
 

 

 

 

 

 

 

University of Southern Denmark

Large scale three-dimensional topology optimisation of heat sinks cooled by natural
convection

Alexandersen, Joe; Sigmund, Ole; Aage, Niels

Published in:
International Journal of Heat and Mass Transfer

DOI:
10.1016/j.ijheatmasstransfer.2016.05.013

Publication date:
2016

Document version:
Accepted manuscript

Document license:
Unspecified

Citation for pulished version (APA):
Alexandersen, J., Sigmund, O., & Aage, N. (2016). Large scale three-dimensional topology optimisation of heat
sinks cooled by natural convection. International Journal of Heat and Mass Transfer, 100, 876-891.
https://doi.org/10.1016/j.ijheatmasstransfer.2016.05.013

Go to publication entry in University of Southern Denmark's Research Portal

Terms of use
This work is brought to you by the University of Southern Denmark.
Unless otherwise specified it has been shared according to the terms for self-archiving.
If no other license is stated, these terms apply:

            • You may download this work for personal use only.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying this open access version
If you believe that this document breaches copyright please contact us providing details and we will investigate your claim.
Please direct all enquiries to puresupport@bib.sdu.dk

Download date: 23. May. 2023

https://doi.org/10.1016/j.ijheatmasstransfer.2016.05.013
https://doi.org/10.1016/j.ijheatmasstransfer.2016.05.013
https://portal.findresearcher.sdu.dk/en/publications/836d36e6-2cf9-4134-8579-cba511636156


Large scale three-dimensional topology optimisation of heat sinks cooled by natural
convection

Joe Alexandersena,∗, Ole Sigmunda, Niels Aagea

aDepartment of Mechanical Engineering, Solid Mechanics
Technical University of Denmark
Nils Koppels Allé, Building 404

DK-2800, Denmark

Abstract

This work presents the application of density-based topology optimisation to the design of three-dimensional heat sinks cooled by
natural convection. The governing equations are the steady-state incompressible Navier-Stokes equations coupled to the thermal
convection-diffusion equation through the Bousinessq approximation. The fully coupled non-linear multiphysics system is solved
using stabilised trilinear equal-order finite elements in a parallel framework allowing for the optimisation of large scale problems
with order of 20-330 million state degrees of freedom. The flow is assumed to be laminar and several optimised designs are
presented for Grashof numbers between 103 and 106. Interestingly, it is observed that the number of branches in the optimised design
increases with increasing Grashof numbers, which is opposite to two-dimensional topology optimised designs. Furthermore, the
obtained topologies verify prior conclusions regarding fin length/thickness ratios and Biot numbers, but also indicate that carefully
tailored and complex geometries may improve cooling behaviour considerably compared to simple heat fin geometries.

Keywords: topology optimisation, heat sink design, natural convection, large scale, multiphysics optimisation

1. Introduction

Natural convection is the phenomena where density-
gradients due to temperature differences cause a fluid to move.
Natural convection is therefore a natural way to passively cool a
hot object, such as electronic components, light-emitting diode
(LED) lamps or materials in food processing.

Structural optimisation is the discipline of modifying the de-
sign of a structure in order to improve its performance with re-
spect to some desirable behaviour. Structural optimisation tech-
niques, such as size and configuration optimisation, are very
efficient if a close-to-optimal design is already known, or the
topology of the structure is dictated by e.g. certain manufac-
turing methods. These methods are frequently applied to the
design of heat sinks in electronics cooling. The following lit-
erature review is by no means complete, giving only represen-
tative examples: Morrison [1] optimises plate fin heat sinks in
natural convection using a downhill simplex method and em-
pirical correlations. The design variables are the fin thickness,
fin spacing and backplate thickness; Ladezma and Bejan [2] in-
vestigate the geometric arrangement of staggered vertical plates
in natural convection using numerical simulations. The design
variables are various dimensions of the staggered arrangement;
Iyengar and Bar-Cohen [3] investigate vertical pin-fin, plate-fin
and triangular-fin heat sinks in natural convection using ana-
lytical and empirical correlations. The design variables are the
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fin thickness and spacing; Bahadur and Bar-Cohen [4] optimise
staggered pin fin heat sinks for natural convection cooled mi-
croprocessor applications using analytical equations. The de-
sign variables are pin height, diameter and spacing; Jang et al.
[5] optimise radial pin-fin heat sinks for LED applications using
numerical simulation and a genetic algorithm. The design vari-
ables are the number of and length of fins. Furthermore, there
exists a vast literature treating optimal structures for surface-to-
point and volume-to-point heat generation, e.g. [6], but these do
not consider convective heat transfer and are thus not directly
relevant to the problems at hand.

While parameter studies and simple optimisation techniques,
like the above mentioned, can provide insight and improve-
ments to existing designs, they are all limited in their design
freedom as an a priori determined initial design must be given.
Topology optimisation allows for a vastly expanded design
space, allowing for the formation of unintuitive and unantici-
pated designs that fully exploit the governing physics. Topol-
ogy optimisation is a material distribution method [7, 8, 9] used
to optimise the layout of a structure. In order to take convec-
tive heat transfer, to an ambient fluid, into account in the design
process of density-based methods, a common extension is to
introduce some form of interpolation of the convection bound-
aries, see e.g. [10, 11, 12, 13]. More recently, these simplified
models have been used by Dede et al. [14] to design and man-
ufacture heat sinks subject to jet impingement cooling, as well
as by Zhou et al. [15] in an industrial framework to optimise
electric motor covers and heat sinks.

Generally, the application of a predetermined and design-
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independent convection coefficient is at best inaccurate and may
have a strong influence on resulting designs and their perfor-
mance. In practise, topology optimisation based on simplified
models may lead to unanticipated designs and closed cavities,
thereby violating the assumptions of the simplified model [16].
During the optimisation process, the design changes signifi-
cantly and the interaction with the ambient fluid changes as
well. Therefore, to ensure physically correct capturing of the
aspects of convective heat transfer, the full conjugate heat trans-
fer problem must be solved. Obviously, the employment of a
full-blown fluid model increases computational time and com-
plexity considerably. Hence, using the simplified convection
approach, that provides for very fast solution times, may likely
provide a good first estimate for an optimised topology or may
be used for post-processing once topology and associated local
convection coefficients have been found. Furthermore, it may
be beneficial to use the simplified convection approach, when
the flow is too complex to model in current optimisation set-
tings (hundreds or thousands of function evaluations). Please
see [13, 16, 17, 18, 15] for further discussions on the strengths
and weaknesses of using the simplified convection approach.

