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New pruning rules for the Steiner tree problem and 2-connected Steiner
network problem
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aSchool of Engineering, The University of Melbourne, Victoria 3010, Australia
bFaculty of Science, University of Southern Denmark, Campusvej 55 Odense M - DK-5230, Denmark

cSchool of Mathematics and Statistics, The University of Melbourne, Victoria 3010, Australia

Abstract

We introduce the concepts of k-lunes and k-lune inequalities, which form the basis for new geometric pruning

rules for limiting the number of candidate full components that need to be considered when solving the Eu-

clidean Steiner tree problem or the Euclidean 2-connected Steiner network problem. For the latter problem,

these new pruning rules constitute the first empty region properties to have been developed for the problem.

We show how to implement these rules efficiently and run computational experiments, indicating the extent

to which they can improve the performance of state-of-the-art algorithms for these problems.

Keywords: Steiner trees, 2-connected networks, GeoSteiner, lunes, pruning rules

1. Introduction

The Steiner tree and 2-connected Steiner network problems are both examples of optimal interconnection

problems. In this paper, we consider the Euclidean geometric versions of these problems where, in each case,

we are given a finite set X of points (known as terminals) with specified locations in the Euclidean plane

and asked to find an embedded network interconnecting the terminals of minimum total Euclidean length.5

The network may contain vertices other than the terminals; these extra vertices are known as Steiner points.

The task of optimally locating the Steiner points in the Euclidean plane means that these problems are, at

least in part, geometric. For the Steiner tree problem the only constraint on the minimum network is that it

needs to be connected. It is easy to see that such a network must necessarily be a tree [3]; we refer to this as

a minimum Steiner tree. For the 2-connected Steiner network problem, the minimum network must also be10

2-edge-connected, meaning that the network continues to be an interconnection network for the given set of

terminals if any edge of the network is deleted. As with earlier papers on this problem, such as [4] and [11],

we refer to such a network as a minimum 2-connected Steiner network.

Minimum Steiner trees and minimum 2-connected Steiner networks share an important basic structural

property. Any such network can be uniquely decomposed into an edge-disjoint set of subtrees known as full15

components. Each full component is a full minimum Steiner tree (FST) on a subset of the terminals, meaning

it is a minimum Steiner tree in which each terminal has degree one. Any minimum Steiner tree or minimum

1Corresponding Author. Email: brazil@unimelb.edu.au
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2-connected Steiner network can be represented as a union of FSTs that intersect only at terminals. For

minimum Steiner trees, the existence of such a decomposition is easy to see, and was first established by

Gilbert and Pollak [3]. It is less obvious that a minimum 2-connected Steiner network can be decomposed20

into FSTs, however it was shown that this is indeed the case in [8]. One of the implications of this is that a

minimum 2-connected Steiner network never contains a cycle in which less than two vertices are terminals.

This decomposition of a minimum Steiner tree or minimum 2-connected Steiner network into full com-

ponents forms the basis of GeoSteiner, the best known exact algorithm for constructing such a network for

any given set of terminals (see Section 1.4 of [2], and [9]). GeoSteiner consists of two phases, referred to as25

‘generation’ and ‘concatenation’. In the generation phase a set of candidate full components is constructed

such that the set is guaranteed to contain all full components of a minimum solution. The FSTs are implicitly

generated in a bottom-up manner from the terminals; FSTs that do not satisfy certain necessary structural

conditions are eliminated early, usually without direct geometric construction. This latter process is often

referred to as pruning. In the concatenation phase a minimum interconnection network is constructed from30

the candidate full components. This phase can be viewed as purely combinatorial and solved using integer

programming algorithms. The GeoSteiner approach has proved to be particularly successful for solving the

minimum Steiner tree problem; it is able to rapidly solve the problem for up to 10, 000 uniformly distributed

random terminals [7], despite the fact that the problem is NP-hard. The best exact algorithm to date for

the 2-connected Steiner network problem, outlined in [11], also uses the GeoSteiner framework, but can only35

reliably solve instances with up to 25 terminals, due to the lack of effective pruning methods.

A key to the success of GeoSteiner is the existence of powerful pruning conditions for eliminating whole

families of candidate full components during the generation phase [10]. For the minimum Steiner tree problem

one of the most effective of these pruning conditions is the lune test, introduced by Gilbert and Pollak [3].

This is an example of an empty region test; it essentially says that for any edge of the minimum Steiner tree40

a region (known as a lune) around the interior of that edge must be empty of terminals. For an edge uv, the

region consists of all points p such that |up| < |uv| and |vp| < |uv|; this region corresponds to the intersection

of two open discs of radius |uv|, one centred at u, the other at v. This is illustrated in Figure 1 (i). The lune

test is simple to implement, and can be incorporated in a dynamic way into the generation phase to help

keep the number of full components that need to be considered to a manageable level. Unfortunately the45

lune test cannot be applied to the minimum 2-connected Steiner network problem; full components that fail

the lune test can still be part of a minimum 2-connected Steiner network. A simple example is illustrated in

Figure 1 (ii).

In this paper we introduce some new empty region pruning conditions, by generalising the concept of a

lune to that of a k-lune (where k is an integer ≥ 2 and the traditional lune corresponds to the case where50

k = 2). For the minimum Steiner tree problem, this provides new empty region pruning conditions. We

believe these are the first new conditions of this sort since the seminal paper of Gilbert and Pollak in 1968

[3]. More significantly, for k ≥ 3 we show that these pruning conditions can be applied to the minimum
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Figure 1: (i) The lune (shaded region) of a line segment uv. (ii) The lune of the edge ab of a minimum 2-connected Steiner

network on {a, b, c, d} here contains the terminal c.

