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We report on the experimental observation of non-trivial three-photon correlations imprinted onto
initially uncorrelated photons through interaction with a single Rydberg superatom. Exploiting the
Rydberg blockade mechanism, we turn a cold atomic cloud into a single effective emitter with
collectively enhanced coupling to a focused photonic mode which gives rise to clear signatures
in the connected part of the three-body correlation function of the out-going photons. We show
that our results are in good agreement with a quantitative model for a single, strongly coupled
Rydberg superatom. Furthermore, we present an idealized but exactly solvable model of a single
two-level system coupled to a photonic mode, which allows for an interpretation of our experimental
observations in terms of bound states and scattering states.

Engineering effective interactions between individual
optical photons is essential for applications in classical
and quantum computation, communication and metrol-
ogy [1–3]. The most established approach to achieve
two-photon interaction is strong coupling of light to indi-
vidual quantum emitters, either in resonators [4–7] and
waveguides [8–13], or through tight focussing in free-
space [14–16]. A complementary approach combines elec-
tromagnetically induced transparency and strong inter-
action between atoms in Rydberg states to convert pho-
tons into interacting Rydberg polaritons in an extended
medium [17–19]. Here we exploit a combination of the
two concepts by using the Rydberg blockade mechanism
[20] to convert an atomic ensemble containing N indi-
vidual atoms into a single effective two-level quantum
system, a Rydberg superatom, with strongly enhanced
coupling to a single photonic mode [21, 22].

A central concept for quantifying the influence of effec-
tive photon-photon interaction in any of these systems is
to study the intensity correlations imprinted by the in-
teraction onto initially uncorrelated photons by determi-
nation of n-body correlation functions

g(n)
(
s1, . . . , sn

)
=

〈
E†(s1) . . . E†(sn)E(sn) . . . E(s1)

〉
∏n
i=1

〈
E†(si)E(si)

〉 .

(1)
Here, the operators E†(s) and E(s) describe the cre-
ation and annihilation of photons at time s. The outgo-
ing photon rate is related to these operators via I(s) =
〈E†(s)E(s)〉. Two-photon correlations g(2) have been ex-
tensively studied for a variety of systems [23] and the
observation of anti-bunching is accepted as a the charac-
teristic fingerprint of a single photon source [24], while
bound states of two photons have been observed as strong
bunching feature in Rydberg polariton systems [25]. To
study interaction between three photons, it is natural
to turn to third-order correlations g(3) [26–28]. While

any two-body correlation will also induce a signal in the
three-body correlation function, a natural approach is
to subtract these trivial contributions via the cumulant
expansion to identify the pure three-body correlations.
This approach leads to the connected part of the three-
body correlation function

g(3)
c (s1, s2, s3) = 2+g(3)(s1, s2, s3)−

∑
i<j

g(2)(si, sj). (2)

Note, that g
(3)
c vanishes if one photon is separated from

the other two. Furthermore, for any classical Gaussian
state of photons, the connected part of the three-body
correlation function is zero.

Here, we report the first experimental observation of
three-photon correlations by clear signatures in the con-
nected part of the three-body correlation function of ini-
tially uncorrelated photons interacting with a single Ryd-
berg superatom. Our setup is based on a cold atomic
cloud interacting with a focused photonic mode coupling
to a highly excited Rydberg state via a far detuned in-
termediate state. The transversal size of the photonic
mode as well as the longitudinal extent of the atomic
cloud are smaller than the Rydberg blockade volume re-
sulting in a single effective emitter with collectively en-
hanced coupling to the probe light [22]. We demonstrate
that such a superatom gives rise to non-trivial three-
body correlations, in good agreement with a quantitative
model for our system. Finally, we present an idealized
but exactly solvable model of a single two-level system
coupled to a photonic mode, which allows for an inter-
pretation of our experimental observations in terms of
a three-body bound state coherently superimposed with
two-body bound states and scattering states. We note
that recent experiments with Rydberg polaritons have
also found signatures consistent with a three-body bound
state of photons [28].

The experiment starts with trapping an ensemble of

ar
X

iv
:1

80
6.