Topology optimisation for fluid systems began with the treat-
ment of Stokes flow in the seminal article by Borrvall and Pe-
tersson [19] and has since been applied to Navier-Stokes [20],
as well as passive transport problems [21, 22], reactive flows
[23], transient flows [24, 25, 26], fluid-structure interaction
[27, 28], amongst many others. The extension of topology opti-
misation to turbulent fluid flow is very much in its infancy [29]
and requires further research. Conjugate heat transfer problems
were first treated in [30, 31] and is very much an active field
of research today [32, 33, 34, 35, 36, 37]. However, almost
all work is focused on forced convection, where the fluid flow
is induced by a fan, pump or pressure-gradient. The authors
have previously presented a density-based topology optimisa-
tion approach for two-dimensional natural convection problems
[18]. Recently, Coffin and Maute presented a level-set method
for steady-state and transient natural convection problems us-
ing the eXtended finite element method (X-FEM) [38]. Inter-
ested readers are referred to [18] for further references and a
deeper introduction to topology optimisation in fluid dynamics
and heat transfer.

Throughout this article, the flows are assumed to be steady
and laminar. The fluid is assumed to be incompressible, but
buoyancy effects are taken into account through the Boussinesq
approximation, which introduces variations in the fluid density
due to temperature gradients. The inclusion of a Brinkman fric-
tion term facilitates the topology optimisation of the fluid flow.

The scope of this article is primarily to present and provide
basic verifications of a large scale, three-dimensional frame-
work for topology optimisation of thermal heat sinks. The
methodology builds on the two-dimensional framework pre-
sented in [18]. Thus, only a brief overview of the under-
lying finite element and topology optimisation formulation is
given and the reader is referred to [18] for further information.
The numerical extension to three dimensions is non-trivial and
hence the present article includes new discussions on interpo-
lation and continuation strategies, as well as on computational

issues arising from solving the large-scale, non-linear equation
systems considered. In this first application of topology optimi-
sation to natural convection problems in three dimensions, di-
mensionless parameters and fictitious properties are used. Nev-
ertheless, interesting insight will be gained on the effect of
Grashof number in optimal design. Ongoing and future work
is devoted to the treatment of physically realistic problems for
LED lamp coolers [39] and other practical devices.

In recent years an increasing body of work has been pub-
lished on efficient large scale topology optimisation. These
works cover the use of high-level scripting languages [40, 41],
multiscale/-resolution approaches [42, 43] and parallel pro-
gramming using the message parsing interface (MPI) and
C/Fortran [44, 45, 46, 47]. To facilitate the solution to truly
large scale conjugate heat transfer problems, the implementa-
tion in this article is done using PETSc [48] and the framework
for topology optimisation presented in [47].

The layout of the article is as follows: Section 2 presents the
governing equations; Section 3 presents the topology optimi-
sation problem; Section 4 briefly discusses the finite element
formulation; Section 5 discusses the numerical implementation
details; Section 6 presents scalability results for the parallel
framework, optimised designs for two test problems, as well
as verification results; Section 7 finishes with a discussion and
conclusion.

2. Governing equations

The dimensionless form of the governing equations have
been derived based on the Navier-Stokes and convection-
diffusion equations under the assumption of constant fluid
properties, incompressible, steady flow and neglecting viscous
dissipation. Furthermore, the Boussinesq approximation has
been introduced to take density-variations due to temperature-
differences into account. A domain is decomposed into two
subdomains, Ω = Ω f ∪ Ωs, where Ω f is the fluid domain and
Ωs is the solid domain. In order to facilitate the topology opti-
misation of conjugate natural convective heat transfer between
a solid and a surrounding fluid, the equations are posed in the
unified domain, Ω, and the subdomain behaviour is achieved
through the control of coefficients. The following dimension-
less composite equations are the result.
∀x ∈ Ω :

u j
∂ui

∂x j
− Pr

∂

∂x j

(
∂ui

∂x j
+
∂u j

∂xi

)
+
∂p
∂xi

= −α(x)ui −GrPr2 eg
i T

(1)
∂u j

∂x j
= 0 (2)

u j
∂T
∂x j
−

∂

∂x j

(
K(x)

∂T
∂x j

)
= s(x) (3)

where ui is the velocity field, p is the pressure field, T is the
temperature field, xi denotes the spatial coordinates, eg

i is the
unit vector in the gravitational direction, α(x) is the spatially-
varying effective impermeability, K(x) is the spatially-varying
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effective thermal conductivity, s(x) is the spatially-varying vol-
umetric heat source term, Pr is the Prandtl number, and Gr is
the Grashof number.

The effective thermal conductivity, K(x), is defined as:

K(x) =

{
1 if x ∈ Ω f
1

Ck
if x ∈ Ωs

(4)

where Ck =
k f

ks
is the ratio between the fluid thermal conductiv-

ity, k f , and the solid thermal conductivity, ks. Theoretically, the
effective impermeability, α(x), is defined as:

α(x) =

{
0 if x ∈ Ω f

∞ if x ∈ Ωs
(5)

in order to ensure zero velocities inside the solid domain. How-
ever, numerically this requirement must be relaxed as will be
described in section 3. The volumetric heat source term is de-
fined as being active within a predefined subdomain of the solid
domain, ω ⊂ Ωs:

s(x) =

{
0 if x < ω
s0 if x ∈ ω (6)

where s0 =
qL2

k f ∆T is the dimensionless volumetric heat genera-
tion, q is the dimensional volumetric heat generation, ∆T is the
reference temperature difference and L is the reference length
scale.

The Prandtl number is defined as:

Pr =
ν

Γ
(7)

where ν is the kinematic viscosity, or momentum diffusivity,
and Γ is the thermal diffusivity. It thus describes the relative
spreading of viscous and thermal effects. The Grashof number
is defined as:

Gr =
gβ∆T L3

ν2 (8)

where g is the acceleration due to gravity and β is the volumetric
coefficient of thermal expansion. It describes the ratio between
the buoyancy and viscous forces in the fluid. The Grashof num-
ber is therefore used to describe to what extent the flow is dom-
inated by natural convection or diffusion. For low Gr the flow
is dominated by viscous diffusion and for high Gr the flow is
dominated by natural convection. The problems in this article
are assumed to have large enough buoyancy present to exhibit
natural convective effects, but small enough Gr numbers to ex-
hibit laminar fluid motion.

3. Optimisation formulation

3.1. Interpolation functions

In order to perform topology optimisation, a continuous de-
sign field, γ(x), varying between 0 and 1 is introduced. Pure
fluid is represented by γ(x) = 1 and solid by γ(x) = 0. For

intermediate values between 0 and 1, the effective conductivity
is interpolated as follows:

K(γ) =
γ(Ck(1 + q f ) − 1) + 1

Ck(1 + q fγ)
(9)

and likewise the effective impermeability is interpolated using:

α (γ) = α
1 − γ

1 + qαγ
(10)

The interpolation functions ensure that the end points defined in
(4) and (5), respectively, are satisfied. The effective imperme-
ability is bounded to α in the solid regions and this upper bound
should be chosen large enough to provide vanishing velocities,
but small enough to ensure numerical stability. The convexity
factors, q f and qα, are used to control the material properties
for intermediate design values in order to promote well-defined
designs without intermediate design field values.