2-connected Steiner network problem. In particular, for the case where k = 3 we will show that the condition

is easy to implement, and can in fact be implemented dynamically, and is highly effective in dramatically55

reducing the number of candidate full components remaining at the end of the generation phase.

The organisation of this paper is as follows. In Section 2 we first provide some background and notation

for minimum Steiner trees and minimum 2-connected Steiner networks, and then describe the k-lune in-

equalities and k-lunes, establishing the empty region properties associated with them. Section 3 shows how

to incorporate 3-lune inequalities dynamically as part of GeoSteiner; while in Section 4 we develop stronger60

versions of some of the k-lune inequalities. In Section 5 we report on computational tests of the effectiveness

of these new pruning conditions.

2. Structural properties

2.1. Basic properties of minimum Steiner trees and minimum 2-connected Steiner networks

Throughout this paper we treat networks as graphs that are embedded in the Euclidean plane. A network65

N is an embedding of a graph G = (V,E), where for each vertex in V there is a corresponding point in N

with a given location in the plane and for each edge in E there is a straight line segment in N between

the two points corresponding to the two endpoint vertices of the edge in G. It is convenient to refer to the

embeddings of vertices and edges of G in N as the vertices and edges of N .

Whether or not N is connected or 2-connected is determined by whether or not the underlying graph G70

has that property. This is (at least implicitly) a standard way of thinking about Steiner trees and 2-connected

Steiner networks, where the underlying graph is viewed as the topology of the network, and connectedness

and 2-connectedness are treated as topological properties (see, for example, [2], [4], [5] and [11]). Hence, for

example, if two distinct edges (in G) coincide or overlap (in N) they are nevertheless treated as disjoint when

considering the connectedness or 2-connectedness of N . Similarly, two distinct vertices of G may coincide in75
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Figure 2: (i) A Steiner tree N on four terminals (indicated by the black circles) with a full subtree N ′ indicated by the bold

edges. (ii) The forest N \N ′.

location in N . Note also that when we refer to a ‘tree’, we mean a connected network (in the above sense)

containing no cycles in its underlying graph.

Below, we establish some notation and additional definitions relating to networks that will be used

throughout the remainder of this paper:

• Let N be a network, a single embedded edge or a set of embedded edges. By the length of N , denoted80

by |N |, we mean the sum of the Euclidean lengths of all edges of N . In order to avoid ambiguity, we

use the notation card(S) to denote the cardinality of a set S.

• Let G be the underlying graph of a network N in the Euclidean plane. Let (V1, E1) and (V2, E2) be

subgraphs of G with corresponding networks N1 and N2 respectively, induced by the embedding of N .

We define the union N1 ∪N2 to be the network obtained by taking the union of the two embeddings85

together with the underlying graph (V1 ∪ V2, E1 ∪ E2).

• For a given network N , a subnetwork N ′ is a network whose embedding is a subset of the embedded

network N , but whose underlying graph may contain one or more new leaf vertices each corresponding

to a point in the interior of an embedded edge of N . All other vertices of N ′ must belong to the

vertex set of the underlying graph of N . For example, Figure 2 (i) shows a tree N with vertex set90

{x1, x2, x3, x4, s1, s2}, and a subtree N ′ indicated by the bold edges with vertex set {u, x3, s1, s2}.

• If N is a connected network, and N ′ is a connected subnetwork of N , then we use the notation N \N ′

to denote the network in which we delete all edges of N ′ and internal vertices of N ′ from N (hence,

for example, N \ N is the set of all leaves of N , if there are any). All leaves of N ′ are considered to

be vertices of N \N ′ (even if they were not originally vertices of N). See the example in Figure 2. In95

other contexts ‘\’ is used as the usual set difference operator.

• For any finite set of pointsX, let Steiner(X) denote a minimum Steiner tree onX. Although Steiner(X)

is not necessarily unique for a given set X, |Steiner(X)| is unique, and hence is well defined. Note that
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if X contains only one point then |Steiner(X)| = 0.

• For any two points p and q in the plane we denote the straight line segment between them by pq.100

For a given set of vertices X with given embeddings in the Euclidean plane, a tree whose set of leaf

nodes is X is referred to as an interconnection tree for X. Full minimum Steiner trees (FSTs) are examples

of interconnection trees. As mentioned in the introduction, all minimum Steiner trees and minimum 2-

connected Steiner networks can be decomposed into full components which are FSTs.

FSTs in the Euclidean plane satisfy various geometric properties which can be exploited to help facilitate105

their construction. The most important of these is that all Steiner points have degree 3, and each pair of

edges incident to a Steiner point meet at an angle of 2π/3. See [3], [6] or Sections 1.1 and 1.2 of [2] for more

details.

General interconnection trees also have the following important property.

Lemma 2.1. Let N1 and N2 both be interconnection trees for set of vertices X with given embeddings in110

the Euclidean plane, and assume that there are no other common vertices in the two underlying graphs of

N1 and N2. Then N1 ∪N2 is 2-connected.

Proof. It is sufficient to show that removing any edge e from N1 ∪ N2 keeps the network connected. If

e ∈ E(N1) then N1 \ e creates two connected sub-components of N1; if we then choose an arbitrary point in

each sub-component there is a path in its sub-component from each point to an element of X and a path in115

N2 connecting the two elements of X. This shows that the two chosen points are connected and hence that

N1 ∪N2 \ e is connected. An analogous argument applies if e ∈ E(N2).

