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Mach on Space and Geometry

I In several of his writings, Mach is concerned with space and
geometry seen from various perspectives: the
physio-psychological, the physical (mechanical), and the
mathematical.

I Here I concentrate on his discussions of these matters in ch.
XXI of his Knowledge and Error (Erkenntnis und Irrtum, 5th

edition, 353–388): “Zur Psychologie und natürlichen
Entwicklung der Geometrie.”

I This chapter is the German (original) version of an article
published in The Monist (vol. 12.4, 1902, 481–515).

I In this article (book chapter), Mach deals with the
development of our “spatial image of the world” (264).
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The Big Question Behind

I The big philosophical question in the background of the article
is that for the epistemological status of our spatial knowledge:
whether it is empirical knowledge derived from experience or
rather a priori knowledge resulting from the structure of our
mode of intuition (Anschauungsvermögen).

I Mach, in his exposition, interprets (or seems to do so) the
term intuition in a psychological way. E.g.:

I “. . . indem ja die Raumanschauung, Raumempfindung an
sich der Messung gar nicht zugänglich ist . . . ” (p. 383).

I “. . . sensuous imagination [viz. of Anschauung or intuition
as we have called it]” (p. 294).

I Thus it is by no means clear whether Mach’s question really is
the Kantian one.
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How to Answer the ‘Big Question’

I At least one of the aims of Mach’s article is to provide an
answer to the “big question” by analyzing the emergence of
our “spatial image of the world”.

I In doing so, he might have been inspired by the mathematician
Otto Hölder, whom he cites twice in his article.

I In the published version of his inaugural lecture (cited by
Mach), Hölder (p. 7) writes:

“As concerns the nature of intuition and its relation
to geometry, one could also try to find advice in (“zu
Rathe ziehen wollen”) the history of geometry or the
development of intuition in one single individual.”
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Mach’s Answer

I Intuition and experience are closely intertwined in geometric
knowledge . . .

I . . . and therefore hard to separate from each other.
I For Mach, this fact explains the debates on the status of

geometry (starting in the 19th century latest with Gauss).
I Though geometric knowledge incorporates both ingredients,

physical experience with solids is decisive for the emergence of
advanced geometric knowledge. Cf., e.g., § 20: “The visual
image must be enriched by physical experience concerning
corporeal objects to be geometrically available;” p. 277.
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Geometry Begins with Solids and Their Volumes

I Spatial sensations in themselves are not very interesting for
living beings.

I But “. . . those intricate and intimate complexes of other
sensations with space-sensations which we call bodies” (§ 2)
are so.

I Furthermore, in many cases the benefits of a body increase
with its volume: “the volume of the body, is, all other things
being the same, proportional to its capacity for satisfying our
needs, and possesses consequently a biological import.” (§ 2)

I Therefore the natural starting point for geometric thinking
should be the body (solid) and its volume.
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Mach Vindicated (?)

Head Receptacle Allotment

From Damerow et al.: Frühe Schrift und
Wirtschaftsverwaltung im alten Vorderen Orient

I Among the archaeological remnants of the
last century (3200–3100 B.C.) of the Uruk IV
period, there are plenty of shards of
receptacles of approximately the same
volume.

I The volume of these containers roughly
correspond to half of the amount of barley
given according to later documents as a daily
ration to the workers associated with big
households.

I Hence we find measurement of volumes very
early. The stereometric feat of Egyptian
geometry, the calculation of the volume of
the frustum, is described in the Moscow
Papyrus dating to appr. 1850 B.C.
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“Original” (or: “Primitive”) Geometry

“The volume of a body is instinctively taken
into account as representing the quantity of
its material properties, and so comes to
form an object of contention long before its
geometric properties receive anything
approaching to profound consideration
(lange vor jeder tieferen geometrischen
Einsicht).” § 8

Original Geometry is a
3-dimensional geometry
of solids.

“It is here [. . . ] that the comparison, the
measurement of volumes acquires its initial
import, and thus takes its place among the
first and most important problems of
primitive geometry.” § 8

Original Geometry is
metric geometry.
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The Geometric Significance of Solids

I If the solid really were the natural starting point for geometry,
one would expect this notion to be a good choice as a base
(undefined) concept in an axiomatic development of geometry.

I Mach, too, suggests this and refers (§ 12, p. 270) to Leibniz as
a proponent of such a procedure for geometry.

I In a letter to Vitale Giordano, Leibniz (GM I, 199) explains
that the notion of a body is prior to the notions of surface and
line, since they—as the boundaries (termini) of bodies—do
not “subsist per se” (“nec per se subsistentium”) and are
recognized only by a cut through the body (“corporis sectione
cognosci”).
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From Physical to Geometric Solids

Idealization and Schematization
pp. 275, 280f

For example, if we take away by degrees from our conceptions
of a body all that can be referred to mere sensuous
experience—colour, hardness or softness, weight, even
impenetrability— the body will then vanish; but the space
which it occupied still remains, and this it is utterly impossible
to annihilate in thought.

