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Zhi-Wei Wang,1,2,* Abdulrahim Al Balushi,1 Robert Mann,1 and Hao-Miao Jiang1
1Department of Physics, University of Waterloo, Waterloo, Ontario N2L 3G1, Canada

2CP3-Origins, University of Southern Denmark, Campusvej 55, DK-5230 Odense M, Denmark

(Received 10 January 2019; published 12 June 2019)

We provide a UV safe trinification theory in which the Standard Model is embedded. Using recently
developed large number-of-flavor techniques, safety is achieved by adding to the theory gauged vectorlike
fermions. We find that all gauge, scalar quartic, and Yukawa couplings achieve an interacting ultraviolet
fixed point below the Planck scale. We find renormalization group flow solutions matching the Standard
Model in the IR, indicating a truly UV completion of the Standard Model. Imposing constraints that
realistic top, Higgs, bottom, and tau masses are recovered, we find the set of allowed solutions to be quite
restrictive. Furthermore, we find there exists a lower bound of about 10 TeV for the symmetry breaking
scale, making this model vulnerable to experiment.

DOI: 10.1103/PhysRevD.99.115017

I. INTRODUCTION

According to Wilson [1,2], a theory is fundamental if it
features an ultraviolet (UV) fixed point that is either non-
interacting (asymptotically free) [3–12] or interacting
(asymptotically safe) [13–15]. The first indisputable and
precisely calculable example of a four-dimensional, non-
supersymmetric, complete asymptotically safe quantum
field theory without gravity was discovered in [13].
Recently, starting with the conjecture of a safe rather than
free QCD [16], the first implementation of a large NF
(number of flavors) technique [18–22] to thewhole Standard
Model (with summation only in the gauge couplings) was
studied in [23], opening the way to the various safe
extensions of the Standard Model [23–28]. Later on,
extension of the large NF summation to both the gauge
andYukawa couplingswas studied in [29], a gaugeless study
with only Yukawa summation appeared in [30], Yukawa
summation in Abelian gauge theory in [31] and for the first
time to all the couplings in [25,32], including the semisimple
gauge group in [32]. These studies have led, e.g., to enrich
the original conformal window [33,34], reviewed in [35,36],
with a novel asymptotically safe region (“conformalwindow
2.0”) in [37].
At the grand unified theory (GUT) frontier, the first

asymptotically safe Pati-Salam model by using the large
number of flavor dynamics is studied in [28], providing a

realistic possibility that the Standard Model can be UV
complete. The gauge, the Yukawa, and scalar quartic
couplings are unified by a dynamical rather than a symmetry
principle. In this work, by using the acquired knowledge of
the large NF technique, we construct a novel “safe trinifi-
cation” extension by adding vectorlike fermions and show-
ing that all couplings acquire a UV fixed point at energies
that are far below the Planck scale. The trinification model
was first proposed in [38–40], and for more recent studies
see, e.g., [6,41–47]. The separation of scales between the
UV fixed point and the Planck scale allows us to study
the physics around the UV fixed point while ignoring the
gravitational corrections. The interplay with gravity has
been investigated in several recent investigations [48–54]
and it will not be considered here. Differently from the usual
grand unified scenarios [55] in which only the gauge
couplings unify because of their embedding into a larger
group structure and then they eventually become free, in the
present scenario we have that Yukawa and scalar self-
couplings are intimately linked because of the safe dynamics
with their high energy behavior tamed by the presence of an
interacting fixed point. It should also be noted that there is
actually a need for UV safety in minimal trinification
models. It has been shown in [6] that to make all the gauge,
Yukawa, and quartic couplings asymptotically free is highly
nontrivial and the first exploration of the asymptotically free
trinification model failed for more than two Higgs multip-
lets. Later on, in [41], it was shown that trinification models
could be rendered asymptotically free by going beyond the
minimal construction, with the infrared matching of the
Standard Model still an unanswered question. In this paper
we focus on the minimal trinification model for which UV
safety is the only choice.
Our paper is organized as follows. In Sec. II we review

and introduce the trinification [56] extension of the SM.

*wang@cp3.sdu.dk

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 99, 115017 (2019)

2470-0010=2019=99(11)=115017(16) 115017-1 Published by the American Physical Society

https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.99.115017&domain=pdf&date_stamp=2019-06-12
https://doi.org/10.1103/PhysRevD.99.115017
https://doi.org/10.1103/PhysRevD.99.115017
https://doi.org/10.1103/PhysRevD.99.115017
https://doi.org/10.1103/PhysRevD.99.115017
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


In Sec. III, we construct the minimal vectorlike extension
able to support a safe scenario. We analyze and classify the
UV fixed point structure of the model and also develop the
large NF improved renormalization group (RG) equations
and determine the couplings’ evolution. In Sec. IV, we
provide a detailed analysis to show the possibility of the
safe trinification model to match the SM at IR. We offer our
conclusions in Sec. V. In the Appendix we summarize the
one-loop RG equations for the trinification model inves-
tigated here.

II. TRINIFICATION EXTENSION
OF THE STANDARD MODEL

Consider the time-honored trinification gauge symmetry
group GTR [38–40]:

GTR ¼ SUð3ÞC ⊗ SUð3ÞL ⊗ SUð3ÞR; ð2:1Þ

with gauge couplings g3, gL, and gR, respectively. Here
SUð3ÞC denotes the SM color gauge group. The gauge
couplings in the trinification model ðgc; gL; gRÞ and the
ones in the Standard Model ðg3; g2; gYÞ are related by

gc ¼ g3; gL ¼ g2; gR ¼ 2g2gYffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3g22 − g2Y

p : ð2:2Þ

Compared with Pati-Salam theory, the SM quark and
lepton fields are not unified into the GTR irreducible
representations. However, this disadvantage becomes an
advantage in the sense that it is easier to realize the quark/
lepton mass splitting. The colored matter content of the
minimal trinification model is given by

ψQL
¼

0
B@

u1L u2L u3L
D1

L D2
L D3

L

D0
L
1 D0

L
2 D0

L
3

1
CA ∼ ð3; 3̄; 1Þ;

ψQR
¼

0
B@

u1R u2R u3R
D1

R D2
R D3

R

D0
R
1 D0

R
2 D0

R
3

1
CA ∼ ð3; 1; 3̄Þ; ð2:3Þ

where i ¼ 1, 2, 3 is a color index; D0 denotes both a new
color triplet and an SUð2Þ singlet quark with the same
quantum number as the Standard Model down quark d.
Thus, D0 and D will mix and the actual SM down quark d
(and the actual mass eigenstate of the new heavy quark d0)
will be a linear combination of D0 and D. On the other
hand, the lepton content in this minimal trinification model
is given by

ψE ¼

0
B@

ν̄0L e0L eL
ē0L ν0L νL

ēR ν̄R ν0

1
CA ∼ ð1; 3; 3̄Þ; ð2:4Þ

where L ¼ ðeL; νLÞ is the usual lepton doublet, while E ¼
ðe0L; ν0LÞ denotes the heavier lepton doublet with the same
hypercharge. Similar to the quark case, the two lepton
doublets L and E will also mix and the actual mass
eigenstates after mixing are denoted as L and E (shown
in more detail later on).
In order to induce the breaking of GTR to the SM gauge

group, we introduce two scalar triplet fields Φ1, Φ2 which
transform under the GTR as ð1; 3; 3̄Þ:

Φa ¼
�
ϕa
1 ϕa

2 ϕa
3

Sa1 Sa2 Sa3

�
; ða ¼ 1; 2Þ; ð2:5Þ

where ϕa
i (i ¼ 1, 2, 3) denotes the Higgs doublets, while Sai

(i ¼ 1, 2, 3) denotes the singlets. Note that it is argued in
[41] that in order to match correctly three generations of the
Standard Model matter content, three scalar triplets are
required. However, in this work, for simplicity, we only
focus on the case with two scalar triplets which are
sufficient to address the correct flavor structure for the
third generation. The vacuum configuration of the scalar
triplet is given as

hΦ1i¼

0
B@
u1 0 0

0 u2 0

0 0 v1

1
CA; hΦ2i¼

0
B@
n1 0 n3
0 n2 0

v2 0 v3

1
CA; ð2:6Þ

where normally v3 and v1 play the role to break GTR
to left-right model, i.e., SUð3ÞC×SUð3ÞL×SUð3ÞR→
SUð3ÞC×SUð2ÞR×SUð2ÞL×Uð1ÞB−L, while v2 as an
intermediate scale (between the trinification symmetry
breaking scale and the electroweak scale) will further break
the left-right symmetry to the Standard Model gauge group.
On the other hand u1, u2 and n1, n2, n3 are at the
electroweak scale to trigger the electroweak symmetry
breaking. In our work, for simplicity, we set v3 ¼ 0 (v1
itself is sufficient to trigger the trinification symmetry
breaking) and assume v2 is at the same scale as v1.
Thus, the trinification model breaks directly to the SM
without the left-right model as an intermediate step.

A. The Yukawa sector

The Yukawa terms for the quark sector are given by

LQ
Yuk ¼ ψ̄QR

ψQL
ðyψQ1

Φ1 þ yψQ2
Φ2Þ þ H:c: ð2:7Þ

In terms of the SUð2ÞL doublet, Eq. (2.7) reads

LQ
Yuk¼md0 d̄0Rd

0
Lþ

X2
a¼1

yψQa
½ð−sαd̄Rþcαd̄0RÞQϕa

1þ ūRQϕa
2

þðcαd̄Rþ sαd̄0RÞQϕa
3�þH:c:; ð2:8Þ
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whereQ denotes the SM quark SUð2ÞL doublet; sα ≡ sin α,
cα ≡ cos α are the mixing angles between D, D0 defined
below:

�
d

d0

�
¼
�−sα cα

cα sα

��
D

D0

�
; tanα¼ yψQ1

v1
yψQ2

v2
; ð2:9Þ

and the mass eigenvalue md0 is given by

md0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
yψQ1

v21 þ yψQ2
v22

q
: ð2:10Þ

After electroweak symmetry breaking, ϕ1
1, ϕ

1
2 obtain the

vacuum expectation values (VEVs) u1 and u2, respectively,
and the Standard Model quarks acquire masses (for
simplicity, we have set n1 ¼ n2 ¼ n3 ¼ 0):

mt ¼ yψQ1
u2; mb ¼ yψQ1

u1sα; ð2:11Þ

where mt and mb denote the top and bottom quarks,
respectively. Since ðu21 þ u22Þ1=2 ¼ 246 GeV as the vacuum
expectation value of the Higgs field at the electroweak
scale, we thus have

u1 ¼
246ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þðmt
mb
sinαÞ2

q ; u2 ¼
246ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þðmb
mt

1
sinαÞ2

q : ð2:12Þ

Similarly, the Yukawa terms for the Lepton sector are
given by

LE
Yuk ¼

1

2
ψEψEðyψE1

Φ1 þ yψE2
Φ2Þ þ H:c:; ð2:13Þ

where the contraction is realized by the ϵ symbol. In terms
of the SUð2ÞL doublet, Eq. (2.13) can be written out
explicitly as

LE
Yuk ¼mEĒE

þ
X2
a¼1

yψEa
f−½Ēð−cβν̄R − sβν0Þ− ðcβEþ sβLÞēR�ϕa

1

þ ðEν0 −Lν̄RÞϕa
2

þ ½Ēðsβν̄R − cβν0Þ− ð−sβEþ cβLÞēR�ϕa
3gþH:c:;

ð2:14Þ

where L denotes the SM quark SUð2ÞL doublet; sβ ≡ sin β,
cβ ≡ cos β are the mixing angles between L, E defined
below:

�
E

L

�
¼
�−sβ cβ

cβ sβ

��
E

L

�
; tanβ ¼ yψE1

v1
yψE2

v2
; ð2:15Þ

and the mass eigenvalue mE is given by

mE ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
yψE1

v21 þ yψE2
v22

q
: ð2:16Þ

After electroweak symmetry breaking, the SM lepton
masses are given by

me ¼ yψE1
u1sβ; mνL;νR ¼ yψE1

u2; mν0 ∼
y2ψE1

u1u2sβ
mE

:

ð2:17Þ

It is clear that the above tree level neutrino mass Eq. (2.17)
has the problem that the left- and right-handed neutrino
masses are degenerate. Fortunately, the radiative loop
corrections can cure this problem and provide a reasonable
neutrino mass spectrum.

B. Radiative neutrino mass

From Fig. 1, the neutrino masses receive large radiative
loop contributions. The total contribution to the two-point
function is proportional to

FE ¼ mE

ð4πÞ2
1

2

�
m2

H1

m2
E −m2

H1

log
m2

H1

m2
E
−

m2
H2

m2
E −m2

H2

log
m2

H2

m2
E

�
;

ð2:18Þ

where mH1 and mH2 are the masses of the two Higgs
doublet fields.
The one-loop neutrino mass matrix is thus written as

M1loop
ν

¼

2
664

0 −yψE1
u2 0

−yψE1
u2 sα−βcβy2ψE1

FE ðs2βsα − cαÞy2ψE1
FE

0 ðs2βsα − cαÞy2ψE1
FE cα−βsβy2ψE1

FE

3
775:

ð2:19Þ

FIG. 1. This figure shows the one-loop radiative correction to
the neutrino mass.
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To obtain a phenomenologically viable neutrino mass, the
elements of the matrix Eq. (2.19) should have the following
form:

M1loop
ν ¼

2
64

0 10GeV 0

10GeV 0–1 TeV 0.33–1 TeV

0 0.33–1 TeV 1KeV

3
75; ð2:20Þ

where the three mass eigenvalues will correspond to the
physicalmass of the two sterile neutrinos ðνR; ν0Þ and the SM
neutrino νL. Comparing Eqs. (2.19) and (2.20), we find from
the (3,3) element of the matrix that cα−βsβ ∼ 10−8–10−9.
There are only two solutions to satisfy the above constraint,
either β ≪ 1 or α − β − π

2
∼�10−9. The case β ≪ 1, from

Eq. (2.17), leads to an extremely largeYukawa yψE1
, which is

not acceptable. Thus, we choose

α − β −
π

2
∼�10−9; ð2:21Þ

in the analysis later on.

C. Color scalar field and proton decay issue

Sometimes, it occurs in the literature that color scalars
are introduced to make the Yukawa sector satisfy a cyclic
permutation symmetry. The introduction of the color scalar
fields has the advantage of incorporating much larger
radiative corrections to the neutrinos. In this case, in
Eq. (2.18), the mH1 should be replaced by the new colored
scalar field mBH1

and the lepton doublet mE should be
replaced by the heavy quark mB. The radiative corrections
to the neutrino mass can be much larger because color
scalar fields are not constrained to be around the electro-
weak scale and thus mBH1

≫ mH1, resulting in much larger
radiative loop corrections.
However, colored scalar fields have a problem generat-

ing tree level proton decay and thus in this work we only
introduce the scalar fields that are color singlets. The
leptonic scalar in this work does not introduce proton
decay because it carries the same baryon number in both
the quark and leptonic Yukawa interactions.

