ≽ (𝑅𝑅′,𝛼𝛼𝜇𝜇′ + (1 − 𝛼𝛼)𝜆𝜆′) 

𝛼𝛼𝜇𝜇′ + (1 − 𝛼𝛼)𝜆𝜆′ ≿𝒫𝒫 𝜎𝜎′ ⇒ (𝑅𝑅′,𝛼𝛼𝜇𝜇′ + (1 − 𝛼𝛼)𝜆𝜆′) ≽ (𝑅𝑅′,𝜎𝜎′) 

Thus, we have 𝛼𝛼(𝑃𝑃, 𝜇𝜇) + (1 − 𝛼𝛼)(𝑄𝑄, 𝜆𝜆) ∼ (𝛼𝛼𝑃𝑃′ + (1 − 𝛼𝛼)𝑄𝑄′,𝛼𝛼𝜇𝜇′ + (1 − 𝛼𝛼)𝜆𝜆′) ≽ (𝑅𝑅′,𝜎𝜎′) ∼ (𝑅𝑅,𝜎𝜎). 

Similarly, we can prove (𝑅𝑅,𝜎𝜎) ∼ (𝑅𝑅′,𝜎𝜎′) ≽ (𝛽𝛽𝑃𝑃′ + (1 − 𝛽𝛽)𝑄𝑄′,𝛽𝛽𝜇𝜇′ + (1 − 𝛽𝛽)𝜆𝜆′) ∼ 𝛽𝛽(𝑃𝑃, 𝜇𝜇) + (1 −

𝛽𝛽)(𝑄𝑄, 𝜆𝜆). Therefore, the Archimedean can be proved. 

Once we prove ≽ on 𝒫𝒫0 ×𝒫𝒫  satisfies the vNM’s axioms, following the idea by Fishburn 

(Theorem 14.4, pp 206 1970) or Kreps (proposition 9.15, pp 135 1988), we can conclude that there exist 

𝑈𝑈: 𝒫𝒫0 × 𝒫𝒫 → ℝ, which is unique under affine transformation such that 

(𝑃𝑃, 𝜇𝜇) ≽ (𝑄𝑄, 𝜆𝜆) ⇔  

� � 𝑈𝑈(𝑥𝑥,𝑦𝑦)𝜇𝜇(𝑦𝑦)
𝑦𝑦∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜇𝜇)𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑃𝑃)

𝑃𝑃(𝑥𝑥) ≥ � � 𝑈𝑈(𝑥𝑥,𝑦𝑦)𝜆𝜆(𝑦𝑦)
𝑦𝑦∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜆𝜆)𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑄𝑄)

𝑄𝑄(𝑥𝑥) 

Notice that (𝑃𝑃, 𝜇𝜇) ≽ (𝑄𝑄, 𝜆𝜆) ⇔ (𝑓𝑓, 𝜇𝜇) ≽ (𝑔𝑔, 𝜆𝜆) whenever 𝑃𝑃𝑓𝑓 = 𝑃𝑃,𝑃𝑃𝑔𝑔 = 𝑄𝑄, Thus, equivalently, we have 

(𝑓𝑓, 𝜇𝜇) ≽ (𝑔𝑔, 𝜆𝜆) ⇔  

� � 𝑈𝑈(𝑥𝑥,𝑦𝑦)𝜇𝜇(𝑦𝑦)
𝑦𝑦∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜇𝜇)𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠�𝑃𝑃𝑓𝑓�

𝑃𝑃𝑓𝑓(𝑥𝑥) ≥ � � 𝑈𝑈(𝑥𝑥,𝑦𝑦)𝜆𝜆(𝑦𝑦)
𝑦𝑦∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜆𝜆)𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠�𝑃𝑃𝑔𝑔�

𝑃𝑃𝑔𝑔(𝑥𝑥) 

Also, recall that 𝑃𝑃𝑓𝑓(𝑌𝑌): = 𝑃𝑃∗({𝑠𝑠:𝑓𝑓(𝑠𝑠) ∈ 𝑌𝑌}), another equivalent expression is  

 (𝑓𝑓, 𝜇𝜇) ≽ (𝑔𝑔, 𝜆𝜆) ⇔  

� � 𝑈𝑈(𝑓𝑓(𝑠𝑠),𝑦𝑦)𝜇𝜇(𝑦𝑦)
𝑦𝑦∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜇𝜇)𝑠𝑠∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑃𝑃∗)

𝑃𝑃∗(𝑠𝑠) ≥ � � 𝑈𝑈(𝑔𝑔(𝑠𝑠), 𝑦𝑦)𝜆𝜆(𝑦𝑦)
𝑦𝑦∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜆𝜆)𝑠𝑠∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑃𝑃∗)

𝑃𝑃∗(𝑠𝑠)    

Moreover, as 𝑈𝑈 is unique under affine transformation, we can rescale it such that 𝑈𝑈(0,0) = 0.  
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In the above argument, we focused on simple probability measures 𝑃𝑃,𝑄𝑄 ∈ 𝒫𝒫0  induced by 

simple acts. By following the same idea used by Fishburn (14.6 1970), we can extend this argument to 

all acts, which gives the same representation of the above utility model.  