Minimum 2-connected Steiner networks have useful global properties [4], based on their graph structure.

In order to make use of these properties, we require the following definitions.

Let H be an undirected connected graph. A block of H is defined to be a maximal 2-connected subgraph120

of H. The block-bridge tree of H is defined to be the tree obtained by contracting each block to a vertex; and

the reduced block-bridge tree is the connected graph obtained from a block-bridge tree by a further contraction

which replaces each maximal simple path (with interior vertices of degree 2) by a single edge. Note that

this series of contractions gives a unique way of identifying any point p in H with either a vertex or edge

of the reduced block-bridge tree of H. We call the image of p under this identification as the corresponding125

element to p of the reduced block-bridge tree.

2.2. The k-lune inequalities

The main theorems in this paper rely on a set of inequalities. Let T be a full minimum Steiner tree on

a set of k points XT = {x1, . . . , xk} with k ≥ 2. Then for any point p in the plane, we define the k-lune

inequalities for T and p as follows130

|pxi| < |T | − |Steiner(XT \ {xi})| i ∈ {1, . . . , k}. (1)
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Figure 3: Illustration of the proof of Theorem 2.2: (i) here T is an FST on four terminals which is a subtree of S; (ii) S \ T is

composed of four connected components; (iii) the forest (S\T )∪Steiner({x2, x3, x4}) contains two connected components, S1 and

S∗
1 . Finally, if p ∈ S∗

1 , then (S \T )∪Steiner({x2, x3, x4})∪px1 is connected, meaning that if |px1|+ |Steiner({x2, x3, x4})| < |T |
then we have a contradiction to the minimality of S.

We begin with a new result to exclude certain full Steiner trees from being possible subtrees of a minimum

Steiner tree on a given set of terminals.

Theorem 2.2. Let T be a full minimum Steiner tree on a set of k points XT = {x1, . . . , xk} with k ≥ 2.

For a given minimum Steiner tree S, T cannot be a subtree of S if there exists a point p in S \ T such that

at least 2 of the inequalities in (1) hold.135

Before proving this theorem we note that it is stated here in a very general form, where p can be any

point in S \T , including a vertex or a point belonging to an edge of S \T . However, in applying this theorem

later in the paper, we will only be interested in cases where p is either a terminal or Steiner point of S \ T .

Proof of Theorem 2.2. Suppose T is a subtree of S. (Note that the vertices xi of T are not necessarily

terminals or even vertices of S; some of the xi may be interior points of edges of S.) Since every internal140

vertex of T is a Steiner point of degree 3, it follows that S \ T contains no internal vertices of T . Hence

S \ T is a forest with k connected components, one for each element of XT . Let the set of connected

components be {Si : xi ∈ Si, i = 1, . . . , k}. This is illustrated in Figure 3 (i) and (ii) for k = 4. Then

(S \ T ) ∪ Steiner(XT \ {xi}) is composed of two connected components; one of these components is Si, and

we denote the other by S∗
i (Figure 3 (iii)).145

We claim that for any point p in S \T exactly k−1 elements of the set {(S \T )∪Steiner(XT \{xi})∪pxi :

i = 1, . . . , k} are connected. For any given i, if p ∈ Si then pxi connects two points in Si and hence

(S \T )∪Steiner(XT \ {xi})∪ pxi is still composed of two disjoint connected components; on the other hand,

if p /∈ Si then pxi interconnects Si and S∗
i and hence (S \ T ) ∪ Steiner(XT \ {xi}) ∪ pxi is connected. Since

p belongs to exactly one connected component of S \ T , the claim follows.150

Now if two of the inequalities in (1) hold, that means there are two values of i for which replacing T

by Steiner(XT \ {xi}) ∪ pxi reduces the total length of S. But, by the above claim, at least one of those

replacements preserves connectedness, contradicting the minimality of S.
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Figure 4: Examples of k-lunes for (i) k = 2, (ii) k = 3, (iii) k = 4 with four regions, (iv) k = 4 with six regions, where each

region is the intersection of two open discs.

In order to get a more intuitive understanding of the usefulness of Theorem 2.2 as a pruning condition, it

is helpful to recast the theorem in geometric terms, that is, in terms of regions in plane in which the presence155

of any point of S \ T leads to a contradiction to the minimality of S. For this, we first need to define some

new terms.

Definitions: Let T be a full minimum Steiner tree on a set of k points XT = {x1, . . . , xk} with k ≥ 2.

For each i ∈ {1, . . . , k}, let Di denote the open disc with centre xi and radius |T | − |Steiner(XT \ {xi})|.
Then we define the k-lune for T to be the region

⋃
i, j ∈ {1, . . . , k}

i < j

Di ∩Dj .

In other words, the k-lune is the union of all intersections of pairs of open discs Di. We say that a k-lune of

a full subtree T of S is empty if it contains no points of S \ T .
Some examples of k-lunes for k ∈ {2, 3, 4} are shown in Figure 4.160
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Figure 5: Illustration of part of the proof of Theorem 2.5: (i) this is an example of a minimum 2-connected Steiner network N

(taken from [1]) containing an FST T on four terminals; (ii) a reduced block-bridge tree HR of N \ T is shown – note that the

embedding of the non-leaf vertices is arbitrary; (iii) the network H1
R ∪ Steiner(XT \ {x1}), which is 2-connected but does not

contain x1 as a vertex.