00
06

2v
1 

 [
qu

an
t-

ph
] 

 3
1 

M
ay

 2
01

8



2

|W 〉

|G〉

{|Di〉}N−1
i=1

gcol
√Rin

Γ
Γ

|g〉

|e〉

|r〉

g0

√Rin

∆{

Ω

δ{

γD

(a)

(c)(b)

(d)

Time (µs)

P
h
o
to
n
ra
te

(p
h
o
to
n
s/
µ
s)

Γe Γe
0 2 4 6

0

5

10

15

1
Figure 1. (a) Sketch of the experimental setup to couple
a single Rydberg superatom to a few-photon light field. (b)
Single-atom level scheme. A weak probe and a strong control
field couple the ground state |g〉 via the intermediate state |e〉
to the Rydberg state |r〉. (c) Due to the Rydberg blockade
the atomic ensemble behaves as a single two-level system with
ground state |G〉 and collective excited state |W 〉. In addition
to decay, the excited state can dephase into the dark state
manifold {|Di〉}N−1

i=1 . (d) Time traces of the outgoing probe
photon pulses (blue points) for incoming pulses (broken lines)
with three different peak photon rates Rin = 3.4 µs−1, Rin =
6.7 µs−1, and Rin = 15.2 µs−1. Solid orange lines show fits of
our single-emitter model to the data.

24 × 103 laser cooled Rb87 atoms at a temperature of
5.9 µK in an optical dipole trap positioned in the focus
(w0 = 6.5 µm) of a weak probe beam at a wavelength of
780 nm (Fig. 1a). The extensions of the atomic medium
(given by 1/e of the Gaussian density distribution) are
σz = 6.5 µm along the probe beam and σx,y = 10, 21 µm
in the transverse directions. We couple atoms from
their ground state |g〉 = |5S1/2, F = 2,mF = 2〉 to
the Rydberg state |r〉 = |111S1/2, J = 1/2,mJ = 1/2〉
by overlapping the probe beam with a strong counter-
propagating control beam λc = 479 nm (Fig. 1b). With
a single-photon detuning ∆ = 2π × 100 MHz and the
two-photon detuning δ on Raman-resonance, the inter-
mediate state |e〉 =

∣∣5P3/2, F = 3,mF = 3
〉

can be adia-
batically eliminated, reducing the dynamics of each atom
to those of a resonantly driven two-level system, with the
upper-state decay rate being dominated by spontaneous
Raman decay via |e〉 with rate Γ = Ω2/(2∆)2Γe.

With a van-der-Waals coefficient of C6 = 1.88 ×
105 GHz µm6 [29] and a control field Rabi frequency
Ω = 2π × 12 MHz, the radius of the Rydberg blockade
volume is sufficiently large to blockade the whole inter-
section of probe beam and sample,so that only a single
Rydberg excitation is allowed at any time. We verify this
through the sub-Poissonian counting statistics of field-
ionized Rydberg atoms detected on a microchannel plate.
Under these circumstances, N ≈ 5×103 atoms within the
overlap volume with the probe beam couple collectively

to the propagating light mode. Specifically, the N -body
ground state |G〉 = |g1, . . . , gN 〉 couples to the many-

body excited state |W 〉 = 1√
N

∑N
j=1 e

ik·xj |j〉, where

|j〉 = |g1, . . . , rj , . . . , gN 〉 is the state with the j-th atom
in |r〉 and all others in |g〉, k is the sum of the wavevec-
tors of the probe and control fields and xj denotes the
position of the j-th atom. These two states form a single
two-level superatom, which couples to the probe light
with collective coupling constant gcol =

√
Ng0Ω/(2∆)

(Fig. 1c). The complete basis of collective states also

contains N − 1 dark states {|Di〉}N−1
i=1 formed by linear

combinations of {|j〉}Nj=1. Since all these states are or-

thogonal to |W 〉, they do not couple to the probe light,
but they still contain one Rydberg excitation blocking the
medium. Thermal motion of the individual atoms consti-
tutes the main dephasing from the strongly coupled state
|W 〉 into the collective dark states in our system. Addi-
tionally, the exchange of virtual photons between atoms
provides coupling between the |W 〉 state and the mani-

fold of dark states {|Di〉}N−1
i=1 [30–33], which can provide

a fundamental limit on the minimal dephasing rate [34].
We probe the superatom with Tukey-shaped probe