3.2. Optimisation problem
The topology optimisation problem is defined as:

minimise:
γ∈D

f (γ,T ) =

∫
ω

s(x) T dV

subject to: g(γ) =

∫
Ωd

1 − γ dV ≤ v f

∫
Ωd

dV (11)

R(γ,u, p,T ) = 0
0 ≤ γ(x) ≤ 1 ∀x ∈ Ωd

where γ is the design variable field, D is the design space, f
is the thermal compliance objective functional, g is the volume
constraint functional, R(γ,u, p,T ) is the residual arising from
the stabilised weak form of the governing equations, and Ωd ⊆

Ω is the design domain.
The design field is regularised using a PDE-based (partial

differential equation) density filter [49, 47] and the optimisa-
tion problem is solved using the method of moving asymptotes
(MMA) [50, 47].

3.3. Continuation scheme
A continuation scheme is performed on various parameters

in order to stabilise the optimisation process and to improve the
optimisation results. It is the experience of the authors that the
provided continuation scheme yields better results than starting
with the end values, although this cannot generally be proven
[51, 52].

The chosen continuation strategy consists of five steps:

q f ∈ {0.881, 8.81, 88.1, 881, 881} (12a)
qα ∈ {8, 8, 8, 98, 998} (12b)

α ∈
{
105, 105, 105, 106, 107

}
(12c)

The sequence is chosen in order to alleviate premature conver-
gence to poor local minima. The value of q f is slowly increased
to penalise intermediate design field values with respect to con-
ductivity. The maximum effective permeability, α, is set rel-
atively low during the first three steps, as this ensures better

3



scaled sensitivities and more stable behaviour. Over the last
two steps, α is increased by two orders of magnitude in order
to further decrease the velocity magnitudes in the solid regions.
The particular values of q f and qα are chosen by empirical in-
spection, such as to ensure the approximate collocation of the
fluid and thermal boundaries. The suggested continuation strat-
egy is based on extensive numerical studies and experiments
reflecting that: a) a high initial ᾱ causes designs to glue to
outer walls of the design domain; b) a high initial q f causes too
rapid convergence to 0-1 solutions; c) starting with final val-
ues for all parameters gives bad scaling of initial sensitivities
and hence convergence towards inferior local optima. Here,
it is important to note that the optimisation problem is by no
means convex and any optimised design will at best be a lo-
cal minimum. The obtained design will always depend on the
initial design as well as the continuation strategy. However, in
the authors experience, the chosen continuation strategy gives
a good balance between convergence speed, final design per-
formance and physicality of the modelling. The effects of the
steps of the current continuation strategy on the design distri-
bution will be discussed in section 6.5. Also, it is noted that re-
sults obtained using the suggested continuation strategy: a) in-
dicate that consistent and well-performing designs are obtained
as verified by cross-checks; b) indicate that boundary effects are
captured sufficiently accurately as verified by COMSOL runs
based on body-fitted meshes and accurate boundary conditions,
see section 6.4.

4. Finite element formulation

The governing equations are discretised using stabilised tri-
linear hexahedral finite elements. The design field is discretised
using elementwise constant variables, in turn rendering the ef-
fective thermal conductivity and the effective impermeability
to be elementwise constant. The monolithic finite element dis-
cretisation of the problem ensures continuity of the temperature
field, as well as the fluxes across fluid-solid interfaces. The par-
ticularities of the implemented finite element formulation are
as detailed in [18]. However, simpler stabilisation parameters
have been used in order to allow for consistent sensitivities to be
employed, see Appendix A. The Jacobian matrix is now fully
consistent, in that variations of the stabilisation parameters with
respect to design and state fields are included, in contrast to the
original work [18].

5. Numerical implementation

The discretised FEM equation is implemented in PETSc [48]
based on the topology optimisation framework presented in
[47]. The PETSc framework is used due to its parallel scal-
ability, the availability of both linear and non-linear solvers,
preconditioners and structured mesh handling possibilities. All
components described in the following are readily available
within the PETSc framework.

5.1. Solving the non-linear system

The non-linear system of equations is solved using a damped
Newton method. The damping coefficient is updated using a
polynomial L2-norm fit, where the coefficient is chosen as the
minimiser of the polynomial fit. The polynomial fit is built us-
ing the L2-norm of the residual vector at the current solution
point, at 50% of the Newton step and at 100% of the Newton
step. This residual-based update scheme combined with a good
initial vector (the solution from the previous design iteration)
has been observed to be very robust throughout the optimisa-
tion process for the moderately non-linear problems treated. To
further increase the robustness of the non-linear solver, if the
Newton solver fails from the supplied initial vector, a ramping
scheme for the heat generation magnitude is applied in order to
recover. Throughout, the convergence criteria for the Newton
solver is set to a reduction in the L2-norm of the residual of 10−4

relative to the initial residual.

5.2. Solving the linear systems

Due to the large scale and three-dimensional nature of the
treated problems, the arising linearised systems of equations
and their solutions are by far the most time consuming part of
the Newton scheme. Therefore, to make large scale problems
tractable the (unsymmetric) linear systems are solved using a
fully parallelised iterative Krylov subspace solver.

Constructing an iterative solver that is independent of prob-
lem settings and at the same time possesses both parallel and
numerical scalability, is intricate and beyond the scope of this
work, where focus is on the optimisation. However, in or-
der to facilitate the solution of large scale optimisation prob-
lems, an efficient solver is required. To this end the authors
use the readily available core components in PETSc to con-
struct a solver with focus on simplicity, as well as reduced
wall clock time. This is quite easy to obtain for solvers and
preconditioners that rely heavily on matrix-vector multiplica-
tions. To this purpose the flexible GMRES (F-GMRES) method
is used as the linear solver combined with a geometry-based
Galerkin-projection multigrid (GMG) preconditioner. Such a
solver depends highly on the quality of the smoother to guaran-
tee fast convergence [53]. The authors have found that a simple
Jacobi-preconditioned GMRES provides a reasonable choice of
smoother1. The convergence criterion for the Krylov solver is
set to 10−5 relative to the initial residual.

6. Results

6.1. Problem setup

The considered optimisation problem is an (academic) exam-
ple of a heat sink in a closed cubic cavity. Figure 1 shows the
problem setup with dimensions and boundary conditions. The
heat source (black in figure), exemplifying an electronics chip,
is placed in the mid-bottom of the cavity and modelled using a

1Due to the choice of a Krylov smoother, the multigrid preconditioner will
vary slightly with input and thus require a flexible outer Krylov method.
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(a) Dimensions (b) Boundary conditions

Figure 1: Illustration of the problem setup for the heat sink in a close cubic
cavity. The heat source is black and the design domain is gray.

small block of solid material with volumetric heat generation,
s0 = 104. The design domain (gray in figure) is placed on top
of the heat source in order to allow the cooling fluid to pass
underneath it, as well as to allow room for wires etc. The verti-
cal and top outer walls of the cavity are assumed to be kept at a
constant cold temperature, T = 0, while the bottom is insulated.
The height of the cavity has been used as the reference length
scale, L. Thus, the cavity dimensions are 1 × 1 × 1, the design
domain dimensions are 0.75 × 0.75 × 0.75 and the heat source
dimensions are 0.1×0.05×0.1. A discussion on the definition of
the temperature difference in the Grashof number can be found
in Appendix B. Initial investigations showed that due to the
symmetry of the domain and boundary conditions, the design
and state solutions remained quarter symmetric throughout the
optimisation. Thus, the computational domain is limited to a
quarter of the domain with symmetry boundary conditions. The
volume fraction is set to 5%, i.e. v f = 0.05, for all examples.