Corollary 2.3. Let T be a full subtree of size k of a minimum Steiner tree S. Then the k-lune of T is

empty.

This corollary follows immediately from Theorem 2.2 and the observation that if a point p ∈ S \ T lies

in the open disc Di then the corresponding inequality in (1) holds.

Remarks: Note that a 2-lune exactly corresponds to the standard definition of a lune, in the context165

of minimum Steiner trees. The term lune and the properties of lunes in relation to minimum Steiner trees

were first established in [3].

A similar result to Theorem 2.2 also holds for the 2-connected Steiner network problem, except that in

this case we must restrict ourselves to full Steiner subtrees of size 3 or more. Before proving the theorem we

require the following proposition from [4].170

Proposition 2.4. Let N be a minimum 2-connected Steiner network, and let T be a full component of N .

Then N \ T is connected, and the reduced block-bridge tree of N \ T has the same topology (i.e., graph

structure) as T . Furthermore, there is an isomorphism between T and the reduced block-bridge tree of N \ T
that preserves the leaves of T (which are, up to contraction, leaves of the reduced block-bridge tree of N \T ).

Theorem 2.5. Let T be a full minimum Steiner tree on a set of k points XT = {x1, . . . , xk} with k ≥ 3.175

For a given minimum 2-connected Steiner network N , T cannot be a subtree of N if there exists a point p

in N \ T such that at least 2 of the inequalities in (1) hold.

Proof. Suppose T is a subtree of N . By Proposition 2.4, N \ T is connected. An example is given in

Figure 5 (i), where k = 4. Let HR be the reduced block-bridge tree of N \ T (Figure 5 (ii)). Again by

Proposition 2.4, T and HR are isomorphic, where the leaves of HR can be identified with the leaf terminals180

of T . Let i ∈ {1, 2, . . . , k}, and define Hi
R to be the subtree of HR induced by V (HR) \ {xi} (where V (HR)

denotes the vertices ofHR). In other words, Hi
R is obtained fromHR by deleting the leaf vertex corresponding

8



to xi and its incident edge in HR. Clearly Hi
R is an interconnection tree for XT \ {xi}, hence it follows by

Lemma 2.1 that Hi
R∪Steiner(XT \{xi}) is a 2-connected network (no longer containing xi); this is illustrated

in Figure 5 (iii), where i = 1. This implies that the reduced block-bridge tree of HR ∪ Steiner(XT \ {xi})185

consists of two vertices, xi and (say) si, and a single edge (xi, si).

Now, let p be a point in N \ T . If the corresponding element of p in the reduced block-bridge tree of

HR ∪ Steiner(XT \ {xi}) is si then it follows that (N \ T )∪ Steiner(XT \ {xi})∪ pxi is 2-connected since its

reduced block-bridge tree collapses into a single point. However, for any choice of p it is clear that there is

at most one i ∈ {1, 2, . . . , k} for which the corresponding element of p in the reduced block-bridge tree of190

HR ∪ Steiner(XT \ {xi}) is not si, namely the case where the corresponding element of p in HR is either xi

or the edge of HR incident to xi.

If two of the inequalities in (1) hold for k ≥ 3, that means there are two values of i for which replacing

T by Steiner(XT \ {xi}) ∪ pxi reduces the total length of N . But, by the above, at least one of those

replacements preserves 2-connectedness, contradicting the minimality of N .195

Again this result can be expressed geometrically in terms of k-lunes.

Corollary 2.6. Let T be a full subtree of size k ≥ 3 of a minimum 2-connected Steiner network. Then the

k-lune of T is empty.

We note that the proof of Theorem 2.5 relies on the reduced block-bridge tree of N \ T having at least

one internal node, which is why in the 2-connected case the theorem and its corollary do not hold for k = 2200

(as previously illustrated in Figure 1 (ii)).

3. Dynamic 3-lune pruning

Let T be a full Steiner tree of size 3 with terminals a, b, c. Here the 3-lune inequalities for T can be

written as follows:

|ap| < |T | − |bc|,
|bp| < |T | − |ac|, (2)

|cp| < |T | − |ab|.

Theorems 2.2 and 2.5 imply that if T is a subtree of either a minimum Steiner treeN or minimum 2-connected205

Steiner network N then at most one of the inequalities (2) holds at any point p ∈ N \ T .
The simplest way of using this observation as part of a GeoSteiner-type algorithm for constructing N

for a given terminal set X is as a method of eliminating full components of size 3 or more at the end of the

generation phase. For example, for each size 3 full Steiner tree T generated, we can label the three terminals

a, b, c and delete T from the list of candidate full components if there exists a terminal p ∈ X \ {a, b, c} such210

that two of the inequalities (2) hold. To eliminate a full Steiner tree of size > 3, for each Steiner point of

9



the candidate full component we label the three neighbouring nodes a, b, c and again check the inequalities

(2). Note that this does not reduce the generation time, but it can lead to a significant reduction of the time

required for the concatenation phase by reducing the size of the list of candidate full components.

