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ABSTRACT Fault location techniques play an essential role in system recovery and repair. Therefore,
numerous methods have been presented for fault location in power transmission and distribution networks.
The contribution of this paper is to extend the state-of-art impedance-based fault location methods to support
four-wire power distribution. To make this possible an algorithm is developed. The method is obtained using
the principles of circuit theory and overcomes the challenges which prevent the use of most fault location
methods for distribution networks in practice. This paper presents the detailed equations which are used in
the algorithm and how they are obtained. The satisfactory performance of the algorithm is confirmed with
numerical examples using MATLAB software.

INDEX TERMS Distribution networks, fault locating, fault estimation section, impedance-based fault
locating, π line model.

I. INTRODUCTION
Distribution networks distribute the power that has already
entered the cities by transmission networks among con-
sumers. One of the important points associated to the
power lines (transmission and distribution) is the problem
of divulging fault in these lines. This issue is inevitable.
Divulging fault can result in difficulties such as damaging
network equipment, interruption in providing service for con-
sumers, making the network unstable and finally, decreasing
the network reliability. All these problems can impose finan-
cial loss to consumers, power plants and companies [1]–[3].

Four-wire three-phase systems are widely used in distribu-
tion networks since they have higher sensitivity for protection
and better fault removal capabilities compared to the three-
wire three-phase counterparts. The ground wire has current
due to the loads imbalance in the three phase as well as
the nonlinear characteristic of the loads. Even a significant
imbalance in some feeders causes that the groundwire current
to be higher than other phases. The ground wire in load
distribution programs and available fault analysis is usually
combined with wire of phases. Since the ground wire does
not appear clearly in equations, its current and voltage will
be unavailable. In some applications, such as fault analysis,
power quality, safety issues, etc., it is very important to
know the voltage and current of the ground wire. Therefore,

an algorithm that can provide the location of the fault with
respect to the ground wire is needed [4].

According to the conducted studies, evolutionary flow of
recognizing fault location can be taken into account in the
form of subscribers contact and expressing their observations,
presence of the operators on the spot, the use of off-line
and real-time fault finders. The literature has been focused
on the real-time strategies and various methods for fault
location in the transmission networks have been proposed.
These techniques, however, do not thoroughly consider the
attributes of distribution systems (unbalanced operation, pres-
ence of intermediate loads, laterals/sub laterals, and time
varying load profile), which significantly affect the methods
performance [5], [6].

Several methods have been proposed for fault distance
detection in transmission lines. However, the significant
structural differences of the distribution network and the
transmission line have caused that the methods presented for
transmission lines cannot be used for fault location in the dis-
tribution networks. Therefore, methods such as impedance,
travelling waves and artificial intelligence were presented in
such a way that they can solve the problem of locating faults
in the distribution networks. These methods however still
suffer from some problems. Travelling waves-based methods
have problems such as the need for a high sampling fre-
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FIGURE 1. Single-line diagram of distribution network.

quency, a complex structure, and the need for a data bank. The
need for a large and accurate data bank that should be updated
with the smallest change in the network is among the problem
of the artificial intelligence methods. This is in addition to its
complex structure. Due to the above problems, presenting an
efficient method is necessary that can accurately determine
the location of the fault with proper accuracy. In distribution
networks, mainly impedance-based fault location detection
methods are used to determine the possible locations of faults
according to simplicity in implementation, low cost, and the
use of simple equations and calculations [7]–[9].

Fault analysis in four-wire distribution networks is dis-
cussed in [4]. The methodology for fault analysis is based
on the generalized backward–forward technique and hybrid
compensation short-circuits method. The methodology is
generally used since it enables fault analysis in most of the
existing distribution networks. While the presented method
in [4] is interesting for fault detection, it does not provide
results on fault location.

In this paper, we extend the state-of-art impedancemethods
to support four-wire distribution networks.We propose a fault
location algorithm considering the fourth wire separately for
four wire networks using π line model. The main specifica-
tions of distribution networks including sub branches, fault
resistance, fault location, error start angle and type of the fault
have been presented in the proposed algorithm.