6.2. Parallel performance

To demonstrate the parallel performance of the state solver,
the optimisation problem is solved on a fixed mesh for differ-
ent numbers of processes. All computations in this article were
performed on a cluster, where each node is equipped with two
Intel Xeon e5-2680v2 10-core 2.8GHz processors. The results
shown in tables 1 and 2 are averaged over 250 design cycles
and show the performance for Gr = 103 and Gr = 106, respec-
tively. The data shows that the proposed solver scales almost
linearly in terms of speed up, and more importantly that the
performance is only slightly affected by the Grashof number.

In order to quantify the degree of numerical scalability, a sec-
ond study is performed in which the mesh resolution is varied.
The study is conducted for both low and high Grashof numbers

Processes time [s] scaling
160 53.2 1.00
320 28.9 0.54
640 14.1 0.26

Table 1: Average time taken per state solve over 250 design iterations for Gr =

103 at a mesh resolution of 80 × 160 × 80.

Processes time [s] scaling
160 62.6 1.00
320 31.9 0.51
640 16.5 0.26

Table 2: Average time taken per state solve over 250 design iterations for Gr =

106 at a mesh resolution of 80 × 160 × 80.

and the average F-GMRES iterations are collected in table 3.
The total number of design iterations averaged over was 250,
500 and 1000, respectively, for the three mesh resolutions. The
data clearly shows that the computational complexity increases
with problem size, and thus that the solver is not numerically
scalable. However, since the growth in numerical effort, i.e. the
number of F-GMRES iterations, is moderate, it is concluded
that the proposed solver is indeed applicable for solving large
scale natural convection problems.

6.3. Varying Grashof number
The problem is investigated for varying Gr under constant

volumetric heat generation, s0 = 104, Prandtl number, Pr = 1,
and thermal conductivity ratio, Ck = 10−2. The purpose of
the present study is not to provide a detailed physical example.
It is rather to provide phenomenological insight into the effect
of changing the governing parameter of the fluid-thermal cou-
pling, namely the Grashof number. However, physical interpre-
tations of tuning the Gr-number, while keeping the dimension-
less volumetric heat generation and the Pr-number constant,
could be e.g. equivalent to tuning the gravitational strength (go-
ing from microgravity towards full gravity) or the dimensional
volumetric heat generation. It is important to note that when
interpreting the results, the dimensional temperature scale will
differ for the two interpretations. While tuning the gravitational
strength, the temperature scale remains the same; by varying
the magnitude of the volumetric heat generation, the tempera-
ture scale varies accordingly2.

2The dimensionless volumetric heat generation is given by s0 =
qL2

k f ∆T . Re-
quiring that s0 remains constant, means that the dimensional volumetric heat
generation, q, and the reference temperature difference, ∆T , must vary in uni-
son, i.e. q

∆T = const.. An increase in the Gr-number is thus achieved through
the increase of ∆T .

Mesh size Gr = 103 Gr = 106

80 × 160 × 80 7.5 5.6
160 × 320 × 160 10.1 7.7
320 × 640 × 320 18.4 15.6

Table 3: Average iterations for the linear solver per state solve over entire design
process for Gr = 103 and Gr = 106 at varying mesh resolutions.
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Gr Primary Secondary Surface area
103 12 0 0.887
104 8 16 0.853
105 8 28 0.834
106 8 48 0.846

Table 4: The number of primary and secondary branches, as well as the surface
area for the optimised designs of figure 2.

The computational mesh is 160 × 320 × 160 elements yield-
ing a total of 8, 192, 000 elements and 41, 603, 205 degrees of
freedom for the quarter domain. The design domain consists of
3, 456, 000 elements and the filter radius is set to 2.5 times the
element size.

Figure 2 shows the optimised designs for varying Gr-number
with superimposed slices of the corresponding temperature
fields. Due to the use of density filtering, the interface between
solid and fluid regions for the optimised designs are not exactly
described but consists of a layer of intermediate design field val-
ues. The optimised design distributions are shown thresholded
at γ = 0.05, which is the approximate location of the compu-
tational interface as will be verified in section 6.4. The general
characteristics of all the designs are similar, i.e. all designs
are “thermal trees” with conductive branches moving the heat
away from the heat source. However, it can clearly be seen that
the design changes considerably with increasing convection-
dominance (increasing Gr). For increasing Gr-number the con-
ductive branches contract, resulting in a smaller spatial extent
of the overall heat sink. This intuitively makes sense as the
problem goes from one of conduction/diffusion at Gr = 103 to
convection at Gr = 106. When diffusion dominates, the goal
for the branches essentially becomes to conduct the heat di-
rectly towards the cold walls. As convection begins to matter,
the fluid movement aids the transfer of heat away from the heat
sink and the branches do not need to be as long. Instead, the de-
sign forms higher vertical interfaces in order to increase surface
area parallel to the flow direction and thus increase fluid veloc-
ity and enhance overall heat transfer. At the same time the com-
plexity of the designs increases as the importance of convection
increases. This can be seen by studying the number of primary
and secondary branches. Primary branches are defined as those
connected to the heat source directly and secondary branches
are those connected to primary branches. Table 4 shows the
number of primary and secondary branches of the optimised
designs shown in figure 2. The number of primary branches is
largest for the diffusion-dominated case, but more or less con-
stant thereafter. However, it can be seen that the number of
secondary branches significantly increases as the Gr-number is
increased. Table 4 also shows that the total surface area3 is
decreasing for the three lower Gr-numbers and then increases
slightly.

It is interesting to note, that the trend of increasing complex-
ity with increasing Gr-number is the reverse of what was ob-
served for two-dimensional problems [18]. There, the com-

3The surface area is computed using an isosurface at the selected threshold
design field value.

Optimisation Gr
Analysis Gr 103 104 105 106

103 8.26 8.27 8.96 9.45
104 7.73 7.52 7.98 8.45
105 5.95 5.80 5.62 5.76
106 4.54 4.49 4.25 4.10

Table 5: Cross-check objective function values for the designs shown in figure
2. The compliance is shown for the full domain, which is 4 times the values for
the quarter domain.

