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Abstract: A background-independent route towards a universal continuum limit in discrete models of
quantum gravity proceeds through a background-independent form of coarse graining. This review
provides a pedagogical introduction to the conceptual ideas underlying the use of the number of
degrees of freedom as a scale for a Renormalization Group flow. We focus on tensor models, for which
we explain how the tensor size serves as the scale for a background-independent coarse-graining
flow. This flow provides a new probe of a universal continuum limit in tensor models. We review
the development and setup of this tool and summarize results in the two- and three-dimensional
case. Moreover, we provide a step-by-step guide to the practical implementation of these ideas and
tools by deriving the flow of couplings in a rank-4-tensor model. We discuss the phenomenon of
dimensional reduction in these models and find tentative first hints for an interacting fixed point
with potential relevance for the continuum limit in four-dimensional quantum gravity.

Keywords: quantum gravity; renormalization group; discrete quantum gravity models

1. Invitation to Background-Independent Coarse Graining in Tensor Models for
Quantum Gravity

The path integral for quantum gravity takes center stage in a diverse range of approaches to
quantum spacetime. It is tackled either as a quantum field theory for the metric [1–6], or in a discretized
fashion with a built-in regularization [7–19]. The latter approach, relying on unphysical building blocks
of space(time), provides access to a physical space(time) only when a universal continuum limit can
be taken. Universality [20–22] is key in this setting, as it guarantees independence of the physics
from unphysical choices, e.g., in the discretization procedure, i.e., the shape of the building blocks.
To discover universality, background-independent coarse-graining techniques are a well-suited tool as
universality arises at fixed points of the coarse-graining procedure.

The notion of “background-independent coarse graining” at a first glance appears to be an
oxymoron and suggests this review should be extremely short. After all, to coarse grain, one first
needs to define what one means by “coarse” and by “fine”. Intuitively one would expect these
notions to rely on a background. In particular, a definition of ultraviolet and infrared, key to
the setup of Renormalization Group (RG) techniques, seems to require a metric, i.e., a geometric
background. Yet, with RG techniques now playing an important role in different quantum-gravity
approaches, coarse-graining techniques suitable for a setting without distinguished background have
successfully been developed [23–38] and applied to various quantum-gravity models. In this review,
we will focus on the developments kicked off in [13,39–42], and introduce the key concepts behind a
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background-independent RG flow and the associated notion of coarse graining. In particular, we will
focus on the development and application of these tools to tensor models.

Tensor models are of interest for quantum gravity both as a way of exploring the partition
function [13,43–45] directly as well as through a conjectured correspondence of specific tensor models
to aspects of a geometric description in the context of the SYK-model [46–48]. In both settings, the large
N′ limit, where N′ is the tensor size, is of key interest, and physical results are extracted in the limit
N′ → ∞. In their simplest version that is of particular interest to quantum gravity, tensor models are
0-dimensional theories, i.e., there is no notion of spacetime in the definition of the models. Instead,
the dual interpretation of the interactions in tensor models is that of discrete building blocks of
space(time), cf. Figure 1. In this interpretation of tensor models through the graphs dual to the
Feynman diagrams, the building blocks are interpreted as pieces of flat space(time). Curvature is
accordingly localized at the hinges. The dual representation of tensors is in terms of building blocks of
geometry. Closely related to tensor models are tensorial (group) field theories which are characterized
by the same non-trivial combinatorial structure of tensor model interactions. In addition, a non-trivial
kinetic term is present, and group field theories are defined on a group manifold, see, e.g., [49–56].
This extra group data may be associated with intrinsic geometric data of the associated simplices.

The d indices of a rank-d tensor are associated with the (d− 2)-subsimplices of a (d− 1)-simplex.
For instance, for rank 3, the indices are associated with the edges ((d− 2) subsimplices) of a triangle
((d− 1) simplex), cf. Figure 1. Correspondingly, in the rank-4-case, each index is associated with one
of the four faces of a tetrahedron, cf. Figure 2. When two tensors are contracted along one index,
the corresponding (d− 1)-simplices share a (d− 2) simplex, e.g., for the rank-3 case, two triangles
are glued along an edge, cf. Figure 3. In the rank-4-case, two tetrahedra are glued along a face.
Allowed interaction terms are positive powers of the tensors that contain no free indices. This means
that each (d − 2)-subsimplex is glued to another (d − 2)-subsimplex. Therefore they correspond
to d-dimensional building blocks of space(time), e.g., tetrahedra for a fourth-order interaction in
the rank-3 case, cf. Figure 1. The propagator of the theory identifies all d indices of two tensors,
corresponding to a gluing of one d− 1 simplex to another, e.g., gluing of two triangles along their faces.
Accordingly, the terms in the Feynman diagram expansion of tensor models have a dual interpretation
as simplicial pseudomanifolds. In other words, the combinatorics of tensor models encode dynamical
triangulations. In the simplest case, when no additional rules are imposed on the gluing, Riemannian
pseudomanifolds are generated. The inscription of local lightcones inside the building blocks, such that
a consistent notion of causality can emerge and the pseudo-manifold is Lorentzian, requires additional
rules for the gluing and more than one type of building block [9–11,57].

b bb b

Figure 1. The three indices of a rank-3-tensor are associated with the three lines of a triangle.
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Figure 2. The four indices of a rank-4-tensor are associated with the three triangles of a tetrahedron.

bbb bbb

bbb bbbb b

bb

Figure 3. The invariant TijkTijl Tmnl Tmnk, depicted on the left, is associated with the gluing of four
triangles (center) into a building block of 3-space (to the right). The contraction of common indices is
associated with the gluing of triangles along common edges.

There are no experimental hints that indicate that spacetime is a simplicial pseudo-manifold,
accordingly it is assumed to be a continuum manifold. In particular, while the presence of physical
discreteness close to the Planck scale could be compatible with all observations to date, one would
not expect a naive discretization as it arises from tensor models, to actually be physical. Instead,
this form of discreteness should be regarded merely as a regularization of the path integral. To take
the continuum limit in tensor models, the number of degrees of freedom, encoded in the tensor size
N′, must be taken to infinity. In [42,43,58–62] it was shown that models of real (complex) tensors with
a O(N′)⊗O(N′)⊗ ...⊗O(N′) (U(N′)⊗U(N′)⊗ ...⊗U(N′)) symmetry1 admit a 1/N′ expansion,
where N′ is the size of the tensors. Here, each symmetry group in the above product acts on exactly
one of the indices of the tensor. Due to the existence of a 1/N′ expansion, these are viable candidates
to search for a physical continuum limit by taking N′ → ∞. Yet, simply taking N′ → ∞ is not sufficient
to obtain a physical continuum limit: The microscopic properties and structure of the building blocks
in the model is not taken to be physical, but only a discretization/regularization. Different microscopic
choices can be made that should not leave an imprint on the continuum physics, such as, e.g., the
shape of the building blocks. Accordingly, the continuum limit should be universal. Universality
is achieved at fixed points of the RG flow. Therefore, an RG flow must be set up for these models.

1 Here we use the notation G⊗ G to denote the direct product of group actions as linear transformations of different indices
of tensors.
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Unlike in quantum field theories defined on a background, no local, i.e., geometric notion of scale is
available. In fact, the only notion of scale is the size of the tensors, N′. In fact, using the tensor size N′

as a scale agrees with the intuitive notion of coarse graining, also underlying formal developments
such as the a-theorem [63]: Coarse graining leads from many degrees of freedom (large N′), to fewer,
effective degrees of freedom (small N′). Therefore, a pregeometric RG flow is set up in the tensor size
N′, where a universal continuum limit can then be discovered as an RG fixed point. This point of view
was advocated in [13,39] and formally developed and benchmarked in [40,41,64,65].

In the dual picture, the lattice spacing needs to be taken to zero in such a way that the correlation
length on the lattice diverges. Then, microscopic details of the setup become irrelevant. This is possible
at a higher-order phase transition, linked to a fixed point in the space of couplings. The intuition
behind these ideas can be tested in the two-dimensional case, where the double-scaling limit of matrix
models [66–69], which is a universal continuum limit, is obtained by taking N′ → ∞ while tuning the
coupling to a critical value as a power of N′. This is completely analogous to the case of continuum RG
flows, where universal critical behavior with diverging correlation length is tied to RG fixed points,
near which couplings scale with particular powers of the scale. Specifically, the double-scaling limit in
matrix models with coupling g is achieved by taking N′ → ∞ and g→ gcrit, while holding

(g− gcrit)
5
4 N′ = const, (1)

which can be rewritten in the form

g(N′) = gcrit + const.4/5 N−4/5. (2)

This immediately brings to mind the linearized scaling of couplings close to RG fixed points,
which is given by the scale raised to the power −θ, with the critical exponent θ.

Please note that there are arguments suggesting that quantum gravity should be discrete. One
might interpret this as implying that there is no need to take the continuum limit in tensor models,
and one can instead even work at finite N′. Yet, discreteness is actually a subtle issue in quantum
gravity. As discussed in more detail, e.g., in [70], kinematical and dynamical discreteness are not the
same thing in quantum gravity, and discreteness can be an emergent property of the physical continuum
limit. On the other hand, a simple implementation of discreteness in the sense of a cutoff potentially
features the same breakdown of predictivity at scales near the cutoff that effective field theories do.
Specifically, the interaction terms compatible with the symmetries of a model are infinitely many for
tensor models. The continuum limit is a way of imposing predictivity in a model by reducing the
number of free parameters characterizing its dynamics to finitely many. In the RG language, this is
linked to the fact that fixed points feature only finitely many relevant directions. In the language of
critical phenomena, one must tune only finitely many parameters to approach criticality in the sense of
a higher-order phase transition. In this spirit, we aim at discovering a universal continuum limit in
tensor models for quantum gravity such that both independence of unphysical microscopic details as
well as predictivity is guaranteed. We leave open the question whether these models feature emergent
discreteness once the continuum limit is taken, but merely point out that taking the continuum limit
does in fact not preclude the possibility of emergent, physical discreteness.

In summary, to discover a universal continuum limit, at which a physical spacetime could emerge
from discrete building blocks of spacetime, we must discover universal critical points. These are linked
to RG fixed points. In the absence of a background, the only scale available for coarse graining is the
tensor size N′. As we will explain in the next sections, setting up an RG flow in N′ is both conceptually
meaningful as well as feasible in practice.

This review is structured as follows. In Section 2 we introduce the conceptual basics of
background-independent coarse graining. We provide an overview of how to implement these ideas
in practice and how to set up a flow equation in Section 3. In Section 4 we discuss in detail how
scaling dimensions can be derived in a setting without a background, translating to the absence of
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physical length scales and corresponding units that would define canonical dimensions. We provide an
overview of the benchmark case of two dimensions in Section 5, where quantitatively robust results on
the well-known continuum limit can be achieved using our flow equation. In Section 6 we summarize
results in the rank-3-case, where several RG fixed points give access to a dimensionally reduced
continuum limit. We also highlight a recently discovered candidate for a fixed point which might
potentially turn out to be relevant for three-dimensional quantum gravity. To provide a step-by-step
instruction in how to set up and evaluate RG flows in tensor models, we present the first study
of a rank-4-model with these tools in Section 7. We discover several universality classes featuring
dimensional reduction. As a hint of the promise our method could have, we unveil tentative indications
for a universality class that might potentially be linked to four-dimensional quantum gravity. In the
Outlook and Conclusions 8 we advocate that progress towards a comprehensive understanding of
quantum gravity could be accelerated by strengthening the effort to bridge the gap between different
approaches to quantum gravity. We discuss in particular how continuum studies of asymptotic safety,
Monte Carlo simulations of (causal) dynamical triangulations and FRG studies of tensor models could
provide a link to phenomenology and particle physics, while allowing to probe features of emergent
geometries and enabling us to link the discrete and continuum side via a universal transition.

2. Conceptual Basics: Background-Independent Renormalization Group Flow in Gravity

RG techniques are playing a role in several different approaches to quantum gravity. This includes
the asymptotic safety program [4,5], the continuum limit in spin foams [23–29,32–36] and Hamiltonian RG
flows in canonical loop quantum gravity [37], tensorial (group) field theories [52,71] as well as holographic
RG flows in the context of the AdS/CFT conjecture [72]. Yet, at a first glance, quantum gravity would
appear to be the one of the fundamental interactions to which RG techniques are not easily applicable.
The reason lies in the dichotomy of background independence and local coarse graining. While the results
obtained with a local coarse-graining formulation can be made background-independent, see, e.g., [30],
the RG flow itself necessarily relies on an (auxiliary) background, if the flow has the interpretation of a
local coarse graining. A more direct reconciliation of RG techniques with background independence is
provided by a non-local form of coarse graining: RG flows, in agreement with the a-theorem [63], connect
descriptions with many degrees of freedom with effective descriptions of the same system based on
fewer degrees of freedom. This idea can be realized both in a local as well as a non-local form. The latter
is directly applicable to tensor models for quantum gravity. These are defined without any notion of
spacetime, metric or locality. Yet they come with a measure of the number of degrees of freedom, namely
the tensor size N′. Coarse-graining therefore corresponds to integrating out subsequent “layers” of the
tensors (rows and columns in the matrix-model case), thereby connecting a description at large N′ with
an effective description at small N′. In particular, such coarse-graining techniques allow us to search
for a well-defined large N′-limit, where the dynamics stays invariant under the step from N′ to N′ + 1,
such that the limit N′ → ∞ can be taken. In this limit, one can hope for quantum space(time) to emerge
from tensor models.