II. THE PROPOSED METHOD FOR DETERMINING
FAULT DISTANCE
Distribution network consists of different sections. Each
section is a part of a distribution network which is located
between two sequent nodes. Single-line diagram of each
section has been shown in Fig. 1. In this part, π line model has
been used for modeling of each section. The circuit diagram
of each section is shown in the Fig. 2.

where:
S: sending bus
R: receiving bus
From voltage rule and Kirchhoff’s current law, we have:[

Vabcnm
Iabcnm

]
=

[
dl −bl
−cl al

]
·

[
Vabcnn
Iabcnn

]
(1)

where:
Vabcnm : Three-phase and neutral voltage at the end of study

section.

FIGURE 2. Four wire exact line segment model.

Iabcnm : Three-phase and neutral current at the end of study
section.
Vabcnn : Three-phase and neutral voltage at the beginning of

study section.
Iabcnn : Three-phase and neutral current at the beginning of

study section.
According to [10]:

al = dl = I + 0.5 · l2 · Zabcn · Yabcn (2)

bl = l · Zabcn (3)

cl = l · Yabcn + 0.25 · l3 · Yabcn · Zabcn · Yabcn (4)

where:
Zabcn: impedance matrix of study section (per length unit).
Yabcn: admittance matrix of study section (per length unit).
Equation (1) can be rewritten for fault point voltage (fault

in the distance of x kilometer from the beginning of the line)
as follows:

VF = dx · VS − bx · IS (5)

Where in this equation, Vs and Is are voltage and current at
the beginning of section, VF is the voltage of fault point and
variables dx and bx are obtained by replacing x instead of l
in (2) and (3). As it is observed from (5), the shunt admittance
is considered in fault location via dx and it will be affected,
effectively. All types of faults are divided into two groups of
faults: the ground faults (single phase to ground, two-phase
to ground and three- phase to ground) and phase faults (two
phase to each other). Suggested algorithms for fault locating
for these two groups will be presented separately as follows.

A. GROUND FAULTS
Generally, ground faults are shown in Fig. 3. Fault point
voltage of different phases is shown in (6) that is depended
on fault impedances and fault currents. Using this equation,
voltage of fault point in the phase k (k=a, b and c) can be
calculated by (7).

where: ILn: the phase current flow from load point to
the fault point. Ii(a,b or c): the phase current flow from the
upstream fault point to that. Ili(a,b or c): the phase current from
the downstream fault point to that. IFi(a,b or c): injection fault
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FIGURE 3. Distribution line subjected to a general ground fault.

current from phase i. In: neutral wire fallowing current from
the fault point to the beginning of section.

VFa
VFb
VFc
VFn

 =

ZFa+ZFg ZFg ZFg ZFg
ZFg ZFb+ZFg ZFg ZFg
ZFg ZFg ZFc+ZFg ZFg
ZFg ZFg ZFg ZFn+ZFg



·


IFa
IFb
IFc
IFn

 (6)

VFk = ZFk · IFk + ZFg · IF (7)

where:

IF = IFa + IFb + IFc + IFn (8)

Both (5) and (6) describe fault point voltage. By comparing
each faulty phase of k using these two equations and substi-
tuting the (2) and (3) in (5), we obtain:

VFk = ZFk · IFk + ZFg · IF = VSk + x
2
· 0.5 ·Mk − x · Nk

(9)

Where the coefficients MK and NK are defined as follow:
Ma
Mb
Mc
Mn

 =

Zaa Zab Zac Zan
Zba Zbb Zbc Zbn
Zca Zcb Zcc Zcn
Zna Znb Znc Znn



·


Yaa Yab Yac Yan
Yba Ybb Ybc Ybn
Yca Ycb Ycc Ycn
Yna Ynb Ync Ynn

 ·

VSa
VSb
VSc
VSn

 (10)


Na
Nb
Nc
Nn

 =

Zaa Zab Zac Zan
Zba Zbb Zbc Zbn
Zca Zcb Zcc Zcn
Zna Znb Znc Znn

 ·

ISa
ISb
ISc
ISn

 (11)

By separating the real and imaginary parts of (9), (12)
and (13) are determined. Most of the time the fault

impedances (ZFa , ZFb and ZFc ) are assumed to be pure resis-
tance. Therefore, the second term is zero.