Gr Time Non-linear: Linear:
avg. (max) contin. steps - avg. (max)

103 9:56 1.9 (2) 7.6,8.4,7.8,8.1,18.4 - 10.1 (25)
104 10:25 2.0 (3) 8.3,8.6,8.3,8.6,22.7 - 11.3 (29)
105 10:28 2.1 (10) 8.4,8.6,8.7,8.2,15.7 - 9.9 (34)
106 10:35 2.1 (7) 7.3,7.4,7.5,8.0,8.4 - 7.7 (14)

Table 6: Computational time, average non-linear iterations and linear iterations
for the optimised designs of figure 2.

plexity of the design decreased as the Gr-number increased.
This difference is due to the fact that going into three dimen-
sions allows the fluid to move around and through the design
making it more a question of “topology”, in contrast to the two-
dimensional case, where it is a question of surface shape. Phys-
ically, in two dimensions additional branches disturb the flow
and thus the heat transfer; in three dimensions, vertical branches
improve the heat transfer through an increased vertical surface
area. Figure 3 shows the optimised designs for Gr = 103 and
Gr = 106 from below. The radial extent of the designs are em-
phasised from these views. It is also seen that the branches for
Gr = 106 are positioned to ensure that the structure is open
from below, with the branches forming vertical walls as dis-
cussed above.

Table 5 shows a cross-check of the objective functions for
the optimised designs. It can be seen that all designs optimised
for certain flow conditions outperform the other designs for the
specified Gr-number.

The optimisations were run for 500 design iterations for each
optimised design. Table 6 shows the computational time, aver-
age non-linear iterations and linear iterations for the optimised
designs of figure 2 using 1280 cores. It can be seen that the
computational time only weakly increases as the Gr-number is
increased and remains close to 1.2 minutes per design iteration
on average. It is interesting to note, that Gr = 106 seems easier
to solve than the others as it exhibits lower average number of
linear iterations than all others, as well as a lower maximum
number of non-linear iterations than Gr = 105. Furthermore, it
can be seen that due to the Newton method starting from a good
initial vector (solution from previous design iteration), only 2
non-linear iterations are needed for most of the design itera-
tions independent of Gr-number.

6.4. Verification of boundary interpolation model

For several reasons it is important to verify the obtained
topology optimisation results using an alternative model. Partly,
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(a) Gr = 103 (b) Gr = 104

(c) Gr = 105 (d) Gr = 106

Figure 2: Optimised designs for varying Gr-number at a mesh resolution of 160 × 320 × 160.
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(a) Gr = 103 (b) Gr = 106

Figure 3: Temperature distribution in optimised designs for Gr = 103 and Gr = 106 at a mesh resolution of 160 × 320 × 160 - view from below.

Optimisation Gr
Analysis Gr 103 104 105 106

103 7.00 7.10 7.96 8.57
104 6.54 6.45 6.98 7.51
105 4.90 4.86 4.73 4.87
106 3.63 3.65 3.46 3.34

Table 7: Cross-check objective function values for the verification of designs
shown in figure 2 using COMSOL.

the voxel grid used in the topology optimisation must be veri-
fied by a smooth, body-fitted mesh; partly, the Brinkman-type
penalisation used to enforce boundary conditions in the topol-
ogy optimisation must be verified with an exact boundary repre-
sentation; partly, the threshold value of γ = 0.05 for converting
the continuous density map to a structure with sharp edges must
be verified; and partly, the finite element model itself must be
verified by a commercial or publicly available software. For
these reasons, this section studies the four designs optimised so
far using the COMSOL Multiphysics 5.2 finite element-based
simulation software.

First, the smoothed designs (isovolumes thresholded at γ =

0.05) are imported into COMSOL and verifications are run with
the same parameters and Grashof numbers as for the topology
optimisation model. The full domain is analysed and for all
Grashof numbers, the geometry and fluid domain are meshed
with a total of approximately 760, 000 tetrahedral elements,
where the elements are graded away from surfaces. Figure 4
shows the parametrised geometry for Gr = 106 after being im-
ported into COMSOL and the corresponding surface mesh used
for the verification analysis. A full time-dependent simulation
carried out for the Gr = 106 design shows that a steady state
exists. Thus, steady state analyses are performed for the verifi-
cations shown.

Table 7 shows a cross-check of the objective functions ob-
tained using COMSOL. It can be seen that all designs optimised
for certain flow conditions outperform the other designs for the
specified Gr-number and thus, the conclusions of section 6.3
are valid. The objective values for the verification calculations
are consistently around 20% lower than the optimisation values
from table 5, the reason for which will be discussed below.

In order to verify the accuracy of the topology optimisation
approach in further detail, the heat sink geometry for Gr = 106

is investigated using a finer mesh of 1, 566, 642 tetrahedral ele-
ments, where refinement has mainly taken place in the fluid do-
main. For this refined mesh, the objective value is 3.36, which
may be compared to the value from the coarser mesh in table 5
of 3.34. This small change indicates that the integral objective
value indeed has converged, nevertheless, the finer mesh is used
to better capture local boundary effects in the following discus-
sion. Figure 5 shows the temperature and velocity magnitudes
as functions of y-coordinate at (x, z) = (0.57, 0.65). This line
passes through one of the primary branches of the geometry,
as shown in figure 4b. Considering the rather crude treatment
of boundary conditions in the topology optimisation model, it
can nevertheless be seen that there is very good agreement with
the COMSOL verification simulation. The major discrepancy is
somewhat surprisingly not found at an interface defined by the
optimised structure, but rather at the outer wall (y = 1). Here
the finer mesh of the topology optimisation model captures the
boundary layer better than what is possible with the COMSOL
model and its limited resolution capability.

Figure 6 shows a close up of the boundary layers around the
design boundaries. Here it can again be seen that the temper-
ature and velocity profiles differ slightly. The most significant
difference is for the velocity boundary layer. This difference is
mainly due to the Brinkman penalisation used to weakly im-
pose zero velocities inside solid parts and no-slip conditions at
the interface. The differences in the temperature level, as well
as the objective values in tables 5 and 7, are due to intermedi-
ate material at the interface, being upgraded to fully conduc-
tive material when thresholded, as clearly seen from figure 6c.
The 20% decrease in objective values for the COMSOL mod-
els are mainly attributed to this thresholding step. Despite these
smaller discrepancies, it is concluded that the topology optimi-
sation model and the associated boundary interpolation model
is sufficiently accurate to capture the main effects and ensure
that post-processed designs indeed perform as predicted.

If one, despite the above conclusions, would find it pertinent
to produce topology optimised structures with sharper edge fea-
tures and even better quantitative agreement in verification runs,
several techniques may be investigated. These techniques in-
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(a) Geometry (b) Surface mesh

Figure 4: Parametrised geometry and corresponding surface mesh used in the verification analysis for Gr = 106. The red line shows the line along which the results
are compared: a line from y = 0 to y = 1 at (x, z) = (0.57, 0.65).