Cp. Crit. Pure Reason. B 5.
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But What Does Remain?

I A complex of space-sensations (cf. Mach’s definition of a body
in § 2)?

I And how do space sensations relate to points?
I Mach on lines and planes:

1. “All its [a line’s, K.R.] parts induce the same sensation of
direction; every point evokes [auslösen] the mean of the
space-sensations of the neighbouring points;” § 20, p. 277.

2. “Every point [of a plane, K.R.] evokes the mean of the
space-sensations of the neighbouring points;” § 23, p. 278.
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After Leibniz II: The Helmholtz-Lie Problem of Space

I Helmholtz: “I, [. . . ] starting from the observed fact that the
movement of rigid figures is possible, in our space, with the
degree of freedom that we know, deduce the necessity of the
algebraic expression taken by Riemann as an axiom.” “The
Origin and Meaning of Geometrical Axioms”, Mind 1 (1876),
p. 312

I Lie corrected and improved Helmholtz’ treatment (“Über die
Grundlagen der Geometrie”. Ber. Abh. d. Kngl. Sächsischen
Ges. d. Wiss. Math.-phys. Cl. 42 (1890).).

Mach mentions the work of Helmholtz (pp. 306 and 322) and Lie
(p. 323) in the next chapter (XXII. Space and Geometry from the
Point of View of Physical Inquiry) of Knowledge and Error.
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After Leibniz III: Lobachevsky and de Laguna

Planar, linear, and punctual sections through a solid.

From Lobatschefskij: Zwei geometrische Abhand-
lungen. Ed. by Friedrich Engel. 1898.

Leibniz’ idea to define planes, lines, and
points by “sectiones corporis” can also
be found in the work of Lobachevsky.

Mach deals with Lobachevsky’s work in
the next chapter (XXII) of Knowledge
and Error, p. 316–323.

Lobachevsky’s work has been reviewed
and analyzed by Richard Strohal in his
“Habilitation” (published 1925), written
under Franz Hillebrand (a discipline to
both Mach and Brentano).

In a series of three papers (from 1922),
the American philosopher Theodore de
Laguna developed an approach to
geometry based on the notion of a solid.

De Laguna’s work has had a
considerable impact upon recent
mereology-based approaches to
geometry.
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Other Magnitudes

I For Mach, the measurement of the volumes of solids is
fundamental.

I The measures for other geometrical magnitudes— that of
areas, lines, and angles—are derived from the measure of
volumes.

I “As we see, every geometrical measurement is at bottom
reducible to measurements of volumes, to the numeration of
bodies.” § 39, p. 288
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Areas — Prescientific

“Estimates of areas were also doubtless made
from the number of fruit-bearing or useful plants
which a field would accommodate, or from the
quantity of seed that could be sown on it; or
possibly also from the labour which such work
required.” § 9, p. 268
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Areas (Scientific)

A = 6

A = 6

I “. . . a surface is measured by the
quantity (number) of equal, identical,
immediately adjacent bodies which
cover it;” § 9, p. 269.

I “In abstracting, first instinctively and
then consciously, from the height of
these bodies, the transition is made to
measuring surfaces by means of a unit
of surface.” Ibid.
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(Inverted) Cavalieri’s Principle

h

Cavalieri’s Principle: Let S1 and S2
be two solids included between two
parallel planes. If every plane parallel
to these two planes intersects S1
and S2 in equal areas, then the
volumes of S1 and S2 are equal.

Mach deals with Cavalieri’s
principle— “his beautiful and prolific
procedure” (“seiner schönen und
fruchtbare
Erfindungsmethode”)— in § 13, p.
271.

I By “abstracting”, Mach seems to mean
that one imagines the height of the
solids covering the plane to be
measured as continuously decreasing.

I Thus the solids become thinner and
thinner.

I This might suggest that the entire
volume of the covering solids
converges to the size of the area
covered—as the covering solid
“converges” towards the area covered.

I But this is false, of course, since the
volume will approach zero.
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Distances

first solid (ruler)

second solid (ruler)

I The distance between two points, thus the
size of the line connecting them, is measured
by connecting them by a solid or a chain of
solids.

I “But when lengths are measured by the
repeated application of the hand, the foot,
the arm, the rod, or the chain, then,
accurately viewed, the measurement is made
by the enumeration of like bodies, and we
have again really a measurement of volume.”
§ 10, p. 269
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Angles

ϕ

ϕ = π/3 rad
Or: ϕ = π/6 if the area of
the circle is taken as the
unit

I Several measures for angles are discussed by
Mach. The first one defines the measure for
angles in terms of that for linear distances.