Now, we show that the representation obtained above is also additive separable by applying 

another theorem by Fishburn (1982). It is easy to observe that both sets ℱ and 𝒫𝒫 are mixture sets and 

the preference order ≽ over this product set satisfies the vNM’s three axioms, which is shown above. 

Thus, applying Fishburn’s Theorem 9.1 (pp 109, 1982), we can conclude that the above vMN’s utility 

function has an additive representation as below.  

� � 𝑈𝑈(𝑓𝑓(𝑠𝑠),𝑦𝑦)𝜇𝜇(𝑥𝑥)
𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜇𝜇)𝑠𝑠∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑃𝑃∗)

𝑃𝑃∗(𝑠𝑠) = � 𝑣𝑣�𝑓𝑓(𝑠𝑠)�𝑃𝑃∗(𝑠𝑠)
𝑠𝑠∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑃𝑃∗)

+ � 𝑢𝑢(𝑥𝑥)𝜇𝜇(𝑥𝑥)
𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜇𝜇)

 

where 𝑣𝑣(𝑥𝑥) = 𝑈𝑈(𝑥𝑥, 0) and 𝑢𝑢(𝑥𝑥) = 𝑈𝑈(0, 𝑥𝑥). The uniqueness follows from Fishburn’s (1982) theorem.  

Finally, recall the definition of the induced preference ≽,  

(𝑓𝑓, 𝜇𝜇) ≽ (𝑔𝑔, 𝜆𝜆) iff  �𝑓𝑓, 𝜇𝜇 + Δ(𝑓𝑓)� ≿ �𝑔𝑔, 𝜆𝜆 + Δ(𝑔𝑔)� 

Using the result above, we have  

�𝑓𝑓, 𝜇𝜇 + Δ(𝑓𝑓)� ≿ �𝑔𝑔, 𝜆𝜆 + Δ(𝑔𝑔)� iff  (𝑓𝑓, 𝜇𝜇) ≽ (𝑔𝑔, 𝜆𝜆) iff 

� 𝑣𝑣�𝑓𝑓(𝑠𝑠)�𝑃𝑃∗(𝑠𝑠)
𝑠𝑠∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑃𝑃∗)

+ � 𝑢𝑢(𝑥𝑥)𝜇𝜇(𝑥𝑥)
𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜇𝜇)

≥ � 𝑣𝑣�𝑔𝑔(𝑠𝑠)�𝑃𝑃∗(𝑠𝑠)
𝑠𝑠∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑃𝑃∗)

+ � 𝑢𝑢(𝑥𝑥)𝜆𝜆(𝑥𝑥)
𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜆𝜆)

  

Let 𝜇𝜇 + Δ(𝑓𝑓) = 𝜇𝜇′ and 𝜆𝜆 + Δ(𝑔𝑔) = 𝜆𝜆′, we have 𝜇𝜇 = 𝜇𝜇′ − Δ(𝑓𝑓) and 𝜆𝜆 = 𝜆𝜆′ − Δ(𝑔𝑔), the above relation 

becomes 

(𝑓𝑓, 𝜇𝜇′) ≿ (𝑔𝑔, 𝜆𝜆′) iff ∑ 𝑣𝑣�𝑓𝑓(𝑠𝑠)�𝑃𝑃∗(𝑠𝑠)𝑠𝑠∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑃𝑃∗) + ∑ 𝑢𝑢�𝑥𝑥 − Δ(𝑓𝑓)�𝜇𝜇′(𝑥𝑥)𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜇𝜇) ≥

∑ 𝑣𝑣�𝑔𝑔(𝑠𝑠)�𝑃𝑃∗(𝑠𝑠)𝑠𝑠∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑃𝑃∗) + ∑ 𝑢𝑢�𝑥𝑥 − Δ(𝑔𝑔)�𝜆𝜆′(𝑥𝑥)𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜆𝜆)   

Thus, the original preference order ≿ over ℱ × 𝒫𝒫 can be represented by  

𝑈𝑈(𝑓𝑓, 𝜇𝜇) = � 𝑣𝑣�𝑓𝑓(𝑠𝑠)�𝑃𝑃∗(𝑠𝑠)
𝑠𝑠∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑃𝑃∗)

+ � 𝑢𝑢�𝑥𝑥 − Δ(𝑓𝑓)�𝜇𝜇(𝑥𝑥)
𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜇𝜇)

 

The Δ(0) = 0  is obtained from the uniqueness of Δ(𝑓𝑓) . A3’ states that for any 𝜇𝜇, 𝜆𝜆 ∈ 𝒫𝒫 

(0, 𝜇𝜇) ≿ (0, 𝜆𝜆)  if and only if �0, 𝜇𝜇 + Δ(0)� ≿ �0, 𝜆𝜆 + Δ(0)� and Δ(0) is unique. Therefore, we can 

conclude that Δ(0) = 0. □ 
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Proof of Theorem 2.  