It is also possible to develop a pruning method based on Theorems 2.2 and 2.5 for reducing the time215

required for full component generation in both the Steiner tree problem and 2-connected Steiner network

problem. Such an approach has already been successfully implemented in GeoSteiner for pruning based on

lunes (or 2-lunes, according to our more general terminology); see, for example, [10] or Section 1.4 of [2] for

details. The pruning approach has the advantage of eliminating whole families of candidate full components

early in the generation phase, reducing both the time and space requirements for this phase.220

The generation of FSTs relies on the properties of Simpson lines. Let T be an FST of size 3 on {a, b, c}
with Steiner point s, and let eab be the third point of the equilateral triangle �abeab such that eab is on the

opposite side from c of the line extending ab. Then the line segment eabc is called the Simpson line of T and

has the property that it passes through s and that |eabc| = |T |. This implies that s lies on the minor arc of

the circumcircle of �abeab, irrespective of the location of c. See Section 1.1 of [2] for more details. These225

properties can be used recursively to build FSTs from the bottom up (beginning at two terminals incident

to a Steiner point). At each step a pair of terminals is replaced by the third point of an equilateral triangle

(which is then treated as a terminal of the reduced FST), and the potential locations of each Steiner point

are restricted to a circular arc. The pruning tests for GeoSteiner act to decrease these arcs (sometimes to

the empty set) which has the effect of reducing the number of FSTs that can be generated ([10], Section 1.4230

of [2]).

Now, consider two consecutive steps in this recursive process, as illustrated in Figure 6, where terminals

a and b are replaced by e1 (with an associated Steiner point s1 lying on an arc C1), and then e1 and terminal

d are replaced by e2 (with an associated Steiner point s2 lying on an arc C2). We wish to develop a pruning

method based on k-lunes to determine whether or not this pair of replacements can possibly lead to the235

construction of an FST belonging to a minimum Steiner tree or minimum 2-connected Steiner network. The

idea is to test whether the 3-lune corresponding to the subtree spanning a, b and s2 can be empty, without

knowing the exact location of s2, but simply knowing that it lies somewhere on the arc C2, which is part of

the circumcircle of �e1e2d.

In order to develop such a pruning method based on 3-lunes, we require an easy way of determining if all240

points c on a given circular arc C2 satisfy two of the inequalities in (2) for given points a, b and p (where p is

some other terminal in X). The following lemma shows that this can be done by constructing a triangular

region containing the arc and then testing the three vertices of the triangle.

Lemma 3.1. For a given set of terminals X, let p ∈ X, let a, b, c1, c2, c3 be points in the plane, and for each

i ∈ {1, 2, 3} let Ti be a full minimum Steiner tree on a, b, ci (we assume such a tree exists). Suppose for each245

c = ci and T = Ti the same pair of inequalities in (2) hold; then those two inequalities hold for all points c

in the interior of �c1c2c3.

10



Figure 6: The branch on terminals a and b is merged with the branch on a single terminal d to make a branch of size 3.

Proof. Clearly it suffices to show, for each of the inequalities in (2), that if that inequality holds for points

c = c1 and c = c2 then it holds for all points in c1c2.

Consider first the inequality |ap| < |T |− |bc|. Let eab be the third point of the equilateral triangle �abeab250

such that eabc is a Simpson line for T . Then the inequality becomes −|ap| > |bc| − |eabc|. Without loss of

generality, we can assume that c1 = (0, 0) and c2 = (1, 0), meaning the points of the c1c2 are of the form

c = (x, 0), 0 ≤ x ≤ 1. We want to show that any local maximum or local minimum for h(x) = |bc| − |eabc|
on the interior of the line segment c1c2 must be a local minimum.

Let b = (b1, b2) and let eab = (e1, e2). Then

h(x) =
√

(x− b1)2 + b22 −
√

(x− e1)2 + e22

and255

h′(x) =
x− b1√

(x− b1)2 + b22
− x− e1√

(x− e1)2 + e22
= cos θe − cos θb

where θb = ∠bcc1 and θe = ∠eabcc1. Hence cos θb = cos θe at a local maximum or local minimum. Also,

h′′(x) =
b22

((x− b1)2 + b22)
3/2

− e22

((x− e1)2 + e22)
3/2

=
sin2 θb√

(x− b1)2 + b22
− sin2 θe√

(x− e1)2 + e22
.
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But when h′(x) = 0, since cos θb = cos θe it follows that sin2 θb = sin2 θe and hence,

h′′(x) = sin2 θb

(
1

|bc| −
1

|eabc|
)

> 0

since |eabc| > |bc|. (This latter inequality holds because, by the properties of Simpson lines, |eabc| = |T | > |bc|,
since T is an interconnection tree for b, c and a.) Thus any local maximum or local minimum for h(x) on

(c1, c2) must be a local minimum.260

An identical argument applies for the second inequality in (2). For the third inequality, note that if the

inequality holds at c = c1 and c = c2, then |T | > |cp| at each of those endpoints, and hence |T | > |cp| for all
points c in c1c2 (since the points for which |T | = |cp| lie on a straight line). Thus the same argument also

applies for the third inequality.