Note also that while local coarse-graining techniques typically rely on Riemannian signature,
raising the difficulty of connecting back to the Lorentzian case of interest for physics, a non-local
coarse graining does not rely on a momentum cutoff. Accordingly, a more direct search for a universal
continuum limit for Lorentzian models could become possible in this setup. This includes applications
of the FRG to tensor models dual to causal dynamical triangulations [73] as in [74], as well as the
application of coarse-graining techniques to the link matrix in causal sets [75].

We will now explain how to implement these ideas in practice in the form of a flow equation.
One can view the flow equation as a reformulation of the path integral in terms of a functional
differential equation. The search for a continuum limit in the path integral then becomes the search
for a well-defined ultraviolet (in an appropriate sense) solution of the flow equation. At a completely
general and formal level, the derivation of the flow equation from the path integral works as follows:
One introduces a new term into the exponential in the generating functional that is quadratic in the



Universe 2019, 5, 53 6 of 36

field and depends on some external parameter which we will call K here. For now, we leave this
parameter completely general, and do not provide any physical interpretation associated with it. It is
simply to be thought of as a “sieve” on the space of field configurations, letting through only a subset
of configurations. The generating functional depends on K and is denoted by ZK, schematically

ZK =
∫
Dϕ e−S[ϕ]+TrJ·ϕ− 1

2 Trϕ·RK ·ϕ, (3)

where S[ϕ] is a given microscopic action, J is an external source and ϕ denotes the random fields.
The trace is to be interpreted in a suitable way for the model at hand, i.e., it signifies a momentum
integral and trace over internal indices in standard QFTs on a background, and an appropriate
summation over indices in the discrete case, e.g., for tensor models. We do not write indices for
simplicity, but the fields are not necessarily scalars. As a function of the parameter K, a subset
of configurations in the generating functional are suppressed, such that in the limit K → ∞,
all configurations are suppressed. Conversely, in the limitK → 0 the unmodified generating functional
is recovered. Since the suppression term is quadratic in the field, ∂KZK can be expressed in terms of
the two-point function,

∂KZK = −1
2

∫
Dϕ Tr ϕ · (∂KRK) · ϕ e−S[ϕ]+TrJ·ϕ− 1

2 Trϕ·RK ·ϕ. (4)

For the modified Legendre transform

ΓK[φ] = sup
J

(TrJ · φ− ln ZK)−
1
2

Trφ · RK · φ, (5)

with φ = 〈ϕ〉, this implies

∂KΓK[φ] =
1
2

Tr

[(
δ2ΓK[φ]

δφ2 + RK

)−1

∂KRK

]
, (6)

which is known as the functional renormalization group (FRG) equation. For the case of a continuum
QFT on an (auxiliary) background it was derived in [76], see also [77,78], pioneered for gauge theories
in [79] and gravity in [3]. Up to here, the derivation of the flow equation from the path integral is just a
formal “trick” that can be performed with any (functional) integral: Instead of performing the integral
“all at once”, one introduces the exponential of a quadratic term that depends on an external parameter.
This allows to derive a differential equation that encodes how the result of the integral reacts to
changes in the parameter. As long as the suppression term is quadratic in the field, an equation which
is structurally of the form Equation (6) follows directly from the definition Equation (3). The question
to address in a physics setting is whether any physical meaning can be given to the external parameter
and consequently to the ensuing differential equation.

For instance, in local field theories introducing an external parameter that does not lead to
a notion of local coarse graining is not expected to be fruitful. In such cases, the modes that
remain after integrating out some “shells” of modes do not contain physically relevant degrees
of freedom. Thus deriving effective field theories for those degrees of freedom might be an interesting
computational exercise, but is presumably not useful for answering physical questions. The notion
of UV/IR is therefore key to make the effective field theories obtained by renormalization useful
for practical computations. Thus, although both in QFTs with and without a background, different
choices for K are possible, “non-local” choices have not yet been tested for their usefulness in the
setting with a background. Accordingly, in the case with a background it turns out to be the most
powerful tool to relateK to a momentum scale. This choice allows to implement a notion of local coarse
graining: Decomposing configurations into eigenfunctions of an appropriate Laplacian, RK suppresses
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configurations with eigenvalues of the Laplacian smaller than k2. In this case, the flow equation has
the interpretation of providing the response of the effective dynamics to a local coarse-graining step.

The quest for a well-defined path integral, which exists as all configurations are taken into account
becomes the question for a well-defined solution of Equation (6) for K → ∞. Specifically, in tensor
models, it is useful to choose the suppression term as a function of the number of components of the
tensor, N, e.g., in the form

∆SN =
1
2

Tr Ta1...ad RN(a1, ..., ad)Ta1...ad , (7)

such that

∂tΓN [T] = N∂NΓN [T] =
1
2

Tr

[(
δ2ΓN

δTa1...ad δTb1...bd

+ RN(a1...ad)δa1b1 ...δadbd

)−1

∂tRN(a1...ad)

]
. (8)

In a slight abuse of notation, we use T both for the tensors that are integrated over in the generating
functional, as well as for their expectation value on which the effective average action ΓN depends.

As we search for a phase transition in these models, we will employ the FRG to search for infrared
(IR) fixed points. The relevant directions correspond to the number of parameters that require tuning
to reach criticality. As we aim at approaching such IR fixed points in the limit of large tensors, we will
set up beta functions in the large N limit.

The general structure of the flow equation was first derived and benchmarked in the case of
matrix models in [40,41] and applied and further developed for rank-3 tensor models in [64,65].
Similarly, the FRG has been employed in the context of tensorial (group) field theories in [71,80–90].
See also [91,92] for related studies using the Polchinski equation.

In the following, we will review how to use Equation (8) for practical calculations and to search
for candidates for a universal continuum limit in quantum gravity.

3. Lightning Review of the Setup: Theory Space, Regulator and How to Calculate in Practice

3.1. Theory Space

The flow equation provides the scale-dependent change of coefficients of the dynamics, spanned
by the infinitely many terms compatible with the symmetries. For instance, starting with a quartic
interaction term in ΓN [T], Equation (8) takes the schematic form

∂tΓN [T] ∼
#

# + T2 , (9)

which admits a Taylor expansion with non-vanishing coefficients not only of the quartic but generically
also of all T2n, n ∈ N. The is the analogue of the well-known observation that Wilsonian coarse-graining
flow generates all quasi-local interactions that are compatible with the symmetries2. Even though
in the case at hand we are not dealing with a local coarse-graining flow, the analogous observation
holds and all interactions with positive powers of tensors that obey the symmetries, are generated.
Accordingly, to implement the flow equation in practice requires the following steps

(a) understanding which interactions are part of the (infinite-dimensional) theory space,

2 In the local case, the well-known non-locality of the full effective action Γk→0 is expected to arise through resummation
of quasi-local terms, i.e., terms with arbitrary high but positive powers of derivatives, see, e.g., [93]. If non-local terms,
i.e., terms with negative powers of derivatives and/or fields are included in theory space as independent basis elements,
predictivity is expected to break down, even at interacting fixed points, as these interaction terms have increasingly positive
canonical dimension. Although there is no notion of quasilocality in spacetime in the tensor-model interactions, terms with
negative powers of tensors are expected to suffer from the same problem. Moreover, terms with inverse powers of tensors
do not directly provide an interpretation in terms of building blocks of geometry in a dual picture. In fact, if a “quasi-local”
truncation of theory space is chosen, no interactions which cannot be written in a quasi-local form are generated by the flow
at finite scales. Accordingly, this restriction of the theory space is both well-motivated as well as self-consistent.
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(b) selecting a criterion according to which truncations of the theory space to a (finite-dimensional)
subspace can be chosen,

(c) truncating theory space to a subspace in which Equation (8) can be evaluated in practice,
(d) finding solutions of Equation (8) and checking whether they satisfy the criterion in (b).

Steps (c) and (d) are then iterated and only fixed-point solutions which reach stability under the
steps in the iteration procedure are kept.

The tensor models3 typically of interest for quantum gravity feature an independent symmetry
group for each index. position, e.g., a product of d copies of an O(N′) symmetry for the real rank-d
model. Accordingly, interactions cannot have an explicit index-dependence, and no tensors with open
indices can occur. All allowed interactions O(n) of n tensors can therefore be cast in the form

O(n) = Ta1b1...d1 ...Tanbn ...dnCa1...an ,b1...bn ,...,d1...dn , (10)

where d is the rank. The contraction pattern Ca1...an ,b1...bn ,...,d1...dn is a product of Kronecker deltas,
in which a’s can only be contracted with a’s, b’s with b’s and so forth. All possible permutations of
the labels 1 to n must be taken into account independently for each index set a, b, etc. Some of the
resulting O(n) will be combinatorially equivalent, in which case only one representative is taken into
account. In Table 1 we list combinatorially distinct structures up to sixth order in the tensors for the
real and complex rank-3 models.

Please note that the theory space includes multi-trace interactions. This name derives from the
rank-2, i.e., matrix-model case, where interactions take the form Tr Ta1b1 ...Tanbn · ... · Tr Ta1b1 ...Tambm .
In the case of higher rank, similarly combinatorially disconnected interactions are part of the theory
space. These are generated by the flow, even if they are not included in a truncation. There is no
symmetry principle (that we are aware of) that allows to set the corresponding couplings to zero.

Table 1. Graphical representation of all invariants allowed by O(N′)⊗3 (U(N′)⊗3) symmetry for a
rank-3 real (complex) tensor model up to sixth order in the tensors. For the real model, all tensors
are represented by black vertices while in the complex model, black and white vertices are used to
distinguish the tensor T and its complex conjugate T̄. In this case, the algebraic representation of the
invariants must be written as contractions of T-tensors with T̄-tensors and takes the analogous form to
the real expressions provided explicitly.

Number of Tensors Invariant Graphical Representation (Real Model) Graphical Representation (Complex Model)

2 TabcTabc bbb bbb bbb bbbb

4 Ta1a2a3 Tb1a2a3 Tb1b2b3 Ta1b2b3

bbb bbb

bbb bbb

bbb bbb

bbb bbb

b

b

4 Ta1a2a3 Ta1b2b3 Tb1a2b3 Tb1b2a3

bbb bbb

bbb bbb

b b

bb

−

4 Ta1a2a3 Ta1a2a3 Tb1b2b3 Tb1b2b3

bbb bbb

bbb bbb

bbb bbb

bbb bbb

b

b

6 Ta1a2a3 Tb1a2a3 Tb1b2b3 Tc1b2b3 Tc1c2c3 Ta1c2c3

bbbb
b bbbb b

bbbb b bbbb
b bbbb b

bbbb bb

b

b

6 Ta1a2a3 Ta1b2a3 Tb1b2b3 Tc1c2b3 Tc1c2c3 Tb1a2c3

bbbb
b bbbb

bbbb bbbb
b

b
b

b
b

b
b b

bbbb

bb

b

bbbbbb

bbbbb bbbbb

3 In this review, we call tensor models 0-dimensional theories of random tensors. The kinetic term is a product of Kronecker
deltas, i.e., there is no non-trivial kinetic operator which breaks the O(N′)⊗d (or U(N′)⊗d) symmetry.
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Table 1. Cont.

Number of Tensors Invariant Graphical Representation (Real Model) Graphical Representation (Complex Model)

6 Ta1a2a3 Ta1b2b3 Tb1b2a3 Tb1c2c3 Tc1c2c3 Tc1a2b3

bbbbb
bb b

b

b
b

−

6 Ta1a2a3 Tb1a2b3 Tb1c2c3 Tc1c2a3 Tc1b2b3 Ta1b2c3

bb

b b
b

b

b

b

b

bbbbb

bbbbb

bbbbb

6 Ta1a2a3 Tb1a2b3 Tb1b2c3 Tc1b2b3 Tc1c2a3 Ta1c2c3

b
bb

b b
b

−
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3.2. Regulator & Symmetry-Breaking

The key ingredient to set up the flow equation is the regulator, or “infrared” suppression term.
In this context, infrared means low values of indices. Accordingly, the regulator should satisfy the
two limits

(1) RN({ai})→ 0 for N/ ∑d
i=1 ai → 0,

(2) RN({ai}) > 0 for ∑d
i=1 ai/N < 1,

(3) RN({ai})→ ∞ for N → N′ → ∞.