D. The scalar sector

In this minimal model, we have only introduced two
Higgs triplets Φ1 and Φ2. The most general scalar poten-
tials can be written as

V ¼ V1111 þ V2222 þ V1122 þ V1222 þ V1112; ð2:22Þ

where in the following we could further simplify the
potential by introducing a Z2 discrete symmetry between

Φ1 and Φ2 and thus only the terms V1111, V2222, and V1122

remain. We have

V1111¼ λ1aTrðΦ†
1Φ1Þ2þλ1bTrðΦ†

1Φ1Φ
†
1Φ1Þ

V2222¼ λ2aTrðΦ†
2Φ2Þ2þλ2bTrðΦ†

2Φ2Φ
†
2Φ2Þ

V1122¼ λaTrðΦ†
1Φ1ÞTrðΦ†

2Φ2ÞþλbjTrðΦ†
1Φ2Þj2

þλcTrðΦ†
1Φ1Φ

†
2Φ2ÞþλdTrðΦ1Φ

†
1Φ2Φ

†
2Þ

þReλeTrðΦ†
1Φ2Þ2þReλfTrðΦ†

1Φ2Φ
†
1Φ2Þ: ð2:23Þ

III. RENORMALIZATION GROUP ANALYSIS

In this section, we perform an RG analysis of the
minimal trinification model. After introducing the
large-N beta functions of the gauge, Yukawa, and quartic
couplings, we will demonstrate the existence of UV fixed
point solutions. By using the RG equation as a bridge to
connect UV and IR, we will then study the IR phenom-
enological implications. All gauge, Yukawa, and scalar
couplings are listed in Table I, while their corresponding
one-loop RG beta functions are listed in the Appendix.

A. Large-N beta function

To proceed, we work in the large NF limit, employing
the 1=NF expansion [18–20,57], which was recently
first applied to the whole SM [23] and to the minimal
Pati-Salam model [28]. We introduce NF ≫ 1 vectorlike
fermions, which transform nontrivially under GTR. In this
framework, the leading order RG contributions in the
1=NF expansion of the relevant Feynman diagrams can be
resummed, as shown in Fig. 2 (only gauge coupling cases
are shown), and a closed form of the resummation is
provided. This nonperturbative effect induces an interact-
ing fixed point for both the Abelian and non-Abelian
gauge interactions of the SM [23], whose existence is
guaranteed due to the pole structure in the closed form
expression [19,20].
We introduce three sets of vectorlike fermions charged

under GTR with the following charge assignment:

NFC
ð3; 1; 1Þ ⊕ NFL

ð1; 3; 1Þ ⊕ NFR
ð1; 1; 3Þ; ð3:1Þ

TABLE I. Gauge, Yukawa, and scalar quartic couplings of the
trinification model.

Gauge couplings Yukawa couplings Scalar couplings

SUð3ÞC∶gc ψQL=R
∶yψQ1

; yψQ2
V1111∶λ1a; λ1b

SUð3ÞL∶gL ψE∶yψE1
; yψE2

V2222∶λ2a; λ2b
SUð3ÞR∶gR V1122∶λa; λb; λc; λd; λe; λf
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where we have chosen each set of vectorlike fermions to
have nontrivial charges only under one simple gauge group
to avoid extra contributions in the summation of the
semisimple group.

B. Large-N gauge beta function

To leading order in 1=NF, the higher order (ho) con-
tributions of the bubble diagrams (i.e., those in Fig. 2)
to the gauge beta functions were first calculated in [18] for
only an Abelian group and later generalized to the non-
Abelian simple group case [20]. Here we summarize the
results.
The leading 1=NF order bubble diagrams’ contributions

are given by

βhoi ¼ 2Aiαi
3

H1i
ðAiÞ

NFi

;

αi ≡ g2i
ð4πÞ2 ði ¼ L;R;CÞ; ð3:2Þ

with the functions H1i and the ’t Hooft couplings Ai
given by

Ai ¼ 4αiTRNFi

H1i
¼ −

11

2
Nci þ

Z
Ai=3

0

I1ðxÞI2ðxÞdx ðNci ¼ 3Þ

I1ðxÞ ¼
ð1þ xÞð2x − 1Þ2ð2x − 3Þ2 sinðπxÞ3

ðx − 2Þπ3
× ðΓðx − 1Þ2Γð−2xÞÞ

I2ðxÞ ¼
N2

ci − 1

Nci

þ ð20 − 43xþ 32x2 − 14x3 þ 4x4Þ
2ð2x − 1Þð2x − 3Þð1 − x2Þ Nci :

ð3:3Þ
The Dynkin indices are TR ¼ 1=2ðNciÞ for the fundamental
(adjoint) representation. The RG functions of the gauge
couplings (see the Appendix), including the contributions
from the resummed bubble diagrams, are

βtotαL ¼ β1loopαL þ βhoαL ¼ −ð10þ nHÞα2L þ 2ALαL
3

H1L
ðALÞ

NFL

βtotαR ¼ β1loopαR þ βhoαR ¼ −ð10þ nHÞα2R þ 2ARαR
3

H1R
ðARÞ

NFR

βtotαc ¼ β1loopαc þ βhoαc ¼ −10α2c þ
2Acαc
3

H1c
ðAcÞ

NFC

; ð3:4Þ

FIG. 2. Feynman diagrams for gauge field renormalization at order 1=NF. Diagrams (a) and (b) are present in both the Abelian and
non-Abelian two-point functions, while (c) and (d) only exist in the non-Abelian theory.
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wherenH denotes thenumber of scalar triplets (nH ¼ 2 in our
case). The β1loopαL , β1loopαR , β1loopαc denote the original one-loop
RG beta functions of the three gauge couplings without
bubble diagram contributions, whereas βtotαL , β

tot
αR , β

tot
αc are the

total RG beta functions including the higher order bubble
diagram contributions up to 1=NF order. There are two
reasons why only one-loop RG beta functions of the gauge
couplings are used here. First, the current largeNF improved
beta functions of Yukawa and quartic couplings are built
upon their corresponding one-loop beta functions only (see
Sec. III C for more details). Second, since gauge beta
functions at the one-loop level are decoupled from the
other couplings it is easier to perform an RG analysis
along the gauge coupling directions (see Sec. III F for more
details).
The HðAÞ function in Eq. (3.3) has the pole structure

HðAÞ ∼ log ð1 − A
3
Þ, which will provide a sufficiently large

negative contribution slightly before reaching the pole.
Hence the UV fixed point for the gauge coupling sub-
system ðgc; gL; gRÞ is guaranteed by the pole structure in
the bubble diagram summation. For all the non-Abelian
gauge groups, the poles in the functions H1i

(i ¼ L, R, C)
always occur at Ai ¼ 3, which determines the UV fixed
point of the non-Abelian gauge couplings when the set of
NFi

is chosen. The IR initial conditions of gL, gR, and gc
are obtained by using the matching conditions of Eq. (2.2)
and the SM couplings are running from the EW (electro-
weak) scale to the trinification symmetry breaking scale.
Also, for simplicity, we have assumed all the vectorlike
fermions were introduced at the trinification symmetry
breaking scale vT . This is in contrast to the Pati-Salam
model whose symmetry breaking scale is severely con-
strained by the kaon decay process KL → μ�e∓ (see, e.g.,
[58,59]), which implies the symmetry breaking scale must
be larger than 2000 TeV. Trinification symmetry breaking
is only constrained by the masses of the extra gauge bosons
such as the Z0 and WR, which have lower bounds of a few
TeV. Trinification therefore has the advantage of being
within experimental reach of an upgraded LHC and future
colliders.

