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We compute the Adler function on the lattice from vacuum polarization data with twisted bound-
ary conditions using numerical derivatives. The study is based on CLS ensembles with two
flavours of O(a) improved Wilson fermions. We extrapolate the lattice data for the Adler function
to the continuum limit and to the physical pion mass and analyze its dependence on the momen-
tum transfer. We discuss the application of this method to the extraction of the u,d contribution
to aHLO
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1. Introduction

The anomalous magnetic moment of the muon is given by aµ ≡ (gµ − 2)/2, where gµ is the
gyromagnetic factor of the muon. There has been a persistent deviation for the results obtained
from theory and experiment [1] which is currently ∼ 3.6σ ,

aexp
µ = 116592091(54)(33) ·10−11,

ath
µ = 116591803(01)(42)(26) ·10−11.

This discrepancy may hint at new physical processes beyond the Standard Model. A new experi-
ment at Fermilab aims at reducing the experimental error by a factor of four [2]. To fully exploit
this level of accuracy, it is mandatory to also increase the theoretical precision. The error budget
of the theoretical result is dominated by QCD effects. The error due to the leading order (α2)
contribution is 42 ·10−11, and for the next to leading order (α3) contribution it is 26 ·10−11, while
effects from weak interactions and QED are of the order of 10−11 and 10−13, respectively. Lattice
QCD allows us to determine the leading hadronic contribution to the anomalous magnetic moment
of the muon

(
aHLO

µ

)
from the hadronic vacuum polarization (VP). The VP tensor is given by

Πµν(Q2) =
∫

d4xeiQx 〈Jµ(x)Jν(0)
〉
, Πµν(Q2) =

(
QµQν −δµνQ2)

Π(Q2), (1.1)

where the second relation follows from Euclidean invariance and current conservation. In order
to perform the convolution integral [3, 4], which yields aHLO

µ , one needs the renormalized VP,
Π̂(Q2) = 4π2(Π(Q2)−Π(0)), i.e.

aHLO
µ =

(
α

π

)2 ∫ ∞

0
dQ2 f (Q2)Π̂(Q2), (1.2)

f (Q2) =
m2

µQ2Z3(1−Q2Z)
1+m2

µQ2Z2 , Z =−
Q2−

√
Q4 +4m2

µQ2

2m2
µQ2 ,

to obtain aHLO
µ . This has been studied by a number of lattice collaborations [5 – 8]. This work

is a continuation of [9], and is part of the g− 2 project in Mainz, cf. [7, 10 – 12]. The largest
contribution to the integral in eq. (1.2) is dominated by the low Q2 region around m2

µ , which is also
a difficult region to probe on the lattice, since statistical fluctuations rapidly increase as Q2 → 0.
While we cannot circumvent the need for precise data in this region, we can remove the need to
extrapolate to Π(Q2 = 0). This can be achieved by studying the Adler function [13], defined as

D(Q2) = 12π
2Q2 dΠ(Q2)

d(Q2)
. (1.3)

Making use of partially twisted boundary conditions [14 – 16], we apply two procedures to deter-
mine the numerical derivative of Π(Q2) and to check for inherent systematic effects.

2. Lattice setup and determination of the Adler function

Our study is based on CLS [17 – 19] ensembles with N f = 2 O(a)-improved Wilson fermions,
cf. table 1, where partially twisted boundary conditions are imposed on the valence quarks.
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Label V/a4 β a[fm] mπ [MeV] mπL Ncnfg Nmeas

A3 64×323 5.20 0.079 473 6.0 251 1004
A4 64×323 5.20 0.079 363 4.7 400 1600
A5 64×323 5.20 0.079 312 4.0 251 1004
B6 96×483 5.20 0.079 267 5.1 306 1224
E5 64×323 5.30 0.063 456 4.7 1000 4000
F6 96×483 5.30 0.063 325 5.0 300 1200
F7 96×483 5.30 0.063 277 4.2 250 1000
G8 128×643 5.30 0.063 193 4.0 205 820
N5 96×483 5.50 0.050 430 5.2 347 1392
N6 96×483 5.50 0.050 340 4.1 559 2236
O7 128×643 5.50 0.050 261 4.4 138 552

Table 1: The CLS ensembles used in this study with the lattice spacing from [20] and the number of
configurations Ncnfg and measurements Nmeas.