The first condition ensures that “UV” modes are unsuppressed. It also ensures that no modes
are suppressed once the IR cutoff scale N is lowered to zero. The second condition enforces that “IR”
modes are suppressed. The third condition ensures that in the limit of infinite cutoff, the effective
action essentially reproduces the classical action. The three conditions can be achieved with different
so-called shape functions, i.e., different choices of RN({ai}). The arguably simplest choice is

RN({ai}) =
(

Nr

∑d
i=1 ap

i

− 1

)
θ

(
Nr

∑d
i=1 ap

i

− 1

)
, (11)

where r, p > 0. While there are optimization criteria for a similar shape function at lowest order in the
derivative expansion in the continuum [94], it has not yet been investigated what form an optimized
cutoff takes for tensor models.

As a generalization, one might consider the argument of the regulator to be Nr/(ar1 + br2 + cr3),
which should result in three combinations of the four parameters r, r1, r2, r3 to appear in the beta
functions. Demanding a discrete symmetry of the indices’ fixes r1 = r2 = r3 = p.

The introduction of the regulator term necessarily breaks the symmetry of the model, as the
O(N′)⊗ ...⊗O(N′) (or U(N′)⊗ ...⊗U(N′)) symmetry requires all index positions to be treated on an
equal footing. Setting up the RG flow is therefore incompatible with the unbroken symmetry, leading to
an enlargement of the theory space. Specifically, the invariants in Equation (10) are generalized
and include

O(n)
SB = f (a1, ..., dn)Ta1b1...d1 ...Tanbn ...dnCa1...an ,b1...bn ,...,d1...dn , (12)

with functions f (a1, ..., dn) encoding the explicit index-dependence. Yet there is an important difference
to a setting where the symmetry is broken from the outset, and which features the same theory
space. It lies in a modified Ward identity that accounts for the symmetry-breaking introduced by the
regulator. It selects a hypersurface in the larger theory space on which the full symmetry is recovered
at the IR endpoint of the flow. Although the regulator vanishes in this limit, this is not sufficient



Universe 2019, 5, 53 10 of 36

to restore the symmetry, since the regulator has introduced symmetry violations in the flow at all
finite scales. To compensate these, the initial condition for the flow, set in the UV needs to break
the symmetry in a specific way that is dictated by the Ward identity. Therefore, a fixed point of the
RG flow simultaneously needs to solve the modified Ward identity to lead to a symmetric IR limit.
This requirement cannot necessarily be imposed on truncations: While the exact flow equation and
Ward identity are compatible, the Ward identity in general requires other terms to be present in the
truncation than the flow equation provides.

In matrix models, a simple solution of the Ward identity was discovered [41]: As symmetry-breaking
is not introduced through tadpole diagrams (i.e., the leading-order contributions to the beta functions in an
expansion in couplings) in matrix models, the theory space is not enlarged in the tadpole approximation.
Beyond rank 2, such a simple solution is no longer possible, as even the tadpole approximation generates
symmetry-breaking terms.

3.3. Bootstrap Strategy for Consistent Truncations

To characterize a universality class, at least all non-irrelevant critical exponents must be calculated.
Accordingly, the set of all couplings which have a significant overlap with a relevant or marginal
direction must be included in a minimal truncation. A priori, this set is not determined at an interacting
fixed point. In practice, the following strategy is available: one starts with an assumption about a
systematic division of theory space into relevant and irrelevant directions. A reliable truncation should
at least include all couplings which are expected to be relevant as well as the leading irrelevant
ones. If the beta functions in this truncation feature a fixed point, the critical exponents at the fixed
point indicate whether the initial assumption about relevant couplings holds. If this is the case,
terms beyond the truncation are expected to most likely only provide subleading corrections to the
relevant critical exponents.

A particularly useful assumption is that of near-canonical scaling which allows one to use the
canonical dimension as a guiding principle. This assumption works very well for a large class of fixed
points and implies essentially that low orders in a vertex expansion are sufficient to obtain quantitative
estimates of the critical exponents. The underlying reason is that for these cases, the mechanism that
induces the fixed point is a balance between canonical scaling and leading-order quantum corrections.
This mechanism is at work as soon as one departs from the critical dimension of a particular interaction,
and generates a UV (IR) attractive fixed point if the coupling is asymptotically free (trivial) in its critical
dimension. Examples include Yang-Mills in d = 4 + ε, the Gross-Neveu model in d = 2 + ε for the
former and the Wilson-Fisher fixed point for the latter, see, e.g., [95–100].

For the search of a quantum gravity fixed point in the tensor-model theory space, the canonical
dimension could be a useful guiding principle. The motivation for this comes from the hope that the
universality class discovered for quantum gravity in the continuum where metric fluctuations are
summed over appears to be near-canonical. To match the corresponding spectrum of scaling exponents,
one would expect a near-canonical scaling also on the tensor-model side4. The continuum asymptotic
safety regime has been studied intensively and there is mounting evidence that the non-Gaussian fixed
point explored in that approach features near-canonical scaling, the largest anomalous scaling is about
2 while the difference of quantum to canonical scaling goes to zero for the couplings of

√
gRn with

n > 3, see, e.g., [101–104]. It is, therefore, a well-motivated starting point to assume that no operator
with, e.g., canonical dimension −4 (or slightly more negative) can have significant overlap with a

4 Please note that if the continuum limit in tensor models can be taken and provides a well-defined continuum space(time),
this is equivalent to a version of quantum gravity being asymptotically safe. We stress that asymptotic safety is a general
scenario for path integrals. As such it is not tied to one particular choice of configuration space and might even be realized
in several distinct configuration spaces. Therefore, the continuum path integral corresponding to tensor models might well
be one that includes a summation over (a subset of) topologies and is therefore not the same asymptotically safe gravity
model that appears to exist according to continuum studies summing over metric fluctuations only.
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relevant direction at the quantum-gravity fixed point in tensor models. This leads to a truncation
ansatz in which one includes all operators up to this scaling. One can then search for a fixed point with
quantum-gravity characteristics and check explicitly whether the near-canonical scaling assumption
is justified.

Having found such a semi-perturbative fixed point in a truncation, one needs to check whether
this fixed point is a truncation artifact, i.e., that the RG flow at that point simply is parallel to the
projection onto the truncation. One can obtain hints about this by (1) varying the regulator and the way
in which one projects onto the truncation ansatz and (2) enlarging the truncation. If a fixed point is
stable under variations of the regulator and projection rule and if it appears with the same features in
larger truncations, then it is unlikely that the fixed point is a truncation artifact. A larger truncation also
allows one to re-check the assumption of near-canonical scaling. Ideally one finds that the deviation
from canonical scaling decreases for the new operators which suggest that canonical scaling becomes
a better and better assumption for the operators not included in the truncation. A similar strategy
was successfully applied to the semi-perturbative UV-attractor of the Grosse-Wulkenhaar model [105],
where it was indeed possible to bound the deviation from canonical scaling. Deriving such a bound
for tensor models would complete the bootstrap approach.

3.4. In Practice: The PF Expansion

The FRG Equation (8) is an equation for the effective action functional, which involves inverting
a field-dependent operator and taking the regulated trace over the eigenvalues of the field- and
index-dependent two-point function A very useful strategy to perform these two operations is the
PF -expansion, which is a Taylor expansion of the RHS of the flow equation in the tensor Tabc around
the vanishing field configuration Tabc ≡ 0. To obtain the expansion, we rewrite the regularized inverse
two-point function that enters the flow Equation (8) as

Γ(2)
N,abcde f [T] + RN,abcde f = Γ(2)

N,abcde f [T = 0] + RN,abcde f︸ ︷︷ ︸
P

+ Γ(2)
N,abcde f [T]− Γ(2)

N,abcde f [T = 0]︸ ︷︷ ︸
F

, (13)

where we use a shorthand notation Γ(2)
N,abcde f = δ2ΓN/δTabcδTde f . Thence, the flow Equation (8) is

expressed as

∂tΓN = 1
2 Tr

[
(P +F )−1 ∂tRN

]
= 1

2 Tr
[
(∂tRN)P−1]+ 1

2 ∑∞
n=1 Tr

[
(−1)n (∂tRN)P−1 (P−1F

)n
]

, (14)

where we suppressed the tensor indices for simplicity and expanded the inverse two-point function as
a geometric series. This way of writing the RHS of the flow equation is very useful when one considers
finite polynomial truncations in Tabc, because in this case one can truncate the sum at finite order.
All further terms of the sum would possess more tensors than the monomials in the truncation.

4. Large N Scaling Dimensions

In settings with a background, where the RG flow corresponds to a local coarse graining, one RG
step is literally a scale transformation. Accordingly, the canonical scaling dimensions of couplings
are their mass dimensions. These can be determined prior to studying the actual RG flow. In the
background-independent setting, there is no notion of locality or spacetime and accordingly all
couplings are dimensionless in terms of units of length or mass, and no notion of mass dimension
exists. Yet, mass dimension is not the notion of dimensionality that is relevant to a pregeometric
RG flow anyway. Instead, it is a consistent scaling with N that is central here. This scaling is not
determined a priori. Nevertheless, one can determine it in two steps:
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1. Since the purpose of the FRG setup is the investigation of the large N-behavior of the tensor
model, we need to scale the coupling constants in such a way that the beta functions admit a 1/N
expansion. This gives a stack of coupled inequalities, which exclude most scaling prescriptions.
Imposing the additional requirement that no interactions should be artificially decoupled from
the system uniquely fixes all but one scaling dimensions.

2. A further condition comes from the geometric interpretation of tensor models. Specifically, the
interpretation in terms of the Regge action of the triangulation that is associated with each
tensor-model Feynman graph is only possible for a particular scaling of the associated coupling
constant with N.

We will now present these two steps in more detail and determine the scaling dimension for the
tensor models of quantum gravity.

For the first step, let us briefly return to the background dependent continuum setting. There,
the flow equation automatically provides a scaling dimension. It arises by demanding that the beta
functions form an autonomous system, such that after an appropriate rescaling of the couplings,
the explicit dependence on the scale drops out. As a specific example, consider the beta function for
the Newton coupling Ḡ, which reads

βḠ = #kd−2Ḡ2, (15)

to leading-order in Ḡ with # < 0, [1,106–110]. Demanding independence from k provides the scaling
dimension and agrees with the mass dimensionality. The dimensionless coupling takes the form

G = Ḡkd−2. (16)

Without knowing anything about mass dimensionality, one can thus alternatively fix the canonical
scaling dimensions of couplings by demanding that the beta functions form an autonomous system at
large N. This strategy is applicable to the pregeometric setting. For instance, the coupling ḡ2,1

4,1 of the
interaction TabcTadeTf deTf bc in a real rank 3 model has the beta function

β ḡ2,1
4,1

= #N
2r
p
(

ḡ2,1
4,1

)2
+O(N0), (17)

resulting in

g2,1
4,1 = N

2r
p ḡ2,1

4,1. (18)

Please note that fixing the scaling dimensions in this way is possible in the large N limit, but
not at finite N. This is a consequence of the fact that at any given order in the couplings, different
orders in N appear. As we explicitly use the large N-limit, this only results in an upper bound on the
scaling dimensions. Choosing scaling dimensions below this upper bound also results in autonomous
beta functions in the large N limit5. Yet, for this choice the corresponding interactions decouple from
the beta functions. The “most interacting” system, where no interactions are suppressed artificially,
is achieved when the scaling dimensions are chosen as the upper bounds.

As is evident from Equation (18), the thus-determined scaling dimensions depend on the
parameters r and p in Equation (11). Insight into the physics allows to fix the ratio r/p. For instance,
for the geometric interpretation of tensor models, the interpretation of the dual picture in terms of
dynamical triangulations results in a relation of the couplings of the tensor model and the scale N to
the couplings of the Regge action. This relation only works for a specific choice of canonical scaling
for the leading coupling (i.e., one of the quartic couplings). In turn, this scaling dimension fixes

5 For some couplings, however, the set of inequalities to be fulfilled for a well-defined large-N limit also provide lower
bounds. A consistent assignment of scaling dimension for a coupling therefore generically requires the inspection of several
beta functions which depend on this coupling.
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r/p. It turns out that this is r/p = 1 for a rank d tensor model, if d is the dimension entering the
corresponding Regge action in the continuum picture. Yet, for those fixed points in the tensor model
that show dimensional reduction to a matrix model6, r/p < 1 is the correct choice.