pulses with a peak photon rate Rin and collect the
transmitted probe photons with a set of four single-
photon counters (Fig. 1a). After each probe pulse, a
field-ionization pulse removes the possibly remaining ex-
citation in the medium, resetting the superatom to state
|G〉. Fig. 1d shows time traces of the outgoing probe
pulses for three different photon rates Rin = 3.4 µs−1,
Rin = 6.7 µs−1, and Rin = 15.2 µs−1. Because of the
low total photon number in the probe pulses, the Rabi
oscillation of the Rydberg population [35–37] is visible in
the transmitted photon stream as a periodic modulation,
which results from the absorption and subsequent stimu-
lated emission of single photons by the coherently driven
two-level atom.

On the theoretical side, the quantitative description of
the experimental setup is described in detail in Ref. [22].
The basic idea is to treat the superatom as a single two-
level system coupled to a quantized light field,

H =

∫
dk

2π
~ck a†kak+~

√
κ
(
E†(0)σGW+E(0)σ†GW

)
, (3)

where ak and a†k are photon annihilation and creation

operators, while E(x) = (
√
c/(2π))

∫
dkeikxak is the

electric field operator measured in
√

photons/time, and
σαβ = |α〉 〈β|. Here,

√
κ ≡ gcol/2 describes the collective

coupling between the superatom and the light field and
accounts for the collectively enhanced spontaneous decay
rate κ. Eliminating the photonic modes for a coherent
input pulse, leads to a Master equation for the reduced
density matrix ρ(t) of the atom alone

∂tρ(t) = − i
~

[H0(t), ρ(t)] + (κ+ Γ)D[σGW ]ρ(t)

+γdD[σDW ]ρ(t) + ΓD[σGD]ρ(t) (4)
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Figure 2. (a) Cut through the experimental third-order cor-

relation g(3)(s1, s2, s3) for input photon rate Rin = 6.7 µs−1

along the relative Jacobi coordinates η, ζ averaged over the
center-of-mass coordinate range Rrange =

√
3 × (2.5...3.5)µs.

(b) Corresponding theoretical calculation based on the single-
emitter model using the parameters extracted from the fitted
curves in Fig. 1d.

with the Lindblad dissipator D[σ] = σρσ† − (σ†σρ +
ρσ†σ)/2 and the driving Hamiltonian H0(t) =
~
√
κα∗(t)σGW + h.c. Here, the coherent field amplitude

α(t) is related to the time-dependent mean photon rate
by |α(t)|2 = Rin(t). In addition to the intrinsic collec-
tively enhanced decay κ into the photonic mode, we in-
clude phenomenologically the spontaneous decay of the
Rydberg level with rate Γ as well as the dephasing of
the superatom state |W 〉 into the manifold of dark states
with rate γd. The outgoing electric field operator is deter-
mined by E(t) = α(t)−i√κσGW (t). Fitting these param-
eters by comparing the theoretical predictions with the
experimental outgoing photon time traces (orange lines
in Fig. 1d) yields a single set of parameters κ = 0.55 µs−1,
Γ = 0.14 µs−1, γd = 1.49 µs−1.

Next, we calculate the third-order correlations
g(3)(s1, s2, s3) (eq. 1) from the outgoing photon traces. A
natural choice for visualization of these correlations is to
transform to Jacobi coordinates R = (s1 + s2 + s3) /

√
3,

η = (s1 − s2) /
√

2 and ζ =
√

2/3 [(s1 + s2) /2− s3].
Since we are investigating the response of the superatom
to a pulsed probe, the correlation function is not station-
ary and thus depends on the center-of-mass value R as
well as on the relative coordinates η and ζ. Nevertheless,
this choice of coordinates lets us average the g(3) func-
tion over a limited range of R, corresponding to times
(s1, s2, s3) within the flat-top part of the Tukey pulse.
In Fig. 2a, we show the third-order correlation function
g(3)(η, ζ) for the input photon rate Rin = 6.7 µs−1 av-

eraged over the time range Rrange =
√

3 × (2.5...3.5) µs
(with respect to the time axis shown in Fig. 1d). While
the averaging over R certainly reduces the visibility of
the three-body correlations, it is essential to extract a
significant signal from the few-photon data for a realistic
number of repetitions of the experiment.
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Figure 3. Connected part of the three-photon correlation

function g
(3)
c in the Jacobi coordinates η, ζ. (a), (b) and (c)

show experimental results forRin = 3.4 µs−1, Rin = 6.7 µs−1,
and Rin = 15.2 µs−1 respectively. (d), (e), and (f) show the
corresponding theoretical predictions.