Using A6, for any 𝜇𝜇, 𝜆𝜆 ∈ 𝒫𝒫 , there is a unique Δ(𝑎𝑎 − 𝑏𝑏)  such that (𝑏𝑏, 𝜇𝜇) ≿ (𝑏𝑏, 𝜆𝜆)  iff 

�𝑎𝑎, 𝜇𝜇 + Δ(𝑎𝑎 − 𝑏𝑏)� ≿ �𝑎𝑎, 𝜆𝜆 + 𝛥𝛥(𝑎𝑎 − 𝑏𝑏)� for any degenerate lotteries 𝑎𝑎 ≥ 𝑏𝑏 ∈ 𝑋𝑋. Apply A2 to (𝑏𝑏, 𝜇𝜇) ≿

(𝑏𝑏, 𝜆𝜆), there exists a unique 𝛥𝛥(𝑏𝑏) such that (𝑏𝑏, 𝜇𝜇) ≿ (𝑏𝑏, 𝜆𝜆) iff �0, 𝜇𝜇 − 𝛥𝛥(𝑏𝑏)� ≿ �0, 𝜆𝜆 − 𝛥𝛥(𝑏𝑏)�. Apply 

A2 again to �0, 𝜇𝜇 − 𝛥𝛥(𝑏𝑏)� ≿ �0, 𝜆𝜆 − 𝛥𝛥(𝑏𝑏)� , there exists a unique Δ(𝑎𝑎)  such that �0, 𝜇𝜇 − 𝛥𝛥(𝑏𝑏)� ≿

�0, 𝜆𝜆 − 𝛥𝛥(𝑏𝑏)� iff �𝑎𝑎, 𝜇𝜇 − 𝛥𝛥(𝑏𝑏) + 𝛥𝛥(𝑎𝑎)� ≿ �𝑎𝑎, 𝜆𝜆 − 𝛥𝛥(𝑏𝑏) + 𝛥𝛥(𝑎𝑎)�.  Thus, there exist unique Δ(𝑎𝑎 − 𝑏𝑏), 

𝛥𝛥(𝑏𝑏), and 𝛥𝛥(𝑎𝑎) such that 

�𝑎𝑎, 𝜇𝜇 + Δ(𝑎𝑎 − 𝑏𝑏)� ≿ �𝑎𝑎, 𝜆𝜆 + 𝛥𝛥(𝑎𝑎 − 𝑏𝑏)� iff (𝑏𝑏, 𝜇𝜇) ≿ (𝑏𝑏, 𝜆𝜆) 

(𝑏𝑏, 𝜇𝜇) ≿ (𝑏𝑏, 𝜆𝜆) iff �0, 𝜇𝜇 − 𝛥𝛥(𝑏𝑏)� ≿ �0, 𝜆𝜆 − 𝛥𝛥(𝑏𝑏)� 

�0, 𝜇𝜇 − 𝛥𝛥(𝑏𝑏)� ≿ �0, 𝜆𝜆 − 𝛥𝛥(𝑏𝑏)� iff �𝑎𝑎, 𝜇𝜇 − 𝛥𝛥(𝑏𝑏) + 𝛥𝛥(𝑎𝑎)� ≿ �𝑎𝑎, 𝜆𝜆 − 𝛥𝛥(𝑏𝑏) + 𝛥𝛥(𝑎𝑎)� 

which implies that �0, 𝜇𝜇 − 𝛥𝛥(𝑏𝑏)� ≿ �0, 𝜆𝜆 − 𝛥𝛥(𝑏𝑏)�  iff �𝑎𝑎, 𝜇𝜇 + Δ(𝑎𝑎 − 𝑏𝑏)� ≿ �𝑎𝑎, 𝜆𝜆 + 𝛥𝛥(𝑎𝑎 − 𝑏𝑏)� 

iff�𝑎𝑎, 𝜇𝜇 − 𝛥𝛥(𝑏𝑏) + 𝛥𝛥(𝑎𝑎)� ≿ �𝑎𝑎, 𝜆𝜆 − 𝛥𝛥(𝑏𝑏) + 𝛥𝛥(𝑎𝑎)�. Let 𝜇𝜇 − 𝛥𝛥(𝑏𝑏) = 𝜇𝜇′ and 𝜆𝜆 − 𝛥𝛥(𝑏𝑏) = 𝜆𝜆′, we have 

(0, 𝜇𝜇′) ≿ (0, 𝜆𝜆′) iff �𝑎𝑎, 𝜇𝜇′ + 𝛥𝛥(𝑏𝑏) + Δ(𝑎𝑎 − 𝑏𝑏)� ≿ �𝑎𝑎, 𝜆𝜆′ + 𝛥𝛥(𝑏𝑏) + 𝛥𝛥(𝑎𝑎 − 𝑏𝑏)�  

iff�𝑎𝑎, 𝜇𝜇′ + Δ(𝑎𝑎)� ≿ �𝑎𝑎, 𝜆𝜆′ + Δ(𝑎𝑎)�.  