As a specific example for how the geometric interpretation fixes r/p, consider the possibly
simplest quantum-gravity tensor model, the so-called rank 3 colored complex model [43] defined
through the action

S(T, T̄) =
3

∑
i=0

Ti
abcT̄i

abc + N−3/2
(

λ T0
abcT1

adeT2
f beT3

f dc + c.c.
)

. (19)

The Feynman diagram expansion of this model yields the amplitude

A(γ) = NN1−3/2N3 (λλ̄)N3/2, (20)

where N3 denotes the number of 3-cells7 in the triangulation ∆(γ) associated with the colored
Feynman graph γ and where N1 denotes the number of 1-cells. Comparing this with the Regge action
SR[∆] = κ3N3 − κ1N1 of a triangulation ∆ allows us to identify the coupling constants as κ1 = ln(N)

and κ3 = 3
2 ln(N)− 1

2 ln(λλ̄). The uncolored models that we investigate with the FRG are obtained
by integrating out all but the last color. The scaling N−3/2 of the coupling constant λ then implies
the scaling N−2 for the cyclic-melonic interactions, i.e., TabcTadeTf deTf bc and its color permutations.
In other words the geometric compatibility condition fixes r/p = 1.

5. Benchmarking the FRG in Matrix Models

In two-dimensional quantum gravity, the relevant critical exponent of the double-scaling limit
is known. In this limit, the continuum limit in dynamical triangulations can be taken in such a way
that all topologies contribute. For reviews and introductions, see, e.g., [21,111–114]. The matrix model
that is dual to dynamical triangulations can be chosen to be Hermitian N × N matrices ϕ, with the
generating functional given by

Z =
∫
Dϕ eN(− 1

2 Trϕ2+
g4
4 Trϕ4). (21)

The double-scaling limit requires taking N → ∞, while holding

(g4 − g4 crit)
5
4 N = const, (22)

where g4 crit is the critical value of the coupling. This can be rewritten in the form

g4(N) = g4 crit + c N−
4
5 . (23)

This is structurally similar to the leading-order scaling of couplings in the vicinity of a fixed point
of the RG flow. Accordingly, one is led to identify

θ =
4
5

, (24)

as a relevant critical exponent. This similarity prompted the authors of [39] to set up a pregeometric
RG flow in matrix size N. In that paper as well as the follow-up works [115–120], the coarse graining

6 See Sections 6 and 7.
7 An n-cell of a triangulation is an n-dimensional simplex that appears as an elementary building block of the triangulation of

a d-dimensional pseudo-manifold. For instance, a 3-cell is a tetrahedron, a 2-cell a triangle, which appears in the boundary
of a tetrahedron, a 1-cell an edge, which appears in the boundary of a triangle, and so on.
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was implemented explicitly by integrating out the outermost rows and columns of the matrices in a
Gaussian approximation.

In [40], the flow Equation (8) in the pregeometric setting was first derived. Applying it to
truncations of a single-trace form, ΓN = ∑i=2 g2iTrφ2i, yielded a critical exponent that approaches
θ = 1 from above. Extending the truncation to multi-trace operators does not improve the estimate,
but instead makes it worse. The critical exponent θ = 0.8 for gravity is first reproduced at the first
multicritical point [41], which corresponds to gravity coupled to conformal matter [121].

Instead of reviewing these results in greater detail, here we explore an alternative prescription to
calculate the critical exponents that leads to a significant improvement in the estimate. This prescription
was already explored in [64] for tensor models, and has been put forward for continuum QFTs in [122].
It consists in keeping the anomalous dimension η = −N∂N lnZN constant while calculating the
stability matrix, i.e.,

θ̃I = −eig

(∂βgi

∂gj

)
η

 ∣∣∣
~g=~g∗

. (25)

The notation ()η indicates that the derivative is taken at fixed η. The alternative, more standard
prescription differs by including derivatives of η and will be denoted by θI to clearly differentiate
between the two. As a specific example, consider the case where a coupling gi already corresponds to
an eigendirection at a fixed point. No off-diagonal elements of the stability matrix contribute to its
critical exponent, such that

θ̃ = −

(∂βgi

∂gj

)
η

 ∣∣∣
~g=~g∗

, (26)

θ = −
(

∂βgi

∂gi

) ∣∣∣
~g=~g∗

= θ̃ +

(
∂βgi

∂η

∂η

∂gi

) ∣∣∣
~g=~g∗

. (27)

In [122] it was observed that a scaling relation for critical exponents in the O(N)⊕O(M) model,
which is known to hold for the epsilon-expansion [98,123,124], is only satisfied for the FRG in
truncations of the full flow to the local potential approximation plus anomalous dimension for the
prescription in Equation (25). The more standard prescription leads to small violations of the scaling
relation in those truncations.

Here, we show that the θ̃-prescription gives improved results for the critical exponent of the
double-scaling limit, resulting in only 14% deviation already in a calculationally very straightforward
truncation, cf. Figure 4.

4 6 8 10 12 14
0.0

0.2

0.4

0.6

0.8

n

θ˜

Figure 4. The relevant critical exponent in the matrix model according to the prescription Equation (25)
as a function of truncation order in a truncation of the form ΓN = ∑n

i=1 g2i Trφ2i.
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The results for the critical exponent as a function of truncation order in Figure 4 appear to be fit
well by a function of the form

θ̃(n) = a− b e−c n, (28)

with fit parameters a = 0.91, b = 1.54 and c = 0.29. An extrapolation to n→ ∞, which is the complete
single-trace subsector of theory space, yields θ̃(n→ ∞) = 0.91, which is only a 14 % deviation from the
exact result θ = 0.8. Whether this is accidental, or whether there is a deeper reason the θ̃ prescription
works better for matrix and potentially also tensor models, remains to be explored in the future.

One source of systematic errors for the critical exponent is the breaking of the U(N) symmetry of
the matrix model through the regulator [41]. This can be seen by the fact that the U(N)-Ward identity
obtains a non-vanishing RHS through the introduction of the regulator:

GεΓN = ε Tr

(
[A, RN ]

Γ(2)
N + RN

)
, (29)

where A is the generating matrix of an infinitesimal unitary transformation, which generates the
transformation Gε. By generating we mean that a unitary transformation U = exp(i ε A) transforms
the matrix φ as φ 7→ U†.φ.U = φ + i ε [A, φ] + O(ε2). This implies that the RG flow generates
symmetry-breaking operators even if the initial condition is a U(N) symmetric action. In particular,
the relevant directions will acquire contamination by these symmetry-breaking operators. Hence,
when investigating the large N-limit with the FRG, one must include these symmetry-breaking
operators to find accurate critical exponents.

Including the symmetry-breaking operators into a truncation and distinguishing them from
the symmetric operators by a projection on the truncation is a technically rather challenging task.
Fortunately, there is a self-consistent work-around in the case of matrix models that gives surprisingly
stable results [41]: It is based on the observation that tadpole diagrams of U(N)-symmetric operators
do not generate symmetry-breaking operators for the rank-2-case. In other words, the tadpole
approximation to the broken U(N)-Ward identity is solved by a symmetric effective average action.
Using the tadpole approximation in a single-trace truncation allows one to find the infinite series
of so-called multicritical points. The m-th multicritical point is a fixed point with m non-vanishing
couplings at the fixed point whose fixed-point values occur with alternating sings and whose critical
exponents are θ

(m)
n = n

m . We see that the largest critical exponent (the pure-gravity exponent) is still

θ
(m)
m = 1 in the single-trace truncation. However, including multi-trace operators in the truncation

yields improved results for the largest critical exponents θ
(m)
m = 0.80...0.82 at the m = 2, 3, 4, ...

multicritical fixed points. For this leading critical exponent, one therefore obtains an estimate that
deviates from the exact value by only 3%, which is a rather high precision. The subleading relevant
critical exponents at the multicritical points are not reproduced with comparable precision in this
truncation. Nevertheless, we interpret the precision of the leading relevant exponent as a signature that
the FRG can successfully pass the benchmark test posed by rank 2 models. Only at the double-scaling
limit, i.e., the m = 1 fixed point, one obtains θ

(1)
1 = 1. This relatively large discrepancy of the critical

exponents from 0.8 can be explained by the fact that the tadpole approximation does only capture
effects from the tree-level truncation, which contains only one coupling. Given such a small truncation,
it is actually remarkable to obtain the values of the critical exponent with 25% accuracy.

As a consequence of universality, specific fixed points in tensor models can also reproduce
the matrix-model results. This is due to the fact that the shape of the building blocks is not
relevant for the continuum limit. Therefore even higher-dimensional building blocks can reproduce a
lower-dimensional continuum limit, at a point in theory space where the effective dynamics “flattens”
these building blocks in an appropriate way. To recover the lower-dimensional scaling, the canonical
scaling dimensions of the model must be adjusted by choosing r/p < 1 in Equation (11). In that choice,
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and for the prescription Equation (25), the matrix-model exponent is approximately recovered from
the fixed points in tensor models, see Sections 6 and 7.

6. Charting Three Dimensions from a Tensor-Model Point of View

An important motivation for RG studies of the large-N- behavior of tensor models is the search
for a continuum limit that can be associated with quantum gravity. The first step in the systematic
program that can lead to the confirmation or refutation of the conjecture that there might exists a
continuum limit in tensor models which corresponds to quantum gravity, is a systematic investigation
of theory spaces. Varying the number of tensor fields, the rank of the tensors and symmetry-structures
provides several different theory spaces which one can then investigate with the FRG. The first step
in the FRG investigation of a theory space consists of finding tentative candidates for universal fixed
points. This provides insight into which interaction structures could be of particular importance for a
continuum limit. Below, we discuss the status of this systematic program in more detail for rank-3
tensor models.

In summary, by investigating a complex uncolored model, i.e., a model with U(N′)⊗U(N′)⊗
U(N′) symmetry, and a real uncolored model, i.e., a symmetry group of the form O(N′)⊗O(N′)⊗
O(N′), we discover that certain classes of fixed points are shared. In particular, we find fixed
points that exhibit a form of dimensional reduction and evidence that these fixed points are not
truncation artifacts. Crucially, the real model features a new, tetrahedral interaction, cf. the third
entry in Table 1, introduced by Carrozza and Tanasa [62], and later taken up in [47] for an SYK-type
model. This interaction appears to be key for the generation of a fixed point which does not appear to
feature dimensional reduction and therefore constitutes a tentative candidate for a continuum limit
for three-dimensional quantum gravity. We stress that of course it requires much more than just the
discovery of the fixed point to establish its relevance for three-dimensional quantum gravity; finding a
fixed point without dimensional reduction is a necessary but not sufficient step in linking tensor
models to a well-behaved phase of quantum gravity.

6.1. Dimensional Reduction in Tensor Models

The absence of a background geometry permits that tensor models exhibit phenomena that
do not appear in local quantum fields theories. The first of these is the dynamical generation of
multi-trace operators, which correspond to tensor-model vertices with a geometric interpretation as
boundaries formed by disconnected pieces of geometry (such as, e.g., the two circles in the boundary
of a cylinder). These multi-trace operators are however generated by connected Feynman diagrams.
For instance, a matrix-connected matrix-model Feynman diagram may be dual to the triangulation
of a cylinder connecting the two circles in the boundary. The corresponding interactions are thus
generically generated by the flow, and are part of the quantum effective action. In particular, one finds
disconnected tensor invariants with 2n tensors of the form (TabcTabc)

n, which possess an enhanced
O(N′3)-symmetry, reducing the tensor model to a vector model and producing non-Gaussian fixed
points, which do not represent extended three-dimensional geometries.

In [65] we identified a mechanism that can be realized at suitable fixed points and prevents the
production of multi-trace operators. It is based on the observation that the generation of (TabcTabc)

2

from connected vertices requires two cyclic 4-melons with distinct preferred colors to be nonzero.
Thus, the fixed points in the theory space with the enhanced O(N′)⊗O(N′2) symmetry exhibited
by the cyclic melons with one preferred color do not possess non-vanishing multi-trace operators.
However, this theory space exhibits dimensional reduction. Dynamical dimensional reduction at high
energies is an intriguing phenomenon in several models of quantum gravity, see, e.g., [125], that are
four-dimensional at large scales. In tensor models, dimensional reduction differs in that it appears to be
realized at certain classes of fixed points in rank-3 and rank-4 models, such that the continuum limit is
not a candidate for three- or four-dimensional quantum gravity. (Although not yet explored explicitly,
the same result should be true in any rank d > 2.) Specifically, an enhancement of the U(N′)⊗ ...⊗
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U(N′) (or O(N′)⊗ ...⊗O(N′)) symmetry to an U(N′2)⊗ ...⊗U(N′) (O(N′2)⊗ ...⊗O(N′)) symmetry
goes hand in hand with an effective “fusion” of two indices into one “super-index", such that the
model effectively reduces to a matrix model. This occurs at fixed points at which only cyclic melons
(single-trace, multi-trace or both) of one preferred color are present. Because of the enhanced symmetry,
it is always consistent to set all other interactions to zero, as one can also check by inspecting the beta
functions. To fully establish the dimensional reduction, the critical exponents of the matrix model
should also be reproduced. Here, the freedom in choosing r and p in Equation (11) becomes crucial:
A matrix model features different canonical dimensions than a tensor model, essentially due to the
reduced rank. The canonical dimensions are functions of r/p. To probe the matrix-model limit of
rank-3 tensor models, one should choose r/p = 1/2 to obtain the canonical dimensions appropriate for
a matrix model. With this choice for the scaling of the regulator, and for the prescription Equation (25),
the matrix-model exponent is approximately recovered from the fixed points in tensor models.