Re{VFk } = RFk · IFkr + RFg · IFr − XFg · IFi
= VSkr + x

2
· 0.5 ·Mkr − x · Nkr = Tkr (12)

Im{VFk } = RFk · IFki + RFg · IFi + XFg · IFr
= VSki + x

2
· 0.5 ·Mki − x · Nki = Tki (13)

In the above equations, r and i are real and imaginary parts of
variables, respectively. Based on the (12) and (13), RFk can
be computed using (14) and (15). By removing the RFk from
the above equations, (16) is obtained:

RFk =
1
IFkr
·
[
Tkr − RFg · IFr + XFg · IFi

]
(14)

RFk =
1
IFki
·
[
Tki − RFg · IFi − XFg · IFr

]
(15)

RFg ·

[
−
IFr
IFkr
+

IFi
IFki

]
+ XFg ·

[
IFi
IFkr
+
IFr
IFki

]

+

[
Tkr
IFkr
−

Tki
IFki

]
= 0 (16)

By multiplying (−IFkr · IFki ) to (16) the following equation
can be concluded:

RFg · Im
{
IFk · I

∗
F
}
− XFg · Re

{
IFk · I

∗
F
}

+

[
Tkr · IFki − Tki · IFkr

]
= 0 (17)

For the ground faults such as single phase to ground, two-
phase to ground, and three- phase to ground, (17) is re-written
in the following form.

RFg · Im
{
IF · I∗F

}
− XFg · Re

{
IF · I∗F

}
+

∑
k∈�k

[
Tkr · IFki − Tki · IFkr

]
= 0 (18)

The first term of (18) is imaginary part of |IF |2 which is equal
to zero. The reason is that, it is a real number and imaginary
part of a real number is zero (as it can be seen in (19)). Since
fault impedance usually is assumed as resistance, the second
term will be also zero. Therefore, for the ground faults, (18)
is converted to (20).

Im
{
IF · I∗F

}
= Im

{
|IF |2

}
= 0 (19)∑

k∈�k

[
Tkr · IFki − Tki · IFkr

]
= 0 (20)

By substituting (12) and (13) in (20), (21) is extracted which
is a second order algebraic equation of fault distance:

x2 ·

0.5 · ∑
k∈�k

Im
{
Mk · I∗Fk

}− x ·
∑
k∈�k

Im
{
Nk · I∗Fk

}
+

∑
k∈�k

Im
{
VSk · I

∗
Fk

} = 0 (21)
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This equation has been determined for all the ground faults
(single phase, two-phase, and three-phase to ground). When
the fault happens, the fault distance is determined using volt-
age and the current at the beginning of the section and the
proposed impedance-based technique.

FIGURE 4. Line-to-line fault model.

B. PHASE FAULTS
Fig. 4 presents phase faults, where phase a and phase b are
connected to each other with fault impedance ZF . Based
on Fig. 4, output current from the phase a toward the
phase b and the voltage of fault point can be written as (22)
and (23-a). Additionally, by substituting (2) and (3) in (5),
the faulted point voltage at phase a and b can be determined
(23-b) and (23-c).

IFa = −IFb (22)
VFa = VFb + ZF · IFa (a)
VFa = VSa + x

2
· 0.5 ·Ma − x · Na (b)

VFb = VSb + x
2
· 0.5 ·Mb − x · Nb (c)

(23)

Let’s assume that ZF is pure resistance. By separating the
real and imaginary parts of (23-a), the two below equations
are computed.