Gr
103 104 105 106

Rcond 8.76 × 10−2 8.50 × 10−2 7.21 × 10−2 6.69 × 10−2

Rconv 1.92 × 10−1 1.73 × 10−1 1.17 × 10−1 6.69 × 10−2

Bires 0.46 0.49 0.62 1.00
NuL 6.72 7.69 11.13 19.59

Table 8: Biot numbers and thermal resistances for the verification of designs
shown in figure 2.

clude projection methods that ensure length scale (to ensure cer-
tain thickness of solid members and fluid channels) [54, 55, 56]
or interface capturing schemes, such as X-FEM [38] or discrete
simplicial complexes (DSC) [57, 58]. It is important to state,
that despite interface capturing schemes providing more accu-
rate modelling, they also carry with them many difficulties with
regard to the optimisation [59, 28, 16]. It should be noted that in
the authors’ experience, a small region of intermediate design
variables (ensuring a continuous transition from solid to fluid
in all material parameters) is beneficial for numerical stability
and accuracy and hence beneficial for the overall convergence
of the optimisation algorithm.

Based on the verification runs in COMSOL, further interpre-
tations and insight for the obtained results are given in the fol-
lowing. Table 8 shows the Nusselt and Biot numbers, as well
as thermal resistances obtained using COMSOL (these num-
bers and how they are computed are explained in Appendix C).
From the table, it can be seen that both conductive and convec-
tive resistances are decreased for increasing Grashof number.
The latter effect is expected due to the increased flow veloc-
ity, whereas the former is due to the more compact geometries
obtained for higher Grashof numbers. Their combined effect re-
sults in increased Biot numbers (ratio between convection and
conduction) and also increased effective Nusselt number (aver-
age convection coefficient) with increased Grashof number. All
these tendencies are to be expected and the well-known fact that
increasing Biot number results in shorter and thicker heat fins

can also be observed in the optimised topologies. However, the
obtained topologies indicate more than that. If the above effect
was the only driver for the optimisation, a simple scaled version
of the Gr = 103 design (figure 2a) with shorter and thicker, but
mainly circular cross-section fins, would have been obtained
for higher Grashof numbers. However, for Gr = 106 (figure 2d)
one clearly observes more vertically oriented walls than circular
fin geometries, indicating that the effect of accelerating the fluid
at vertical walls plays a major role for higher Grashof num-
bers. This effect is further illustrated in figure 7, where surface
temperature, flux and local Nusselt number are plotted for the
designs obtained for Gr = 103 and Gr = 106, both evaluated
at Gr = 106. Clearly, the design obtained for Gr = 106 has
lower temperature of the heat source and higher fluxes as ex-
pected. On the other hand, the design obtained for Gr = 103 is
seen to have very cold tips, indicating that its elongated fins are
inefficient for the higher Grashof number. Also, the local con-
vection coefficients described by Nusselt numbers is seen to be
rather constant around and along the fins, whereas the similar
values for the Gr = 106 design are much more non-uniformly
distributed, indicating that the fluid flow effects are exploited
by the optimised topology to enhance overall heat transfer.

Finally, it should be noted that the obtained temperature dis-
tribution is far from being constant, which is not unexpected.
Considering simple forced convection heat fins, the optimal
temperature profile is linearly decaying with the distance from
the heat source and reaches zero at the tip. For natural con-
vection heat fins, a zero temperature difference at the tip is un-
wanted since this will not accelerate the fluid. On the other
hand, a constant temperature is not optimal either, since this
would imply zero conductive heat flux in the solid parts. Hence,
the optimal topology is an intricate compromise between these
conflicting goals and obviously depends strongly on Biot num-
ber. The authors conject that topology optimisation is an ideal
tool to investigate this interplay in deeper detail. This study will
be carried out in future work.
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(a) Temperature - Gr = 103 design (b) Temperature - Gr = 106 design

(c) Normal flux - Gr = 103 design (d) Normal flux - Gr = 106 design

(e) Local NuL - Gr = 103 design (f) Local NuL - Gr = 106 design

Figure 7: Surface temperature, normal flux and local NuL at Gr = 106 for the designs optimised for Gr = 103 and Gr = 106. Units should be disregarded since the
simulations have been performed using the same dimensionless parameters as presented in the article.
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(a) Temperature distribution
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(c) Velocity magnitude along line

Figure 5: Temperature distribution for the verification analysis for Gr = 106, as
well as temperature and velocity fields as a function of y-coordinate at (x, z) =

(0.57, 0.65).
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(c) Conductivity

Figure 6: Close up of temperature, velocity and conductivity fields as a function
of y-coordinate at (x, z) = (0.57, 0.65).
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6.5. High resolution design

The topology optimisation problem is now investigated with
a computational mesh of 320 × 640 × 320 elements yielding a
total of 65, 536, 000 elements and 330, 246, 405 degrees of free-
dom for the quarter domain. The design domain now consists
of 27, 648, 000 elements and the filter radius is set to 2.5 times
the element size, i.e. in absolute measures half the size of be-
fore. The optimisation is run for 1000 design iterations and the
computational time was 107 and 108 hours, respectively, for
Gr = 103 and Gr = 106, using 2560 cores. This yields an aver-
age of 6.4 and 6.5 minutes per design iteration, respectively.

Figure 8 shows the optimised design for Gr = 106 with the
fine mesh resolution and small length scale at various steps of
the continuation strategy. The complexity of the design can be
seen to be significantly higher than for the design with a larger
length scale, figure 2d. The subfigures are the final iterations
of the 1st, 2nd, 3rd and 5th (final) continuation steps. It can
be seen that the complexity of the design decreases during the
optimisation process once the overall topology has been set-
tled (iteration 400 and onwards). This is due to the harder and
harder penalisation of intermediate design field values, with re-
spect to conductivity, which are present at the interface between
solid and fluid. Therefore, smaller features are progressively
removed as the surface area is more heavily penalised. The
reason for going to such high penalisation of the conductivity
is to ensure the approximate collocation of the fluid and ther-
mal boundaries, as shown in section 6.4. However, if one starts
directly with these physically-relevant parameters, particularly
poor local minima have been observed.

Figure 9 shows the final optimised designs for Gr = 103

and Gr = 106 with the fine mesh resolution and small length
scale. The complexities of both designs can be seen to be sig-
nificantly higher than the previous, figures 2a and 2d, due to
the smaller length scale. The obtained topologies confirm the
results from the coarse mesh studies in section 6.3. For low
Grashof number the topology consists of simple circular fins
(with occasional fingers), whereas the topology obtained for the
higher Grashof number constitutes a more complex geometry
reflecting the compromise between compactness, surface area
and vertical walls for improved flow acceleration.

6.6. Change in boundary conditions

An additional problem is considered, where the boundary
conditions for the side walls are changed to insulated. These
boundary conditions were investigated in-depth by Coffin and
Maute [38] in two dimensions, and briefly in three dimensions.
Here, a three-dimensional equivalent of the problem is inves-
tigated using a cubic domain. The full domain is analysed, as
it was observed in [38] that an asymmetric design is beneficial
for these boundary conditions. In order to trigger asymmetric
details, the initial design field is seeded with an angular depen-
dency in the xz-plane with relation to the x-axis.