In particular, the fixed points reported in Tables 2–4 feature dimension reduction. They were
obtained for the rank-3 real model. For those which appear both in the complex and in the real model,
both sets of values are shown. The tables display fixed points as well as critical exponents values
obtained in the hexic truncation of the rank-3 real model. In this truncation, all O(N′)⊗O(N′)⊗O(N′)
symmetric interactions are included in the effective average action. The resulting truncation has 21
couplings. Further details can be found in [64,65].

Table 2. This fixed point only features cyclic-melonic couplings and has one relevant direction.
It features dimensional reduction to a matrix model. For the complex model, the first four critical
exponents are θ1 = 2.14, θ2 = −0.59, θ3,4 = −1.26. The slight numerical difference to the real case is
due to a different choice of projection scheme. The second critical exponent of the real model misses
from the universality class obtained from the complex model and is to be attributed to the additional
presence of the interaction associated with g0

4,1. Choosing r/p = 1/2 leads to θ = 1.09 for the leading
critical exponent. Using the prescription described in Section 5 the value is θ̃ = 0.63.

g0
4,1

∗ g2,1
4,1

∗
g2,2

4,1
∗

g2,3
4,1

∗
g2

4,2
∗ g0,np

6,1
∗

g0,p
6,1

∗
g1,i

6,1
∗

g2,i
6,1

∗
g3,1

6,1
∗

g3,2
6,1

∗
g3,3

6,1
∗

g1
6,2

∗ g3,i
6,2

∗
g3

6,3
∗

0 −0.28 0 0 0 0 0 0 0 −0.15 0 0 0 0 0

θ1 θ2 θ3 θ4,5 θ6 θ7,8 θ9 θ10 θ11,12 θ13,14 θ15,16,17 θ18 θ19 θ20,21 η

2.19 -0.03 −0.69 −1.19 −1.68 −1.78 −2.08 −2.15 −2.18 −2.28 −2.78 −2.94 −2.98 −3.18 −0.41

Table 3. Only bubble-multi-trace interactions are present in this fixed point, i.e., interactions of the
form (TabcTabc)

n. It has one relevant direction and features dimensional reduction to a vector model.
For the complex case, the first four critical exponents read θ1 = 3.33, θ2,3,4 = −0.83. These were not
provided in [64], but can easily be extracted from the beta functions reported in that work.

g0
4,1

∗ g2,i
4,1

∗
g2

4,2
∗ g0,np

6,1
∗

g0,p
6,1

∗
g1,i

6,1
∗

g2,i
6,1

∗
g3,i

6,1
∗

g3,i
6,2

∗
g1

6,2
∗ g3

6,3
∗

0 0 −1.05 0 0 0 0 0 0 0 −2.27

θ1 θ2 θ3,4,5 θ6,7 θ8,9,10 θ11 θ12,13,14,15,16,17 θ18,19,20 θ21 η

3.32 −0.33 −0.83 −1.24 −1.74 −1.82 −2.24 −2.32 −3.28 −0.59

The multi-trace operators (TabcTabc)
n are invariant under the enhanced O(N′2)⊗O(N′) symmetry.

Thus, one expects that there exist fixed points at which cyclic melons and multi-trace operators take
non-vanishing fixed-point values. This turns out to be true and, indeed in the quartic and hexic
truncations, one finds a non-Gaussian fixed point with O(N′2)⊗O(N′) symmetry and non-vanishing
fixed-point values for the cyclic melons and multi-trace operators. This fixed point appears to possess
two relevant directions, see Table 4, whereas the purely cyclic-melonic non-Gaussian fixed point only
features one positive critical exponent in this truncation see Table 2. It should be stressed that the
deviation of θ2 from zero at the fixed point in Table 4 is smaller than the presumed systematic error of
the truncation.
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Table 4. This fixed point has non-vanishing melonic as well as multi-trace interactions. It features
two relevant directions, the second of which has a very small critical exponent. The systematic error
of the truncation is expected to be significantly larger than the deviation of θ2 from zero. The fixed
point exhibits dimensional reduction to a matrix model. For the complex case, the first four critical
exponents read θ1 = 2.56, θ2 = 0.44, θ3,4 = −0.97. The difference is to be attributed to a difference in
projection scheme. Additionally, the real model features an extra critical exponent θ3 = −0.66 due to
the presence of the additional interaction g0

4,1.

g0
4,1

∗ g2,1
4,1

∗
g2,(2,3)

4,1
∗

g2
4,2

∗ g0,np
6,1

∗
g0,p

6,1
∗

g1,i
6,1

∗
g2,i

6,1
∗

g3,1
6,1

∗
g3,(2,3)

6,1
∗

g3,1
6,2

∗
g3,(2,3)

6,2
∗

g1
6,2

∗ g3
6,3

∗

0 −0.27 0 −0.05 0 0 0 0 −0.13 0 −0.05 0 0 −0.01

θ1 θ2 θ3 θ4,5 θ6 θ7,8 θ9 θ10 θ11,12 θ13,14 θ15 θ16,17,18 θ19 θ20,21 η

2.23 0.03 −0.66 −1.16 −1.66 −1.74 −2.04 −2.12 −2.16 −2.24 −2.73 −2.74 −3.10 −3.12 −0.42

As we have introduced the colors it is consistent to switch off the multi-trace interactions for the
matrix-model limit. In matrix-model RG flows this has not been possible, as multi-trace interactions in
matrix models are automatically generated from single-trace ones. Physically, this might suggest that
configurations with disconnected boundaries do not have a significant impact on the path integral in
two dimensions, as it appears to be possible to reach the same continuum limit both with and without
the presence of multi-trace interactions.

Please note that due to the symmetry-breaking induced by the regulator, even at the single-trace
cyclic-melonic fixed point, interactions with non-trivial index-dependence outside this theory space
are generated and could take finite values at the fixed point. The fixed-point values of these operators
are constrained by the modified O(N′)⊗3-Ward identity, where the only symmetry-breaking term is
due to the regulator. This regulator term vanishes in the IR limit, which implies that the O(N′)⊗3-Ward
identity turns into the constraint that all these index-dependent interactions vanish.

The analogous argument applies to all other fixed points: These fixed points will exhibit
non-vanishing couplings for index-dependent vertices, but their values are constrained by the modified
Ward identity. In the IR, it turns into the constraint that all couplings associated with index-dependent
operators vanish. To reach this point, the initial condition for the RG flow must be chosen with an
appropriate “amount” of symmetry-breaking operators, such that during the flow, the symmetry-breaking
effect of the regulator compensates with that coming from the initial condition.

6.2. Candidates with Potential Relevance for Three-Dimensional Quantum Gravity

The fixed points with enhanced O(N′2) ⊗ O(N′) and O(N′3) symmetries appear to exhibit
dimensional reduction. This might possibly be compatible with dynamical dimensional reduction
in the physical UV limit, i.e., after the continuum limit has already been taken if these fixed points
would possess a relevant direction that “inflates” additional dimensions in the IR. However, we
consider this possibility unlikely, and consider it more likely that the continuum limit leads to the
same topological dimension as the IR limit of the corresponding spacetime exhibits. Please note that
the dimensional reduction in the spectral dimension observed in many quantum-gravity approaches is
different, and does not imply that there is a reduction in the topological dimension.

A different possibility to search for quantum gravity candidate fixed points is to search for fixed
points that do not possess such an enhanced symmetry. In [65] we found two possible candidates.
These fixed points are isocolored, i.e., they exhibit a global symmetry under color permutation.
Note that such a symmetry is not linked to dimensional reduction. In fact, the presence of cyclic-melonic
interactions with all three different preferred colors is exactly what prevents the merging of two indices
to one “super-index” linked to O(N′2)⊗O(N′) symmetry. Another hint about the “geometricity” of a
fixed point might be the presence of the tetrahedral interaction TabcTadeTf dcTf be. An isocolored fixed
point at which this tetrahedral interaction takes a non-vanishing fixed-point value may describe the
continuum limit of a geometric model. We stress that this is not sufficient for such a fixed point to be
associated with quantum gravity. The identification as a quantum-gravity candidate can only be made
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when order parameters indicate a geometric interpretation. The fixed point possesses the positive
critical exponents

θ± = 1.35± 1.56i ... 1.95± 0.69i, θ3 = 0.38 ... 0.13. (30)

in the full hexic truncation, where the range comes from several different schemes regarding the
treatment of the anomalous dimension. We stress that it should not be taken as a complete estimate
of the systematic truncation error. The leading critical exponents are roughly compatible with the
critical exponents found for the Einstein-Hilbert truncation in three dimensions [126] with θ1 ≈ 2.5
and θ2 ≈ 0.8 which are also expected to come with significant systematic errors. We caution that this
comparison is subject to systematic errors on both sides. In fact, in three-dimensional continuum
gravity, fixed-point searches have only been conducted in the Einstein-Hilbert truncation, not including
higher-derivative operators. Therefore, it is not yet established whether there are indeed only two
relevant directions, although the fact that four-derivative curvature invariants are canonically irrelevant
could support such a conjecture. Accordingly, the comparison of critical exponents we perform here
is to be understood as a proposal for a comparison that will become more meaningful in the future,
when systematic errors are significantly reduced on both sides. Here, we only note that within
the significant systematic errors that we expect these results to have, the critical exponents of the
continuum and the tensor-model setting do not appear to be incompatible.

A second isocolored melonic fixed point with vanishing fixed-point value for the tetrahedral
interaction was also found and discussed in the appendix of [65], but with slightly complex values
for the coupling constants. The imaginary parts of the fixed-point values of the couplings exhibit a
scheme-dependence that is consistent with vanishing imaginary parts of the couplings, which would
make the fixed-point action real and thus physically admissible.

7. First Steps Towards Background-Independent Four-Dimensional Quantum Gravity

In this subsection, we discuss the first results obtained for rank-4 tensor models using the FRG.
The purpose of our presentation is illustrative and for this reason, we restrict the analysis to a simple
truncation for the effective average action. An extensive analysis employing more sophisticated
truncations will be presented elsewhere.

Studying rank-4 tensor models, whose Feynman diagrams can be identified with four-dimensional
triangulations, is certainly of great importance from a quantum-gravity perspective. If a suitable
continuum limit can be found, they could be candidates for a description of the microscopic structure
of four-dimensional quantum spacetime. While results in tensor models point towards the existence of
a branched-polymer phase [127], Monte Carlo simulations indicate that causal dynamical triangulations
could also give rise to extended four-dimensional geometries [11,128]. The case of Euclidean dynamical
triangulations is under renewed investigation [12]. The FRG is a suitable tool to complement such
simulations and discover candidates for a universal continuum limit beyond branched polymers.

We consider a complex rank-4 tensor model, i.e., we work with a random tensor Tabcd and its
complex conjugate T̄abcd of size N′. We focus on a model respecting the following symmetry

Ta1a2a3a4 → T′a1a2a3a4
= U(1)

a1b1
U(2)

a2b2
U(3)

a3b3
U(4)

a4b4
Tb1b2b3b4 ,

T̄a1a2a3a4 → T̄′a1a2a3a4
= Ū(1)

a1b1
Ū(2)

a2b2
Ū(3)

a3b3
Ū(4)

a4b4
T̄b1b2b3b4 , (31)

where repeated indices are summed over. The matrices U(i)
ab are unitary and therefore the model has

a U(N′)⊗4 symmetry. Equation (31) shows that each index of the tensor transforms independently.
Hence, U(N′)⊗4 invariance requires that the only allowed index contraction is a first index of T with a
first index of T̄, a second index of T with a second index of T̄ and so on. Consequently, an interaction
term which contains 2p tensors in total necessarily has p tensors T and p tensors T̄. Invariance under
Equation (31) also ensures that the indices of the tensors do not have any permutation symmetry.
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A continuum limit in tensor models might fall into the universality class corresponding to
the Reuter fixed point [3] (see [5,129] for recent reviews). Accordingly we bootstrap our truncation
assuming a near-canonical scaling spectrum, and choose

ΓN = ΓN,2 + ΓN,4 , (32)

with
ΓN,2 = ZN T̄a1a2a3a4 Ta1a2a3a4 , (33)

and

ΓN,4 = ḡ2,1
4,1 T̄a1a2a3a4 Tb1a2a3a4 T̄b1b2b3b4 Ta1b2b3b4 + ḡ2,2

4,1 T̄a1a2a3a4 Ta1b2a3a4 T̄b1b2b3b4 Tb1a2b3b4

+ ḡ2,3
4,1 T̄a1a2a3a4 Ta1a2b3a4 T̄b1b2b3b4 Tb1b2a3b4 + ḡ2,4

4,1 T̄a1a2a3a4 Ta1a2a3b4 T̄b1b2b3b4 Tb1b2b3a4

+ ḡ(1,2)
4,1 T̄a1a2a3a4 Tb1b2a3a4 T̄b1b2b3b4 Ta1a2b3b4 + ḡ(1,3)

4,1 T̄a1a2a3a4 Tb1a2b3a4 T̄b1b2b3b4 Ta1b2a3b4

+ ḡ(1,4)
4,1 T̄a1a2a3a4 Tb1a2a3b4 T̄b1b2b3b4 Ta1b2b3a4 + ḡ2

4,2 T̄a1a2a3a4 Ta1a2a3a4 T̄b1b2b3b4 Tb1b2b3b4 .