C. Large-N Yukawa and quartic beta function

In the previous section, we exhibited the bubble diagram
contributions in only the gauge coupling subsystem and
presented the large N gauge beta functions. We now
consider bubble diagram contributions to the Yukawa
and quartic beta functions [29,32]. In the following we
briefly summarize the procedure.
If the beta functions of quartic and Yukawa couplings are

already known to one-loop order, the corresponding large
NF beta functions (at leading 1=NF order) can be obtained
by simply employing the following recipe. The large-NF
Yukawa beta function can be written in the following
compact form:

βy ¼ c1y3 þ y
X
α

cαg2αIyðAαÞ; with

IyðAαÞ ¼ Hϕ

�
0;
2

3
Aα

��
1þ Aα

C2ðRα
ϕÞ

6ðC2ðRα
χÞ þ C2ðRα

ξÞÞ
�

HϕðxÞ ¼ H0ðxÞ ¼
ð1 − x

3
ÞΓð4 − xÞ

3Γ2ð2 − x
2
ÞΓð3 − x

2
ÞΓð1þ x

2
Þ ; ð3:5Þ

where the information of the resummed fermion bubbles is
already encoded and c1, cα are the standard one-loop
coefficients for the Yukawa beta function, while C2ðRα

ϕÞ,
C2ðRα

χÞ, C2ðRα
ξÞ are the Casimir operators of the corre-

sponding scalar and fermion fields. Thus, when c1 and cα
are known, the full Yukawa beta function including the
bubble diagram contributions can be obtained. Similarly,
for the quartic coupling we write

βλ ¼ c1λ2 þ λ
X
α

cαg2αIλg2ðAαÞ þ
X
α

c0αg4αIg4ðAαÞ

þ
X
α<β

cαβg2αg2βI
tot
g2
1
g2
2

ðAα; AβÞ; ð3:6Þ

with c1, cα, c0α, cαβ the known one-loop coefficients for the
quartic beta function and

Iλg2ðAαÞ¼Hϕ

�
0;
2

3
Aα

�

Ig4ðAαÞ¼Hλ

�
1;
2

3
Aα

�
þAα

dHλð1;23AαÞ
dAα

Itotg2
1
g2
2

ðAα;AβÞ¼
1

3
½Ig2

1
g2
2
ðAα;0ÞþIg2

1
g2
2
ð0;AβÞþIg2

1
g2
2
ðAα;AβÞ�

Ig2
1
g2
2
ðAα;AβÞ¼

1

Aα−Aβ

�
AαHλ

�
1;
2

3
Aα

�
−AβHλ

�
1;
2

3
Aβ

��
;

where

Hλð1;xÞ¼
�
1−

x
4

�
H0ðxÞ

¼ ð1− x
4
Þð1−x

3
ÞΓð4−xÞ

3Γ2ð2−x
2
ÞΓð3−x

2
ÞΓð1þx

2
Þ ð3:7Þ

are from the resummed fermion bubbles. Thus we have
now the full quartic beta function including the bubble
diagram contributions when c1, cα, c0α, cαβ are known.
Following the above recipe, the bubble diagram improved
Yukawa beta function βyQ1

, e.g., can be written as

ð4πÞ2βyQ1
¼ ð−4g2LIyðALÞ − 4g2RIyðARÞ − 8g2cIyðA3Þ
þ 6y2ψQ1

þ 6y2ψQ2
þ 2y2ψE1

ÞyψQ1

þ 12yψE1
yψE2

yψQ2
: ð3:8Þ
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The bubble diagram improved quartic beta function βλ1a reads,

ð4πÞ2βλ1a ¼ 52λ21a þ 12λ21b þ 2λaλb þ 6λaλc þ 6λaλd þ 2λcλd þ 9λ2a þ λ2b þ 4λ2e þ 4λ2f

þ λ1að−16g2LIλg2ðALÞ − 16g2RIλg2ðARÞ þ 48λ1b þ 8y2ψE1
þ 12y2ψQ1

Þ

þ 10

3
g2Lg

2
R ×

1

3
ðIg2

1
g2
2
ðAL; ARÞ þ Ig2

1
g2
2
ð0; ARÞ þ Ig2

1
g2
2
ðAL; 0ÞÞ

þ 11

12
g4LIg4ðALÞ þ

11

12
g4RIg4ðARÞ − 2y4ψE1

: ð3:9Þ

D. Symmetric and asymmetric cases

From the Yukawa beta functions in the Appendix, we
notice that there exists a symmetry between yψQ1

and yψQ2

as well as yψE1
and yψE2

. Consequently there is not a unique
UV fixed point solution for the Yukawa couplings when
the NF is fixed (actually there could be infinitely many
solutions).
It is convenient to divide the fixed point solutions into

two cases: symmetric and asymmetric. By “symmetric” we
mean that yψQ1

¼ yψQ2
and yψE1

¼ yψE2
at the UV fixed

point. In the symmetric case, all the coupling values at the
UV fixed point can be determined when NF is fixed.
In addition, from Eqs. (2.9) and (2.15), we know j tan αj ¼
j tan βj ¼ v1

v2
. Furthermore, a phenomenologically viable

neutrino mass requires jα − βj ∼ π
2
, providing j tan αj ¼

j tan βj−1. Hence

j tan αj ¼ j tan βj ¼ v1
v2

¼ 1: ð3:10Þ

By “asymmetric” we mean that these Yukawa couplings
are no longer constrained to be equal at the UV fixed point;
the dynamical constraints from requiring a UV interacting
fixed point in this case are not sufficient to provide a unique
set of UV fixed point solutions. We therefore add one more
phenomenological constraint:

yb
yτ

¼ yψQ1

yψE1

sin α
sin β

∼ 2; ð3:11Þ

which is that of requiring the ratio of the bottom quark mass
and the tau lepton mass to be around 2. We can further get
rid of the v21=v

2
2 dependence in (3.11) and write it as a

function of ðyψQ1
; yψQ2

yψE1
; yψE2

Þ only. By using j tan αj ¼
j tan βj−1 we obtain

v21
v22

¼ yψQ2
yψE2

yψQ1
yψE1

; ð3:12Þ

yielding

yb
yτ

¼ y3=2ψQ1

y3=2ψE1

ðyψQ2
yψE2

yψE1
þ y2ψE2

yψQ1
Þ1=2

ðyψQ1
yψQ2

yψE2
þ y2ψQ2

yψE1
Þ1=2 ∼ 2; ð3:13Þ

and using (3.13), we are able to find UV fixed point
solutions.