Then, from the uniqueness of 𝛥𝛥, we have 𝛥𝛥(𝑏𝑏) + Δ(𝑎𝑎 − 𝑏𝑏) = Δ(𝑎𝑎). Let 𝑏𝑏 = 𝑥𝑥 and 𝑎𝑎 − 𝑏𝑏 = 𝑦𝑦 we have 

𝛥𝛥(𝑥𝑥) + Δ(𝑦𝑦) = Δ(𝑥𝑥 + 𝑦𝑦), which is a Cauchy functional equation (Aczél 2006). The solution to this 

functional equation is Δ(𝑥𝑥) = 𝛾𝛾𝑥𝑥 for some 𝛾𝛾 ∈ ℝ. □ 

Appendix B. Proofs of Propositions 

Proposition 1. Under the assumptions of model (1), for a given lottery 𝜇𝜇, 𝐶𝐶𝐸𝐸(𝑎𝑎, 𝜇𝜇) depends on 𝑎𝑎 in 

the following ways: 

i. If 𝑣𝑣′(𝑎𝑎) − 𝛾𝛾∑ 𝑢𝑢′(𝑥𝑥 − 𝛾𝛾𝑎𝑎)𝜇𝜇(𝑥𝑥)𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜇𝜇) ≥ 0 , then𝜕𝜕𝜕𝜕𝜕𝜕(𝑚𝑚,𝜇𝜇)
𝜕𝜕𝑚𝑚

≥ 0.  The DM exhibits increased 

risk seeking behavior due to optimism . 

ii. If 𝑣𝑣′(𝑎𝑎) − 𝛾𝛾∑ 𝑢𝑢′(𝑥𝑥 − 𝛾𝛾𝑎𝑎)𝜇𝜇(𝑥𝑥)𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜇𝜇) ≤ 0, then 𝜕𝜕𝜕𝜕𝜕𝜕(𝑚𝑚,𝜇𝜇)
𝜕𝜕𝑚𝑚

≤ 0. The DM exhibits increased 

risk seeking behavior due to pessimism. 

Proof: By definition and model (1), 

𝑈𝑈�𝐶𝐶𝐸𝐸(𝑎𝑎,𝜇𝜇),𝐶𝐶𝐸𝐸(𝑎𝑎,𝜇𝜇)� = 𝑈𝑈(𝑎𝑎, 𝜇𝜇) = 𝑣𝑣(𝑎𝑎) + � 𝑢𝑢(𝑥𝑥 − 𝛾𝛾𝑎𝑎)𝜇𝜇(𝑥𝑥)
𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜇𝜇)

 



He, Dyer, and Butler: Utility from Anticipation and Disappointment 

34 
 

we have 𝑣𝑣�𝐶𝐶𝐸𝐸(𝑎𝑎,𝜇𝜇)� + 𝑢𝑢�(1 − 𝛾𝛾)𝐶𝐶𝐸𝐸(𝑎𝑎,𝜇𝜇)� = 𝑣𝑣(𝑎𝑎) + ∑ 𝑢𝑢(𝑥𝑥 − 𝛾𝛾𝑎𝑎)𝜇𝜇(𝑥𝑥)𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜇𝜇) . Thus, we have: 

�𝑣𝑣′�𝐶𝐶𝐸𝐸(𝑎𝑎,𝜇𝜇)� + (1 − 𝛾𝛾)𝑢𝑢′�(1− 𝛾𝛾)𝐶𝐶𝐸𝐸(𝑎𝑎,𝜇𝜇)��  𝜕𝜕𝐶𝐶𝐸𝐸(𝑎𝑎,𝜇𝜇)
 𝜕𝜕𝑚𝑚

= 𝑣𝑣′(𝑎𝑎) − 𝛾𝛾∑ 𝑢𝑢′(𝑥𝑥 −𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜇𝜇)

𝛾𝛾𝑎𝑎)𝜇𝜇(𝑥𝑥)  

It is easy to verify that  𝜕𝜕𝐶𝐶𝐸𝐸(𝑎𝑎,𝜇𝜇)
 𝜕𝜕𝑚𝑚

≥ 0(≤ 0)  if and only if 𝑣𝑣′(𝑎𝑎)− 𝛾𝛾∑ 𝑢𝑢′(𝑥𝑥 − 𝛾𝛾𝑎𝑎)𝜇𝜇(𝑥𝑥)𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜇𝜇) ≥

0(≤ 0). □ 

Proposition 2. When 𝛾𝛾 = 1, 𝑣𝑣′′ ≤ (≥)0, we have: 𝐶𝐶𝐸𝐸′(𝑤𝑤) ≥ (≤)0 if and only if 𝑎𝑎 ≤ (≥)𝐶𝐶𝐸𝐸; when 

𝛾𝛾 ∈ [0,1), we have: 

v. If 𝑢𝑢′′′ ≥ 0,𝑢𝑢′′ ≥ 0, 𝑣𝑣′′ ≤ 0, 𝑎𝑎 ≤ 𝐶𝐶𝐸𝐸 and 𝐸𝐸𝜇𝜇 ≥ (1 − 𝛾𝛾)𝐶𝐶𝐸𝐸 + 𝛾𝛾𝑎𝑎 implies 𝐶𝐶𝐸𝐸′(𝑤𝑤) ≥ 0. 

vi. If 𝑢𝑢′′′ ≥ 0,𝑢𝑢′′ ≤ 0, 𝑣𝑣′′ ≤ 0, 𝑎𝑎 ≤ 𝐶𝐶𝐸𝐸 and 𝐸𝐸𝜇𝜇 ≤ (1 − 𝛾𝛾)𝐶𝐶𝐸𝐸 + 𝛾𝛾𝑎𝑎 implies 𝐶𝐶𝐸𝐸′(𝑤𝑤) ≥ 0. 