(34)

In Equation (33), ZN denotes the wave-function renormalization. The interactions in Equation (34)
can be represented by 4-colored graphs: For each tensor T (T̄) we associate a white (black) vertex and a
colored edge for an index. Different colors are used to indicate different index positions on the tensors.
An index contraction is represented by linking a black and a white vertex by the corresponding edge.
The corresponding diagrammatic representation of Equation (32) is shown in Figure 5. The notation for
the couplings of different interactions encode the corresponding diagrammatics, i.e., the combinatorial
structures of the interaction: The first subindex denotes the number of tensors T and T̄, while the second
one counts the number of connected components. The superindices differ for different combinatorial
structures. For cyclic melons, which consist of contractions of neighboring tensors by either three lines
or one line in alternating fashion, the superindices are not bracketed. The two superindices stand for
the number of “submelons” and the preferred color i which is the color of the single line connecting
neighboring tensors. Since this is a rank-4 model, there are four different melonic invariants, each one
selecting one distinct preferred color. A symmetry-reduced theory space, the isocolored theory space
is defined by a single coupling being assigned to all cyclic melons since those interactions have the
same combinatorial structure and just differ by the preferred color.

A distinct combinatorial structure is indicated by bracketed superindices: The couplings ḡ(1,i)
4,1

are associated with the necklaces diagrams. These interactions are such that a given white vertex is
connected to a black vertex by exactly two edges. There are three such interactions due to three possible
pairings of four indices into two groups of two. Each white vertex is connected to one of its neighbors
by the colors (1, i) in the super-index, and by the remaining two colors to its other neighbor.

Finally, the “double-trace” interaction is parameterized by the coupling ḡ2
4,2: in the subindices,

the number of connected components is two. The super-index represents the number of melons.
At higher orders in the truncation, where the first subindex is larger than four, additional superindices
must be introduced to distinguish all different combinatorial structures at fixed order in tensors and
connected components.
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2,3
4,1 ḡ
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Figure 5. Diagrammatic representation of the invariants present in our truncation

We aim at deriving the beta functions for the dimensionless couplings gI , where

ḡI ≡ Z2
N N[ḡI ]gI , (35)

with [ḡI ] being the canonical dimension of the coupling ḡI . We will now determine the canonical
dimensions, cf. Section 4. For the application of the flow equation one must choose a regulator
function which acts as an “infrared” suppression term, cutting off modes with indices satisfying
ap + bp + cp + dp < Nr, where r, p > 0. Our regulator choice generalizes that in [65]

R(r,p)
N ({ai} , {bi}) = ZN δa1b1 δa2b2 δa3b3 δa4b4

(
Nr

∑4
i=1 ap

i

− 1

)
θ

(
Nr

∑4
j=1 ap

j

− 1

)
. (36)

Its scale-derivative ∂t ≡ N∂N is

∂tR
(r,p)
N ({ai} , {bi}) = δa1b1 δa2b2 δa3b3 δa4b4

[
Nr ∂tZN + ZN

∑4
i=1 ap

i

− ∂tZN

]
θ

(
Nr

∑4
j=1 ap

j

− 1

)
(37)

+ZN δa1b1 δa2b2 δa3b3 δa4b4

(
Nr

∑4
i=1 ap

i

− 1

)
· δ
(

Nr

∑4
i=1 ap

i

− 1

)
· r Nr

∑4
k=1 ap

k

.

The term in the second line of Equation (37) does not yield a contribution to the flow of couplings
of index-independent interactions, since the delta-distribution appears multiplied by its argument.
With these definitions, the right-hand-side of the flow equation can be evaluated. To extract beta
functions from it, suitable projections onto the monomials spanning the theory space must be used.
Specifically, the distinct combinatorial structures at a given order in tensors can easily be distinguished,
as the flow equation generates combinatorially different contractions on the right-hand-side. To deal
with the additional index-dependence of interactions that occurs due to the symmetry-breaking
induced by the regulator, we apply the prescription from [65]. Specifically, the regulator can either
sit on an index forming a closed loop, or an index occurring on a tensor and antitensor. To project
onto symmetry-invariant monomials only, we set indices in the regulator to zero, if they also occur
on a tensor. This splits the index-trace into two parts: The contraction of tensors and their complex
conjugates decouples from the regulator trace and is directly recognizable as one of the different
combinatorial structures in Equation (33) or (34). The regulator trace consists of a trace over indices
running through the regulator and its derivative, which can be rewritten as an integral in the
large-N limit.
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The resulting beta functions for the dimensionless couplings as well as the anomalous dimension
η ≡ −∂tZN/ZN are, respectively,

η = 2 I3
2(p)N[ḡ2,i

4,1]+
3r
p

4

∑
i=1

g2,i
4,1 + 4 I2

2(p)N[ḡ(1,i)
4,1 ]+ 2r

p
4

∑
i=2

g(1,i)
4,1 + 2 I4

2(p)N[ḡ2
4,2]+

4r
p g2

4,2 , (38)

βg2,i
4,1

=
(

2η − [ḡ2,i
4,1]
)

g2,i
4,1 + 4 I3

3(p)N[ḡ2,i
4,1]+

3r
p (g2,i

4,1)
2 + 8 I1

3(p)N2[ḡ(1,i)
4,1 ]−[ḡ2,i

4,1]+
r
p

4

∑
j=2

∑
k>j

g(1,j)
4,1 g(1,k)

4,1

+ 8 I2
3(p)N[ḡ(1,i)

4,1 ]+ 2r
p g2,i

4,1

4

∑
j=2

g(1,j)
4,1 , (39)

β
g(1,i)

4,1
=

(
2η − [ḡ(1,i)

4,1 ]
)

g(1,i)
4,1 + 8 I2

3(p)N[ḡ(1,i)
4,1 ]+ 2r

p (g(1,i)
4,1 )2 + 8 I1

3(p)N[ḡ2,i
4,1]+

r
p g(1,i)

4,1

4

∑
j=1

g2,j
4,1 , (40)

βg2
4,2

=
(

2η − [ḡ2
4,2]
)

g2
4,2 + 8 I2

3(p)N2[ḡ2,i
4,1]−[ḡ

2
4,2]+

2r
p

4

∑
i=1

∑
j>i

g2,i
4,1g2,j

4,1

+ 8 I1
3(p)N[ḡ2,i

4,1]+[ḡ(1,i)
4,1 ]−[ḡ2

4,2]+
r
p

4

∑
i=1

4

∑
j=2

g2,i
4,1g(1,j)

4,1 + 8 I3
3(p)N[ḡ2,i

4,1]+
3r
p g2

4,2

4

∑
i=1

g2,i
4,1

+ 16 I2
3(p)N[ḡ(1,i)

4,1 ]+ 2r
p g2

4,2

4

∑
i=2

g(1,i)
4,1 + 4 I4

3(p)N[ḡ2
4,2]+

4r
p (g2

4,2)
2 , (41)

where Ii
j(p) are threshold integrals provided in Appendix A for p = 1, 2.

The canonical dimensions for the couplings are not fixed in Equations (38)–(41). They are fixed by
demanding that Equations (38)–(41) admit a 1/N expansion starting with a non-trivial contribution at
order (1/N)0. In the expression for the anomalous dimension, Equation (38), the large-N limit can be
taken if the canonical dimensions satisfy the following bounds

3r
p
+ [ḡ2,i

4,1] ≤ 0 ,
2r
p
+ [ḡ(1,i)

4,1 ] ≤ 0 ,
4r
p
+ [ḡ2

4,2] ≤ 0 . (42)

Equation (39) imposes a new constraint for the canonical dimensions, namely

2[ḡ(1,i)
4,1 ]− [ḡ2,i

4,1] +
r
p
≤ 0 , (43)

while the beta function for the necklaces (40) does not introduce any new conditions. Finally, the beta
function for the double-trace couplings constrains the canonical dimensions by

2r
p
+ 2[ḡ2,i

4,1]− [ḡ2
4,2] ≤ 0 and [ḡ2,i

4,1] + [ḡ(1,i)
4,1 ]− [ḡ2

4,2] +
r
p
≤ 0 . (44)

From Equations (42)–(44), we obtain upper bounds for the coupling’s canonical dimensions
(or relations between them). Couplings decouple from the set of beta functions if their canonical
dimension is chosen below the corresponding upper bounds. In this sense choosing the upper bounds
as the canonical dimensions leads to the most non-trivial set of beta functions at large N. We tentatively
consider a decoupling of interactions through such choices artificial, hence, we choose the upper
bounds as the canonical dimension for the couplings. We start by demanding that

[ḡ2,i
4,1] = −

3r
p

. (45)

This is exactly what one would expect based on [ḡ2,i
4,1]rank−3 = −2r (for p = 1) in the rank-3 case:

The contraction of one additional index in the rank-4 case requires an additional suppression by 1/N
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(for r/p = 1). The first inequality of (44) implies [ḡ2
4,2] ≥ −4r/p. Yet, the third inequality of (42)

enforces [ḡ2
4,2] ≤ −4r/p. Therefore, given the choice in Equation (45), the canonical dimension for the

double-trace coupling is completely fixed, i.e.,

[ḡ2
4,2] = −

4r
p

. (46)

This is in accordance with the expectation from the rank-3 case, as well as the reasoning that the
additional “trace” of this interaction in comparison to the quartic cyclic-melonic interaction should
lead to an additional suppression by 1/N (for r = p). Finally, using (45) and (46) in (42)–(44) results in
[ḡ(1,i)

4,1 ] ≤ −2r/p, i.e., the canonical dimension for the necklaces is not fixed uniquely. We choose

[ḡ(1,i)
4,1 ] = −2r

p
. (47)

The scaling dimensions are functions of the ratio r/p. Hence, if one chooses the “standard”
scaling, i.e., setting the power of the infrared cutoff N equal to that of the “momentum” scale, r = p,
the dimensions are always −3, −4 and −2 for the cyclic melons, multi-trace and necklaces interactions,
respectively. For those fixed points that do not feature dimensional reduction, the choice r = p is
preferred based on a geometrical argument, see Section 4. Nevertheless, the threshold integrals Ii

j
depend on those parameters in a non-trivial way which implies that different choices of (r, p) lead to
different numerical coefficients in the beta functions. Thus, choosing different values r and p while
keeping all canonical dimensions fixed tests the scheme/regulator dependence of our calculation.