RF · IFar = x2 · 0.5 ·
(
Mar −Mbr

)
− x ·

(
Nar − Nbr

)
+
(
VSar − VSbr

)
(24)

RF · IFai = x2 · 0.5 ·
(
Mai −Mbi

)
− x ·

(
Nai − Nbi

)
+

(
VSai − VSbi

)
(25)

Then by removing ZF , (26) is determined for phase faults
location

x2 · 0.5 ·

[
Mai −Mbi

IFai
−
Mar −Mbr

IFar

]
− x

·

[
Nai − Nbi
IFai

−
Nar − Nbr

IFar

]

+

[
VSai − VSbi

IFai
−
VSar − VSbr

IFar

]
= 0 (26)

Equation (27) is obtained by multiplying (IFar · IFai ) to
(26). This equation is second order algebraic equation of

fault distance.

x2 · 0.5 · Im
{
(Ma −Mb) · I∗Fa

}
− x · Im

{
(Na − Nb) · I∗Fa

}
+ Im

{(
VSa − VSb

)
· I∗Fa

}
= 0 (27)

Equation (27) has been presented for two-phase faults
between a and b. Similar equations can be written for two-
phase faults between h and k:

x2 · 0.5 · Im
{
(Mh −Mk) · I∗Fh

}
− x · Im

{
(Nh − Nk) · I∗Fh

}
+ Im

{(
VSh − VSk

)
· I∗Fh

}
= 0 (28)

C. DETERMINING THE PHYSICALLY CORRECT SOLUTION
The proposed fault location equations are second-order poly-
nomials in x, the fault distance. Therefore, in each iteration
of the previously described algorithm, two new fault distances
are obtained. Only one of the solutions is real fault location.
The other solution is mathematical answer and does not have
a physical meaning. Selecting the correct answer is very
critical. The answer with the following conditions is selected
as the correct answer:
• Correct answer should be a real and positive number.
• Its value should be less than the length of evaluated
section.

Studies show that just one of the answers from the (21) or (28)
satisfies the above-mentioned conditions.

FIGURE 5. Single-line diagram of sample network.

III. ALGORITHM OF FAULT LOCATING FOR
DISTRIBUTION NETWORKS
A. DETERMINING EQUIVALENT LOAD AT THE
END OF EACH SECTION
In previous section, the proposed technique for fault location
has been presented. The voltage and current at the beginning
of the section and load data at the end of the section are
assumed to be known in section II. However currents and
voltages are measurable only at the beginning of the feeder
in distribution networks. In the following, different methods
have been presented for calculating impedance of equivalent
load at the end of each section and also for calculating the
voltage and current at the beginning of each section. Whereas
the fault has happened in section ij (see Fig. 5) which is
between nodes i and j, it is necessary to find impedance of
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equivalent load at the end of this section. Equation (29) is
used to obtained equivalent impedance.

ZLeqj =
(
Z−11 + Z

−1
2 + Z

−1
3 + Z

−1
Lj

)−1
(29)

To determine each of impedances z1, z2 and z3, the observed
equivalent impedance of jth node is computed. To find these
impedances, series and parallel of loads impedance and lines
impedance have been used. For having a higher precision,
π line model has been used for each section. By using (30),
(31) and (32) the equivalent impedance of each section which
is connected to the node j is determined (see Fig. 5).

Y1 =

((Z−1L2
+
Y ′12
2

)−1
+ Z ′12

)−1
+
Y ′12
2

+Z−1L1
+
Y ′j1
2

]−1
+ Z ′j1

−1 + Y ′j1
2

(30)

Y2 =

((Z−1L4
+
Y ′34
2

)−1
+ Z ′34

)−1
+
Y ′34
2

+Z−1L3
+
Y ′j3
2

]−1
+ Z ′j3

−1 + Y ′j3
2

(31)

Y3 =

(Z−1L5
+
Y ′j5
2

)−1
+ Z ′j5

−1 + Y ′j5
2

(32)

Z1 = Y−11 , Z2 = Y−12 , Z3 = Y−13 (33)

B. DETERMINING VOLTAGE AND CURRENT AT THE
BEGINNING OF EACH SECTION
To be able to use the proposed technique in part II of this
paper, the voltage and current at the beginning of the section
are required to be known or determined. To determine the
voltage and current the recorded data from the voltage and
the current at the beginning of the feeder is used. We know
that each node is situated on the downstream of the first node
of the feeder. Therefore, the voltage on the downstream node
Vkj and input current of this node from previous node Vkij can
be calculated via (34) and (35). Let’s assume that in Fig. 5,
the voltage and current at the beginning of section j − 1
(VSj , ISj ) should be calculated. The existed voltages and cur-
rents at the beginning of section i − j can be used to find
VSj , ISj . In this case Vkj is equal to VSj and is obtained by using
(34) and input current of node j is obtained by using (35):

Vkj = VSk + l
2
kj · 0.5 ·Mk − lkj · Nk (34)

Ikij = −clkj · VFk + alkj · IFk (35)

The currents of different branches and loads which are con-
nected to node j are required to find output current from node
j to node1 (ISj−1 , (36)).