Within the theoretical model described above, any
multi-time correlation functions are conveniently calcu-
lated using the quantum regression theorem. Note, for
a single superatom the quantum regression theorem is
exact as the emitted photons never interact with the sys-
tem again [38]. The theoretical third-order correlations
based on the parameters extracted from the time trace
fits and averaged over the time range Rrange are shown in
Fig. 2b, reproducing to very good agreement the bunch-
ing and anti-bunching features observed in the experi-
mental data.

To quantify pure three-body correlations in the outgo-
ing photon stream we now extract the connected third-

order correlation function g
(3)
c by subtracting the two-

body correlations for all pairwise combinations of time
coordinates s1, s2 and s3 from g(3), as defined in eq. 2.

Fig. 3a-c shows cuts g
(3)
c (η, ζ) through the measured con-

nected three-body correlation function for all three in-
vestigated photon input rates Rin = 3.4 µs−1, Rin =
6.7 µs−1, and Rin = 15.2 µs−1 averaged over Rrange. Even
for low photon numbers, we find a clear signal of three-
photon correlations in the connected part of g(3) with a
three-photon bunching at short distances, accompanied
by an anti-bunching at intermediate separations, followed
by another ring of bunching. This sequence of bunch-
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Figure 4. Three-photon correlation functions derived from the

wave function ψ
(3)
out of the exactly solvable idealized model in

the Jacobi coordinates η, ζ. (a) The correlation function g(3)

exhibits strong three-photon bunching at η = ζ = 0, with a
subsequent anti-bunching and finally saturation at g(2) if one
photon is separated from the other two. (b) Connected part

of the correlation function g
(3)
c still shows a strong non-trivial

contribution.

ing and anti-bunching features increases with increasing
photon numbers. Note that g(3) for a translationally in-
variant system exhibits a six-fold symmetry in Jacobi
coordinates. The reduction to a three-fold symmetry,
visible in particular in Fig. 3c, is a consequence of the
finite length of our probe pulse. In Fig. 3d-e we show the
corresponding theoretical predictions from our quantita-
tive model, which well-reproduce the observed structure
in the experimental data.

While this agreement between theory and experiment
suggests that our simple single-emitter model captures
the physics of the superatom-light interaction and the ef-
fective photon-photon interaction mediated through the
superatom very well, it is not straight-forward to under-
stand the microscopic origin for the appearance of three-
photon correlations from this model. In order to provide
a microscopic and qualitative understanding of these cor-
relations, we turn to the theoretical study of an idealized
setup, which allows for a fully analytical solution. For
this purpose, we point out that the Hamiltonian Eq. (3)
is exactly solvable via the Bethe Ansatz [39]. While such
an approach ignores the additional dephasing and spon-
taneous emission of the excited state, it allows us to gain
a microscopic understanding of the possible correlations
induced by a single superatom. A first important as-
pect is that the exact eigenstates for three-photons can
be characterized as a three-photon bound state, a com-
bination of a two-body bound state with an additional
scattering photon, and finally pure scattering states [39].
Especially, the three-photon bound state naturally pro-
vides a non-trivial contribution to the connected part of
the correlation function. A second important aspect is
the relation between the outgoing wave function and the
incoming photon wave function, which for the consid-

ered problem can be derived in a closed form [40]. For
the present setup, we are interested in an incoming state
ψin =

∏
i ψ(si) for n-photons in the single photon mode ψ

with width τ . Then, the outgoing n-photon wave func-
tion after interacting with a single superatom at times
s1 ≥ . . . ≥ sn reduces to (see supplement material)

ψ(n)
out (s1, . . . , sn) = ∂α1

. . . ∂αne
κ
2

∑
i(si−2αi) (5)

×φ(s1 − α1)

n∏
i=2

[
φ(si−αi)− φ(si−1+αi−1)