vii. If 𝑢𝑢′′′ ≤ 0,𝑢𝑢′′ ≥ 0, 𝑣𝑣′′ ≤ 0, 𝑎𝑎 ≥ 𝐶𝐶𝐸𝐸 and 𝐸𝐸𝜇𝜇 ≤ (1 − 𝛾𝛾)𝐶𝐶𝐸𝐸 + 𝛾𝛾𝑎𝑎 implies 𝐶𝐶𝐸𝐸′(𝑤𝑤) ≤ 0. 

viii. If 𝑢𝑢′′′ ≤ 0,𝑢𝑢′′ ≤ 0, 𝑣𝑣′′ ≤ 0, 𝑎𝑎 ≥ 𝐶𝐶𝐸𝐸 and 𝐸𝐸𝜇𝜇 ≥ (1 − 𝛾𝛾)𝐶𝐶𝐸𝐸 + 𝛾𝛾𝑎𝑎 implies 𝐶𝐶𝐸𝐸′(𝑤𝑤) ≤ 0. 

Moreover, if we replace 𝑣𝑣′′ ≤ 0 with 𝑣𝑣′′ ≥ 0 and 𝑎𝑎 ≤ (≥)𝐶𝐶𝐸𝐸 with 𝑎𝑎 ≥ (≤)𝐶𝐶𝐸𝐸, the sign of 𝐶𝐶𝐸𝐸′(𝑤𝑤) is 

unchanged. 

Proof: From (5) in the main text, we know  

𝐶𝐶𝐸𝐸′(𝑤𝑤) = 𝑣𝑣′(𝑚𝑚+𝑤𝑤)−𝑣𝑣′(𝑤𝑤+𝜕𝜕𝜕𝜕)+(1−𝛾𝛾)�∑ 𝑠𝑠′�𝑤𝑤+𝑥𝑥−𝛾𝛾(𝑤𝑤+𝑚𝑚)�𝜇𝜇(𝑥𝑥)𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜇𝜇) −𝑠𝑠′�𝑤𝑤+𝜕𝜕𝜕𝜕−𝛾𝛾(𝑤𝑤+𝜕𝜕𝜕𝜕)��
𝑣𝑣′(𝑤𝑤+𝜕𝜕𝜕𝜕)+(1−𝛾𝛾)𝑠𝑠′�𝑤𝑤+𝜕𝜕𝜕𝜕−𝛾𝛾(𝑤𝑤+𝜕𝜕𝜕𝜕)�

  

When 𝛾𝛾 = 1, since 𝑣𝑣′ > 0, the sign of 𝐶𝐶𝐸𝐸′(𝑤𝑤) is determined by the comparison between 𝑎𝑎 and 𝐶𝐶𝐸𝐸′. 

When 𝛾𝛾 ∈ [0,1). We only show case i here. The other cases can be obtained by following the same idea. 

When 𝑢𝑢′′′ ≥ 0,𝑢𝑢′′ ≥ 0, 𝑣𝑣′′ ≤ 0 , from 𝑢𝑢′′′ ≥ 0 , by Jensen’s inequality, we can conclude 

∑ 𝑢𝑢′�𝑤𝑤 + 𝑥𝑥 − 𝛾𝛾(𝑤𝑤 + 𝑎𝑎)�𝜇𝜇(𝑥𝑥)𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜇𝜇) ≥ 𝑢𝑢′�𝑤𝑤 + 𝐸𝐸𝜇𝜇 − 𝛾𝛾(𝑤𝑤 + 𝑎𝑎)� . From 𝑢𝑢′′ ≥ 0 , 𝐸𝐸𝜇𝜇 ≥ (1 −

𝛾𝛾)𝐶𝐶𝐸𝐸 + 𝛾𝛾𝑎𝑎 implies 𝑢𝑢′(𝐸𝐸𝜇𝜇 − 𝛾𝛾𝑎𝑎 + (1 − 𝛾𝛾)𝑤𝑤) ≥ 𝑢𝑢′�(1 − 𝛾𝛾)𝐶𝐶𝐸𝐸 + (1 − 𝛾𝛾)𝑤𝑤�. Thus, we have  

� 𝑢𝑢′�𝑤𝑤 + 𝑥𝑥 − 𝛾𝛾(𝑤𝑤 + 𝑎𝑎)�𝜇𝜇(𝑥𝑥)
𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜇𝜇)