In the large-N limit and using Equations (45)–(47) with r = p = 1, the system of beta functions
reduces to

η =
1

20
(5− η)

4

∑
i=1

g2,i
4,1 +

1
3
(4− η)

4

∑
i=2

g(1,i)
4,1 +

1
90

(6− η)g2
4,2 , (48)

which can be solved for η leading to

η =
3
(

15 ∑4
i=1 g2,i

4,1 + 80 ∑4
i=2 g(1,i)

4,1 + 4g2
4,2

)
180 + 9 ∑4

j=1 g2,i
4,1 + 60 ∑4

j=2 g(1,j)
4,1 + 2g2

4,2

, (49)

and

βg2,i
4,1

= (2η + 3) g2,i
4,1 +

1
15

(6− η)(g2,i
4,1)

2 +
2
3
(4− η)

4

∑
j=2

∑
k>j

g(1,j)
4,1 g(1,k)

4,1 +
2
5
(5− η)g2,i

4,1

4

∑
j=2

g(1,j)
4,1 , (50)

β
g(1,i)

4,1
= (2η + 2) g(1,i)

4,1 +
2
5
(5− η)(g(1,i)

4,1 )2 , (51)

βg2
4,2

= (2η + 4) g2
4,2 +

2
5
(5− η)

4

∑
i=1

∑
j>i

g2,i
4,1g2,j

4,1 +
2
3
(4− η)

4

∑
i=1

4

∑
j=2

g2,i
4,1g(1,j)

4,1

+
2

15
(6− η)g2

4,2

4

∑
i=1

g2,i
4,1 +

4
5
(5− η)g2

4,2

4

∑
i=2

g(1,i)
4,1 +

1
63

(7− η)(g2
4,2)

2 . (52)

We highlight several key features of the above system: Firstly, unlike in the quartic truncation
for the rank-3 complex tensor model [64], there is a class of interactions, the necklaces, which are
not melonic. On the other hand, in the real rank-3 tensor model, see [65], a non-melonic interaction
is present already at the quartic order. It does not contribute to the anomalous dimension at large
N. As a difference to these two examples, Equations (48) and (49) show that all couplings contribute
to the anomalous dimension in the complex rank-4 model, including the non-melonic (necklaces)
couplings. This is the first evident structural difference between the present beta functions and the
rank-3 ones [64,65].
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Secondly, after choosing the canonical dimension for the melonic coupling ḡ2,i
4,1, the canonical

dimension for the double-trace coupling is fixed uniquely. Its value differs from the canonical
dimension of the melonic coupling. Consequently, interactions which contain the same number
of fields (tensors) as well as sums over indices (which are the analogue of an integral over momenta
in ordinary quantum field theories on a background) scale with different powers at large N. This is
an intrinsic property of the combinatorially non-trivial structure of the interactions in tensor models,
see also [64,65,88]. We caution that if the double-trace interaction was not introduced in the present
truncation, one could choose the canonical dimension for the necklaces to be the same as the canonical
dimension of the melonic coupling. This would lead to the misleading conclusion that is possible to
choose the same canonical dimension for all interactions with a given number of tensors.

We look for fixed points of the system of beta functions Equations (49)–(52). The strategy is the
same as the one employed in [64,65]: Firstly, zeros of the beta functions are obtained in a perturbative
approximation, i.e., the anomalous dimension is taken as a polynomial function of the couplings,

ηp =
1
4

4

∑
i=1

g2,i
4,1 +

4
3

4

∑
i=2

g(1,i)
4,1 +

1
15

g2
4,2 . (53)

With Equation (53), the beta functions are polynomials in the couplings. Hence finding their zeros
is easily achieved with computer software. Once the zeros are obtained, several criteria are applied to
filter out candidates for physical fixed points. These include the regulator bound8 ηp < 1. Furthermore,
the critical exponents should stay bounded such that the bootstrap strategy for the choice of truncation
is justified. Finally, we demand stability under extensions of the truncation. Given the limited nature
of our investigation for the purposes of this review, the only extension is that from the perturbative
form of the anomalous dimension in Equation (53) to the full expression in Equation (49).

The resulting candidates for physical universality classes can be separated into two main
classes: those with enhancement of the U(N′)⊗4 symmetry to U(N′2)⊗U(N′)⊗2, U(N′3)⊗U(N′) or
U(N′4) display dimensional reduction, i.e., the associated continuum limit would not correspond to
four-dimensional geometries. In contrast, those with U(N′)⊗4 symmetry might be possible candidates
for a suitable continuum limit which could correspond to 4d quantum gravity. The following results
are quoted for the case r = p = 1 unless stated otherwise.

7.1. Symmetry-Enhanced Fixed Points: Dimensional Reduction in Tensor Models

The U(N′)⊗4 symmetric theory space contains symmetry-enhanced subspaces, such as, e.g.,
U(N′2) ⊗ U(N′)⊗2. To achieve the corresponding enhancement of symmetry, interactions which
violate it must be switched off. This happens at several fixed points in our truncation9. The enhanced
symmetry is broken if there is at least one non-vanishing interaction for each of the four colors that treats
this color differently form the remaining colors. Therefore, although it appears slightly paradoxically
at first glance, fixed points which are not invariant under color permutations typically feature a larger
symmetry than U(N′)⊗4. The breaking of the color-permutation symmetry at the fixed point10 allows
for some interactions to vanish such that a pair, or even triple, of indices can be summarized into
one “super-index". This super-index features an U(N′2) (or even U(N′3)) symmetry. Consequently,
the interactions which are turned on at the fixed point can be described by lower-rank tensors. This is
a form of dimensional reduction, i.e., the lower-rank tensors “tessellate” lower-dimensional discrete

8 As discussed in [130] and adapted to tensor models in [65], the condition that the regulator diverges at N → N′ → ∞
imposes a bound on the anomalous dimension. For our regulator choice Equation (36) this is η < r.

9 Please note that while symmetry-enhanced subspaces are invariant under the flow, this does not automatically imply that
they must feature interacting fixed points; it can also be the case that the symmetry-enhanced hypersurface is a fixed surface
of the flow.

10 The color-permutation symmetry is still intact in the full theory space, as each such fixed point automatically comes with
partners related by a color permutation.
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geometries. For instance, at a fixed point at which two pairs of indices are summarized into two
superindices, the rank-4-model reduces to a matrix model, which encodes random geometries in
two dimensions.

The enhancement in symmetry and dimensional reduction entails that universality classes of
lower-rank-models can be reproduced. Two comments are in order here.

Firstly, the recovery of “lower-dimensional” universality classes requires to exploit the freedom
in the choice of regulator in Equation (36) such that the canonical dimensions of the interactions agree
with those of the lower-rank-model. For instance, the quartic cyclic-melonic couplings have canonical
dimension −3r/p in the rank-4- case and −2 in the rank -3 case for r = p = 1. Choosing r/p = 2/3
for the rank-4-case leads to an agreement in the canonical dimension of the cyclic melons. Analogous
choices for different fixed points will be spelled out below. We emphasize that the choice of
canonical dimension of quartic interactions is grounded in geometric arguments. Therefore, for each
dimensionality d, there is a unique choice of r/p for each rank n, such that the canonical scaling
exponents agree with those required for an identification of the dual of the tensor model with random
geometries in d dimensions. This choice appears to be r/p = 1 for n = d, but differs if n 6= d.

Secondly, the symmetry-enhanced fixed points are embedded in a larger theory space with
symmetry-breaking directions. Therefore, additional relevant directions might exist which entail
additional tuning required to reach the fixed point. Similar enlargements of universality classes are
well known in statistical physics. For instance, the scaling exponents for the O(N + M) Wilson-Fisher
fixed point can be recovered within a O(N)⊕O(M) symmetric theory space. Yet, an additional relevant
direction is associated with the additional tuning required to reach this critical point, see, e.g., [131].
We will check on a case-by-case basis whether dimensional reduction requires additional tuning, or
whether it is a preferred IR endpoint of tensorial RG flows.

The set of beta functions given by Equations (49)–(52) admits the following symmetry-enhanced
fixed points:

• Cyclic-Melonic Single-trace Fixed Point: Only one representative of the cyclic-melonic interactions
g2,i

4,1 is non-vanishing at this fixed point. For a given cyclic melon, e.g., g2,1
4,1, the interaction can be

expressed as
g2,1

4,1T̄a1a2a3a4 Tb1a2a3a4 T̄b1b2b3b4 Ta1b2b3b4 −→ g2,1
4,1T̄a1 I Tb1 I T̄b1 J Ta1 J , (54)

where the super-index I condenses three of the initial indices and thereby enhances the symmetry
of the model to U(N′) ⊗ U(N′3). Consequently, the fixed-point dynamics is described by a
single-matrix model. The corresponding continuum limit is not associated with 4d quantum
gravity but rather expected to yield the well-known pure-gravity scaling exponent in 2d.
For r = p = 1 this fixed point features two relevant directions in our simple truncation, θ1 = 3.47
and θ2 = 0.31. Due to the systematic error associated with the truncation the present results
are insufficient to establish whether the second relevant direction turns into an irrelevant one.
We provide a rough estimate for a lower bound on the systematic error by exploiting the freedom
in the shape function: Considering, for instance, a “spherical” cutoff function, i.e., r = p = 2,
this fixed point also displays two relevant directions with critical exponents θ1 = 3.71 and
θ2 = 0.22.

Although associated with a matrix model, the critical exponents reported are far from the exact
result obtained for the pure-gravity scaling exponent in 2d, (θ = 0.8). This is similar to the result
obtained in the rank-3 real model in [65] and a consequence of the canonical dimensional of
the cyclic-melonic coupling for r/p = 1. Instead setting r = 1/3 for p = 1 implies [ḡ2,i

4,1] = −1
in agreement with the canonical dimension of the quartic interaction in matrix models. In this
case, the fixed point has two relevant directions with critical exponents θ1 = 1.05 and θ2 = 0.11.
For the prescription for critical exponents reported in Section 5, we obtain θ̃1 = 0.44 and θ̃2 = 0.11.
More sophisticated truncations are necessary to establish whether the second critical exponents
are indeed positive.
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• Multi-trace-Bubble Fixed Point: All interactions but the double-trace g2
4,2 one vanish at this fixed

point. The remaining interaction can be expressed as

g2
4,2T̄a1a2a3a4 Ta1a2a3a4 T̄b1b2b3b4 Tb1b2b3b4 −→ g2

4,2T̄I TI T̄J TJ , (55)

where all indices are collected in one single super-index I. Such a term is characterized by an
enhanced symmetry U(N′4) and it describes a vector model. This fixed point displays four
relevant directions: θ1 = 4.69 and θ2,3,4 = 0.20. The three-fold degeneracy is a consequence of an
exchange-symmetry between the three directions that break the enhanced symmetry. The small
absolute value of θ2,3,4 does not permit to determine whether there are four relevant directions in
total. In fact, the same fixed-point structure is seen in the rank-3 model [65]: there, it features
two relevant directions in the quartic truncation while in the hexic truncation, only one relevant
direction remains, see [65].

• Single-necklace Fixed Point: Only one necklace interaction is non-vanishing at this fixed point.
All other interactions in our truncation vanish. Beyond the truncation, only interactions respecting
the corresponding enhanced symmetry are present. Due to the color-permutation symmetry in
the theory space, there are three such fixed points, each characterized by a different non-vanishing
necklace. If one takes, e.g., g(1,2)

4,1 to be the non-vanishing necklace at the fixed point, the interaction
term can be expressed as

g(1,2)
4,1 T̄a1a2a3a4 Ta1a2b3b4 T̄b1b2b3b4 Tb1b2a3a4 −→ g(1,2)

4,1 T̄I J TIK T̄LKTLJ , (56)

where the two index pairs are collected in one super-index I. Therefore, the interaction features
an enhanced U(N′2)⊗U(N′2) symmetry. Accordingly, it describes a matrix model with matrices
(T̄, T). This symmetry enhancement is associated with an effective dimensional reduction:
the continuum limit associated with this fixed point does not correspond to 4d quantum gravity,
but 2d random geometries. This fixed point has one relevant direction with critical exponent
θ = 2.27. The naive value of the universal scaling exponent deviates strongly from the exact result
θ = 0.8. We attribute the difference to the fact that the canonical dimension for the necklaces
couplings is −2 and not −1 as would be in the assignment of the canonical dimensions in matrix
models, see [40]. By choosing r = 1/2 for p = 1, the fixed point exhibits one relevant direction
with scaling exponent θ = 1.07 which gets closer to the exact result. The second prescription for
the universal scaling exponents yields θ̃ = 0.42.

As a simple check of the robustness of these results, we explore the choice r = p = 2. We obtain
one relevant direction with critical exponent θ = 2.37. Assigning dimension −1 for p = 2
requires r = 1. For this choice, the fixed point has one relevant direction with critical exponent
θ = 1.09. The results are qualitative and even numerically compatible with those discussed for
p = 1, giving a first hint towards stability under different choices of scheme.

The above fixed points are characterized by a single interaction type. Symmetry-enhanced fixed
points with more than one non-vanishing interaction are also possible. These include, e.g.,

• One Cyclic-Melonic Multi-trace Fixed Point: At this fixed point, just one cyclic-melonic interaction
of a given preferred color and the double-trace interaction are non-vanishing. If one selects, e.g.,
the coupling g2,1

4,1 to be the non-vanishing cyclic melon, the interactions at the fixed point are
given by

g2,1
4,1T̄a1a2a3a4 Tb1a2a3a4 T̄b1b2b3b4 Ta1b2b3b4 + g2

4,2T̄a1a2a3a4 Ta1a2a3a4 T̄b1b2b3b4 Tb1b2b3b4

−→ g2,1
4,1T̄a1 I Tb1 I T̄b1 J Ta1 J + g2

4,2T̄a1 I Ta1 I T̄b1 J Tb1 J , (57)

Three indices are condensed in one super-index I, enhancing the symmetry to U(N′)⊗U(N′3).
Accordingly, the fixed point is associated with a matrix model. It features one relevant direction
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and the associated critical exponent is θ = 3.06. In fact, for this case, one cannot reproduce both
canonical scaling dimensions for matrix models. To obtain agreement for the single-trace quartic
coupling, one should again choose r/p = 1/3. This yields a canonical dimension of −1 for the
single-trace coupling, but −4/3 for the double-trace, whereas the corresponding dimensions in
the matrix model are −1 and −2. Therefore, it is not clear whether this fixed point admits an
interpretation in terms of a matrix model for random geometries.