]∣∣∣∣
αi=0

with φ(s) =
∫∞
s
dtψ(t)e−κt/2; the wave function for all

values of {si} is obtained by requiring the bosonic sym-
metry of the wave function. For three-photons in a wide
incoming mode τκ � 1, the wave function in the center
of the pulse reduces to (s1 ≥ s2 ≥ s3)

ψ(3)
out = 1 + 12e−κ

s1−s3
2 − 4

(
e−κ

s1−s2
2 + e−κ

s2−s3
2

)
, (6)

from which we can analytically derive the three-body
correlation functions shown in Fig. 4. We find a very
strong three-photon bunching around η = ζ = 0. The
contribution of the three-body bound state to this sig-
nal can be observed by the decomposition of the wave

function ψ
(3)
out = 4e−κ(s1−s3) + ψsc. The first term de-

scribes the three-body bound state, while ψsc accounts
for the remaining contributions of scattering states and
two-photon bound states with ψsc = 1 at s1 = s2 = s3.
Therefore, the three-body bound state provides the dom-
inant contribution to the three-photon bunching signal,
but contributions of the remaining states are still signif-
icant. Especially, the exponential decrease of the bunch-
ing signal at s2 = s3 exhibits a decay κ instead of the
faster decay 2κ expected from the three-body bound state
wave function.

Comparing this result with the experimentally ob-
served correlation functions, we find that the idealized
setup exhibits the characteristic features of three-photon
bunching at short distances and anti-bunching at inter-
mediate distances observed in the experiment for low
photon numbers. We expect therefore, that the micro-
scopic origin of the three-body correlations in the experi-
ment are well captured by an understanding of the ideal-
ized model as the combination of a three-photon bound
state, scattering states and two-photon bound states.
Note, that the width of these signals are increased due to
the reduced losses in the idealized setup. Furthermore,
the appearance of oscillations for higher number of pho-
tons can be understood as the single emitter undergo-
ing Rabi oscillations, which gives rise to a characteristic
beating for increasing photon number.

In conclusion, the experimental observation of three-
photon correlations imprinted by a single Rydberg su-
peratom on an initially uncorrelated photonic state is
well accounted for by a single-emitter model, where the
dephasing of the collectively excited state as well as the
spontaneous decay are included. On a microscopic level,
the appearance of the three-photon correlations are well
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understood in an idealized setup, which suggests that the
observed three-photon bunching signal here cannot be
purely attributed to a three-photon bound state in con-
trast to recent observations on Rydberg polaritions [28].
Observing such three-photon correlations imprinted by
a single two-level systems sheds light on the fundamen-
tal processes of absorption and emission at the quantum
level and highlights the potential for experimentally real-
izing photonic strongly correlated many-body systems in
quantum nonlinear optical systems. Besides further im-
proving the emitter-light coupling and investigating in-
trinsic superatom dephasing mechanisms, we envision the
scaling of our system to more complex arrangements of

multiple superatoms for implementing quantum optical
networks [1, 3].
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Appendix A: Diagonalization of the model Hamiltonian

The Hamiltonian Eq. 3 in main text, which describes the interaction of the photons with an effective two level
system, is an example of a quantum integrable system and is solvable by the Bethe ansatz. The N -particle wave

functions with energy Eλ =
∑N
i=1 λi reads [39]

|λ〉 =C(λ)

∫
dNs

∏
i<j

(
1 +

iκ sgn(si − sj)
λi − λj

) N∏
i=1

f(si, λi)e
iλisir†(si, λi) |0〉 (A1)

where

f(s, λ) =
λ− iκ/2 sgns

λ+ iκ/2
,

r†(s, λ) = E†(s) +

√
κ

λ
δ(s)a†

and C(λ) is a normalization constant. The parameters λ = (λ1, . . . , λn) are called rapidities. For real λ they
correspond to momenta of incoming plane waves. However, taking only real values for λ into account would not
suffice to build a orthonormal basis for the Hamiltonian Eq. 3 in the main text. Hence, we need to allow complex
values for λi. The only possibility for which |λ〉 remains bounded is if Re(λi) = Re(λi+1) and Im(λi) + iκ = Im(λi+1)
for a subset {λi, . . . , λi+m} of rapidities. Since the energy expectation value of |λ〉 must remain a real number this
subset must be symmetric about the real axis.