The computational mesh is 160 × 160 × 160 elements yield-
ing a total of 4, 096, 000 elements and 20, 866, 405 degrees of
freedom for the full domain. The design domain consists of
1, 728, 000 elements and the filter radius is set to 2.5 times the

Gr
Symmetry 103 104

Enforced 22.64 14.27
Not enforced 22.25 13.17

Table 9: Objective function values for the designs in cavity with insulated sides.

element size. The optimisation is run for 500 design iterations
and the computational time was 10 hours 37 minutes and 10
hours 53 minutes, respectively, for Gr = 103 and Gr = 104,
using 640 cores. This yields an average of approximately 1.3
minutes per design iteration.

Figure 10 shows the final optimised designs for Gr = 103

and Gr = 104. It is interesting to see that the asymmetry of the
optimised designs appears to depend on the Grashof number.
This was also observed in two dimensions by Coffin and Maute
[38]. In order to compare the asymmetric designs to equivalent
symmetric designs, the problem is also analysed by enforcing
quarter symmetry. Figure 11 shows the final optimised quarter
symmetric designs for Gr = 103 and Gr = 104. By comparing
figures 10 and 11, it can be seen that for Gr = 103, the design
remains close to symmetric, but as convection-dominance is in-
creased, Gr = 104, the design becomes asymmetric to a large
degree.

Table 9 compares the objective function values for enforced
quarter symmetry and the free design. It can be seen that the
asymmetric designs perform better for both Grashof numbers,
but that the difference is most significant for Gr = 104.

The designs observed for Gr = 103 is similar in appear-
ance as the three-dimensional design in [38] for very similar
parameter values. The design clearly shows that the goal is
now to conduct the heat to the very top of the domain for
the diffusion-dominant problem, but this quickly changes for
increasing convection-dominance where the possibility of an
asymmetric flow is taken advantage of.

The problem has only been investigated for Gr = 103 and
Gr = 104, as convergence issues (non-linear state solver) were
encountered for higher Grashof numbers when treating the full
domain. However, when enforcing quarter symmetry (in both
the design and state solutions), higher Grashof numbers (Gr =

105 and Gr = 106) could be optimised without problems. This
is likely due to the fact that the flow becomes unstable for higher
Grashof numbers when allowing for asymmetric designs. In
order to optimise for these conditions, one has to use a transient
solver and optimisation routine, e.g. [26, 38].

It can be seen that for this particular choice of boundary con-
ditions, an asymmetric design performs better than a quarter
symmetric design. This is not the case when the side walls are
kept at the same cold temperature as the top, figure 2. The
adiabatic walls allow for the flow parallel to the wall to move
in both the upward and downward directions. However, when
they are cold, as for the initial problem, the flow is essentially
forced to descend at the side walls. The adiabatic walls allows
for the fluid to ascend on some sides and the flow to collect
into a single main convection roll, in turn minimising viscous
losses. With cold side walls, the flow is pretty much hard set
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(a) Iteration 200 (b) Iteration 400

(c) Iteration 600 (d) Iteration 1000

Figure 8: Optimised designs for Gr = 106 at a mesh resolution of 320 × 640 × 320. Please note that the freely hanging material in (a) is due to only elements below
the threshold, γ = 0.05, are shown - the design is connected by intermediate design field values.
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(a) Gr = 103 (b) Gr = 106

Figure 9: Optimised designs for Gr = 103 and Gr = 106 at a mesh resolution of 320 × 640 × 320. The outline of the outer walls are shown in black.

to four main convection rolls with the solid member in the mid-
dle. It is interesting to note, that contrary to observations in two
dimensions [38], the maximum velocity is significantly lower
(37.5) for the asymmetric design than for the quarter symmet-
ric design (50.7). Based on the observations from the steady
state solver regarding stability, it is postulated that the extra
constrained conditions, may also provide a stabilising effect and
move the critical Grashof number upwards, allowing for steady-
state solutions at higher Grashof numbers.

7. Discussion and conclusion

In this article, topology optimisation has been applied to the
design of three-dimensional heat sinks using a fully coupled
non-linear thermofluidic model. In contrast to previous works
within topology optimisation, that considered simplified con-
vection models, the presented methodology is able to recover
interesting physical effects and insights, and avoids problems
with the formation of non-physical internal cavities, length-
scale effects and artificial convection assumptions. The imple-
mentation of the code in a PETSc framework suitable for large
scale parallel computations allows for running examples with
more than 300 million degrees of freedom and almost 30 mil-
lion design variables on regular grids.

The obtained topology optimisation results are verified with
the commercial finite element code COMSOL and show consis-
tent results. Field distributions from the hexahedral mesh used
in the topology optimisation are in good agreement with re-
sults obtained with a smoothed geometry and body-fitted mesh
in COMSOL. Furthermore, optimisation results are consistent,

i.e. topologies optimised for a certain Grashof number are also
the best for that Grashof number when modelled in Comsol.

The examples considered to verify the presented framework
are primarily academic in nature. Nevertheless, some inter-
esting insight is obtained, showing that optimised structures
go from exhibiting simple branches that conduct heat towards
the cold outer boundaries for diffusion-dominated problems,
towards complex and compact multi-branched structures that
maximise the convection heat transfer for higher Grashof num-
bers. The observation that lower rates of natural convection
produce fewer longer fins, while higher rates of natural convec-
tion produce a greater number of short fins/branches are consis-
tent with prior optimisation literature. However, the optimisa-
tion also suggests structures that are good at accelerating fluid,
in turn ensuring enhanced overall heat transfer, and it should
be stressed that here the designs appear spontaneously, without
any predefined knowledge or restriction on the design.

Current and future work includes applications to real life
problems (see preliminary work in [39]), irregular meshes, mul-
tiple orientations, as well as the extension to transient and tur-
bulent problems. Investigations into enhanced accuracy of the
boundary layer for highly convection-dominated problems is
also of primary interest.
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(a) Temperature - Gr = 103 (b) Temperature - Gr = 104

(c) Velocity - Gr = 103 (d) Velocity - Gr = 104

Figure 10: Optimised designs for Gr = 103 and Gr = 104 for cavity with insulated sides.

(a) Gr = 103 (b) Gr = 104

Figure 11: Optimised quarter symmetric designs for Gr = 103 and Gr = 104 for cavity with insulated sides.
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Appendix A. Stabilisation parameters

The stabilised weak form of the governing equations are
given in [18]. The governing equations are stabilised using
the pressure-stabilising Petrov-Galerkin (PSPG) [60, 61] and
streamline-upwind Petrov-Galerkin (SUPG) methods [62], for
more information please see [18].

The stabilisation parameters for SUPG and PSPG are de-
fined as one and the same using the following approximate min-
function:

τS U = τPS = τ =

(
1
τ1

2 +
1
τ2

2 +
1
τ3

2

)− 1
2

(A.1)

The limit factors are given by:

τ1 =
4he

||ue||2
(A.2a)

τ2 =
he

2

4Pr
(A.2b)

τ3 =
1
αe

(A.2c)

where he is a characteristic element size (for cubes the element
edge length) and ue is the element vector of velocity degrees of
freedom. The first limit factor, τ1, has been simplified based on
evaluation at element centroids under the assumption of a single
Gauss-point, yielding a constant stabilisation factor within each
element.