We now outline a dynamic 3-lune pruning procedure using Lemma 3.1.265

The main principle underlying the generation phase in GeoSteiner is to construct candidate full com-

ponents in a bottom-up manner from the given terminal set X by creating branches (which are like full

Steiner trees where there is one terminal whose location is unknown), and then iteratively merging branches

to create either larger branches or full components. This is illustrated in Figure 6 where a branch on two

terminals a and b has been merged with a branch on a single terminal d to make a branch of size 3. The270

locations of the Steiner points, s1 and s2, of this branch are not known, however we do know that s1 is

restricted to lying on a known circular arc C1 and s2 is restricted to a known circular arc C2 – these arcs

are determined by the fullness and geometry of the full components (in particular, the fact that all angles

at a Steiner point are 2π/3). Let cl2 and cr2 be the two endpoints of C2, and let ct2 be the intersection of the

line tangent to C2 at cl2 and the line tangent to C2 at cr2.275

Now suppose for some terminal p ∈ X there exists a pair of 3-lune inequalities (from (2)) that holds for

each choice of c = cl2, c
r
2 and ct2. Then it follows by Lemma 3.1 that the pair of inequalities holds for all

points c on C2. This means that any FST constructed from this branch will necessarily contain a subtree

(spanning a, b and a point c lying somewhere on C2) such that at least two of the inequalities in (2) hold

for some terminal p ∈ X; hence by Theorem 2.2 that subtree (and consequently the whole FST) cannot280

be part of a minimum Steiner tree for X. It follows that this particular branch can be discarded from

consideration. Note that a simple variation on this test can be carried out even if a and/or b are Steiner

points rather than terminals (again by testing the inequalities at vertices of suitable triangles containing

each of the corresponding Steiner arcs).

What we will see in Section 5 is that this dynamic pruning procedure has a modest effect in reducing285

the total number of candidate full components, but a significant effect in reducing the total time required

for the generation phase of GeoSteiner, since the number of generated branches is greatly reduced.
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4. Stronger versions of the k-lune inequalities

For k ≥ 3 in the Steiner tree problem and k ≥ 4 in the 2-connected Steiner network problem it is possible

to strengthen the lune inequalities by adding extra inequalities that have the effect of further restricting the290

set of possible full Steiner subtrees. In this section we focus on how to construct such stronger conditions

for small values of k, where the additional inequalities are likely to be the most effective. Here the extra

inequalities involved depend on which of the two problems we are considering.

One way of interpreting the k-lune inequalities is to view them as attempts to replace a candidate full

component T of a globally minimum Steiner network N by a pair of disjoint full Steiner trees that together295

span the terminals of T and an extra terminal p. If we can find such a pair of Steiner trees that have

combined length less than |T | and preserve either the connectedness of N (in the case of the Steiner tree

problem) or the 2-connectedness of N (in the case of the 2-connected Steiner network problem), then we can

eliminate T as a potential full component of N .

In the k-lune inequalities in (1), the replacement pair of Steiner trees consists of a straight line segment300

between p and one of the terminals of T , and a Steiner tree on the remaining terminals of T . However, we

will see below that there are other possibilities that can be usefully explored.

4.1. Strong 3-lune and 4-lune inequalities for the Steiner tree problem

We begin by determining a set of stronger 3-lune inequalities for the Steiner tree problem. Let T be a

full Steiner tree of size 3 with terminals a, b, c. The new set of inequalities for T consists of those in (2) along305

with the additional inequalities:

|Steiner({p, a, b})| < |T |,
|Steiner({p, a, c})| < |T |, (3)

|Steiner({p, b, c})| < |T |.

T can be eliminated from consideration as a possible subtree of a Steiner minimum tree S if for some

point p of S all three of the inequalities in (3) hold. This is an immediate consequence of the following

theorem:

Theorem 4.1. Let T be a full minimum Steiner tree of size 3 on points a, b, c. For a given minimum Steiner310

tree S, T cannot be a subtree of S if there exists a point p in S \ T such that all inequalities in (3) hold.

Proof. The proof is similar to that of Theorem 2.2, so we simply provide a sketch here. Suppose T is a

subtree of S and all inequalities in (3) hold. Let Sa, Sb and Sc be the three connected components of S \ T
containing a, b and c respectively. If p ∈ Sa then (S \T )∪Steiner({p, b, c}) is connected. Similar statements

apply if p ∈ Sb or p ∈ Sc. Together these imply that one of the inequalities in (3) contradicts the minimality315

of S.
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Figure 7: (i) 3-lune region corresponding to the inequalities in (3). (ii) The strong 3-lune region. (iii) The 2-lune (green) and

strong 3-lune (orange) regions superimposed.

The overall conclusion is that T cannot be a subtree of S if for some point p of S either two of the

inequalities in (2) or all three of the inequalities in (3) hold.

As with the 3-lune (and more general k-lune) inequalities, the above result can also be represented

geometrically. Figure 7(i) shows the set of all points p in the plane for which all the inequalities in (3) hold,320

for a specific choice of points a, b, c. If T is to be a candidate full component of S this must be an empty

region, whose interior contains no terminals of S. We note that this region needs to be constructed with

some care; it is not simply the intersection of three open disks, but rather of the oval regions shown. These

oval regions take into account the possibility that the Steiner tree on p and two of the terminals of T may be

degenerate (that is, a spanning tree). Figure 7(ii) shows the union of this new region and the 3-lune for T ;325

this constitutes the strong 3-lune region. In Figure 7(iii) we have superimposed this strong 3-lune region and

the 2-lunes on the edges of T , giving an indication of the extra empty region covered by the strong 3-lune

region.

The set of k-lune inequalities can be expanded in a similar way for larger values of k, however the

usefulness of these stronger pruning conditions diminishes rapidly as k increases (as will be demonstrated in330

Section 5). We briefly outline strong 4-lune inequalities for the Steiner tree problem.

Let T be a full Steiner tree of size 4 with terminals a, b, c, d, where a and b are adjacent to one Steiner

point and c and d are adjacent to the other, and where the terminals are visited in the order a, b, c, d in

an outer walk of the tree (as in Figure 8). The set of strong 4-lune inequalities for T for the Steiner tree

problem is as follows. Note that the first four of these are the standard 4-lune inequalities.335

14



Figure 8: A full Steiner tree T of size 4.