E. UV fixed point solutions in the
gauge-Yukawa-quartic system

In this section we will prove the existence of UV fixed
point solutions for the whole gauge-Yukawa-quartic system
given in Table I. Note that the gauge couplings at the UV
fixed point can be treated as background values (i.e., as
constants in the RG functions of other couplings) since
their values at the UV fixed point are fixed when NF is
chosen. By using the one-loop RG functions in the
Appendix and following the recipes from (3.5) and
(3.6), we obtain the total large-N beta functions of all
the Yukawa and scalar couplings. To find the UV fixed
point solutions, we set fβi ¼ 0g, where i denotes all the
Yukawa and scalar couplings in Table I.
Our analysis yields quite a few UV candidate fixed

points for different choices of NF. For example, in the
symmetric case, for NFC

¼ 43, NFL
¼ 93, NFR

¼ 182, we
find 56 sets of candidate UV fixed point solutions.
Requiring the vacuum stability conditions [60]

λ1a þ λ1b > 0 ðfor λ1b < 0Þ;

λ1a þ
1

3
λ1b > 0 ðfor λ1b > 0Þ; ð3:14Þ

which guarantee that the scalar potential is bounded from
below, reduces the number of candidate UV fixed point
solutions to 18. One of these solutions in the symmetric
case is shown in Table II, where we have also classified the
fixed point solutions according to relevant (Rev) and
irrelevant (Irev) characteristics. By choosing the RG flow
direction from UV to IR, relevant and irrelevant corre-
spond, respectively, to the RG flows running away from the
UV fixed point or towards the UV fixed point. The relevant
or irrelevant characteristics can be easily determined by
plotting the beta functions as functions of the correspond-
ing couplings and reading the direction of the RG flows.
The number of relevant couplings define the dimension of
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the critical surface and only the RG flows in the critical
surface come out of the UV fixed point. Hence the smaller
the dimension of the critical surface, the stronger are the
constraints on the RG flows, which are connected to the UV
fixed point, and so the predictive power is likewise stronger.
From Table II, it is clear that most of the couplings are UV
irrelevant; only λd is relevant, implying the system is highly
predictive. An alternative candidate solution in the asym-
metric case is given in Tables III and IV, where we see that
the symmetry between ðyψQ1

; yψE1
Þ and ðyψQ2

; yψE2
Þ is

broken.

F. RG flow

To determine the RG flow of the system we can either
consider a flow from the IR to the UV or vice versa. We
shall primarily focus on the UV to IR approach, only briefly
commenting on the IR to UV approach.
For the UV to IR approach one simply starts from the

UV fixed point and makes the RG flows run toward the IR.

Here we use the fact that at one-loop order, the beta
functions of the three gauge couplings are completely
decoupled from the other couplings. In addition, since
the gauge couplings are UV relevant, we can freely choose
the (IR) initial conditions as the gauge coupling matching
conditions at a certain trinification symmetry breaking
scale. We can therefore first solve the gauge coupling
RG trajectories separately and then run the remaining
couplings only along the determined RG trajectories of
the gauge couplings. In principle, we could also run the RG
flows along the alternative relevant coupling (e.g., λd in the
symmetric case of Table II). However, since λd is not
decoupled from the other couplings this would be more
difficult to handle.
In the IR to UV approach, the RG flow of the irrelevant

couplings is constrained on the separatrices which are
defined to divide the RG flow into distinct physical regions.
We can therefore solve the set of equations βi ¼ 0
(i corresponding to all the irrelevant couplings) for all
the irrelevant couplings as a function of the relevant
couplings. We are thus free to choose the IR initial
conditions of these relevant couplings to be compatible
with the known phenomenological constraints while pre-
serving safety at the UV scale. The disadvantage of this
approach for a complicated system like trinification is that
it is very hard to disentangle relevant and irrelevant
couplings and analytically solve all the irrelevant couplings
as a function of the relevant couplings.
We report our results in Figs. 3–6, where we show the

running of the gauge, Yukawa, and scalar couplings by
using the UV to IR approach for (NFC ¼ 95, NFL ¼ 165,
NFR ¼ 62). The corresponding UV fixed point solution is
the one shown in Tables III and IV. The RG flows of the
gauge couplings are determined once the IR conditions are
given as previously noted. The IR initial conditions for gL,
gR, and gc are obtained by using the matching conditions
(2.2) and the SM couplings run from the EW scale to the
trinification symmetry breaking scale. For simplicity, the
vectorlike fermions’ masses are taken to be the trinification
symmetry breaking scale at 10 TeV. From Figs. 3–6, it is
clear that all couplings (i.e., gauge, Yukawa, and scalar
quartic) achieve a safe UV fixed point. The transition scale,
above which the UV fixed point is reached, is about
107 GeV for all the couplings. Note that this transition
scale is dependent on the number of vectorlike fermions
NF. By increasing or decreasing NF, the transition scales
will correspondingly decrease or increase.

TABLE II. This table summarizes the sample UV fixed point solution in the symmetric case with sample values (NFC
¼ 43,NFL

¼ 93,
NFR

¼ 182) involving the bubble diagram contributions in the Yukawa and quartic RG beta functions. Classifications of the UV fixed
point solutions of the couplings with relevant (Rev) and irrelevant (Irev) characteristics are listed.

λ1a λ1b λa λb λc λd λe λf yψQ1
yψQ2

yψE1
yψE2

0.10 −0.03 −0.82 0.43 1.22 −0.27 −0.30 0.50 0.80 0.80 0.24 0.24
Irev Irev Irev Irev Irev Rev Irev Irev Irev Irev Irev Irev

TABLE III. This table summarizes the sample UV fixed point
solution (for Yukawa couplings) in the asymmetric case with
sample values (NFC

¼ 95, NFL
¼ 165, NFR

¼ 62) involving the
bubble diagram contributions in the Yukawa and quartic RG beta
functions. Classifications of the UV fixed point solutions of the
couplings with relevant (Rev) and irrelevant (Irev) characteristics
are listed.

yψQ1
yψQ2

yψE1
yψE2

0.78 0.56 0.42 0.30
Irev Irev Irev Irev

TABLE IV. This table summarizes the sample UV fixed point
solution (for quartic couplings) in the asymmetric case with
sample values (NFC

¼ 95, NFL
¼ 165, NFR

¼ 62) involving the
bubble diagram contributions in the Yukawa and quartic RG beta
functions. Classifications of the UV fixed point solutions of the
couplings with relevant (Rev) and irrelevant (Irev) characteristics
are listed.

λ1a λ1b λ2a λ2b λa λb λc λd λe λf

−0.08 0.26 0.02 0.02 −0.90 0.14 0.12 1.11 −0.36 0.48
Irev Irev Rev Rev Rev Irev Rev Irev Irev Irev
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IV. MATCHING THE STANDARD MODEL

Before we proceed, we summarize all the assumptions
and simplifications we have implemented so far. First, only
the third generation of the SM fermions is considered.

Second, only two Higgs multiplets are introduced. Third,
we choose to introduce all the new vectorlike fermions at
the lower bound of the trinification symmetry breaking
scale, which is 10 TeV. Fourth, we choose the particular
vacuum configuration in Eq. (2.6) to make the trinification
theory directly break to the SM without going through the
intermediate step of a left-right model. Fifth, the four free
input parameters in this system are NFC, NFL, NFR, and the
trinification symmetry breaking scale, which is chosen to
be the value of its lower bound at 10 TeV. Finally, we will
further assume there are only two light Higgs doublets
when matching the scalar mass spectrum (see below).

A. Scalar sector

The low energy effective scalar field sector of the
trinification model contains four Higgs doublets. For
simplification we shall assume the two Higgs doublets
coming from the second scalar triplet play a less important
role (decoupled) at the electroweak scale [this corresponds
to a special case where n1 ¼ n2 ¼ 0 in Eq. (2.6)] and focus
only on two of the four Higgs doublets. We note that the
two Higgs doublets from the second scalar multiplet are
required to be sufficiently heavy—otherwise they will

FIG. 3. RG running of the gauge couplings by using the UV to
IR approach. We have chosenNFC ¼ 95,NFL ¼ 165,NFR ¼ 62.
We set the initial conditions for gL, gR, gc at the IR using the
matching conditions there [see Eq. (2.2)]. For simplification, we
have assumed that the vectorlike fermions under different gauge
symmetry groups are exactly introduced at the trinification
breaking scale, tSB ¼ 10 TeV, marked by a vertical dashed line.