− 𝑢𝑢′�𝑤𝑤 + 𝐶𝐶𝐸𝐸 − 𝛾𝛾(𝑤𝑤 + 𝐶𝐶𝐸𝐸)�

≥ 𝑢𝑢′�𝑤𝑤 + 𝐸𝐸𝜇𝜇 − 𝛾𝛾(𝑤𝑤 + 𝑎𝑎)� − 𝑢𝑢′�𝑤𝑤 + 𝐶𝐶𝐸𝐸 − 𝛾𝛾(𝑤𝑤 + 𝐶𝐶𝐸𝐸)� ≥ 0 

Moreover, from 𝑣𝑣′′ ≤ 0 and 𝑎𝑎 ≤ 𝐶𝐶𝐸𝐸, we have 𝑣𝑣′(𝑎𝑎 + 𝑤𝑤) ≥ 𝑣𝑣′(𝐶𝐶𝐸𝐸 + 𝑤𝑤) . Therefore, we can conclude 

the numerator of the above equation is positive. Since we also assume 𝑣𝑣′ > 0 and 𝑢𝑢′ > 0, we conclude 

that 𝐶𝐶𝐸𝐸′(𝑤𝑤) ≥ 0 in this case. □ 

Proposition 3. The optimal investment in the risky asset in (6) is 𝛿𝛿∗ > (=, < 0)  if and only if  

𝑣𝑣′(𝑤𝑤𝑤𝑤)(𝑚𝑚−𝑤𝑤)
𝑠𝑠′�𝑤𝑤𝑤𝑤(1−𝛾𝛾)�

> (=, <)[𝛾𝛾(𝑎𝑎 − 𝑟𝑟) − (𝐸𝐸𝜁𝜁 − 𝑟𝑟)] . 
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Proof: Taking derivative with respect to 𝛿𝛿 in (6), we have:𝑑𝑑𝑑𝑑(𝛿𝛿)
𝑑𝑑𝛿𝛿

= (𝑣𝑣′(𝑤𝑤𝑟𝑟 + (𝑎𝑎 − 𝑟𝑟)𝛿𝛿)(𝑎𝑎 −

𝑟𝑟) + ∑ [(𝑥𝑥 − 𝑟𝑟) − 𝛾𝛾(𝑎𝑎 − 𝑟𝑟)]𝑢𝑢′(𝑤𝑤𝑟𝑟(1 − 𝛾𝛾) + [(𝑥𝑥 − 𝑟𝑟) − 𝛾𝛾(𝑎𝑎 − 𝑟𝑟)]𝛿𝛿)𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜁𝜁) 𝜁𝜁(𝑥𝑥). Since we assume 

𝑣𝑣 and 𝑢𝑢 are concave, 𝑈𝑈(𝛿𝛿) is also concave. Thus, 𝑑𝑑𝑑𝑑(𝛿𝛿)
𝑑𝑑𝛿𝛿

�
𝛿𝛿=0

> (=, <)0 is equivalent to 𝛿𝛿∗ > (=, < 0), 

which leads to the result. □ 

Proposition 4. There exists 𝑀𝑀 ∈ ℝ such that 𝑑𝑑𝛿𝛿
∗(𝑚𝑚)
𝑑𝑑𝑚𝑚

≥ 0 if and only if 𝑣𝑣′(𝑤𝑤𝑟𝑟 + (𝑎𝑎 − 𝑟𝑟)𝛿𝛿∗) ≥ 𝑀𝑀. 

Proof : When no derivative of 𝛿𝛿∗(𝑎𝑎) is taken, we keep using 𝛿𝛿∗ for simplicity. By differentiating 

the first order condition for (6) with respect to 𝑎𝑎, we can solve for 𝑑𝑑𝛿𝛿
∗(𝑚𝑚)
𝑑𝑑𝑚𝑚

 as follows 

𝑑𝑑𝛿𝛿∗(𝑚𝑚)
𝑑𝑑𝑚𝑚

=
𝛾𝛾∑ [(𝑥𝑥−𝑤𝑤)−𝛾𝛾(𝑚𝑚−𝑤𝑤)]𝛿𝛿∗𝑠𝑠′′�𝑄𝑄(𝛿𝛿∗)�𝜁𝜁(𝑥𝑥)𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜁𝜁) +𝛾𝛾∑ 𝑠𝑠′�𝑄𝑄(𝛿𝛿∗)�𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜁𝜁) 𝜁𝜁(𝑥𝑥)−𝑣𝑣′�𝑍𝑍(𝛿𝛿∗)�−𝛿𝛿∗(𝑚𝑚−𝑤𝑤)𝑣𝑣′′�𝑍𝑍(𝛿𝛿∗)�

(𝑚𝑚−𝑤𝑤)2𝑣𝑣′′�𝑍𝑍(𝛿𝛿∗)�+∑ [(𝑥𝑥−𝑤𝑤)−𝛾𝛾(𝑚𝑚−𝑤𝑤)]2𝑠𝑠′′�𝑄𝑄(𝛿𝛿∗)�𝜁𝜁(𝑥𝑥)𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜁𝜁)
                           

where we define two functions 𝑄𝑄(𝛿𝛿∗) = 𝑤𝑤𝑟𝑟(1 − 𝛾𝛾) + [(𝑥𝑥 − 𝑟𝑟) − 𝛾𝛾(𝑎𝑎 − 𝑟𝑟)]𝛿𝛿∗  and 𝑍𝑍(𝛿𝛿∗) = 𝑤𝑤𝑟𝑟 +

(𝑎𝑎 − 𝑟𝑟)𝛿𝛿∗  to simplify the expression above. Under the assumption that 𝑣𝑣′′ < 0  and 𝑢𝑢′′ < 0 , the 

denominator of the right hand side is negative. Therefore, a negative numerator is equivalent to a  

positive 𝑑𝑑𝛿𝛿
∗(𝑚𝑚)
𝑑𝑑𝑚𝑚

 . A negative numerator is equivalent to the condition: 