From eqs. (1.1) one can determine the VP function on the lattice. As an example we show the
measurement for the ensemble F7 with a = 0.063fm and mπ = 277MeV in fig.1. To compute the
Adler function we apply a linear interpolation within a certain interval of the data. The interpolation
interval must be chosen with care: On the one hand, local fluctuations in the VP data may spoil a
reliable determination of the numerical derivative if the interval is chosen too small. At the same
time choosing too large a fit window cannot model the curvature accurately. We developed two
procedures which use different criteria to select the best fit window at each Q2 value.
The first procedure (proc. I) uses linear fits Π f it(Q2) = aI + bIQ2 with several fit windows ε ∈
[0.1,1.0]GeV2 at each momentum transfer. We select the best fit Π f it(Q2) from the region where
bI is stable with respect to the fit window size ε . The Adler function is then given by bIQ2. The
second procedure (proc. II) also uses linear fits Π

(l)
f it(Q

2) = aII + bII log(Q2) and quadratic fits

Π
(q)
f it (Q

2) = a′II +b′II log(Q2)+c′II log(Q2)2 with same fit windows ε ∈ [0.1,1.0]GeV2 as for proc. I
at each momentum transfer. We apply cuts to the curvature c′II , and to the χ2/dof. By requiring
bII ' b′II we choose our final results from the remaining set of fits. The factor bII then determines
the Adler function.
As a cross check we fit a Padé-[1,2] ansatz to the VP data and compute its derivative. The results
for these procedures are shown on the right in fig.1. We find that the three discussed procedures
match within errors across the considered region of Q2.

3. The Adler function in the continuum at the physical point

In order to take the continuum limit and extrapolate the Adler function to the physical pion
mass we perform combined fits of the type

Di jk(Q2) = A[i j](Q
2)(1+Bk(a,Q)+C(mπ ,Q2)), (3.1)

where the indices i, j,k are labels for the different fit ansätze that we considered. The factor A
models the Q2 dependence, B describes lattice artifacts, and C the light quark mass dependence.
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Figure 1: Left: The VP function on F7 with a = 0.063fm and mπ = 277MeV. Right: Results for the Adler
function using the two numerical procedures discussed in the text. The derivative of fitting the VP to a
Padé[1,2]-Ansatz is shown as a cross check.

We use two ansätze for the momentum dependence

A[12](Q
2) = Q2

(
a1b1

(b1 +Q2)2 +
a2b2

(b2 +Q2)2

)
, A[22](Q

2) = Q2

(
a1b1

(b1 +Q2)2 +
a2b2

(b2 +Q2)2 +a0

)
,

(3.2)

which are based on derivatives of the Padé ansätze [1,2] and [2,2], cf. Refs. [7, 21]. To describe
the lattice spacing dependence we consider two possibilities

B1(a,Q) = c1(aQ)+ c2(4π fKa), B2(a,Q) = c1 (aQ)2 + c2 (4π fKa)2 , (3.3)

where the term proportional to c1 describes lattice artifacts which depend on the momentum trans-
fer. The factor 4π fK in the momentum-independent term merely renders c2 dimensionless. Fur-
thermore, we explore two alternatives, namely that the leading lattice artifacts are either O(a) or
O(a2). To describe the light quark mass dependence we use

C(mπ ,Q2) = d1

m2
π −
(

mphys
π

)2

d2 +Q2 . (3.4)