(a)

(c) (d)

(b)

FIG. 4. RG running of the Yukawa couplings by using the UV to IR approach. Sub-Figs. (a), (b), (c), (d) correspond respectively to the
Yukawa couplings of yψQ1

; yψE1
; yψQ2

; yψE2
. We have chosen NFC ¼ 95, NFL ¼ 165, NFR ¼ 62. For simplification, we have assumed

that the vectorlike fermions under different gauge symmetry groups are exactly introduced at the trinification breaking scale,
tSB ¼ 10 TeV, marked by a vertical dashed line.
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contribute to the light scalar mass spectrum even at tree
level and spoil our analysis below.
Thus, after trinification symmetry breaking these scalar

triplets should match the conventional two Higgs doublet
model, which is defined as

VH ¼ m2
11Φ

†
1Φ1 þm2

22Φ
†
2Φ2 − ðm2

12Φ
†
1Φ2 þ H:c:Þ

þ 1

2
λ̄1ðΦ†

1Φ1Þ2 þ
1

2
λ̄2ðΦ†

2Φ2Þ2 þ λ̄3ðΦ†
1Φ1ÞðΦ†

2Φ2Þ
þ λ̄4ðΦ†

1Φ2ÞðΦ†
2Φ1Þ

þ
�
1

2
λ̄5ðΦ†

1Φ2Þ2 þ λ̄6ðΦ†
1Φ1ÞðΦ†

1Φ2Þ

þ λ̄7ðΦ†
2Φ2ÞðΦ†

1Φ2Þ þ H:c:
�
: ð4:1Þ

Comparing with (4.1) with (2.23), we find

λ̄1 ¼ 2ðλ1a þ λ1bÞ; λ̄2 ¼ 2ðλ1a þ λ1bÞ;
λ̄3 ¼ 2ðλ1a þ λ1bÞ; λ̄4 ¼ −2λ1b
λ̄5 ¼ 0; λ̄6 ¼ 0; λ̄7 ¼ 0; ð4:2Þ

where the two Higgs doublet in the second triplet has been
eliminated since it is much heavier and decoupled in our

special scenario. The electroweak two Higgs doublet
mainly comes from the first scalar triplet.
Given a set of values for ðNFC; NFL; NFRÞ and a

trinification symmetry breaking scale, we can obtain all
the coupling values at the trinification symmetry breaking
scale in both the symmetric and asymmetric cases via RG
running from the UV fixed point. Note that we will have
multiple sets of possible values of the couplings at the
symmetry breaking scale, corresponding to different UV
fixed point solutions since each set of choices for
ðNFC; NFL; NFRÞ provides multiple UV fixed point solu-
tions. We can then use the coupling values obtained at the
trinification symmetry breaking scale as new initial con-
ditions [also implementing the matching conditions (4.2)].
Eventually, by using the two Higgs doublet RG beta
functions [61], we can obtain all the coupling values at
the electroweak scale.
In addition, the mass matrix (neutral scalar fields) of the

two Higgs doublet model (setting m2
12 → 0 for simplicity)

is given by

M2
neutral¼

�
2λ̄1v21 ðλ̄3þ λ̄4þ λ̄5Þv1v2

ðλ̄3þ λ̄4þ λ̄5Þv1v2 2λ̄2v22

�
: ð4:3Þ

Note that this mass matrix is scale dependent and is
defined at the electroweak scale. By using the coupling

(a) (b)

(c) (d)

FIG. 5. RG running of the scalar quartic couplings using the UV to IR approach for NFC ¼ 95, NFL ¼ 165, NFR ¼ 62. Sub-Figs. (a),
(b), (c), (d) correspond respectively to the scalar couplings of λ1a, λ1b, λ2a, λ2b. All the vectorlike fermions appear (dashed line) at the
symmetry breaking scale of the trinification group, which is around 10 TeV.
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values obtained previously at the electroweak scale, we can
calculate the mass eigenvalues. We expect both eigenvalues
of the mass matrix should be positive and the smaller of the
two eigenvalues to be close to the 125 GeV Higgs mass. It
can be shown that in the asymmetric case, by choosing
NFC ¼ 95, NFL ¼ 165, NFR ¼ 62, we obtain

λ̄1¼ 0.234; λ̄2¼ 0.331; λ̄3¼ 0.213; λ̄4¼−0.499;

λ̄5¼ 0; yψQ1
¼ 0.806; yψE1

¼ 0.435; ð4:4Þ

which leads to two neutral scalars with masses 125.4 GeV
for the lighter Higgs and 765.4 GeV for the heavier one.
The quartic couplings are at around the electroweak scale,
while theYukawa couplings are at the trinification symmetry
breaking scale ∼10 TeV. Note that, considering the approx-
imationswehavemade in our analysis,we are not necessarily
matching the Higgs mass at exactly 125 GeV. Rather we just
present the RG flow solution that matches best. In Sec. IV C,
we will scan the parameter space that matches the SM light
Higgs mass in the region of (110 GeV, 140 GeV).

(a) (b)

(c) (d)

(e) (f)

FIG. 6. RG running of the scalar quartic couplings using the UV to IR approach for NFC ¼ 95, NFL ¼ 165, NFR ¼ 62. Sub-Figs. (a),
(b), (c), (d), (e), (f) correspond respectively to the scalar couplings of λa, λb, λc, λd, λe, λf . All the vectorlike fermions appear at the
symmetry breaking scale of the trinification group, which is around 10 TeV (dashed line).
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It is interesting to note that the above conclusion is
dependent on the choice of them12 mass parameter in (4.1).
When setting m12 ¼ 0, the light Higgs will be massless,
while the heavyHiggswill be around 125GeV.However, for
a slight increase in the m12 parameter, the light Higgs will
increase correspondingly (see Fig. 7) until m12 ∼ 25 GeV.
After that the light Higgs mass is frozen at around 125 GeV,
whereas the heavy Higgs mass keeps increasing with
increasing m12. More interestingly, the trinification sym-
metry breaking scale cannot be too much smaller than
10 TeV or the prediction of the light Higgs mass will be a
little bit too small, providing a dynamical explanation of
both the symmetry breaking scale and why new physics has
not yet been found. Note that this observation of the 10 TeV
lower bound is obtained after we have explored a large
parameter space of NFC, NFL, NFR.
Comparison of the trinification results with the Pati-