1. |T | > |ap|+ |Steiner({b, c, d})|
2. |T | > |bp|+ |Steiner({a, c, d})|
3. |T | > |cp|+ |Steiner({a, b, d})|
4. |T | > |dp|+ |Steiner({a, b, c})|
5. |T | > |ab|+ |Steiner({c, d, p})|340

6. |T | > |cd|+ |Steiner({a, b, p})|
7. |T | > |ad|+ |Steiner({b, c, p})|
8. |T | > |bc|+ |Steiner({a, d, p})|
9. |T | > |Steiner({a, b, c, p})|
10. |T | > |Steiner({a, b, d, p})|345

11. |T | > |Steiner({a, c, d, p})|
12. |T | > |Steiner({b, c, d, p})|

In this case T can be eliminated from consideration as a possible subtree of a Steiner minimum tree S if for

some point p of S any of the following conditions apply:

• any two of inequalities 1. to 4. hold;350

• either 5. and 6. both hold or 7. and 8. both hold;

• all four of inequalities 9. to 12. hold;

• any of the following pairs of inequalities holds: (1., 12.), (2., 11.), (3., 10), (4., 9.), (5., 1.), (5., 2.), (6.,

3.), (6., 4.), (7., 1.), (7., 4.), (8., 2.), (8., 3.).

The proof of correctness for each of these conditions is similar to the proofs of Theorems 2.2 and 4.1. We355

note that there are other inequalities that could be added to the list (such as |T | > |ac|+ |Steiner({b, d, p})|)
but in these missing cases the embeddings of the two replacement components will almost always fail to be

disjoint, meaning that the inequality will never hold, by the minimality of T .

The effectiveness of these strong 3-lune and 4-lune inequalities have been tested on the output of the

generation phase of GeoSteiner; these results are discussed in Section 5.360
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4.2. Strong 4-lune inequalities for the 2-connected Steiner network problem

For k ≥ 4 the set of k-lune inequalities for the 2-connected Steiner network problem can again be expanded

to produce a larger empty region. As in the case of the Steiner tree problem, the effectiveness of these strong

k-lune inequalities in reducing the number of candidate full components diminishes rapidly as k increases.

Here we briefly outline the strong k-lune inequalities for the case where k = 4 only.365

As in the previous subsection, let T be a full Steiner tree of size 4 with terminals a, b, c, d, where a and b

are adjacent to one Steiner point and c and d are adjacent to the other, and where the terminals are visited

in the order a, b, c, d in an outer walk of the tree (see Figure 8). The set of strong 4-lune inequalities for T

for the 2-connected Steiner network problem is as follows.

1. |T | > |ap|+ |Steiner({b, c, d})|370

2. |T | > |bp|+ |Steiner({a, c, d})|
3. |T | > |cp|+ |Steiner({a, b, d})|
4. |T | > |dp|+ |Steiner({a, b, c})|
5. |T | > |ab|+ |Steiner({c, d, p})|
6. |T | > |cd|+ |Steiner({a, b, p})|375

Note that these are exactly the first six of the strong 4-lune inequalities for the Steiner tree problem. The

last four inequalities for the Steiner tree problem do not apply here as they do not preserve 2-connectedness.

Inequalities 7. and 8. from the Steiner tree problem are also not included, as the corresponding replacement

creates a chord between p and the new Steiner point, which can be removed; this means that there are other

tests (not involving k-lunes) that can be used to potentially eliminate these full components – these other380

tests are discussed in [1].

Here T can be eliminated from consideration as a possible subtree of a minimum 2-connected Steiner

network N if: (a) for some point p of N any two of inequalities 1. to 4. hold; or (b) both of 5. and 6. hold

together with one of inequalities 1. to 4. In this case, the new conditions for elimination are those in (b);

the proof of correctness is similar to the proof of Theorem 2.5. Again there is a geometric empty region385

associated with these extra conditions; examples of this region are illustrated in Figure 9.

5. Computational results

In this section we show how the k-lune properties can improve the performance of GeoSteiner algorithms

for the Steiner tree and 2-connected Steiner network problems, by evaluating the algorithms on randomly-

generated problem instances with uniformly-distributed terminals inside a 10, 000 × 10, 000 unit square.390

Experiments were run on a desktop computer with an Intel Core i7-2600 CPU @ 3.40GHz x 8 processor

and 7.8GB of memory. Throughout this section the 3 and 4-lune tests for the Steiner tree problem and the

4-lune test for the 2-connected Steiner Network Problem all use the strong k-lune inequalities described in

Section 4.
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Figure 9: (i) 4-lune region associated with pairs of inequalities 1. to 4. (ii) Additional 4-lune region associated with inequalities

5. and 6. both holding along with one of inequalities 1. to 4.

5.1. Steiner tree problem395

Table 1 shows the number of FSTs generated by GeoSteiner for the Steiner tree problem over a range

of problem sizes, and the reduced quantities of FSTs obtained when different combinations of lune tests are

applied. The FST quantities are averaged across 100 seeds, and the eliminated percentages are relative to

the case without 3 and 4-lune tests. These results were obtained by post-processing GeoSteiner outputs

(from the generation phase), as the tests have not been directly implemented into GeoSteiner for the Steiner400

tree problem. FSTs generated by GeoSteiner that do not fulfil the 2-lune test have been removed from the

set of surviving FSTs prior to computing the quantities in the table.