𝛾𝛾� [(𝑥𝑥 − 𝑟𝑟) − 𝛾𝛾(𝑎𝑎 − 𝑟𝑟)]𝛿𝛿∗𝑢𝑢′′�𝑄𝑄(𝛿𝛿∗)�𝜁𝜁(𝑥𝑥)
𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜁𝜁)

+ 𝛾𝛾 � 𝑢𝑢′�𝑄𝑄(𝛿𝛿∗)�
𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜁𝜁)

𝜁𝜁(𝑥𝑥)

< 𝑣𝑣′�𝑍𝑍(𝛿𝛿∗)� + 𝛿𝛿∗(𝑎𝑎 − 𝑟𝑟)𝑣𝑣′′�𝑍𝑍(𝛿𝛿∗)� 

Define 𝑀𝑀 = 𝛾𝛾 ∑ [(𝑥𝑥 − 𝑟𝑟) − 𝛾𝛾(𝑎𝑎 − 𝑟𝑟)]𝛿𝛿∗𝑢𝑢′′�𝑄𝑄(𝛿𝛿∗)�𝜁𝜁(𝑥𝑥)𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜁𝜁) + 𝛾𝛾 ∑ 𝑢𝑢′�𝑄𝑄(𝛿𝛿∗)�𝑥𝑥∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜁𝜁) 𝜁𝜁(𝑥𝑥) −

𝛿𝛿∗(𝑎𝑎 − 𝑟𝑟)𝑣𝑣′′�𝑍𝑍(𝛿𝛿∗)�, we can get the result in the proposition. □ 

Stochastic Dominance in Gambling  

By definition (Bleichrodt and Schmidt 2002, Diecidue et al. 2004), a preference order ≿ satisfies 

stochastic dominance if for any degenerate or non-degenerate lottery 𝜇𝜇 ∈ 𝒫𝒫, any two certain outcomes 

𝑥𝑥,𝑦𝑦 ∈ 𝑋𝑋 , and any 𝜆𝜆 ∈ (0,1] , if 𝑥𝑥 ≿ 𝑦𝑦 , then 𝜆𝜆𝑥𝑥 + (1 − 𝜆𝜆)𝜇𝜇 ≿ 𝜆𝜆𝑦𝑦 + (1 − 𝜆𝜆)𝜇𝜇 . Under model (1), the 

preference relation 𝑥𝑥 ≿ 𝑦𝑦  is represented by 𝑣𝑣(𝑥𝑥) + 𝑢𝑢(𝑥𝑥 − 𝛾𝛾𝑥𝑥) ≥ 𝑣𝑣(𝑦𝑦) + 𝑢𝑢(𝑦𝑦 − 𝛾𝛾𝑦𝑦) . Since both 

functions 𝑣𝑣(𝑥𝑥) and 𝑢𝑢(𝑥𝑥) are monotonically increasing, we know 𝑥𝑥 ≥ 𝑦𝑦. Compounding lottery 𝜇𝜇 with 

𝑥𝑥 will have a total ex ante utility greater than or equal to that from compounding lottery 𝜇𝜇 with 𝑦𝑦 in 

many cases, but it will depend on how a DM forms her anticipation for the compound lotteries. We can 

show that if for any 𝑥𝑥 ≥ 𝑦𝑦  and 𝜇𝜇 ∈ 𝒫𝒫 , the anticipation levels for the compound lotteries 𝜆𝜆𝑥𝑥 +

(1 − 𝜆𝜆)𝜇𝜇  and 𝜆𝜆𝑦𝑦 + (1 − 𝜆𝜆)𝜇𝜇  satisfy the condition 𝑎𝑎𝜆𝜆𝑥𝑥+(1−𝜆𝜆)𝜇𝜇 ≥ 𝑎𝑎𝜆𝜆𝑦𝑦+(1−𝜆𝜆)𝜇𝜇 , the preference in our 

model satisfies stochastic dominance when 𝛾𝛾 is small enough. 
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Proof: Since the lottery 𝜇𝜇 is the common part for both compounding lotteries considered here, we 

simply denote the anticipation by 𝑎𝑎(𝑥𝑥)  indicating that the anticipation depends on 𝑥𝑥 , which is the 

certain payoff compounded with 𝜇𝜇. Stochastic dominance requires that when 𝑥𝑥 ≥ 𝑦𝑦: 

𝑈𝑈(𝑎𝑎(𝑥𝑥), 𝜆𝜆𝑥𝑥 + (1 − 𝜆𝜆)𝜇𝜇) = 𝑣𝑣�𝑎𝑎(𝑥𝑥)� + 𝜆𝜆𝑢𝑢�𝑥𝑥 − 𝛾𝛾𝑎𝑎(𝑥𝑥)� + (1 − 𝜆𝜆) � 𝑢𝑢�𝑧𝑧 − 𝛾𝛾𝑎𝑎(𝑥𝑥)�𝜇𝜇(𝑧𝑧)
𝑧𝑧∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜇𝜇)