ISj−1 = Ikij − Ithj−3,5 (36)

FIGURE 6. Typical section of PDS with a fault at distance from sending
node [9].

Ikij : The sum of all currents that pass over all sections and
the loads which are connected to node j.
ISj−1 : Output current of nod j towards node1.
Ithj−3,5 : The sum of output currents from node j to all

branches except the branch j-1.

Ithj−3,5 =
(
Z−12 + Z

−1
3 + Z

−1
Lj

)
· VSj (37)

C. FAULT LOCATION ALGORITHM FOR POWER
DISTRIBUTION SYSTEM

1) Fault Identification
In this step, different types of faults are recognized
to separate them from each other (single phase to the
ground, two-phase to the ground, two-phase to each
other and three-phase to the ground). Diverse strategies
can be found in the literature for recognition of the fault
type. In this paper, the fault type is recognized by using
relay information at the beginning of the feeder.

2) Determining equivalent load impedance at the end of
each section, and voltage and current at the beginning
of each section.

3) Load current (IL) before and after the fault are consid-
ered to be equal. Output current from fault point to the
end side of the section (IU ) is considered to be equal
to (IL).

4) The input current to fault point from upside (ID) and
output current from the first node of the sector (IS ) are
assumed to be equal.
Fig. 6 shows the location of different currents.

5) Equation (38) is used to determine fault current.

IF = ID − IU (38)

6) Based on the fault type, (21) or (28) is used to find fault
location.

7) Has x been convergent?
If yes, algorithm is stopped and the value x is printed,
otherwise going to stage 8.

8) Determining location voltage or fault point by using (7)
9) Updating the currents ID and IU by using (39) and (40)

and turning to stage three.

ID = −cx · VSk + ax · ISk (39)

IU =
[
Z−1Total + 0.5 · (l − x) · Yabcn

]
· VF (40)
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FIGURE 7. Single-line diagram of 11 nodes AL-1PL network [11].

ZTotal = (l − x) · Zabcn

+

[
0.5 · (l − x) · Yabcn + Z

−1
k+1

]−1
(41)

IV. THE RESULTS OF SIMULATION
A. INTRODUCING THE STUDIED NETWORKS
For assessing the execution of the proposed technique,
the changed network of 11 nodes [11] AL-1PL is considered
(see Fig. 7). The Simulink toolbox is used to simulate these
networks. For modeling lines in different sections, model
π has been used. The samples of three-phase voltage and
current at the beginning of the feeder are measured and saved.
Domain and voltage phase and three-phase current at the
beginning of the feeder is required to perform the proposed
algorithm. These parameters are found based on Fourier anal-
ysis. To find how precise fault locating is, (42) is used:

error% =
|xactual − xcalculated |

lt
× 100 (42)

In this relation:
xactual : Actual location of error. xcalculated : calculated error

location. lt : The length of the total feeder.

B. EVALUATING SUGGESTED METHOD OF FAULT
LOCATING IN THE CHANGED NETWORK OF
11 NODES AL-1PL [11]
To check the proposed technique, first a single phase fault
to the ground in the distance of half kilometer from the
beginning of the feeder between nodes 1 and 2 is simulated.
At this stage the simulation is done at fault resistance of 10�.
In this section, the voltage and the current at the begin-

ning of each sector by using the saved information at the
beginning of the feeder in error time is calculated. Then the
method of finding distance of proposed fault for distribu-
tion network is performed. The error percent calculation for
these conditions is 0.002%. The suggested technique also has
been evaluated in two other fault locations between nodes
4 and 10 and between nodes 7 and 8. The obtained results
show that the errors of the suggestedmethod are%0.0153 and
%0.024 respectively.

In the following the effects of different parameters on the
precision of the proposed method is studied. Different factors
such as fault resistance, fault distance, fault inception angle,
and fault type have been taken into account.