Salam case is also warranted. In the Pati-Salam case, in
order to match the correct Higgs mass at the electroweak
scale a constraint is placed on the Pati-Salam symmetry
breaking scale that it not be below 10000 TeV [28]. This is
much higher than the trinification scale obtained here and
so asymptotically safe trinification theory is considerably
more amenable to experimental tests.
The reason that a lower viable symmetry breaking in the

trinification model is obtained could be as follows. A larger
Higgs mass prediction requires a large scalar quartic
coupling at the electroweak scale. However, there are only
twoways that can yield a large scalar quartic coupling at the
electroweak scale. One is that of increasing the symmetry
breaking scale, which will provide a longer scale running
distance for the quartic coupling to be increased by the top
Yukawa coupling. The other is to increase the value of the
quartic coupling at the fixed point. This quantity is further
determined by the quartic beta function, which is balanced
by the contributions of the gauge couplings. Hence the
larger the gauge coupling contributions are at the quartic
beta functions, the larger the Higgs mass at the electroweak

scale. Fortunately the gauge couplings in the trinification
model have larger contributions relative to the Pati-Salam
model simply due to the group structure.
It can be shown that in the symmetric case, we are able

to obtain coupling solutions with features similar to the
asymmetric case. However, to obtain a reasonable (suffi-
ciently large) Higgs mass, the trinification symmetry
breaking scale in the symmetric case is required to be
much larger (say around 100 TeV), making the symmetric
case somewhat less experimentally accessible. By choosing
NFC ¼ 92; NFL ¼ 182; NFR ¼ 38, we obtain

λ̄1 ¼ 0.067; λ̄2 ¼ 0.336; λ̄3 ¼ 0.056;

λ̄4 ¼ 0.089; λ̄5 ¼ 0; ð4:5Þ

which yields two neutral scalars with masses 126.6 GeV for
the lighter Higgs and 541.3 GeV for the heavier one,
choosing m12 ∼ 100 GeV.

B. Yukawa sector

The low energy effective field theory of the trinification
model is the type II two Higgs doublet model in which one
scalar field couples only to the up-type quarks and the
other couples to the down-type quarks and leptons. The
Yukawa sector of the two Higgs doublet model can be
written as [68]

Lyuk ¼ −
Mu

v

�
cos α̃

sin β̃

�
ūuh −

Md

v

�
sin α̃

cos β̃

�
d̄dh

−
Me

v

�
sin α̃

cos β̃

�
ēeh; ð4:6Þ

where α̃, β̃ denote, respectively, the mixing angles of the
two neutral CP-even and CP-odd Higgs states, with
tan β̃ ¼ u2

u1
and jα̃ − β̃j ∼ π=2. For simplicity, in Eq. (4.6),

we have only written down explicitly the terms with only
the 125 GeV light scalar state h. Comparing Eqs. (2.11) and
(2.17) with Eq. (4.6), we obtain the following relationships
between the Standard Model Yukawa couplings and the
Yukawa couplings of the trinification model:

ySMtop ¼ yψQ1
cos α̃; ySMbottom ¼ yψQ1

sin α sin α̃;

ySMtau ¼ yψE1
sin β sin α̃; ð4:7Þ

where ySMtop ; y
SM
bottom; y

SM
tau denote, respectively, the SM

Yukawa couplings of the top quark, bottom quark, and
tau lepton. We find in the asymmetric case, by choosing
NFC ¼ 95, NFL ¼ 165, NFR ¼ 62, we obtain

sin α ∼ sin β ∼
ffiffiffi
2

p
=2; u1 ¼ 8.4 GeV;

u2 ¼ 245.86 GeV; ð4:8Þ

FIG. 7. In this figure, we present two mass eigenvalues of the
CP-even neutral Higgs mass matrix as a function of m12. MH1

denotes the lighter Higgs, while MH2 denotes the heavier one.
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where we have used Eq. (2.21) to provide a reasonable
neutrino mass. Using Eqs. (4.4), (4.7), and (4.8), we obtain

yPretop ¼ 0.806; yPrebottom ¼ 0.019; yPretau ¼ 0.011

ySMtop ¼ 0.780; ySMbottom ¼ 0.019; ySMtau ¼ 0.008; ð4:9Þ

where the first line denotes the Yukawa coupling predic-
tions from the safe trinification model at the symmetry
breaking scale 10 TeV, while the second line denotes the
SMYukawa coupling at the same scale for comparison. It is
clear that both top and bottom Yukawa couplings match
extremely well. The tau lepton has a 27% difference,
which might be addressed by a more careful RG running
procedure such as including the threshold contributions.

C. Overview of the parameter space

In this section, we try to provide an intuitive picture of the
viable parameter space. In view of the assumptions and
approximations we have made, it is important to consider
solutions not matching the exact values of the SM Higgs
mass and couplings but some values nearby. In the following
analysis, we put the viable Higgs mass cut in the range of
(110 GeV, 140 GeV) and the cut of the top quark Yukawa at
the trinification scale (10 TeV) in the range of (0.7,0.85). A
scan of thewhole parameter space, whereNFC,NFL,NFR all
range from 50 to 200, indicates that the only viable region
(for which the solutions can match the SM) is where
NFC ∈ ð88; 105Þ;NFL ∈ ð160; 170Þ;NFR ∈ ð58; 68Þ.
In Fig. 8, we show the 3D parameter space constructed

by the values of NFC ∈ ð70; 105Þ;NFL ∈ ð160; 170Þ;
NFR ∈ ð50; 68Þ, where the orange dots correspond to
UV fixed point solutions that do not match the SM at
the IR. The black dots correspond to viable UV fixed point
solutions. It is clear that of the many UV fixed point
solutions only very few can roughly match the SM in the
IR. We also note that when NFC gets smaller, the white

region, which corresponds to the parameter space without
any fixed point solutions, gets much larger.

V. CONCLUSIONS

A truly fundamental theory requires the presence of scale
invariance at short distances [1,2,62–67]. Fundamentality and
naturality are complementary concepts. Short distance scale
invariance implies fundamentality, while (near) long distance
conformality and/or controllably broken symmetries (e.g., the
Coleman-Weinbergmechanism) helpwith naturality [62–66].
We have here constructed a realistic asymptotically safe

trinificationmodel inwhich theSM is embedded. Employing
large NF techniques, we demonstrated that all the couplings
(i.e., the gauge, scalar quartic, and Yukawa couplings)
achieve a UV interacting fixed point far below the Planck
scale. Different from the conventional GUT scenario, the
unification of all types of couplings occurs due not only to a
symmetry principle but also to a dynamical principle,
namely, the presence of a UV fixed point. We emphasize
that we have shown that starting from aUV fixed point, a few
RG flows can nicely match the SMHiggs mass, the Yukawa
couplings of the top and bottom quarks, and the reasonable
neutrino masses, implying a truly UV completion of the
Standard Model. The very few viable solutions in a 3D scan
of the whole parameter space are indicative of the highly
predictive power of asymptotically safe theories, which
significantly narrow the parameter space of the theory at IR.
It is also very intriguing that the trinification symmetry

breaking scale cannot be too much smaller than 10 TeV in
order to procure a viable 125 GeV light Higgs mass. In
comparison with the 10000 TeV symmetry breaking scale
in the asymptotically safe Pati-Salam model, the trinifica-
tion model is much more vulnerable to experiment.
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APPENDIX: ONE-LOOP RG EQUATIONS OF
THE TRINIFICATION MODEL

1. Gauge couplings

ð4πÞ2 dgL
d ln μ

¼ −
�
5þ nH

2

�
g2L

ð4πÞ2 dgR
d ln μ

¼ −
�
5þ nH

2

�
g2R

ð4πÞ2 dgc
d ln μ

¼ −5g2c ðA1Þ

FIG. 8. In this figure, we show the 3D parameter space
constructed by the values of NFC ∈ ð70; 105Þ;NFL ∈ ð160; 170Þ;
NFR ∈ ð50; 68Þ in the asymmetric case. The orange dot corre-
sponds to a UV fixed point solution which does not match the SM
at IR while the black dots correspond to the viable UV fixed point
solutions.
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2. Yukawa couplings