In order to define a consistent Jacobian matrix, and thus a
consistent adjoint problem, the derivatives of the stabilisation
factors are needed with respect to the velocity field. This can
be found to be:

∂τ

∂ue
= −τ

1 +

(
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τ2
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ue

Tue

)−1
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T (A.3)

Furthermore, to define consistent design sensitivities, the
derivatives of the stabilisation factors with respect to the design
field is needed. This can be found to be:

∂τ

∂γe
= −

τ

τ3

(τ3

τ1

)2

+

(
τ3

τ2

)2

+ 1

−1
∂αe

∂γe
(A.4)

Including the derivatives in the definition of consistent ad-
joint sensitivities has been observed to provide a one to two or-
der of magnitude improvement in accuracy of sensitivities with
respect to a finite difference approximation. Significant differ-
ences have not been observed in optimisation behaviour or in fi-
nal designs. However, this cannot be guaranteed in general and
it is therefore best to ensure consistency, as also highlighted by
the similar issue of frozen turbulence [63].

Similar definitions and derivations are carried out for the
thermal SUPG stabilisation.

Computational Gr Mesh Figure Actual Gr
103 160 × 320 × 160 2a 1.69 × 103

104 160 × 320 × 160 2b 1.55 × 104

105 160 × 320 × 160 2c 1.16 × 105

106 160 × 320 × 160 2d 8.60 × 105

103 320 × 640 × 320 9a 1.42 × 103

106 320 × 640 × 320 9b 7.16 × 105

103 160 × 160 × 160 10a 4.49 × 103

104 160 × 160 × 160 10b 2.68 × 104

103 80 × 160 × 80 11a 4.57 × 103

104 80 × 160 × 80 11b 2.89 × 104

Table B.10: Computational and actual Gr-numbers for the designs presented in
this article.

Appendix B. Computational versus actual Grashof num-
ber

The Grashof numbers used above are all based on an a priori
defined reference temperature difference. However, the actual
temperature difference observed between the heat source and
the walls are not known a priori due to the fact that the prob-
lem only has a single known temperature (Dirichlet boundary
condition) and a volumetric heat source. This is why the maxi-
mum temperature observed for the designs, see figure 2, is not
equal to 1. Therefore, after the optimisation, one can define
an a posteriori Grashof number based on the actual computed
temperature difference. The a priori version can be termed the
computational Grashof number, the one that goes into the di-
mensionless governing equations; and the a posteriori version
can be called the actual, or optimised, Grashof number for the
given optimised design. The actual Grashof number can be use-
ful for experimental studies, as well as for future comparisons.

The temperature scale used in the calculation of the Grashof
number is arbitrary for computational purposes, as it merely
scales the non-dimensional temperature field. Thus, if a smaller
temperature scale is used, the non-dimensional temperature in-
creases proportionally; and if a larger temperature scale is used,
the non-dimensional temperature decreases proportionally. As-
suming full precision arithmetic, the final designs, obtained for
two arbitrarily chosen temperature scales, should be the same.
Working with finite precision arithmetic, this of course cannot
be guaranteed.

The actual Grashof numbers for the designs shown in this
article are listed in Table B.10. The values for the finer meshes
are lower due to the lower thermal compliance, equivalent to the
temperature of the heat source, allowed by the smaller design
length scale.

Appendix C. Calculation of thermal resistances and Nus-
selt number

Asterisks denote dimensional quantities related to the un-
asterisked non-dimensional equivalents. It is assumed, without
loss of generality, that the free flow temperature and the refer-
ence temperature, T0, are the same.
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Appendix C.1. Thermal resistance analysis
It is assumed that the heat loss from the sides of the heat

source is neglectable, to simplify the analysis. Using the verifi-
cation calculations, this has been confirmed. All power from the
heat source is thus assumed to pass through the heat sink sur-
face. For an introduction to thermal resistance analysis, please
see e.g. [64].

The conductive resistance is defined as:

R∗cond =
T ∗b − T ∗s

Q∗
(C.1)

where T ∗b is the temperature of the base (heat source) and T ∗s is
the temperature of the heat sink surface. Furthermore, Q∗ is the
total power of the heat source:

Q∗ =

∫
ω

q∗dV∗ = q∗ω∗ (C.2)

where ω∗ is the volume of the heat source.
Equation C.1 is non-dimensionalised using the same quanti-

ties as the governing equations [18], yielding:

R∗cond =
1

k f L
Rcond (C.3)

where the non-dimensional conductive resistance is defined as:

Rcond =
Tb − Ts

s0ω
(C.4)

An equivalent non-dimensionalisation is performed for the
convective resistance:

R∗conv =
T ∗s − T0

Q∗
=

1
k f L

Rconv (C.5)

where the non-dimensional convective resistance is defined as:

Rconv =
Ts

s0ω
(C.6)

According to e.g. [64], the Biot number can be defined as the
ratio of the conductive resistance to convective resistance. This
gives:

Bires =
R∗cond

R∗conv
=

Rcond

Rconv
=

Tb − Ts

Ts
(C.7)

Looking at this expression clearly shows that Bires represents a
measure of the isothermality of the heat sink geometry.

In order to use the above expressions for the complex three-
dimensional heat sink geometries presented, Tb is defined to be
the volume-averaged temperature of the base (heat source):

Tb =
1
ω

∫
ω

TdV (C.8)

and Ts to be the surface-averaged temperature of the surface:

Ts =
1

Ahs

∫
Γhs

TdS (C.9)

where Γhs is the heat sink surface and Ahs the area thereof.

Appendix C.2. Nusselt number
Newton’s law of cooling gives the relation between the local

normal flux, q
′′,∗
n , and the convection heat transfer coefficient, h:

q
′′,∗
n = h (T ∗ − T0) (C.10)

From this, one can isolate the convection coefficient and define
an effective heat transfer coefficient, h, as the surface-averaged
quantity:

h =
1

A∗hs

∫
Γhs

q
′′,∗
n

T ∗ − T0
dS ∗ (C.11)

Equation C.11 is non-dimensionalised yielding:

h =
k f

L
·

1
Ahs

∫
Γhs

q
′′

n

T
dS (C.12)

From this, the effective Nusselt number, based on the reference
length of the problem, can be defined as:

NuL =
hL
k f

=
1

Ahs

∫
Γhs

q
′′

n

T
dS (C.13)

By looking at the physical arguments and the origin of the ex-
pression, it can be seen that the effective Nusselt number repre-
sents a non-dimensional effective heat transfer coefficient.

A local Nusselt number equivalent to the local convection
coefficient, h, is simply defined as:

NuL =
hL
k f

=
q
′′

n

T
(C.14)
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