FIGURE 8. Error percentage of single phase to the ground.

FIGURE 9. Error percentage in different fault locations with different fault
resistances.

C. EFFECT OF DIFFERENT LOCATIONS OF FAULT ON
PRECISION OF THE PROPOSED METHOD
To find how the suggested technique is sensitive to the fault
occurrence locations, single phase fault to the ground in
different locations has been simulated and the yielded results
in proposed algorithm have been used. The accomplished
results are presented in Fig. 8. Simulations for different dis-
tances of fault from the beginning of the feeder to the end, for
single phase to the ground with fault resistance of 50� have
been achieved. Based on the presented results in Fig. 8, it is
observed that the effect of the error distance, on precision of
suggested method is not considerable. Anyway the maximum
error in this feeder would not be more than 1.263%.

D. EFFECT OF FAULT RESISTANCE ON THE PRECISION
OF THE PROPOSED METHOD
Fault resistance is one of the critical parameters on the accu-
racy of the fault location algorithms. To evaluate the effect of
fault resistance on proposed fault location technique, different
simulations have been done at different resistances of fault
(0, 10, 20, 50�). Since, the possibility of having single phase
to the ground is more than other faults; in these simulations
this type of fault has been considered. The results of these
simulations are shown in Fig. 9. As the Fig. 9 show the error
of the proposed technique in faults without resistance is not
more than 0.021%, and for errors with fault resistance equal to
20� in different locations is less than 0.205%. Furthermore,
from the results it can be found that error resistance on the
proposedmethod doesn’t have significant effect on faults near
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TABLE 1. The effect of the fault type on the precision of the proposed
method.

the beginning of the feeder. However, as branches and their
lengths are increasing, the error for short connections at the
end of the feeder will increase. And the maximum error in
these simulations does not exceed more than 1.263 %.

E. THE EFFECT OF THE FAULT TYPE ON PRECISION
OF THE PROPOSED METHOD
The proposed method in this part is table to find faults of
different types in distribution networks. To find how the preci-
sion of the proposed technique is changing with the fault type
in the studied network, different types of faults with different
resistances and in different locations have been simulated that
their results are presented in table (1). The results in table (1)
show that the type of the faults does not have any effect on
the precision of the presented technique.

F. THE EFFECT OF THE FAULT START ANGLE ON
PRECISION OF THE PROPOSED METHOD
To see how sensitive the proposed method is on the fault start
angle, various simulations have been done and the results
are presented in table (2). These simulations have been done
at, different fault start angles: 0◦, 45◦, 90◦ and 170◦. For
these simulations, fault resistance is assumed to be 10�.
The presented results show that the proposed method is not
sensitive to changes of the fault start angle.

G. EVALUATING THE UNBALANCED DISTRIBUTION
EFFECT ON THE ACCURACY OF THE PROPOSED METHOD
The unbalanced load and feeder effects on the accuracy of
proposed method have been evaluated in this section. For
this investigation, the actual feeder system of Fig. 7 has been
considered. 10 percent unbalance has been considered for
all loads. In these simulations, the starting angle of the fault
has been considered 45 degrees. The obtained results have
been shown in table (3). Based on the results presented, it is
clear that the proposed method is not sensitive to unbal-
ancing of load and feeder and accuracy of the method is
satisfactory.

TABLE 2. The effect of the fault start angle on the precision of the
proposed method.

TABLE 3. Evaluating the unbalanced distribution effect on the accuracy
of the proposed method.

V. CONCLUSION
Techniques for locating faults play an important role in sys-
tem recovery and repair. Therefore, many research works has
been carried out on fault location in power transmission net-
works. However, due to the specification of the current distri-
bution grids and equipment, it is difficult to use most of these
techniques in practice. To cope with these, impedance-based
techniques, mobile waves and intelligent techniques have
been introduced for fault location in distribution networks.
Unfortunately, these methods do not support fault location
in four-wire power distribution networks. In this paper the
impedance-based fault location technique is extended to
support four-wire power distribution. The proposed method
has been studied both theoretically and with numerical
examples. The results show that the proposed technique is
precise.
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