These sets of rapidities are called strings and they are best interpreted as bound states. For example, a two photon
bound state contains rapidities λi = λ− iκ/2, λi+1 = λ+ iκ/2 and a three photon bound state contains λi = λ− iκ,
λi+1 = λ and λi+2 = λ+ iκ. The completeness relation expressed by the Bethe states now reads

Id =
∑

strings

∫
Λ

dNλ |λ〉 〈λ| (A2)

with Λ the respective manifold for each string configuration.
To study scattering processes one best decomposes an initial state |Ψ0〉 into Bethe states and studies the time

evolution in this basis. Yet, the actual calculation of the overlap integral of |Ψ0〉 with a given string configuration
and the following summation over all possible configurations is quite cumbersome in practice. Thus, it comes as a
surprise that the string summation can be avoided completely. Instead of integration along all possible strings one
introduces a complex contour Γ, such that

|Ψ〉 =

∫
Γ

dNλ |λ〉
〈
λ(A)

∣∣∣Ψ〉 . (A3)

For this, one needs to analytically continue the states |λ〉 onto λ ∈ CN and introduces the auxiliary state∣∣∣λ(A)
〉

=

√
N !

(2π)N/2

∫
dNs θ(s1 ≥ · · · ≥ sN )

N∏
i=1

f(si, λi)e
iλisir†(si, λi) |0〉 . (A4)
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A detailed analysis and the conditions on Γ are found in [39].
Using |Ψ〉 = |s1, . . . , sN 〉, with 0 > s1 > · · · > sN , the representation (A3) yields the Green’s function

G(t, s) = θ(t1 ≥ s1 ≥ · · · ≥ tN ≥ sN )
∑
σ∈S′N

N∏
i=1

[
δ(ti − sσi)− κθ(ti − sσi)

]
e−κ(ti−si)/2 (A5)

for the asymptotic scattering outcome. The summation runs over a restricted part of the symmetric group SN which
flows from the Heaviside function in (A5). Note that this allows also to replace S′N by SN .

Appendix B: Generating Functional for outgoing states

The Green’s function (A5) allows in principle to calculate the photon wave function after the scattering process
for any given initial photon wave function. Practically, the large number of permutations hampers such attempts.
However, we show that the Green’s function owns a more compact formulation consisting of N auxiliary parameters
αi, which in turn enables us to derive a generating functional for the scattered wave function in the case of an initial
product wave function. For this, one uses the identity

θ(t1 ≥ s1 ≥ · · · ≥ tN ≥ sN )
∑
σ∈S′

N∏
i=1

{δ(ti − sσi)− κθ(ti − sσi)}

= lim
tN+1→−∞

N∏
i=1

∂αie
−καiθ(ti + αi − si)θ(si + αi − ti+1)

∣∣∣∣
αi=0

, (B1)

which holds almost everywhere. The proof uses induction in N and is straight-forward, yet quite cumbersome.
Therefore, we will only explicitly show the case N = 2 here.

We calculate the right hand side of (B1), but ignore the t3 → −∞ limit for the moment

2∏
i=1

∂αie
−καiθ(ti + αi − si)θ(si + αi − ti+1)

∣∣∣∣
αi=0

= θ(t3 ≤ s2 ≤ t2 ≤ s1 ≤ t1) [−κ+ δ(t1 − s1) + δ(s1 − t2)] [−κ+ δ(t2 − s2) + δ(s2 − t3)] .

Let us now consider each term separately. First of all, we use δ(s2− t3) = 0 in the limit t3 → −∞. We start with the
constructive example of the terms in O(κ2). Here we have

θ(t3 ≤ s2 ≤ t2 ≤ s1 ≤ t1)κ2

= θ(t3 ≤ s2 ≤ t2 ≤ s1 ≤ t1)κ2 [θ(t1 − s2)θ(t2 − s2) + θ(t1 − s2)θ(t2 − s1)] ,

since θ(t1 − s1)θ(t2 − s2) equals one if θ(t3 ≤ s2 ≤ t2 ≤ s1 ≤ t1) = 1, while θ(t1 − s2)θ(t2 − s1) vanishes under the
same condition, but on the zero measure set {s1 = t2}. We repeat this strategy for every other power of κ, i.e., we
add Heaviside- and Delta-functions, which are either trivial — due to the θ(t3 ≤ s2 ≤ t2 ≤ s1 ≤ t1) term — or vanish
everywhere, except on a set with measure zero.