ð4πÞ2 dyψQ1

d ln μ
¼ yψQ1

ð−4g2L − 4g2R − 8g2c þ 2y2ψE1
þ 6y2ψQ2

Þ

þ 2yψE1
yψE2

yψQ2
þ 6y3ψQ1

ð4πÞ2 dyψQ2

d ln μ
¼ yψQ2

ð−4g2L − 4g2R − 8g2c þ 2y2ψE2
þ 6y2ψQ1

Þ

þ 2yψE1
yψE2

yψQ1
þ 6y3ψQ2

ð4πÞ2 dyψE1

d ln μ
¼ yψE1

ð−8g2L − 8g2R þ 6y2ψE2
þ 3y2ψQ1

Þ

þ 6y3ψE1
þ 3yψE2

yψQ1
yψQ2

ð4πÞ2 dyψE2

d ln μ
¼ yψE2

ð−8g2L − 8g2R þ 6y2ψE1
þ 3y2ψQ2

Þ

þ 6y3ψE2
þ 3yψE1

yψQ1
yψQ2

ðA2Þ

3. Quartic couplings

For the single Higgs multiplet, nH ¼ 1 and yψE1
≔ yψE

,
yψQ1

≔ yψQ
, yψE2

¼ yψQ2
¼ 0. The RGEs (renormalization

group equations) for the quartic couplings are

ð4πÞ2 dλa
d ln μ

¼ λað−16g2L − 16g2R þ 48λb þ 12y2ψQ
þ 8y2ψE

Þ

þ 10

3
g2Lg

2
R þ 11g4L

12
þ 11g4R

12
þ 52λ2a

þ 12λ2b − 2y4ψE
ðA3Þ

ð4πÞ2 dλb
d ln μ

¼ λbð−16g2L − 16g2R þ 24λa þ 12y2ψQ
þ 8y2ψE

Þ

−2g2Lg2R þ 5g4L
4

þ 5g4R
4

þ 24λ2a − 6y4ψQ
− 2y4ψE

:

ðA4Þ

For the two Higgs multiplet, nH ¼ 2. The RGEs for the
quartic couplings are

ð4πÞ2 dλ1a
d ln μ

¼ λ1að48λ1b − 16g2L − 16g2R þ 8y2ψE1
þ 12y2ψQ1

Þ

þ 52λ21a þ 12λ21b þ 2λaλb þ 6λaλc þ 6λaλd

þ 9λ2a þ λ2b þ 2λcλd þ 4λ2e þ 4λ2f þ
10

3
g2Lg

2
R

þ 11

12
g4L þ 11

12
g4R − 2y4ψE1

ðA5Þ

ð4πÞ2 dλ1b
d lnμ

¼ λ1bð24λ1a − 16g2L− 16g2Rþ 8y2ψE1
þ 12y2ψQ1

Þ

þ 24λ21bþ 2λbλcþ 2λbλdþ 3λ2cþ 3λ2dþ 8λeλf

− 2g2Lg
2
Rþ

5

4
g4Lþ

5

4
g4R− 2y4ψE1

− 6y4ψQ1
ðA6Þ

ð4πÞ2 dλ2a
d ln μ

¼ λ2að48λ2b − 16g2L − 16g2R þ 8y2ψE2
þ 12y2ψQ2

Þ

þ 52λ22a þ 18λ22b þ 2λaλb þ 6λaλc þ 6λaλd

þ 9λ2a þ λ2b þ 2λcλd þ 4λ2e þ 4λ2f

þ 10

3
g2Lg

2
R þ 11

12
g4L þ 11

12
g4R − 2y4ψE2

ðA7Þ

ð4πÞ2 dλ2b
d ln μ

¼ λ2bð24λ2a − 16g2L − 16g2R þ 8y2ψE2
þ 12y2ψQ2

Þ

þ 36λ22b þ 2λbλc þ 2λbλd þ 3λ2c

þ 3λ2d þ 8λeλf − 2g2Lg
2
R þ 5

4
g4L þ 5

4
g4R

− 2y4ψE2
− 6y4ψQ2

: ðA8Þ

For the scalar mixing couplings,

ð4πÞ2 dλa
d ln μ

¼ λað40λ1a þ 24λ1b þ 40λ2a þ 24λ2b − 16g2L

− 16g2R þ 4y2ψE1
þ 4y2ψE2

þ 6y2ψQ1
þ 6y2ψQ2

Þ
þ 4λ1aλb þ 12λ1aλc þ 12λ1aλd þ 4λ1bλc

þ 4λ1bλd þ 4λ2aλb þ 12λ2aλc þ 12λ2aλd

þ 4λ2bλc þ 4λ2bλd þ 2λ22b þ 4λ2a þ 2λ2b

þ 2λ2c þ 2λ2d þ 8λ2e þ
2

3
g2Lg

2
R þ 11

6
g4L

þ 11

6
g4R − 4y2ψE1

y2ψE2
ðA9Þ

ð4πÞ2 dλb
d lnμ

¼ 2λbð2λ1a þ 2λ2a þ 9λb − 8g2L − 8g2R þ 2y2ψE1

þ 2y2ψE2
þ 3y2ψQ1

þ 3y2ψQ2
þ 4λa þ 6λc þ 6λdÞ

þ 6λ22b þ 8λcλd þ 96λeλf þ 88λ2e

þ 16λ2f þ 6g2Lg
2
R − 4y2ψE1

y2ψE2
ðA10Þ
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ð4πÞ2 dλc
d lnμ

¼ λcð4λ1aþ12λ1bþ4λ2aþ12λ2bþ8λa−16g2L

−16g2Rþ4y2ψE1
þ4y2ψE2

þ6y2ψQ1
þ6y2ψQ2

Þ
þ4λ1bλbþ4λ2bλbþ4λbλdþ16λeλf

þ6λ22bþ6λ2cþ24λ2f−2g2Lg
2
Rþ

5

2
g4R

−4y2ψE1
y2ψE2

−12y2ψQ1
y2ψQ2

ðA11Þ

ð4πÞ2 dλd
d lnμ

¼ λdð4λ1aþ12λ1bþ4λ2aþ12λ2bþ8λa−16g2L

−16g2Rþ4y2ψE1
þ4y2ψE2

þ6y2ψQ1
þ6y2ψQ2

Þ
þ4λ1bλbþ4λ2bλbþ4λbλcþ16λeλfþ6λ22b

þ6λ2dþ24λ2f−2g2Lg
2
Rþ

5

2
g4L−4y2ψE1

y2ψE2

−12y2ψQ1
y2ψQ2

ðA12Þ

ð4πÞ2 dλe
dlnμ

¼ λeð4λ1aþ4λ2aþ8λaþ40λbþ12λcþ12λd

−16g2L−16g2Rþ4y2ψE1
þ4y2ψE2

þ6y2ψQ1
þ6y2ψQ2

Þ
þ4λ1bλfþ4λ2bλfþ2λ22bþ24λbλfþ4λcλf

þ4λdλf−2y2ψE1
y2ψE2

ðA13Þ

ð4πÞ2 dλf
d lnμ

¼ λfð4λ1a þ 4λ2a þ 8λa þ 12λc þ 12λd − 16g2L

− 16g2R þ 4y2ψE1
þ 4y2ψE2

þ 6y2ψQ1
þ 6y2ψQ2

Þ
þ 4λ1bλe þ 4λ2bλe þ 6λ22b þ 4λcλe þ 4λdλe

− 2y2ψE1
y2ψE2

− 6y2ψQ1
y2ψQ2

: ðA14Þ
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