Without 3 and 4-lune tests With 3-lune test only With 3 and 4-lune tests

Terminals FSTs FSTs Eliminated FSTs Eliminated

50 119 112 5.6% 110 7.1%

100 250 234 6.4% 230 8.2%

150 375 351 6.3% 343 8.3%

200 496 465 6.3% 457 7.8%

250 622 583 6.3% 573 7.8%

Table 1: FSTs generated for the Steiner tree problem with different combinations of lune tests. Quantities are averaged across

100 seeds.

The percentage of FSTs eliminated by the 3-lune test stabilises at 6.3% as the problem size increases,

and an additional 1.5-2% of FSTs are eliminated by the 4-lune test. These figures seem reasonable, since the

additional area occupied by the 3 and 4-lune regions beyond the classical 2-lune regions is not significant in405

general.

Preliminary analysis using the weak version of the 5-lune test suggests that the number of FST elimina-

tions continues to diminish with increasing k. This is not surprising, as the distribution of FST sizes after
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the generation phase is skewed towards FSTs of smaller size, with 39%, 39% and 14% of FSTs being of size

2, 3 and 4, respectively, for the 250-terminal case.410

While the 3 and 4-lune tests have only a modest impact on FST elimination, we expect their impact on

algorithm performance will be more significant for large problem instances (in excess of 10,000 terminals).

This is based on a recent analysis of the performance of GeoSteiner in [7], which shows that although

the increase in running time for FST generation and pruning is approximately linear, the time required

for concatenation displays rapid exponential growth as the size of the input (number of generated FSTs)415

increases (see, in particular, Fig. 4 in [7]). Hence we would expect any reduction in the number of FSTs

generated to have an exponential effect on reducing the running time for large problem instances.

5.2. 2-connected Steiner network problem

Table 2 is the equivalent of Table 1 for the 2-connected Steiner network problem. The results are based

on an implementation of the GeoSteiner algorithm described in [11] and [5], which can reliably solve problem420

instances up to 25 terminals. A series of recently-discovered improvements to this algorithm, documented

in a forthcoming paper [1], were not included in these experiments.

Without 3 and 4-lune tests With 3-lune test only With 3 and 4-lune tests

Terminals FSTs FSTs Eliminated FSTs Eliminated

10 159 92 42% 88 45%

15 585 226 61% 215 63%

20 2186 473 78% 425 81%

25 8074 866 89% 726 91%

Table 2: FSTs generated for the 2-connected Steiner network problem with different combinations of lune tests. Quantities are

averaged across 100 seeds.

Because the 2-lune tests are not applicable to the 2-connected Steiner network problem, we observe that

the 3-lune test eliminates a large percentage of the candidate FSTs, with an impressive 89% of FSTs being

eliminated for 25 terminals, and a further 2-3% of FSTs being eliminated by the 4-lune test.425

Table 3 compares the impact of the dynamic and post-generation 3-lune tests on the quantities of branches

and FSTs generated, along with FST generation CPU time. We note that in all of these cases the number

of FSTs generated is sufficiently small that the time required for concatenation is close to being negligible.
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Without 3-lune tests Dynamic 3-lune test only Post 3-lune test only

Terminals Branches FSTs CPU (ms) Branches FSTs CPU (ms) Branches FSTs CPU (ms)

10 229 159 1 225 158 4 229 92 2

15 949 585 14 847 576 15 949 226 15

20 7755 2186 174 4825 2030 172 7755 473 182

25 66,083 8074 2038 24,669 6453 1633 66,083 866 2050

Table 3: Comparison of the impact of dynamic and post-generation 3-lune tests on quantities of branches and FSTs generated,

along with FST generation CPU time in milliseconds. Quantities are averaged across 100 seeds.

For the 25-terminal case, a significant proportion of FSTs eliminated by the post-generation test could

not be eliminated by the dynamic 3-lune test, because of the strict requirement to test all-three vertices of430

the triangle containing the Steiner arc in the dynamic case. However, the dynamic test substantially reduces

the number of branches generated, because once a branch has been identified as violating the dynamic

test, there is no need to construct new branches from the violating branch. This eliminates unnecessary

computation, resulting in a 20% reduction in CPU time for the generation phase of GeoSteiner, once the

number of terminals reaches 25.435

The effectiveness of the 3-lune pruning test in helping solve the 2-connected Steiner network problem

has been further demonstrated in [1], which reports on the results of implementing the test as part of a

suite of new pruning rules for the problem. Together these new pruning rules are able to double the size of

random instances for which the 2-connected Steiner network problem can be solved, from 25 to 50 terminals.

Individual and cumulative tests in that paper show that the 3-lune pruning test makes a large contribution440

to this increased efficiency.

6. Conclusion

In this paper we have introduced new k-lune pruning techniques for the Euclidean Steiner tree and

2-connected Steiner network problems. These are the first new empty terminal regions that have been

discovered for the Euclidean Steiner tree problem since the lune and diamond properties described by Gilbert445

and Pollak in 1968 [3], and the first empty regions discovered for the 2-connected problem. For the Steiner

tree problem, the new 3 and 4-lune tests remove approximately 8% of FSTs for randomly-distributed sets

of up to 250 terminals. For the 2-connected problem, the 3 and 4-lune tests eliminate 91% of FSTs for 25

terminals, and the dynamic 3-lune test reduces FST generation CPU time by 20% (when compared with

either no 3-lune tests, or post-generation 3-lune tests only).450
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