Beyond the fixed-point candidates reported here, further zeros of the beta functions characterized
by symmetry enhancement are also obtained. As particular examples, one finds zeros where one
cyclic-melonic interaction together with one necklace and the multi-trace interactions are turned on.
Due to the different combinatorial structures, the corresponding dynamics can be mapped to that of a
rank-3 model as illustrated in Figure 6. As the cyclic melons and necklaces feature different canonical
dimensions, the corresponding model would presumably be a 2-tensor model. A further zero of
the system of beta functions features a single necklace and the double-trace interaction. However,
in the present truncation, such zeros of the beta functions violate the regulator bound. Therefore,
we tentatively discard them and do not consider them as candidates for fixed points, i.e., universal
scaling regimes. More refined studies are necessary to robustly confirm this characterization.
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Figure 6. Illustration of symmetry enhancement: At a fixed point which features the cyclic melon with

coupling g2,1
4,1 and the necklace with coupling g(1,2)

4,1 , two indices, represented by green and red dashed
lines are collected in one red double-line which represents a super-index. At a fixed point which only

features the necklace g(1,2)
4,1 , the index pair (1, 2) as well as the pair (3, 4) can be summarized to two

superindices, entailing a reduction to a matrix model.

7.2. Candidates for Four-Dimensional Emergent Space

In this subsection, we discuss a fixed point which does not feature symmetry enhancement
of the form as discussed previously and therefore cannot be mapped to a lower-rank single tensor
model. Thus, it might be a potential candidate for the description of 4d quantum gravity. Of course,
establishing a universality class for 4d quantum gravity requires much more than just finding a
fixed point without dimensional reduction of the form discussed above. After all, the Hausdorff and
spectral dimensions as well as further properties of the emergent geometry have not been studied
yet. Nevertheless, the existence of a fixed point that does not admit dimensional reduction to a model
of lower rank is most likely a necessary requirement for a universality class for 4d quantum gravity.
If corroborated by further studies, our result might therefore constitute the very first step on a path
towards 4d quantum gravity from tensor models.

Here, we focus on isocolored fixed points, i.e., those that display the same values for all couplings
associated with different colors. In other words, we restrict the fixed points to a symmetry-enhanced
subspace which explicitly realizes a discrete color-permutation symmetry in all interactions. It is still
characterized by the U(N′)⊗4 symmetry and does not feature dimensional reduction to a model of
lower rank. We conjecture that in the continuum, color-distinguishing structures should not play any
role. This is based on the expectation that color is not associated with a physical property of continuum
geometries and therefore only isocolored fixed points should matter. We caution that this might be a
naive viewpoint, since the unequal treatment of colors could introduce more sophisticated structures.
As stressed before, the identification of universality classes with actual relevance for 4d quantum
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gravity requires further insights into the emergent geometries. Here, we restrict ourselves to a very
first mapping of different fixed-point structures in the theory space.

In the quartic truncation, one completely isocolored fixed points is found. At this fixed point,
all couplings are non-vanishing. Consequently, there is no symmetry enhancement of the U(N′)⊗4

symmetry (apart from the discrete color-permutation symmetry) which would allow for an immediate
identification of dimensional reduction. The fixed point as well as the corresponding critical exponents
for r = p = 1 are displayed in Table 5: the isocolored fixed point features three relevant directions.
A simple test of the scheme-dependence of this result can be performed by changing the regulator to
r = p = 2. The isocolored fixed point persists and features positive critical exponents θ1 = 3.41 and
θ2,3 = 0.18 very close to the values for r = p = 1.

Table 5. Fixed point and critical exponents values for the isocolored fixed point with r = p = 1.

g2,i
4,1 g(1,j)

4,1 g2
4,2 η θ1 θ2,3 θ4,5 θ6,7,8

−0.09 −0.07 −5.70 −0.91 3.44 0.18 −0.40± 0.07 i −0.56

A subset of these relevant directions could be associated with the tuning towards the isocolored
symmetry. To isolate such directions, we re-investigate the fixed point in an isocolored truncation,
where the different color couplings are identified in Equation (34): g2,1

4,1 = g2,2
4,1 = g2,3

4,1 = g2,4
4,1 = g2

4,1

and g(1,2)
4,1 = g(1,3)

4,1 = g(1,4)
4,1 = g4,1. The theory space in this truncation is spanned by three couplings.

For r = p = 1, the fixed point displays one relevant direction associated with θ = 3.44. Consequently,
the two extra relevant directions that appear in the non-isocolored truncation are associated with an
additional tuning of couplings to achieve the color symmetry at the fixed point. As discussed above,
it remains to be investigated whether color-symmetry breaking can be given any physical meaning
in random geometries. Therefore, it is currently open whether one should only compare the leading
relevant critical exponent θ1 = 3.44 to the critical exponents characterizing gravity in the continuum
limit, i.e., the critical exponents of the Reuter fixed point, or whether one should also include θ2,3 in the
comparison of universality classes.

The isocolored fixed point serves as a prototypical example of a fixed-point structure which does
not manifest dimensional reduction at the level of the basic building blocks used to generate random
geometries. This is only a necessary condition for a universality class associated with 4d quantum
gravity, and the physical nature of the continuum limit associated with such a fixed point still needs to
be investigated.

Going beyond the isocolored theory space, different fixed-point structures than the completely
isocolored one which do not feature symmetry enhancement can be found. In particular, there are fixed
points where all couplings are turned on, but for instance, not all couplings of a given combinatorial
structure attain the same value. These fixed points are not color-permutation invariant. A detailed
discussion of these new universality classes is beyond the scope of the present review and will be
reported in a separate work.

Finally, it is worth mentioning a comparison between the results presented here and those derived
for tensorial (group) field theories. As a first remark, the theory spaces of tensor models and tensorial
(group) field theories are different. The reason behind that is the presence of a kinetic term in tensorial
(group) field theories which is not invariant under unitary or orthogonal transformation of the tensors
(in group field theories, of the generalized Fourier component of the group field). In tensor models, the
regulator term is responsible for inducing such a symmetry-breaking. Therefore, symmetry-violating
terms are generated along the RG flow. Nevertheless, the symmetric theory space does not feature
index-dependent interactions which naturally arise in tensorial (group) field theories. In particular,
this also entails a difference in the Ward-identities of the two settings. Consequently, while tensor
models and tensorial GFTs share the combinatorial structure, the RG flow as well as potential fixed
points differ. If the additional structure in GFTs is not relevant for the continuum limit, then the same
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universality class should exist in both settings. Yet, it might be the case that pure tensor models do not
contain enough structure to provide a suitable continuum limit which would describe our universe. In
this case, further geometric data arising from group theoretic structures should be incorporated. As
long as this question is not settled, a parallel development of tensor models and (tensorial) GFTs is
indicated. Furthermore, we highlight that the development of the FRG in tensor models and tensorial
(group) field theories should go together since the theories have the same combinatorial structure and
at least at the technical if not the conceptual level, fruitful transfers of ideas can be expected.

8. Outlook: Converging to Quantum Gravity from Different Directions

We advocate the point of view that an understanding of (key aspects of) quantum gravity can be
achieved by making sense of the path integral for quantum gravity. In tensor models, the path integral
is interpreted as a sum over random geometries. This sum can be tackled in a dual formulation,
where rank d tensors form building blocks of d-dimensional space(time). The FRG equation is
equivalent to the path integral, as it is simply a way of rewriting an integral into a differential equation
that tracks the change of the integral under a change of a parameter in the integrand. This abstract setup
translates into the well-known local coarse graining in quantum field theories defined on a background.
We highlight that the notion of coarse graining also makes sense in a background-independent setting.
In this setting, the number of degrees of freedom provides a background-independent notion of scale.
In accordance with the intuition behind the a-theorem, the RG flow goes from many to few degrees
of freedom. For tensor models, this corresponds to an RG flow in the tensor size N. RG fixed points
play a crucial role, as they provide universality in the large N limit. Physically, this provides a phase
transition in the space of couplings that leads to a continuum phase that is independent of unphysical
microscopic details.

The path integral for quantum gravity is a point of convergence for a diverse set of viewpoints,
e.g., [2–19,132,133]. The configuration space that is summed over in these settings typically includes
a sum over (discretized) geometries. The inclusion of non-geometric configurations, e.g., [133] or
summation over topologies, is one distinguishing feature of the different approaches that could be of
physical relevance. Restricting to the sum over geometries, different approaches to the path integral
implement this summation in mathematically distinct ways. These have diverse advantages, such as a
direct access to large-scale properties of emergent geometries from lattice simulations, see, e.g., [134],
a straightforward way of discovering universality classes and characterizing them by their scaling
exponents in tensor models [64,65], and a direct link to phenomenological questions and the interplay
between quantum gravity and matter in the continuum asymptotic safety approach [5,129] to name
just a few. We advocate the point of view that such different approaches need not necessarily be
considered as competitors in the race towards the goal of discovering quantum gravity. Rather,
these different approaches can be viewed as different windows that allow us to view and explore
distinct aspects of quantum gravity. In the best case, these are complementary, and a comprehensive
understanding of quantum spacetime can emerge if key results and strengths from these diverse
directions are brought together to form one coherent big picture. As in many other settings, a diversity
of viewpoints can accelerate the discovery of a solution to a tough challenge—in this case, quantum
gravity. Yet, a diversity of viewpoints brings a new challenge, namely the potential lack of a common
language. In quantum gravity, different approaches are often formulated in mathematically very
dissimilar ways, making it challenging to extract common physics. Here, we advocate that the
functional RG setup could provide one option for a common language shared by different approaches.
In particular, it allows one to evaluate scaling exponents linked to a universal continuum limit.
These universal exponents can be compared, e.g., from continuum asymptotic safety and tensor
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models11. Once the required precision has been reached in advanced approximation of the full RG
flow, such a quantitative comparison will unveil whether these approaches to the gravitational path
integral encode the same physics. In the most straightforward setup for tensor models, full agreement
with scaling exponents from CDTs or continuum asymptotic safety is probably not expected. This is
due to the difference in configuration spaces in the respective approaches to the path integral. For
instance, the gluing rules encoding causality in CDTs are expected to lead to a restriction on the
allowed (multi)-tensor interactions. Following [73], the corresponding tensor model, once set up, can
be explored by means of the FRG, and a characterization of the universality class is possible.

Understanding the quantum structure of spacetime is a challenging goal. We advocate that the
complementarity that different approaches to the path integral for quantum gravity exhibit is a highly
promising starting point. Tensor models could be helpful in this quest as they could contribute to
bridging the gap between discrete numerical and analytical continuum approaches by allowing for
a discrete analytical approach. We propose that background-independent functional RG techniques
could potentially act as a catalyst for breakthroughs. Specifically, they allow us to discover and
characterize universality classes for the continuum limit in tensor models. This could provide one of
the missing links towards a background-independent understanding of quantum gravity.

Even if this hope is not realized, tensor models could constitute a stand-alone approach to the
path integral for gravity. To that end, going beyond the simplest form of the large N limit, which leads
to a branched-polymer phase, appears to be necessary. We highlight the potential use of the FRG in
this context, as it is a highly flexible tool allowing to search for universal scaling regimes in diverse
tensor-model theory spaces. In particular, setting up truncations adapted to different assumptions
regarding the nature of the universality class (e.g., near-canonical vs. fully non-perturbative) could
give access to different continuum limits.
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asymptotic freedom to hold. In fact, to take the continuum limit in any path integral, while obtaining an interacting, and thus
potentially interesting infrared limit, requires one of the two scenarios to hold. On the other hand, this does not imply that
the universality class need be that of the Reuter fixed point, which is asymptotic safety of a path integral with a particular
choice of configuration space. In principle, it might be that the asymptotic safety scenario is realized in mathematically and
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Appendix A. Threshold Integrals

In this appendix we list the expressions for the threshold integrals that appear in the beta
functions (38)–(41):

I2
2(1) =

1
12

(4− η) ,

I3
2(1) =

1
40

(5− η) ,

I4
2(1) =

1
180

(6− η) ,

I1
3(1) =

1
12

(4− η) ,

I2
3(1) =

1
20

(5− η) ,

I3
3(1) =

1
60

(6− η) ,

I4
3(1) =

1
252

(7− η) ,

I2
2(2) =

π

24
(3− η) ,

I3
2(2) =

π

70
(7− 2η) ,

I4
2(2) =

π2

192
(4− η) ,

I1
3(2) =

1
35

(7− 2η) ,

I2
3(2) =

π

48
(4− η) ,

I3
3(2) =

π

126
(9− 2η) ,

I4
3(2) =

π2

320
(5− η) . (A1)
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