The terms in power O(κ) are

θ(t3 ≤ s2 ≤ t2 ≤ s1 ≤ t1) [δ(t1 − s1) + δ(t2 − s1) + δ(t2 − s2)]

= θ(t3 ≤ s2 ≤ t2 ≤ s1 ≤ t1)
[
δ(t1 − s1)θ(t2 − s2) + δ(t2 − s1)θ(t1 − s2) + θ(t1 − s1)δ(t2 − s2) + θ(t2 − s1)δ(t1 − s2)

]
.

The first three inserted Heaviside-functions are again trivial, while the last term vanishes except on the set
{(s1, s2)|s1 = t2}. The remaining terms in O(1) are

θ(t3 ≤ s2 ≤ t2 ≤ s1 ≤ t1) [δ(t1 − s1)δ(t2 − s2) + δ(t2 − s1)δ(t2 − s2)]

= θ(t3 ≤ s2 ≤ t2 ≤ s1 ≤ t1) [δ(t1 − s1)δ(t2 − s2) + δ(t2 − s1)δ(t1 − s2)] .

We used that the set with s1 = s2, i.e., where both photons at the same position, has again vanishing measure. The
other term δ(t2 − s1)δ(t1 − s2) is zero, since s2 will never take the value t1.



7

In total, we now have

lim
t3→−∞

[−κ+ δ(t1 − s1) + δ(s1 − t2)] [−κ+ δ(t2 − s2) + δ(s2 − t3)]

= θ(s2 ≤ t2 ≤ s1 ≤ t1)
∑
σ∈S′2

2∏
i=1

{δ(ti − sσi)− κθ(ti − sσi)},

Bringing us directly to the left hand side of (B1), which ends the induction basis.
The induction step uses the restriction on S′N : for every σ ∈ S′N we have σi ≥ i− 1. Thus we can split S′N+1 into

two sets, namely (N + 1, N + 1)⊗S′N and (N + 1, N)⊗S′N . With that we can split the summation in (B1) into these
two corresponding parts and use the induction assumption.

This brings us to one of our most important results from the theory side. For an initial product wave function
Ψin =

∏
i Ψ(si) we find that the outgoing wave function

Ψout(s) =

∫
dN tG(s, t)Ψin(t)

primarily consists of terms of the form∫ b

a

dt e−κt/2Ψ(t) =

∫ ∞
a

dt e−κt/2Ψ(t)−
∫ ∞
b

dt e−κt/2Ψ(t).

Consequently, the definition Φ(s) =
∫∞
s

dt e−κt/2Ψ(t) yields the representation Eq. 5 from the main text for the
outgoing wave function.
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Hans Peter Büchler, and Sebastian Hofferberth, “Free-
space quantum electrodynamics with a single rydberg su-
peratom,” Phys. Rev. X 7, 041010 (2017).

[23] M. O. Scully and S. M. Zubairy, Quantum Optics (Cam-
bridge University Press, Cambridge, UK, 1997).

[24] M. D. Eisaman, J. Fan, A. Migdall, and S. V. Polyakov,
“Single-photon sources and detectors,” Rev. Sci. Instrum.
82, 071101 (2011).

[25] O. Firstenberg, T. Peyronel, Q. Liang, A. V. Gorshkov,
M. D. Lukin, and V. Vuletic, “Attractive photons in a
quantum nonlinear medium,” Nature 502, 71–75 (2013).

[26] M. Aßmann, F. Veit, M. Bayer, M. van der Poel, and
J. M. Hvam, “Higher-order photon bunching in a semi-
conductor microcavity,” Science 325, 297 (2009).

[27] Markus Koch, Christian Sames, Maximilian Balbach,
Haytham Chibani, Alexander Kubanek, Karim Murr,
Tatjana Wilk, and Gerhard Rempe, “Three-photon cor-
relations in a strongly driven atom-cavity system,” Phys.
Rev. Lett. 107, 023601 (2011).

[28] Qi-Yu Liang, Aditya V. Venkatramani, Sergio H. Cantu,
Travis L. Nicholson, Michael J. Gullans, Alexey V. Gor-
shkov, Jeff D. Thompson, Cheng Chin, Mikhail D. Lukin,
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