I “A simpler measure [. . . ] is obtained by
taking the aliquot part of the circumference
or the area of a circle which the angle
intercepts when laid in the plane of the circle
with its vertex at the centre.” § 36, p. 286

I “In employing an arc of a circle to determine
an angle, we are again merely measuring a
volume—viz., the volume occupied by a
body of simple definite form introduced
between two points on the arms of the angle
equidistant from the vertex.” Ibid.
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Comparisons

Mach Synth. Geometry Metric Geometry
Basic volume of

solids
congruence between
pairs of points

distance function
d : P × P −→ R+

Defined measures for
the sizes of
areas, line
segments,
and angles

congruence of angles
and triangles; size of
line segments,
triangles, polygons,
and polytopes

size of simplices,
polygones, and
polytopes

Axioms (not at issue) for incidence,
betweeness, and
congruence, the
Archimedian Axiom
(for the 3D-case)

metrical space,
completeness
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Brentano’s Reception of Knowledge and Error

I Mach’s Knowledge and Error was read aloud to Brentano (who
then was not able to read it himself because of his illness of
the eyes) in winter 1905/1906.

I In the same period, he dictated some critical notes which have
been published R. Chisholm and J. Marek in 1988 as Über
Ernst Machs “Erkenntnis und Irrtum” .

I The notes on Ch. XXI of Mach’s book comprise twelve pages
(out of ca. 150), one (and a third) of which are occupied by a
“review” (“Rückblick”) summarizing the chapter by means of
fourteen short theses.
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Two of Brentano’s (Many) Criticism

1. Mach’s notion of a solid (body) as “intricate and intimate
complexes of other sensations with space-sensations” (§ 2, p.
264) is misguided in several respects.

2. Mach does not really succeed in reducing the measurement of
areas, line segments, and angles to that of volumes.
Furthermore, his approach to geometric measurement is
basically mistaken since he is not aware of “[. . . ] the most
important point, namely that— in order to determine
geometric magnitudes by counting—one has to distinguish
units which one recognizes as equal.” p. 134
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Amendments (for Objection 2)?

I Brentano seems to think that no amendment of Mach’s
approach to geometric measurement is possible.
1. “Ascertaining this equality [of geometric units, K.R.] by

counting again would lead up to a regressus in infinitum.” p.
134

2. “Nor can the equality ascertained by superposition
(Ineinanderverschieben) since the solids are impenetrable.”
Ibid.

3. “And what possibility then does remain—given that solids are
at issue—other than showing their equality by measuring their
faces, edges, and angles?” Ibid.
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Testing Volumes for Congruence

?∼=
I Hölder (Die mathematische Methode,

1924, p. 377), in a way reminding of
(and, perhaps, inspired by) Mach,
explains: “If one wants to justify the
concept of content or volume by
experience (erfahrungsmäßig
begründen), so one has, without
doubt, to connect it with the measure
of liquids (Flüssigkeitsmaß).”

I In our case, we may test the
congruence of two solids by comparing
the amounts of water which they
displace.
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What does remain of Brentano’s Second Objection?

I Brentano is surely right in requiring that a measure of volume
presupposes a criterion for the equality in volume.

I Two solids will be assigned the same number as a measure of
their volume iff these volumes satisfy the criterion, i.e.: are
equal in volume.

I Congruence, of course, is the criterion at issue. Brentano is
right here, too: Vol(S1) = Vol(S2)⇐⇒ S1 ∼= S2.

I His assertion, however, that 3-dimensional congruence
necessarily has to be determined by means of the congruence
of line segments and angles, is dubious—at least as far
“physical geometry” is concerned.
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An Impossibility

I In his seminal Grundzüge der Mengenlehre (1914), Felix
Hausdorff (Ch. X, § 1, p. 401f) shows that there is no
real-vauled measure function Vol : P(En) −→ R+ for
n-dimensional Euclidean En space which fulfills the following
four requirements:
(α) Congruent subsets of En get assigned the same number by Vol .
(β) The unit cube receives the value 1 under Vol .
(γ) Vol(A ∪ B) = Vol(A) + Vol(B) for A ∩ B 6= ∅.
(δ) Vol(A ∪ B ∪ C ∪ · · · ) = Vol(A) + Vol(B) + Vol(C ) + · · · for

each bounded sequences of countably many disjoint subsets
A, B, C , . . . of En.

I He shows furthermore (by means of what nowadays is called
the Tarski-Banach paradox) that a measure function cannot be
specified (at least for n ≥ 3) even if the requirement (δ) is
given up.
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Brentano’s First Objection

I Obviously, we do measure the volume of solids—despite of
Hausdorff’s negative result.

I Hence that result does not need to be disastrous for Mach’s
geometry of solids either.

I However, what it shows is that a Machian solid cannot be an
arbitrary subset of Euclidean 3-space.

I Brentano criticized Mach for conceiving of solids as
“complexes”.

I We cannot positively say what a complex is; but we can say
what it is not: namely, some arbitrary set of points.
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