In fig.2 we show the result of an uncorrelated fit for the ansatz D222 including all available en-
sembles, cf. table 1, for the Adler function obtained using proc. II. The top left shows the Adler
function data and the fit result as dotted, dashed, and solid lines for ensembles with different lattice
spacings with a roughly constant pion mass of mπ ≈ 270MeV. The continuous filled black curve is
the extrapolation to the continuum at this pion mass. We find that lattice artifacts are small for the
low Q2 region, and grow for larger values of Q2. This is further underlined by the plot on the top
right where the slopes at Q2 = 1.0 and 3.0GeV2 are compared.
The bottom left of fig. 2 shows the result for the Adler function data for a fixed lattice spacing and
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Figure 2: Illustration of an uncorrelated fit to the Adler function including the complete set of ensembles in
table 1 for the Adler function obtained using proc. II with the ansatz D222, i.e. a derivative of a Padé [2,2]
ansatz with O(a2) effects. C.L. refers to the continuum limit. The results are discussed in the text. Top left:
Comparison of the Adler function for the available lattice spacings and constant pion mass including the
continuum extrapolation. Top right: Lattice spacing dependence at fixed Q2 = 1.0 and 3.0 GeV2. Bottom
left: Comparison of the pion mass dependence fore a fixed lattice spacing including the extrapolation to the
physical pion mass. Bottom right: Pion mass dependence at fixed Q2 = 1.0 and 3.0 GeV2.

the evaluation of the fit function for each pion mass shown as dashed, dotted, and solid lines. The
continuous filled black curve represents the extrapolation to the physical pion mass. We observe
that the pion mass dependence is mild at large Q2 and becomes more and more significant when
decreasing Q2. The bottom right shows the dependence of the pion mass for two fixed momentum
transfers. The vertical black line represents the physical pion mass.
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4. Determination of aHLO
µ

aHLO
µ can be obtained via the integral [22, 23]

aHLO
µ =

∫ 1

0
dxg(x)D

(
x2m2

µ

1− x

)
, g(x) =

α2

6π2
(1− x)(2− x)

x
(4.1)

where we used the substitution Q2→ x2m2
µ

1−x and inserted the Adler function D(Q2) in the continuum
limit at the physical pion mass, obtained from the combined fit. The left of fig.3 illustrates the
integrand of eq. (4.1) for the case of the ensemble F7, mπ = 277MeV and a = 0.063fm. The
expected large contribution to aHLO

µ from momenta in the neighborhood of the muon mass (denoted
by the vertical line in fig.3) can be probed by the use of Padé approximants of different orders. The
right of fig.3 shows the results obtained for aHLO

µ using the different fit functions discussed in the
previous section to the Adler function data obtained via proc. II. Lattice artifacts are well controlled,
since similar results are obtained for aHLO

µ when using O(a) and O(a2) ansätze. When all ensembles
are included in the combined fit we observe a deviation for the two orders of the Padé ansätze that
we considered. Removing the ensembles with mπ > 400 MeV we find the deviation is reduced and
the results agree within errors, which is in part due to an increase of the latter.
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Figure 3: Left: Plot of the integrand of eq. (4.1) with K(x) = g(x)D222
(
(x2m2

µ)/(1− x)
)

evaluated at the
parameters of the F7 ensemble, in comparison with the data of the Adler function obtained via proc. II
multiplied by g(x). Right: Preliminary results of the u,d contribution to aHLO

µ from uncorrelated fits to the
Adler function data obtained via proc. II.

5. Conclusions

We presented two numerical procedures to determine the Adler function from Π(Q2) through
lattice calculations. Both procedures match within errors for a large range in Q2. After extrapolat-
ing the Adler function to the continuum and to the physical pion mass we use a kernel representation
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based on the Adler function to compute aHLO
µ . We showed that lattice artifacts for aHLO

µ are small.
We observe the results are sensitve to the chiral approach of the data to the physical point and the
Q2-dependence of the Padé approximants. We plan to investigate different ansätze to further study
these effects. Furthermore, we will also extend this study to the strange and charm quark contribu-
tion to aHLO

µ .
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