≥ 𝑣𝑣�𝑎𝑎(𝑦𝑦)� + 𝜆𝜆𝑢𝑢�𝑦𝑦 − 𝛾𝛾𝑎𝑎(𝑦𝑦)� + (1 − 𝜆𝜆) � 𝑢𝑢�𝑧𝑧 − 𝛾𝛾𝑎𝑎(𝑦𝑦)�𝜇𝜇(𝑧𝑧)
𝑧𝑧∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜇𝜇)

= 𝑈𝑈(𝑎𝑎(𝑦𝑦), 𝜆𝜆𝑦𝑦 + (1 − 𝜆𝜆)𝜇𝜇) 

Under the assumption of consistent compounding in anticipation, we have 𝑎𝑎𝜆𝜆𝑥𝑥+(1−𝜆𝜆)𝜇𝜇 ≥ 𝑎𝑎𝜆𝜆𝑦𝑦+(1−𝜆𝜆)𝜇𝜇 

for any 𝑥𝑥 ≥ 𝑦𝑦 , namely 𝑎𝑎′(𝑥𝑥) = 𝑑𝑑𝑚𝑚(𝑥𝑥)
𝑑𝑑𝑥𝑥

> 0 , stochastic dominance is satisfied by our model when 

𝑑𝑑𝑑𝑑(𝑚𝑚(𝑥𝑥),𝜆𝜆𝑥𝑥+(1−𝜆𝜆)𝜇𝜇)
𝑑𝑑𝑥𝑥

> 0, which is equivalent to the condition 

𝑣𝑣′�𝑎𝑎(𝑥𝑥)�𝑎𝑎′(𝑥𝑥) + 𝜆𝜆𝑢𝑢′�𝑥𝑥 − 𝛾𝛾𝑎𝑎(𝑥𝑥)��1 − 𝛾𝛾𝑎𝑎′(𝑥𝑥)� − (1 − 𝜆𝜆) � 𝑢𝑢�𝑧𝑧 − 𝛾𝛾𝑎𝑎(𝑥𝑥)�𝜇𝜇(𝑧𝑧)
𝑧𝑧∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜇𝜇)

𝛾𝛾𝑎𝑎′(𝑥𝑥) > 0 

Without loss of generality, we assume that marginal utility 𝑢𝑢′ is bounded, i.e., 𝑢𝑢′ ∈ [𝑀𝑀𝑀𝑀𝑛𝑛𝑠𝑠′ ,𝑀𝑀𝑎𝑎𝑥𝑥𝑠𝑠′]. 

Then, let 𝜀𝜀 solves the following equation 

𝑣𝑣′�𝑎𝑎(𝑥𝑥)�𝑎𝑎′(𝑥𝑥) + 𝜆𝜆𝑀𝑀𝑀𝑀𝑛𝑛𝑠𝑠′�1 − 𝜀𝜀𝑎𝑎′(𝑥𝑥)� = (1 − 𝜆𝜆)𝑀𝑀𝑎𝑎𝑥𝑥𝑠𝑠′𝜀𝜀𝑎𝑎′(𝑥𝑥) 

𝜀𝜀 =
𝑣𝑣′�𝑎𝑎(𝑥𝑥)�𝑎𝑎′(𝑥𝑥) + 𝜆𝜆𝑀𝑀𝑀𝑀𝑛𝑛𝑠𝑠′

[𝜆𝜆𝑀𝑀𝑀𝑀𝑛𝑛𝑠𝑠′ + (1 − 𝜆𝜆)𝑀𝑀𝑎𝑎𝑥𝑥𝑠𝑠′] 𝑎𝑎′(𝑥𝑥) > 0 

when 𝑣𝑣′(𝑥𝑥) > 0, 𝑢𝑢′(𝑥𝑥) > 0, and 𝑎𝑎′(𝑥𝑥) > 0. 

Then, we have for any 𝛾𝛾 ∈ [0, 𝜀𝜀], 

𝑣𝑣′�𝑎𝑎(𝑥𝑥)�𝑎𝑎′(𝑥𝑥) + 𝜆𝜆𝑢𝑢′�𝑥𝑥 − 𝛾𝛾𝑎𝑎(𝑥𝑥)��1 − 𝛾𝛾𝑎𝑎′(𝑥𝑥)� > 𝑣𝑣′�𝑎𝑎(𝑥𝑥)�𝑎𝑎′(𝑥𝑥) + 𝜆𝜆𝑀𝑀𝑀𝑀𝑛𝑛𝑠𝑠′�1− 𝜀𝜀𝑎𝑎′(𝑥𝑥)�

= (1 − 𝜆𝜆)𝑀𝑀𝑎𝑎𝑥𝑥𝑠𝑠′𝜀𝜀𝑎𝑎′(𝑥𝑥) > (1 − 𝜆𝜆) � 𝑢𝑢�𝑧𝑧 − 𝛾𝛾𝑎𝑎(𝑥𝑥)�𝜇𝜇(𝑧𝑧)
𝑧𝑧∈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜇𝜇)

𝛾𝛾𝑎𝑎′(𝑥𝑥) 

which implies that the stochastic dominance holds. □ 
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